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Abstract

The authors construct the global Macaulay inverse system L3 for a zero-dimensional sub-
scheme 3 of projective n-space P™ over an algebraically closed field K, from the local inverse
systems of the irreducible components of 3. In Section 2, they show how to find “generators”
of L3 from generators of the local inverse systems (Lemma 2.9, Theorems 2.24, 2.29). They
also give examples showing a somewhat surprising behavior of this globalization with respect
to the regularity degree ¢(3): in particular, although L3 is determined by (L3),(3), the degree
i component (L3 ); may not be simply a homogenization of (L3),(3) to degree i (Examples 2.13
to 2.17). This concrete globalization, building the Macaulay dual L3 of the one-dimensional
coordinate ring O3, directly from the Artinian local inverse systems is the main result.

As application they show in Theorem 3.3 that when 3 is a (locally) Gorenstein zero-
dimensional subscheme of P", and the positive integer j is sufficiently large, then a general
enough graded Artinian Gorenstein quotient A of O3 of socle degree j, has the maximum
possible Hilbert function H(A) = Sym(H3s, j), given the Hilbert function H3 of O3. Also, the
algebra A, or, equivalently, a general enough degree-j form F' annihilated by the defining ideal
I3 in the Macaulay duality, determines 3.

The main tools are elementary, but delicate: a careful study of how to homogenize a local
inverse system (Definition 2.4, Proposition 2.11), and of the behavior of the homogenization
under a change of coordinates (Comparison Theorem 2.24).

In a sequel paper the authors determine the global Hilbert functions H3 for compressed
Gorenstein subschemes 3 C P". Then, using Theorem 3.3, they exhibit families PGOR(T)
of graded Gorenstein Artin algebras of embedding dimension r and certain Hilbert functions
T = H(s,j,r),r > 5,s large enough, that contain several irreducible components [Choll]. In
a second related paper, they show that Theorem 3.3 cannot be simply extended to schemes
3 locally of type two, and type two level Artinian quotients — having two-dimensional socle
in a single degree — by showing that there are no level Artinian algebras of Hilbert function
H =(1,3,5,6,...,2) [Chol2].
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1 Introduction

We study Macaulay’s inverse systems for the defining ideals of punctual subschemes 3 of the
projective space P™ over an algebraically closed field K. Of course, we may suppose that such
schemes are contained in an affine subspace A™ of P". For any graded ideal I in the coordinate
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ring R = K[z1,...,7,11] of P*, Macaulay’s inverse system I~! is an R-submodule of the dual ring,
the divided power series ring I' = Kpp[X1,..., Xp41); and I~! contains the same information as
is in the original ideal. Thus, it is not hard to determine which inverse systems arise from punctual
schemes (Proposition 1.13), or which arise from a punctual scheme concentrated at a single point
(Lemma 2.1).

Our main work here begins with an Artinian quotient A = R’/J of the coordinate ring R’ =
Klyi,...,yn] of affine n-space A™ C P™ : x,,11 = 1 that defines a punctual subscheme 3 C A",
concentrated at a finite set of points. Its “local”, or affine inverse system L’(J) is an R’-submodule
of the completion [’ of the divided power ring IV = Kpp[Y1,...,Y,] dual to R’ — this completion
is the R’-injective envelope of K. We then determine from L’(J) the “global” inverse system
L3 = (I3)~' C T over P", of the defining ideal I5 C R for 3. Our goal is to write “generators”
(in a suitable sense) of the global inverse system L3, in terms of generators of the local inverse
systems of the irreducible components of 3.

Suppose that 3 has degree s. Then A = R’/J has dimension s as K-vector space. The local, or
affine inverse system L’(J) also has dimension dimg L'(J) = s. Since J = NiJ(k), the intersection
of its primary components, the inverse system L’(J) is a direct sum of the local inverse systems
L'(J(k)) = L'(JOpw)) C ' at the points p(k) of support of 3. The scheme 3 has a unique
saturated global defining ideal I3, and its coordinate ring O3 = R/I3 has Krull dimension one.
The global Hilbert function H3 = H(O3), satisfies H3 = (1,...,s,s,...), the first difference AH3
being an O-sequence of total length s (see Theorem 1.12). The global inverse system Lz is a
non-finitely generated, graded R-submodule of T'; whose global Hilbert function H(L3) satisfies
H(L3) = H3. Suppose now that 3 is concentrated at a single point p. Since (H3); = s for s > 7(3),
an invariant of 3, it is natural to believe that (L3); should be a homogenization of (L'(J))<; where
L'(J) = (L3)z,4.=1, at least for i > a(3), the socle degree of A (Proposition 2.11, Theorem 2.24).

It is well known that the global Hilbert function Hsz is not determined by the local Hilbert
tunctions of O, /JO, at the points of its support — even when the support of 3 is a single point.
An exception is when JO, is “conic”, itself a graded ideal in the local ring O, (see Example
1.11). In this “conic” local case, we have AHy = H(O,/J0O,), and the ideal I3 and its global
inverse system L3 is easily read from I’, L’ ([IK, Lemma 6.1], Proposition 2.18 below). In general,
how do we determine the global inverse system Lz from the local inverse systems L'(J(k))? This
is the main question that we answer explicitly below, through suitably homogenizing the local
inverse systems (Definition 2.4, Lemma 2.9), and through the Comparison Theorem 2.24, and
Decomposition Theorem 2.29.

In Section 2.1 we consider the case 3 has support a coordinate point p =pg=(0:...:0:1)
€ P*. Since Z, = JO, defines an Artinian quotient, we have J D M M = (Y1,---,Yyn) for
some integer j > 0, and we may replace O, by R’. Thus J has an inverse system L'(J) C I":
there is no need to complete to I’ for p = po, however L'(J) will usually not be graded. We define
the homogenization of L’(J) in Definition 2.4, then show it is the same as L3 and find suitable
“generators” of L3 in Lemmas 2.7, and 2.9. We give examples showing that the regularity degree
component (L3),(3) of the global inverse system, although it determines all other components,
need not do so simply by a homogenization-related process (Examples 2.13 to 2.17); however the
socle-degree component L3 does so determine L3 (Proposition 2.11, (ii)).

In Section 2.2 we similarly determine the global inverse system Lz for a scheme concentrated
at an arbitrary point p € A™ C P". We then prove a projective space “Comparison Theorem”
(Theorem 2.24) relating the inverse system at p to one concentrated at the origin. This result is
different from our version of Macaulay’s Comparison Lemma, which describes local inverse systems
at points p € A", as the product of a local inverse system at the origin and an “exponential” power
series f, (Lemma 2.22). Rather, the “Comparison Theorem” shows that L3 and its “generators”
can be obtained from L3/, the corresponding inverse system L, at the origin, by suitably substitut-
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ing divided powers of a linear form L, = Zk ai Xy, determined by the coordinates (a1,...,an,1)
of p, for powers of Z = X, 11 in L,.

We complete our study of globalization in Section 2.3. The Decomposition Theorem 2.29
handles the transition to arbitrary punctual schemes. We briefly discuss regularity degree, giving
an upper bound in terms of the invariant «(3) when the number of components is less or equal
n + 2 (Proposition 2.34). Our concrete globalization L3 of the local Macaulay inverse system is
new, and is a main contribution of this article.

In Section 3 we give the application that motivated our globalization of inverse systems. When
3 is a (locally) Gorenstein punctual subscheme of P™, there is an obvious upper bound Sym(H3, j)
for the Hilbert function H(A) of an Artinian Gorenstein (GA) quotient A of O3, having socle
degree j. As a consequence of our construction of “generators” for the global inverse system, we
show that this upper bound is always achieved by some GA quotient of O3, hence for almost all
GA quotients of socle degree j, provided that j is sufficiently large (Theorem 3.3).

1.1 Inverse systems and Gorenstein subschemes of P"

Macaulay used his inverse systems, a version of the classical notion of apolarity, to develop a theory
of primary decomposition of ideals [Macl]. Consider a subscheme 3 = Spec(O,/Z,) of affine n-
space concentrated at the point p of A", whose maximal ideal is m, C R’ = k[y1,...,yn], and
local ring O,. We may write also 3 = Spec(A4), A = R'/I’, where A has finite length, and where I’
satisfies m;, D I' D m4 ™! for some a. The affine inverse system L(I") C [V is a finite R'-module,
isomorphic to the dualizing module Q(A). Macaulay’s “Comparison Lemma” relates the quotient
R’ — A and inverse system L(I’) to its translation, an isomorphic Artin quotient R’ — A, and
inverse system L, concentrated at the origin po of affine space: we have L(I") = L,- f,, for a certain
rational power series f,. We give a second version of the Comparison Lemma when char K = 0,
using the partial differentiation action of R on a dual polynomial ring R — then L(I') = L,-F,, C R
where F), an exponential power series; and we compare with Macaulay’s original version (Lemmas
2.21, 2.22, and Remark 2.23). The number of generators of the submodule L(I') C I is the “type”
of A, the vector space dimension of the socle SOC(A) = (0 : m) (Definition 1.7). In particular
when A is a Gorenstein Artin algebra — one whose socle is a vector space of dimension 1 — the
local inverse system has a single generator, and was termed by Macaulay a “principal system”
[Macl, §60].

Inverse systems under the name “apolarity” were known to the early Italian algebraic geome-
ters: they were used classically by A. Terracini, and others more recently to translate questions
about the Hilbert function of ideals of functions vanishing to specified order at a set of general
enough points in P™ (the “interpolation problem”), to questions concerning the Hilbert functions
of ideals generated by powers of the corresponding linear forms. This translation has led to new in-
sights — if still conjectural — when n > 3 [Terl, Ter2, EhR, 14], and also contributed to the solution
of a “Waring problem” for forms, via J. Alexander and A. Hirschowitz’s solution of the order-two
interpolation problem (see [Ter2, AlH, Cha2, I3],[IK, §2.1]). Principal inverse systems generated
by certain forms associated to partitions, occur as spaces of “harmonics” in a recent “n-factorial
conjecture” in combinatorics and geometry [Hal; they are also related to constant-coefficient par-
tial differential equations [Rez]. Inverse systems have been studied further, sometimes as Matlis
duality /injective envelope (see [No, NR],[BS, Chap. 10]). Related to the simpler Matlis duality
are the deeper topics of dualizing modules, residues, and local cohomology (see [L-J, BS, Schz]).

Macaulay introduced his inverse systems in the context of affine space, although he also studied
their homogenization in the case of ideals concentrated at the origin of affine space (see §59, §75 of
[Macl]). However, to our knowledge, there has hitherto been no systematic study of inverse systems
in the context of projective spaces, beyond the case of fat points considered by A. Terracini and
others ([Terl, Ter2, EhR, EmI2, Ge, I3], see [Tes] for an exception). We here carry out this study



of inverse systems for arbitrary punctual subschemes 3 of projective space P". In particular we
determine how to suitably “homogenize” the local or affine inverse systems studied by Macaulay,
to obtain the global inverse system to the global ideal I3 defining 3 (Lemma 2.7, Theorem 2.24).

Since a zero-dimensional scheme 3 C P is the union of a finite number of schemes 3(i), each
supported at a single point p(i) € P*, we may define dualizing modules D(V') for B-modules V,
where B = R/I5, as direct sums of the dualizing modules at the finite number of points: thus
D(V) = Hom(V,®FE(i)), where E(i) = E(R/M (%)) is the injective hull of the residue field K of
B at the maximal ideal M (i) at the i-th point p(é) of the support. This viewpoint is adopted by
Curtis-Reiner [CR, p.37], and was used by R. Michler in [Mi]. However, our task is in one sense
easier, and in another different. Easier, since our ideal I5(¢) includes a power of the maximal ideal
My(;y at p(i) so we may avoid the full injective hull and deal locally with “dual polynomials”, or
dual polynomials times an exponential (see [L-J, Macl] and Lemma 2.22, Remark 2.23 below).
Different, since we wish here to consider a global inverse system for R/I5 that is embedded in T,
rather than simply being an R-module. We pass from the local inverse systems for the ideals I5;

at each point, finite submodules of f", to the global inverse system for the ideal I3 C R, which is
not finitely generated, but, rather, is determined by a finite number of its elements, as we shall see.
Thus, we regard the inverse system L3 = (I35)~! as a subspace of I, the R-injective envelope of K,
and keep track of the transition from local to global. It may be that a different approach would
be more general; but we have chosen to be quite concrete. One reason for our choice to consider
the inverse system L3 of I3 inside I', is that our main application concerns Artinian Gorenstein
algebras determined by a general element F' of the degree-j component (L3); of the inverse system.

Artinian Gorenstein algebras (which we will henceforth usually call “Gorenstein Artin” (GA),
the more common term among specialists) are minimal reductions of Gorenstein algebras. Goren-
stein algebras are a natural generalization of complete intersections. Artin algebras, and in par-
ticular GA algebras occur in the study of mapping germs of differentiable maps; GA algebras that
are in general non-standard — have generators of different degrees occur as the homology rings of
manifolds. Recently a category of commutative Frobenius algebras, that are products of fields, and
usually non-standard, non-graded Gorenstein Artin algebras — have been identified with the cat-
egory of two-dimensional topological quantum field theories [Ab]. However, J. Watanabe showed
that the family ZGOR(T) of all — not necessarily graded — standard GA algebras of a symmetric
Hilbert function T is fibered by the map A — Gr,,(A) to the associated graded algebra, over the
family PGOR(T') parametrizing graded GA algebras of Hilbert function T' ([Wal,[12, Prop. 1.7].
Our work here relates to the knowledge of PGOR(T), particularly of its component structure and
we hope there could be application to these other fields. Certain standard graded GA algebras
that are “generic” — have no deformations to GA algebras of different Hilbert function — have
been already used by V. Puppe to construct manifolds having no circle action [Pup].

The inverse system viewpoint can be used to parametrize Gorenstein Artin algebra quotients
of R’ having a given Hilbert function (see, for example [12]). Several authors have studied from this
or related viewpoints “compressed algebras” — those having a maximum possible Hilbert function,
given the socle degree and embedding dimension (see [I1, FL, Bo2]). One application of our work
will be to construct irreducible components of PGOR(T') for certain 7', in embedding dimension
at least five, using as an ingredient the local punctual schemes corresponding to “compressed
algebras” [Choll].

We first translate into the language of global inverse systems, some basic algebraic properties of
the coordinate ring R/I3, where I3 is the defining ideal of a zero-dimensional subscheme of P": we
consider such properties as “there is a linear non zero-divisor £ on R/I3”, and the “type” of R/I5.
Then we use the inverse sytems to study such questions as “When is 3 arithmetically Gorenstein
(aG)?”, and “When can I3 be recovered from a general form F annihilated by 73?7 (F must
have sufficiently high degree). We discuss the former question, “when is 3 aG?”, in Example 2.14,
Proposition 2.18, Corollary 2.20, Remark 2.31, and in Examples 2.32, 3.14, 3.15. As to the latter



question, it is not hard to see that if 3 is Gorenstein and is also either smooth, or concentrated at
a single point and “conic” — defined by a homogeneous ideal Z, of the local ring O, — then we
can recover I3 from F (see [Bo2],[IK, Lemma 6.1]). However, it is also easy to see that the second
order neighborhood of a point p € P",n > 2, a non-Gorenstein scheme defined by m,,?, cannot be
recovered in this manner (Example 3.1). What is the context in which we might recover 3 from
an Artinian Gorenstein quotient?

We answer this question in Theorem 3.3, our main application to Artinian Gorenstein quotients
of the coordinate rings of locally Gorenstein schemes 3. Given a positive integer j and a sequence
Hs, we let Sym(Hs,7) be the sequence

ST (Hs)—, if i > /2.

(1.1)
We denote by o(3) the Castelnuovo-Mumford regularity of 3, we set 7(3) = 0(3) — 1, and let «(3)
be the maximum socle degree of the local coordinate ring of any irreducible component 3(7) (see
Definition 2.3). We let 5(3) = 7(3) + max{7(3),«(3)}, I3 be the defining ideal, L3 its inverse
system, and now state Theorem 3.3.

Theorem. RECOVERING THE SCHEME 3 FROM A GORENSTEIN ARTIN QUOTIENT. Let 3 be
a (locally) Gorenstein zero-dimensional subscheme of P™ over an algebraically closed field K,
char K =0 or char K > j, and let Ly = (I3)~!. Then we have

1. Ifj > B(3), and F is a general enough element of (L3);, then H(R/Ann (F)) = Sym(H3s, j).
<

2. If 7 > B(3), and F is a general enough element of (L3);, then for i satisfying 7(3) < i
j — a(3) we have Ann (F); = (I3);. Equivalently, we have R;j_; o F = (L3);.

3. If j > max{B(3),27(3) + 1}, and F € (L3); is general enough, then Ann (F') determines 3
uniquely. If Iy is generated in degree 7(3), then j > max{B(3),27(3)} suffices.

Thus, we may recover 3 from a general dual form F' when 3 is locally Gorenstein and j is large
enough. The authors show elsewhere that Theorem 3.3 does not extend simply to subschemes 3
that are not Gorenstein, by showing that the sequence H = (1,3,4,5, ...,6,2) cannot occur as the
Hilbert function of a level algebra — one having socle in a single degree ([Chol2]).

The question of which symmetric sequences T of integers are Gorenstein sequences — can
occur as Hilbert functions of a Gorenstein Artin algebra — is open in embedding dimension r > 4.
Note that we do not here find any new Gorenstein sequences of the form T = Sym(Hs, j), since
each sequence H3 already occurs for a smooth scheme 3 by [Mar], (see Theorem 1.12 below), and
the above Theorem was already known for smooth schemes [Bo2],[IK, Theorem 5.3E, Lemma 6.1].
Rather, the importance of this result is that it allows us to relate the postulation punctual Hilbert
scheme Hilbg,,, i(P") parametrizing degree-s Gorenstein subschemes 3 C P", satisfying H3 = H,
with the scheme PGOR(T) parametrizing graded Gorenstein Artin algebras of Hilbert function
T = Sym(H,j).

In a sequel paper [Choll] we determine the global Hilbert functions Hz for compressed Goren-
stein subschemes 3 C P". Let Hy(r),r = n + 1, satisfy Hy(r); = min{dimg R;, s}; then H,(r)
is the global Hilbert function of a generic degree-s smooth scheme. We show that if 3 is a gen-
eral enough compressed local Gorenstein scheme of degree s, then H3 = Hg(r). Using The-
orem 3.3, we will exhibit families PGOR(T) of graded Gorenstein Artin algebras of embed-
ding dimension r and certain Hilbert functions T' = H(s,j,r) = Sym(H(r),j),7 > 5,s large
enough given r, that contain several irreducible components. Each component is fibred over a
family of Gorenstein zero-dimensional schemes, with fibre an open in a projective space P*~!.
One component is fibred over general enough smooth schemes 3 C P",n = r — 1 of degree
s. The other component is fibred over a family of compressed Gorenstein subschemes. Here



T = H(s,j,r) = Sym(Hs(r),7) : H(s,j,r); = min{r;,r;_;, s}, is the Hilbert function of GA al-
gebras R/Ann (F),F = L + ...+ L} € T, determined by a dual generator F' that is a sum of s
general enough (divided) powers of linear forms. Some of these results were reported in [IK, §6.4].

In Section 3.3 we explore a second viewpoint on our construction of a global inverse system
from the local inverse system related to “generalized additive decomposition” of a form F when
r > 2. A binary form F of degree j, always has a length-s generalized additive decomposition
(GAD), with s < (j +2)/2: this is either a sum of j-th powers of s distinct linear forms, or a sum

F=Y BL"'" degB; =5, —1,degLi = 1,5 =Y _s;. (1.2)

The existence of such an additive decomposition when r = 2 is equivalent to there being a form
h € Ann (F) that can be written h =[], ¢;*, where ¢; o L; = 0. Thus, the additive decomposition
of equation (1.2) corresponds to a punctual scheme 3 : h = 0 C P!, whose irreducible components
3, : ¢;" = 0 have specified multiplicities s;. If 2s < j + 1 then it is classical that the GAD as in
equation (1.2) is unique: for an exposition see §1.3 of [IK], especially Prop. 1.36, Theorem 1.43.

For any embedding dimension, we say that a punctual scheme 3 C P™ is an annihilating
scheme of the form F' € R, if I3 o F = 0. Since for a punctual scheme, I3 = NI3,, where 3; are
the irreducible components of 3, we have I3+ = Yol 3,%, it follows that any form F annihilated
by 3 can be written as a “generalized sum”, a sum of forms annihilated by the components 3;.
In determining very concretely the inverse systems of I53,, we are partially answering the question,
what is a generalized additive decomposition? In particular, when » = 3, many forms F' have a
“tight” annihilating scheme 3r C IP? that is unique; as well, there is often a unique “generalized
additive decomposition”, up to trivial multiplications. This occurs when the Hilbert function
H(R/Ann (F)) contains as a subsequence (s, s, s). Then, there is a unique degree-s annihilating
scheme, according to [IK, Theorem 5.31], and, as we shall see, a corresponding unique “generalized
additive decomposition” for F' (Theorems 3.19 and 3.20).

1.2 Notation and Basic Facts

We now introduce notation, following [IK, Appendix A]. We will assume throughout, unless specif-
ically stated otherwise, that the base field K satisfies char K = 0, or char K = p > j,
where j is the maximum degree of any form considered (see Example 2.2 for the necessity of
this assumption). We will also assume either that K is algebraically closed, or that all punc-
tual schemes considered have as support K-rational points. Let C denote the K-vector space
(1,...,Tnt1), and C* = (Xq,...,Xp41) denote its dual; recall that the divided power ring
I'=T(C*) = Kpp[X1,...,Xnt1] satisfies,

I = al; = ®Hom(R;, K), with T; = ({XY|U| = j}), the span of the dual generators to 2 € R,

where here U denotes the multiindex U = (ug, . .. un), of length |U| = > u;. For convenience we
set XVl =0 if any component of U is negative. The multiplication in I' is defined by

X0 VI _ <U ;; V>X[U+VJ, (1.3)

We denote by R',T’, respectively, the corresponding rings R’ = Kly1,...,yn] and IV =
Kpp[Yi,...,Y,], respectively. We have IV = E' = Homp (R, R'/M'),M' = (y1,...,Yn). We
denote by [’ the completion of TV with respect to M’; thus, [V is a divided power series ring.
The rings R',T” correspond to the point pg = (0 : --- : 0 : 1) in P", whose maximal ideal is
My, = (T1,...,2,) C R. We recall below the contraction action of R = K[x1,...,Zn41] on the
divided power ring. Note that, given our assumption excluding low characteristics, each theorem



about inverse systems stated in the context of the contraction action of R on I', has an analogue
for the partial differential operator (PDO) action of R on R = K[X7,..., X,1], a second copy of
the polynomial ring. When char K = 0, there is a natural Gl-invariant homomorphism ¢ : R to T,
H(XV) = U'XUl € T (for a discussion see [IK, Appendix A]). To keep the exposition simple, we
will in general restrict ourselves to the contraction action. Note that we use here a different nota-
tion than Macaulay’s K [z7 ", ...,z {,] for the injective envelope E = E(K) ([Macl],[Ei, Theorem
21.6]). The claims implicit in (d),(e) of the following Definition are shown in Lemmas 1.4 and 1.6
below.

Definition 1.1. INVERSE SYSTEMS
(a) (contraction action) If h =3 axa® € R,F =Y by XV €T, then

hoF = Z axby XK
K,U

(b) (partial differentiation action — PDO) If h € R,F € R = K[X1,..., Xn41], then

hoF =h(d /0X1,...,0 |0Xni1)(F) € R.

(¢) A homogeneous inverse system W C T is a graded R-submodule of T' under the contraction
action. Thus W =Wy @ --- @ W; @ --- C T is an inverse system iff Vi < j, R; o W; C W,_;.

(d) (inverse system of a graded ideal) If I is a graded ideal of R, we will denote by I~1 or by
. . L
I+ the homogeneous inverse system of I, namely the R-submodule of T' given by I+ = &I;,
where
Ij*={FecTl;lhoF=0 VYhel}.

(e) (ideal of an inverse system) If W C T is an inverse system, then we denote by Iy the ideal
Iy = Ann (W) where (Iy); ={h € Rj | how =0, Yw € W}.

(f) (local inverse system) An inverse system in IV is an R'-submodule of 7 under the contraction
action. If J is any ideal of R' = K[y1,...,yn], then we denote by J+* = J~ ! € IV, the inverse
system of all elements ofAﬁ annihilated by J, in the contraction action. The ideal Iyy C R’ of
an inverse system W C I is the annihilator of W under the contraction action. [Warning: in
general neither J nor J* is homogeneous].

Henceforth in this paper, inverse systems in I' (but not in I", I ) are assumed to be homogeneous.
We will later need that the elements of R; act as differentials on I' (see Lemma 2.22).

Lemma 1.2. If ¢ is an element of Ry, and F,G € I, Ty, respectively, then
Lo(F-G)=WoF) -G+ F-({loQ). (1.4)

Proof. By bilinearity, it suffices to show (1.4) when ¢ is a variable, and F, G are monomials, whence
it suffices to show it when R = K[z],I" = K[X] in a single variable, and for ¢/ = z, F = X9 G =
X0l There, it results from the definition of the multiplication in the divided power ring T', and
the usual Pascal triangle binomial identity. 0

We need a simple result relating inverse systems and ideals. First we recall

Definition 1.3. (a) If V C R;, andi >0, we have R; -V = (hv | h € R;,v € V); if also i < j we
have V : R; = <h S Rj_i | R;h C V>



(b) If W CT; andi>0, we have R_joW =4y W : R, = {({F €Tj1; | RioF CW}). If WCTy
and 0 < i< j we have RioW = (how | h € R;,w e W).

Lemma 1.4. INVERSE SYSTEM AND MATLIS DUAL. Assume that (V, W) is a pair of vector spaces
satisfying V. C R;, W CTj and V+ NT; =W. Then

(Z) If0 <4, (Rl‘/)lﬂFJJﬂ:WRZ
(ii.) If0<i<j, (V:R)'NT;_;=RioW.

(iw.) If L C T is a homogeneous inverse system, then Ann (L) C R is a graded ideal of R; if
I is a graded ideal of R, then I-' C T is a homogeneous inverse system. Furthermore,
Ann (L)™' =L; and Ann (I7') = 1. Also "' =2 Homg (R/I,K), the Matlis dual of R/I.

(iv.) If the inverse system L' C T” (not necessarily graded) has finite dimension as K -vector space,
then I' = Ann (L) is an M’'-primary ideal of R', where M' = (y1,...,yn). Conversely, an
M'-primary ideal I' of R’ determines a finite-dimensional inverse system of L(I') C T".

(v.) If I' C R’ is an ideal of finite colength ¢, defining an Artin quotient R'/I with s dis-
tinct mazximal ideals, then I'” ' ¢ IV is a dimension-c inverse system of the form I'” =
©IL (i), L' (i) = V(i) fpiy, where V(i) C T" is a finite inverse system, and f,q is a specific
power series (see (2.17)).

Proof. For (i), note that (R; - V)oF =0<«<= Vo (RjoF)=0<= R,oF CW.

For (ii), note that if h € R;j_; then ho (R;oW)=0<= R;0(hoW)=0<= R;h C V.

For (iii), note that I is a graded ideal of R if for each pair of non-negative integers (i,7), R;-I; C
I;4;, or, equivalently, if I, ; : R; D I;. By (ii) the latter is equivalent to R;o <Il_+1j> C Ij_l, implying
that -1 is a homogeneous inverse system. One shows similarly that the annihilator Ann (L) C R
of a homogeneous inverse system L is an ideal, using (i). That the double duals are the identities
in this case follows from the exactness of the pairing R; oT'; — k. For (iv), note that if L' C TV is
finite dimensional then L' C T, for some integer j, hence Ann (L) D M’ It1 and conversely. For

(v), note that since I’ = NI’(i), the inverse system I’ " is the direct sum of the inverse systems
L'(7) of the components I(i) at the points p(i) of support. Then use Lemmas 2.21 and 2.22 below.
]

Usually, a homogeneous inverse system W C T is not finitely generated: if W is finitely
generated, then dimy W is finite, and by Lemma 1.4(iv) W determines an Artin algebra Ay =
R/I,I = Ann (W) with I an M = (x1,...,Zp41)-primary ideal. Recall

Definition 1.5. A graded ideal I C R is saturated if it has no irreducible component primary to
the irrelevent ideal M, equivalently, if I =1 : M>= = {f |3k >0, M* . f C I}. This is equivalent
to,

Va,beN,a<b I,=1,: Ry_o, = {f € R, | Ry_o - fC Ib}. (1.5)

If dim(R/I) =1, I is saturated iff there is a (linear) non-zero divisor for R/I in R.
Note that the condition of equation (1.5) results from the more usual saturation condition,
dN € N | Va,Vb > max(N,a), I, = I : Rp—q. (1.6)

Lemma 1.6. MACAULAY’S CORRESPONDENCE. There is a one-to-one correspondence between
homogeneous inverse systems W C T' and graded ideals I of R, given by I — I=* C T, and
W — Iy = Ann (W) C R. The ideal Iw is saturated iff the inverse system W satisfies

Va,beN,a<b W, = Rp_q0W,. (1.7)



Furthermore, the element { € R; is a non-zero divisor for R/I iff W = I~! satisfies

Vb e N,b > 1, we have £ o Wy, = Wp_;. (1.8)

Proof. The 1-1 correspondence has been shown in Lemma 1.4. The relation (1.7) follows from
(1.5), using Lemma 1.4ii. That ¢ is a non zero-divisor for R/I is equivalent to

for each integer b > ¢,and Vh € Ry_;, we have {-h € I, = h € I,_;. (1.9)
Letting W = I~!, we may translate the implication in (1.9) as

(£-h)oW, =0= hoW,_; =0, or, equivalently,
ho((oWy)=0= hoW,_; =0, or
(LoWy) NRy_i € (Wy_i)E NRy_; or
LoWy, D Wy_;.

Since by definition R; o W, C W;_;, this shows the criterion (1.8). ]

We will term an inverse system W of T saturated if W satisfies (1.7) — that is, W arises from
a saturated ideal. We now recall the definitions of socle, and type.

Definition 1.7. The socle SOC(A) of an Artin algebra A with a single mazimal ideal m is (0 :
m) C A. The type of A is the dimension dimg SOC(A), and the socle degree is the mazimum degree
i in which SOC(A); is nonzero. Suppose the ring B = R/I is Cohen-Macaulay, of Krull dimension
one, and let £ € R be a linear non-zero divisor for B. Then the type(B) = dimg SOC(A), A =
B/(¢- B) = R/(I,£); here the mazimal ideal m is the image in A of M = (x1,...,Tpnt1) C R. If
3 C P" is a zero-dimensional scheme, then its type is that of O3 = R/I5.

It is well known that this notion of type does not depend on the non-zero divisor £ used: the type
may also be defined as the rank of the last module in a free R-resolution of A, and these ranks
remain the same when we divide by any non-zero divisor. See also [BH, Lemma 1.2.19] for the
analogue in the case B is local of arbitrary dimension.

Corollary 1.8. Suppose I C R has inverse system W C I'. The vector space I;/(R1 - I;_1) of
degree-j generators of I is dual to the vector space (W;_1 : R1)/W;. The vector space (Ij+1 : R1)/I;
of degree-j socle elements of A = R/I is dual to the vector space W;/R1W,i1 of degree-j generators
of W.

Proof. This is immediate from Lemma 1.6 and Lemma 1.4 (i),(ii). O

We now show how to recognize the type of I from the inverse system; as well, we wish to
describe the inverse system of the projective closure of a scheme. Finally, we complete our listing
of basic facts by characterizing the ideals defining zero-dimensional schemes (Theorem 1.12), and
their inverse systems (Proposition 1.13).

Lemma 1.9. Let I = I3 be the homogeneous saturated ideal defining a zero-dimensional subscheme
3C P andlet W = I=1 C T be the inverse system of I. Let £ € Ry be a non-zero divisor for
B = R/I, let A = B/{B, with mazimal ideal m, denote by Ty = ¢+ C T' the R-submodule of T
perpendicular to £, and let Wy =W NT'y. Then

i. Wy is the dual module of A.
ii. We/{M o Wy) =2 (SOC(A))Y, the dual space to SOC(A).



Proof. Since A = B/{B is isomorphic to R/(I,¢), its dual module is the inverse system of (I, ¢), so
AY =2 [71n¢+ = Wy this shows (i). Also, (I,£) : M is perpendicular to MoW,. Thus, we have A =
R/(1,£) and SOC(A) = (0: m) = ((I,£) : M)/(I,£), hence (SOC(A))Y = (R/(L,£))"/(R/((I,9) :
M)V = (1,01 /((I,6) : M)+ =W, /(M oW,). This is (ii), so completes the proof. O

When 3 is a punctual subscheme of A™ C P™, its projective closure has an empty intersection
with the hyperplane at infinity, 2 = 0, since 3 is already closed. However, in fact there is a graded
Artinian algebra R'/(I5).—o lying on the hyperplane at infinity, uniquely determined by 3, and
whose Hilbert function determines H(R/I5). We also show the connection with the global inverse
system. Recall that the Hilbert function H(B) for an R-module B is the sequence H(B); =
dimy, B;, with B; the degree-i component of the associated graded module Grys(B). We will write
Hilbert functions of submodules of T' in the order of increasing degrees, so that H(T") = H(R). We
define the sequence AH by AH; = H; — H;_;.

Lemma 1.10. PROJECTIVE CLOSURE. When R = Klx1,...,2p,2] and £ = z then T, = 2+ =
Kpp[X1,...,X,]. Suppose that 3 is a punctual subscheme of A™ : z = 1, with global inverse
system W = Ls. Then z is a non-zerodwisor for R/I5, and W, = W NT, satisfies

a. AH(R/I3) = H(R/(I3,2)) = H(W-).

b. There is an exact sequence, 0 — W, (i) — W (i) == W (i — 1) — 0, where the homomorphism
zo: W(i) = W(i — 1) is the contraction action of z € R onT' (see Definition 1.1(a)).

c. The above sequence is dual to 0 — (R/I3)(i — 1) 225 (R/13)(i) — K[x1,...,2n]/(I3)2=0 — 0
where the homomorphism m,- is multiplication by z.

In (a),(b) above, z, W, may be replaced by £, Wy, when 3 is an arbitrary punctual subscheme of
P™, provided ¢ is a non-zerodivisor for R/I5.

Proof. If z were a zerodivisor for R/I3, then z would be contained in an associated prime of I3,
contradicting the assumption 3 C A™. Then (c) is immediate, since z is a non-zerodivisor. The
statement (b), follows from (c) by dualizing, and (a) follows from these exact sequences by taking
vector space dimensions. 0

Note: henceforth we will in examples sometimes use Z* = u!Z[" in writing monomials, in
place of Z[4l,

Example 1.11. Let I35 = (zy,2%2 — y>,2%) C R = Klx,y, z|; then 3 is a degree-5 scheme con-
centrated at the point pg = (0 : 0 : 1) of P? (the origin of A%), having global Hilbert function
Hs = H(R/I3) = (1,3,5,5,...). The Artin algebra A = R/(I3,2) = K[z,y|/(xy, 23, y>) has
Hilbert function H(A) = AHz = (1,2,2,0), and is what we might regard as the “boundary” of 3
on the line at infinity, z = 0. The inverse system W = (I3)~! C T = Kpp[X,Y, Z] satisfies

Ws = (XPlz +vBl v2z vz2 X272 73)
Wy = (X3 v2 vz X7 X2
Wi =(X,Y,Z); Wy =(1),

and W, = (1, X, Y, X2 Y2) =WnNT,=WnNKpp|X,Y] CT is the dual module to A.

When we consider 3 C A2, by setting z = 1 in I3, we find I' = (zvy, x> — y>), which defines a
scheme concentrated at py of local Hilbert function H' = (1,2,1,1), different from AHs.

If we consider instead 3', defined by (z2, xy,y*), we would find the same local Hilbert function
H' for 3', but now Hs = (1,3,4,5,...), the sum function, since 3’ is “conic”. This example shows
that the local Hilbert function H' does not determine the global Hilbert function Hs.
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We recall next a well known result, see for example [GeM, Mar, Or]. We quote most of it
from [IK, Theorem 1.69]. A scheme 3 C P" is arithmetically Cohen-Macaulay if R/I3 is Cohen-
Macaulay: if dim 3 = 0, this is equivalent to there being a non-zero divisor in R for R/I3. Recall
that 7(3) = min{i | dimg ((R/1I3);) = s}.

Theorem 1.12. [Mar, Or, GeM] ZERO-DIMENSIONAL SCHEMES. Let 3 be a degree-s zero-
dimensional subscheme of P, and let I = I3 be its saturated defining ideal. Then 3 is arith-
metically Cohen-Macaulay, and

i. The Hilbert function H(R/I) is nondecreasing in i, and stabilizes at the value s for i > 7(3).
We have 7(3) < s — 1, with equality iff 3 is contained in a line.

ii. The Castelnuovo-Mumford reqularity o = o(3) satisfies o = 7(I) + 1. In particular, if i > o,
then I; = R;—, - I,. Thus, I is generated by degree o.

iii. The first difference A(H(R/I)) = C = (1,¢1,...¢+,0) is an O-sequence (the Hilbert function
of some Artin quotient of R'), with s = ¢;.

. [Mar] Every O-sequence C = (1,¢1,...,¢;,0), c1 <n, ¢ #0,>.¢; = s, occurs as AH(R/I)
for some degree-s punctual scheme 3 with 7(3) = 7, consisting of smooth points.

Conversely, any saturated ideal I C R satisfying the Hilbert function conditions i,iit above for
H(R/I) is the defining ideal of such a zero-dimensional subscheme, namely 3 = Proj (R/I) C P".

Proof outline. There are direct proofs of (i) —(iii) in [Or, GeM]; see also [IK, Theorem 1.69]. Let
I be an ideal of R, such that R/I has dimension one. One can show cohomologically that I
saturated is equivalent to R/I being Cohen-Macaulay (see, for example, [IK, Lemma 1.67]), and
this is equivalent to a general element ¢ of Ry being a non-zerodivisor for R/I. Then AH is the
Hilbert function of R/(I5,¥), so is an O-sequence. That ¢ = 7 + 1 is the Castelnuovo-Mumford
regularity is shown cohomologically. That 7 = s — 1 iff 3 is on a line is a consequence of AH being
an O-sequence summing to s: so7 =s—1iff AH = (1,1,...,1), which is equivalent to (H3); = 2.
P. Maroscia’s result (iv) is shown by deforming monomial ideals defining Artin quotients of R’
having Hilbert function C' (see [Mar, GeM]). The last statement concerning a converse follows
from the 1-1 correspondence between saturated ideals of R and subschemes of P™. 0

The first difference AH = (1,¢1,...,¢,-1,0,...) is sometimes termed the h-vector of 3 (see,
for example, [Mig, §1.4]).

Proposition 1.13. INVERSE SYSTEM OF A PUNCTUAL SCHEME. The inverse system W 1is the
inverse system of a saturated ideal Is, 3 a degree-s zero-dimensional scheme of P™, regular in
degree o iff

a. dimgW; =5 Vj >0 —1, and
b. AN € N | Va,Vb > max(N,a), W, = Rp_q 0 W.

The condition (b) implies the apparently stronger (1.7). Furthermore, if 3 is such a degree s
scheme regular in degree o, then for all b > o,

Wy=Wys: Ryp_y = {f eIy | Ry_sofC Wa’}- (1.10)

Proof. That an inverse system W arising from such a scheme 3 must satisfy (a),(b), is immediate
from Lemma 1.6, and Theorem 1.12. Suppose conversely that W satisfies (a),(b). The condition
(b) implies that I = Ann (W) is a saturated ideal, by Lemma 1.4ii applied to (1.6). By (a), its
Hilbert polynomial is s, so I defines a zero-dimensional scheme of degree-s; and having regularity
degree no greater than o; condition (a) implies that H(R/I) = (1,...,s,s,...), with the first s
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occurring before degree o — 1. The two imply that R/I is Cohen-Macaulay of dimension 1, and
regularity degree no greater than o (see Theorem 1.12). By Theorem 1.12 (ii) if 3 is such a scheme,
the ideal I = I3 is generated by degree o; the last equation (1.10) is a translation of this generation
fact into the inverse system language, using Lemma 1.4 (i). O

2 Inverse system of a punctual scheme

In Section 2.1 we consider schemes 3 C P™ concentrated at a single point pg that is a coordinate
point; these are simpler since the local inverse system lies in the ring I'. In Section 2.2 we study
a scheme 3 concentrated at an arbitary point p, for which the local inverse system lies in the
completion I'; finally we consider schemes for a general zero-dimensional scheme 3 with finite
support in A™ C P", in Section 2.3. In each case we show how to directly homogenize the local
inverse system for 3, or its components, to obtain the global inverse system L3 C I' of the global
defining ideal I3 C R. Recall that we denote by m, C R the homogeneous ideal of the point p: if
p={(a1:...:a,:1), then mp, = (@12 — x1,...,anz — T,). Recall also that the homogeneous ideal
I C R is concentrated at the point p € P" iff there exists an integer u > 0 such that

mp D1 Dmy™. (2.1)

According to both [Terl] and [EmI2, Theorem I] (see also [EhR], which treats the special case
u = 2), we have — under the restriction char K = 0 or char K > j

(mp")- NI =Ty - LTI (2.2)

Here, the right hand side is interpreted as I'; if j < w. Thus, the condition (2.1) corresponds to
the following condition on the inverse system

LWl c (171, € Dyoy - LYY, (2.3)
where if p= (a1 : - 1 an : 1) then L, = a1 X1 + -+ + an Xy, + Xpnt1, and L][Dj] denotes the form

Ll[jj] =L,/ = ZJ||J|:j a’ - X7, proportional to the divided power Lg). We have shown

Lemma 2.1. The homogeneous ideal I of R defines a zero-dimensional scheme concentrated at the
point p of P iff equivalently (TFAFE)
(i) There exists an integer u such that mp DO I D mp" = (@12 — T1,...,an2 — Tp)".
(ii) There exists an integer o = u — 1 such that the inverse system I+ satisfies
KpplLy) C I € (mp")* =T<4 - Kpp[L,). (2.4)
In particular, if the homogeneous ideal J of R defines a zero-dimensional scheme concentrated at
the point po = (0:...:0:1) € P, then K[Z] C J* CT<,- K|[Z],Z = Xp41 for some a > 0.

The following example shows the need for our limitation on the characteristic of K (§1.2).
Example 2.2. Let n = 1,R = Klx,y],T' = K[X,Y]; choose the point p = (a1 : 1) € P!, and
I =m,? = (z —a1y)?, then we have that [I*], satisfies

(X +Y) c [, cTy L, = (X,Y) - (@ X +Y)
= (20 XP + XY, 0, XY 4 2Y )y, (2.5)
provided char K # 2. When char K = 2 and a; = 0 the space on the right is just (XY), so is one-
dimensional, and is not all of (mPQ)LQ, which also includes Lp[z] =a?X + a, XY + Y. Thus,

equation (2.2) and the equality on the right of Lemma 2.1 (2.4) do not extend to characteristic
p # 0, when p is less than or equal to the degree j (here j = 2) of the forms being considered.
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Recall that the socle degree « of a local Artin algebra A of maximal ideal m is the highest
integer such that m*A4 # 0, but m®™A = 0, and that the point po = (0 : ... : 0 : 1). For a
punctual scheme 3, we now define «(3) to be the maximum local socle degree of 3. More precisely,

Definition 2.3. If 3 is a scheme concentrated at po, we let «(3) denote the highest socle degree of
(R'/J), where J C R’ defines 3. Equivalently, a(3) is the highest degree of an element of J~! € T".
If 3 is concentrated at a point p, then a(3) is defined similarly using the local ring at p (see Section
2.2). More generally, if the punctual scheme 3 has decomposition 3 = 3(1)U---U3(k) as the union
of irreducible components 3(1),...,3(k), each concentrated at (distinct) points p(1),...,p(k), then
a(3) = max{a(3(1)),...,a(3(k))} of the local socle degrees.

2.1 Schemes concentrated at a coordinate point

We will fix the coordinate point as p =pg = (0:...:0: 1), and will for short use z,Z to denote
Tnt1, Xnt1, respectively. We let R = K[yi, ..., yn] be the coordinate ring of affine space A", the

locus on P where X, 11 # 0; and we let IV = Kpp[Y3,...,Y,], the divided power ring. Note that
a(3)+1

if Z, C O, is an ideal defining a punctual scheme 3 concentrated at p, then Z, D mp , and
each element of 7, may be written mod my 23+ a5 a polynomial h in R’ = K[yi,...,ys] of some
degree t no greater than a: then its homogenization to degree u is

Homog(h, z,u) = 2% - h(z1/2,...,2,/2), (2.6)

if w > ¢, and 0 otherwise. The homogenization I3 of Z, is spanned by mpo‘(3)+1, and by all the
homogenizations of such elements h € Z,:

I3 = (Homog(h, z,u) | u € Z",h € I, degree h < a(3)) + m, 3+ (2.7)

Recall that the inverse system Lz in I' of I3 consists of all elements of I', annihilated by I53.
Givenapoint p=(ay:...:ap:1) of P", welet Ly =a1 X1 +---+a, X, +Z €T

Definition 2.4. HOMOGENIZATION OF AN INVERSE SYSTEM AT A POINT.

1. Suppose F € T[1/Z,1/ZP) .. ]. We denote by F -, ZI") the result of raising the Z-degree of
the Z-factor in each term by u, without changing the coefficients that appear. For example,
if F = X1X,/21% + X[ /21 € Kpp[Y1,Ya], then F - ZW = X, X523 + XP. We may
also write Z p F for F oy ZWM, If w € T has the form w = w; - L][Dkfi],wi € I, then

[u]

we denote by w -y, Ly~ the product

w o LB = "y - LI (2.8)

2. Suppose that f € I" = Kpp[Yi,...,Y,] satisfies f =& f;, fi €T}, and let L, = a1 X1 + -+ +
anXn + Z. Then for any integer u > 0 we define the inverse-system homogenization

Homog(f, Ly, u) = Z fi(Xy,..., X5) -Lg,“fi]. (2.9)

0<i<u

For example, if f = Y1Ys + Y2[4], then f(X1/Z,X2/Z) = F above, and Homog(f, Z,4) =
X1 X222 + X while Homog(f, Z,3) = X1 X»Z.

3. Let L' C TV be an inverse system (so L' is an R'-submodule of T ), and suppose p fixed. Then
we define
L'[u] = ({Homog(f, Ly, u) Vf € L'})
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and we define the homogenization of the inverse system L/,
Homog(L', L,) = ®u>0L'[u] = (Homog(f, Ly,u) | f € L',u > 0). (2.10)
If we leave out the homogenizing form or do not specify p, then we assume L, = Z, p = po.

Note that this definition allows Homog(f, Z,u) to be nonzero even if u is smaller than the degree
of f; this is natural here, since the global inverse system is closed under the contraction action of
R. Thus, for example

2o (X1X2Z? + X3) = X1X22Z.

We of course wish to show that if L’ C I'" is the inverse system of Z, C O,, then L = Homog(L', Z) C
T is the inverse system of I35 (Lemma 2.7). We also wish to show how to obtain from L’ the key
“generators” of L — which is infinitely generated since I3 is zero-dimensional, not Artin. To this
end, we need a basic result.

Lemma 2.5. HOMOGENIZATION AND DUALITY. Suppose that h' € R’ has degree a, that f' € IV,
that i > a, and that w € Z. Let h = h'[i] = Homog(l, z,1) and f = f'[i+w] = Homog(f’', Z,i+w).
Then

ho f=MWl[i]of'li+w] = (ko f)w] (2.11)
In particular,
Wof =0= (hof)cw=0x (I of)w =0 hTiofi+w]=0; (2.12)
and if f' has degree b, then
Wof' =0 (W of)<y =0 (W of)b] =0« hliofi+b=0. (2.13)

Proof. Let ' = 3% _hy and f/ = 3°_ fo. Then h = W[i] = _ hyz""* and f'[i + w] =
Zzn;%{b’”w} foZlHHw ="l Now, we have formally (below, Zl¢ = 0 if ¢ < 0),

a min{b,u+w}

Wlilo fli+wl = S hulenzn) o ful X, Xy) - Zltes]

u=0 v=u

a b
=X (Z o fo- ZWM) = 1o f'lul.
u=0 \v=u

The second equation is immediate from the first, and the fact, homogenization to degree w in I"
annihilates terms in h o f having degree greater than w. The third is immediate from the second.

]

Corollary 2.6. Suppose ' € R’ has degree no greater than a, and f'" € I',, and let h =
Homog(h',z,a) € R, f = Homog(f’,Z,b) € T'. Then

Wof =0& ho(fp2Z9)=0. (2.14)

Proof. In (2.13), take i = a, and note that Homog(f', Z,a + b) = Homog(f’, Z,b) -, Z19. O

Lemma 2.7. LOCAL TO GLOBAL INVERSE SYSTEMS. Suppose that p =po = (0:...:0:1) in

P, and that L' C IV is the inverse system of I, C O,, where I, defines a degree-s 0-dimensional
scheme 3 concentrated at p. Then Homog(L', Z) C T is the inverse system L3 of I C R.
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Proof. Let S = Homog(L',Z). Tt is immediate from (2.12) in Lemma 2.5 that I5 oS = 0, so
Lz D S. Also, note that S is an R-module: Ro S C S. To show this, it suffices to check
that if f € Sy,h € Ry, then ho f € S,_1. Let f = Homog(f’,Z,u),f € L'. Note that
zo f=Homog(f',Z,u—1),so0isin S. Also, if 1 <4 < n then considering each term, it is easy to
see that x; o f = Homog(y; o f', Z,u — 1), so is in S. This shows R; o S C S, and by induction
that S is an R-module.

For ¢ > 7(3), dimg(L3); = s. For i > «(3), the socle degree, dimg S; = s, since the
homomorphism f € L’ — f[i] is an isomorphism of I'_; into I';, and dimyg L' = s. Since S C L3,
we have S; = (L3); for i > max{a(3),7(3)}. Since I3 is saturated, by Lemma 1.6 we have that
there is an integer N such that (L3), = R;—, o (L3); for all i > N and u < i. We conclude that
Lz C S, completing the proof of the Lemma. O

We give a direct proof of the following result, that is also a consequence of Lemma 2.7.

Lemma 2.8. When j > «(3), (L3)s; is closed under the raised power action of Z: f — f -, Z1".

Proof. Let f € (L3);, set fi = f -rp Z,I = I3, and suppose by way of contradiction that h € Ij14
satisfies ho f1 # 0. Then h = zhy + A/ (), 1 € R;, W € R;‘+1' Since j > a(3), ' € Jj41, where J
is the ideal defining 3 C A”™; hence zhy € I;11, implying hy € I;, since the homogenizing variable
is a non-zero-divisor of R/I3. But we have h/(z)o f; = 0 (as each term of f; has a Z-factor), hence
zhiofi =(ho fi —h'(x)o f1) #0. Then hy o f = zhy o f1 # 0, a contradiction since hy € I;. O

The assumption j > «(3) in the above Lemma is necessary (see Example 2.17). We now state a
key result concerning the generation of the homogenized inverse system.

Lemma 2.9. ”GENERATORS” FOR THE GLOBAL INVERSE SYSTEM. Suppose that V' C F/ga
generates the inverse system L' of T,,, and denote by I3 the homogenization of I,, and by V the
subspace Homog(V', Z, &) of . Then the inverse system Ly = I3~ C T satisfies

(L3); = Homog(LL,, Z, j)
= Ry 0 (V -, ZU. (2.15)

Proof. Since L' = L', the first equality follows from Lemma 2.7. That V'’ generates L’ is
equivalent to L' = R__ o V'. If ¥ € R, and v/ € V', let v = v[a]; then by Lemma 2.5
W [a]ov -y ZU = W [a] 0 v'[j + a] = (k' o v')[j] € Homog(L', Z, j). This shows Homog(L', Z, j) C
Ry o (V -y ZUD). Lemmas 2.8 and 2.7 show that V -, ZUl € Homog(L', Z,j + @) = (L3)jta,
implying the opposite inclusion. This completes the proof of (2.15). O

Example 2.10. The above Lemma 2.9 can be used to calculate the homogenization of an ideal,
given generators of the local inverse system. Suppose we begin with the local ideal I' C R’ =

Klyr,y2), I' = Ann (f), f = VP + ¥ 4 YV 4 (V1 + ¥2) . Then

I' = (3yS — 4y1ys + v5 + yivs — 20195, 45 — ¥ + ¥iy2 — yays, my, ),

of local Hilbert function H' = H(R'/I') = (1,2,3,4,3,2,2,2,1), and I' defines a degree-20 punc-
tual scheme 3 = Spec(R'/I') concentrated at po = (0 : 0 : 1) € P?, with o(3) = 8. The ho-
mogenized ideal I = I3 C R has more than two generators, and is tricky to find directly — we
may homogenize a standard basis, but some computer algebra programs do not provide a stan-
dard basis for a non-graded ideal. However, by homogenizing f', forming f = Homog(f', Z,8) =
Xl[s] + Xés] + X1[31X2[3]Z[2] + (Y1 + Y2)0 2R we may calculate Wy = Rg o f, and we can find
J = Ann Wyg: in the MACAULAY algebra program [BSE] we find the contraction of Rs with f, then

15



use the script “<l_from_dual” to find J). Then the homogenized ideal I = J<g + Mg. In this case
J<s already generates I, since A(H(R/J<s)) has the correct degree, 20. We found in this way that

I = (23224 2223 — 3wy23, xlwg — 25, 212 — a5+ (3/4) 32022 — (1/4) 232322 — (1/4)x 2522,
28 — 2l 4+ adwe2? — xy232?),

of Hilbert function Hy = H(R/I) satisfying AH5 = (1,2,3,4,5,4,1), and 0(3) = T.

The following Proposition summarizes and extends some of the above results. Recall that we
use the notation z for x,41 and Z for X,,4+1; and we denote by m, or m.. multiplication by x, 41
or by 2%, in Rorin A = R/I. We denote by L = Homog(J~*,Z) C I, the homogenization of
the inverse system J~! C IV = Kpp[Yi,...,Y,]; we let L;[j] = Homog(Li{XnH:l}, Xn+1,7). This
is just 2 7o L; € T if j < i, and ZU~4.., L; if j > i; and is obtained in any case by changing each
X,[;f‘]_l factor appearing in a monomial term of an element F' € L; to X,[;flj _Z], forming an element
F[j] € T';. Note that if j >4, and F € L;, then F'[j] is not necessarily in L; (see Remark 2.12 and
Example 2.15 below). Recall that M’ is the maximal ideal of R’ = K[y, ..., ys] at the origin, and
My =my = (21,...,2,) C R is the homogeneous maximal ideal of R at the corresponding point

p=po € P".

Proposition 2.11. HOMOGENIZATION FOR SCHEMES WITH SUPPORT pg. Suppose that J C R’
defines an zero-dimensional scheme 3 = Spec(R'/J) concentrated at the origin, and let o = «(3)
be the socle degree of R'/J (Definition 1.7) and let L' = J=1 C T' be the affine inverse system of
3. Let I = Homog(J,2) C R and let L = Homog(L',Z) = @®;L'[i]. Then we have

(i) I =I5, and is a saturated ideal primary to the mazimal ideal my,p = (0:...:0:1) € P,
and it satisfies my D 1 D mp‘“‘l. In particular, I, = I : Ry—q for a < b, and I, = Ry_q1,
for b > a > o(3). Furthermore, if a < b, then I, = I : 2= and if b > a we have
Ib — bea . Ia + (mpahLl)b-

(ii) L = Ly, and satisfies, L, = 2°=@ o L, for a < b, and Kpp[Z] C L C T'<, - Kpp|Z].
Furthermore, for o < a < b the map F — F[b] taking L, to Ly, and the map z%0 : Ly, — L,
are inverse isomorphisms. Also, L satisfies Ly = L4[b] for any pair (a,b) satisfying a > «.

(iii) A satisfies my—a @ Ay — Ay is injective for a < b, and furthermore m,v-o defines an
isomorphism A, = Ay for a < a < b. In particular, for k > 0, m e : Aq—p — Aa 1S an
injection, and mx 1 Aq — Aotk 15 an isomorphism onto.

() Let dimgxR'/J = s. The subscheme 3 = Proj (A) of P" has degree s, and J D> M'".
Furthermore, the regularity o(3) satisfies 0(3) =7(3)+1<a+1<s.

(v) Let £ C T be an inverse system satisfying Kpp[Z] C £ C T'<o-Kpp|Z], and let T = Ann (£).
Then, letting J = (J).=1) C R', and £ = (£4)z=1,b > o we have £ = (3)71, J defines a
scheme 3 concentrated at the origin with 3 =I5, £ = L3, a(3) < «a, and £ = Homog(£', Z).

Proof. That I = Iz and is saturated is well-known, since the primary decomposition of an ideal
carries over to its homogenization (see §VIL.5 Theorem 17 of [ZarS]). The next statements are
standard, since z is a non-zero divisor in R/I3. That J = (J<,) + (M’)**! implies the last
statement of (i).

That L = L3, and Kpp[Z] C L CT<, - Kpp|Z] in (ii) follow from Lemma 2.9 and (i). That
L, = 2*=%0 L, follows from z being a non-zero divisor in R/I3, and Lemma 1.6. Lemma 2.8 and
an easy verification implies that the two maps given are inverse isomorphisms when a,b > «a. For
any f € J7! deg f < a, so if a > a we have f[b] = (f[a])[b]: this implies the last statement. The
statements of (iii) follow from and are weaker than those of (i) or (ii): they are about the quotient
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algebra A, rather than the ideal I or inverse system L. Now (ii) and (iii) imply the key inequality
7(3) < a(3) for (iv) since 7(3) = min{i | dimg(R/I3); = s}. That J D M'® is well known: any
monomial of M’® has a length-s + 1 chain of monomials that divide it, so some linear combination
of elements of the chain must be in J — since the degree of 3 is only s — implying the monomial
itself is in J.

Note that the main condition of (v) is that of (2.3) with L, = Z: this is the condition
for J to define a zero-dimensional scheme 3 concentrated at po, so (v) would follow from the
standard fact, J = (I3).=1 defines the portion of 3 in A™ : z = 1, and (ii), provided we show
that £ = J~1. Directly, we have 1 c & cI,; thus, 1dent1fy1ng x and y variables (since we
have taken z = 1) and letting J = Ann (£) C R/, we have (z1,...,2,) D J D (z1,...,3,)* L
Also, we have dimg £ = dimg £, = H(R/I3), = s, with s = deg(3), as there is no kernel in
dehomogenizing from a vector subspace of I'y. Clearly £’ is independent of the choice of b > «
by (ii). Taking b = 2« and using equation (2.13) of Lemma 2.5 we can see that J C J'(Y), but
we have dimg (K[z1,...,zn]/J ) = dimg (R/J) = s, implying J = J'. It likewise follows from the
equality of dimensions that £ =3~ ' This completes the proof of (v), and of Proposition 2.11. O

Remark 2.12. HOMOGENIZED COMPONENT L; IS NOT DETERMINED BY L. We note here a
perhaps surprising property of the homogenized inverse system L = Homog(J ™1, Z), where J~1 C
IV is the inverse system of an ideal J C R’ defining a zero-dimensional scheme 3. Namely,
F € L;,i < a(3), does not imply that there is a (possibly nonhomogenous) element f € J=1 of
degree i such that F = f[i]. There are also elements of L; arising from homogenizing to degree

i those elements of J~! having higher degree. See Example 2.15 below, where X1[2] € Lz,Xl[Q] =

zo (XF]Z — X1 X B, but is not a homogenization of an element of ngl Likewise, as mentioned

earlier, le € Ly does not imply Homog(Xl[Q},Z7 3) = Xl[Z]Z € Ls: rather the corresponding

element of L3 is X{z]Z - X1X£2]. However, if i > a(3), then F € L, andj > i = F[j] € L;
by Proposition 2.11iu. For similar reasons, the condition b > « in Proposition 2.11v cannot be
removed, and we may have ((L3)q)z=1 € ((L3)p)z=1 when a < b. (See Example 2.15 below).

Note that o(3) may be rather less than a+ 1, the upper bound of (iv), and is almost always less
than a+ 1 when the defining ideal of 3 in R’ is non-homogeneous. (See Examples 2.10,2.13,2.17).

If we write a(3) = o(3) + k(3), it is not clear how to bound k(3) above. The examples where
3 is defined locally by a general enough compressed Gorenstein ideal of Oy, in the sequel article
[Choll] show that there is no constant upper bound. On the other hand, these examples satisfy
k(3) < 0(3), suggesting that the latter bound might be valid for 3 supported at a single point.

For any zero-dimensional scheme 3, Lemma 1.10 shows that the inverse system L of I3 is
determined by Ly, : thus Ly = Ly : Ri—y ift > 0, and L; = Ry—;0 L, if i < 0. However, when both
«,i > o, L; may not obtained by simply raising the Z-power of elements of L, — even when 3 is
concentrated at py (see Example 2.17).

In the following examples we sometimes use Z* = u!Z["l instead of Z[* in a monomial g € D,
as a constant coefficient will not affect the vector space span of g. Below we set Z[" = 0 if u < 0.

Example 2.13. L, MAY NOT DETERMINE L. Let R = Klx1,29,23],p =po = (0:0:1),Z

Po
(1y2, 93 = 13), f' = (VP +Y3%); then T, 5 (1o, 43, 9d) and H(R,/T,) = (1,2,1,1), anda<3> =
3. The homogemzatwn I3 = (w122, 232 — 23,23, 23), and H(R/I3) = (1,3,5,5,...), so 7(3) =
2,0(3) = 3. The inverse system L = I3~ " satisfies, by Lemma 2.9

L; =(xPzi-21 4 xBlZ0=31 x27i-2 x,7i-1 x,791, 77)
Ry o (Homog(f', Z,j +3)) = Ry o (X[ 20+1 4 x[I210)
—Homog(V", Z, j), where V' = R o f' = (f', Y3, Y, Y1, 1).
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Note that L, = L3 determines L, but the space L, = Lo does not. This corresponds to (I3),
determining I3 (see Theorem 1.12i). Also, since AH(R/I35) = (1,2,2,0), which is not symmetric,
3 is not arithmetically Gorenstein; however, 3 is locally Gorenstein and has a single point of
support.

Example 2.14. More generally, with R,p as above, let f' = (Y1[2] + Yz[j]),j > 3; then I, =
(y1y2,¥2 —v3) and H(R,/T,) = (1,2,1,...,1;), with j—1 ones at the end, determining a punctual
scheme 3 at p of degree j+2, for which a(3) = j. The homogenization I3 = (x1x, 23272 -1, %),
so H=(1,3,5,6,...,54+2,j+2,...), and AH(R/I3) = (1,2,2,1,...,1,0), with j — 3 ones at the
end, so 7(3) = j — 1,0(3) = j; the inverse system L = I~ is determined by

Lo=(xP. 2024 xU xJ=1z . X,7-' X,207", Z9),

in the same sense as Example 2.13, but not in that sense by L.

When j =3 or j > 5 then 3 is not arithmetically Gorenstein, since AH(R/I3) is not symmet-
ric. When j =4 then Hz = (1,3,5,6,6,...),AH = (1,2,2,1), and 3 is arithmetically Gorenstein
iff it satisfies the Cayley-Bacharach property that H(R/I3/)r—1 = H(R/I3);—1 for any subscheme
3 C 3 of degree s — 1 (see [Kr2],[Mig, Theorem 4.1.10]). Here 7(3) = 3,0(3) = 4, and the
local inverse system is L' = (1,Y1,Ys, Y2, Y3, Y2+ Y3'). The only R'-closed system L" of codi-
mension one is L' = (1,Y1,Y2, Y3, Y5). Since L”, and thus J” = Ann (L") C R" defining the
subscheme 3" is graded, Proposition 2.18 implies that H(R/I5/) = (1,3,4,5,5,...), the sum func-
tion of H(R'/J") = (1,2,1,1). Thus 3 does not satisfy the Cayley-Bacharach condition, and is
not arithmetically Gorenstein.

Example 2.15. COMPONENT Lo NOT THE HOMOGENIZATION OF L}. If r=8, R = K|x1, z2, 23],
I"'=K[V\, Y, f = Yl[z] - YlYQ[Q] €T/, then I' = (v3 + y1vy3,v3), of Hilbert function H(R'/I') =
(1,2,2,1), and «(3) = 3. The related homogeneous ideal I in R determining the degree-6 scheme
3 concentrated at po = (0:0: 1) in P? is

2 2 3 .3 2
I = (22 + z25, 23, 27, x722),

of Hilbert function Hs = (1,3,6,6,...), so 7(3) = 2,0(3) = 3. Here the homogenization of f to
degree a is G = f[3] = Xl[Z]Z - X1X£2]. By Lemma 2.9, letting L = L3 = I3, we have that L is
simply determined by the actions of the pair (z,7) = (x3,X3) on L, which satisfies

L3 = Ryo F[6] = Rs o (XPz1W — x, x [P 73]
= (G, 7% X172%, X1 X7, X372, X2 Z?).

Likewise, Ly = Ry o Ly = (X?,X1Z,X1X2,X3,X27,7%) C T'y. Note that Ly contains X%,
which is the partial of G = f[3] with respect to z, but is not the homogenization of an element of
LI§2 = II_lS?; as L' = <f7 }/227 Y71Y727 YVQu Ylu 1>

Example 2.16. When R',p are as above, and I' = (y3,y3), f' = Y1Y$, the local Hilbert function is
H(R'/I') = (1,2,2,1), a(3) = 3, then I = I3 = (22,23), H(R/I3) = (1,3,5,6,6,...), so o(3) = 4,
7(3) = 3 = a(3), and L = I~ is determined by L, = (X1X3,ZX3, 7% Xs, ZX1Xo, Z%2X1,Z3),
even in the stronger sense that L; = R o (L; -p Zj) ifj>71,and Ly = R,_jo L, when j <.
This example and Example 2.13 above illustrate that L must be determined by L., but L is also
determined by L. if I is generated in degrees less or equal to T. However, the next example shows
that this determination by L, (or by Ly) is usually in a “weaker” sense than here.

Example 2.17. How DOES L, DETERMINE L? We choose a curvilinear ideal (one not contained
in myp?), I, = (y1 + Y5 + v + vs,y5) C Op, of local Hilbert function H(O,/I,) = (1,1,1,1,1).
Using the computer algebra program MACAULAY [BSE] we calculated its homogenization as I3 =
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(12 + 23 — 2129, 2122 + 232 + 232 + 23, 23), of Hilbert function Hy = (1,3,5,5,...), so 0(3) =
3 < a(3) =4. A local dual generator f' € L' = (I')™ is f' = Y2[4] — Ylem + Y1[2] -y, - Y2[2].
Note that since I, is not homogeneous, its dual generator is not unique, up to multiple by a
nonzero constant in K; rather, [’ is unique up to the action X\ o f' by a unit X of R'. We have

L= Y —vivy -1, Y - 1,15, 1), and, letting F = Homog(f', Z,4), we have
L= (F,xP7 - x,x,72% - x, 28 xP 78 _ x, 218 x,7% 7%).

Here L3 contains f'[3] = Homog(f',Z,3) = —XlXQM + XP]Z - X1 X2Z — X£2lZ. Note that
Z -vp f'13] ¢ La. Thus, while Ly = Ls : Ry, so L3 determines Ly (Proposition 1.18 Equation
(1.10)), L4 # L3 -rp Z — unlike the simple relation Liy1 = Ly -vp Z when i > «(3). Also Ly #
Rs o (f'[3] -rp ZW), rather, by Lemma 2.9 we need to use f'[a]: so Lj = Ry o (f'[4] -p Z1)).

We now return to one of our themes, deciding when a (locally) Gorenstein 0-scheme is arith-
metically Gorenstein, with the aid of the inverse system.

Proposition 2.18. CONES THAT ARE AG. Suppose that 3 C P™ is a a degree-s zero-dimensional
locally Gorenstein subscheme, concentrated at a single point p € P™. Suppose further that 3 is
defined by a homogeneous ideal I, of the local ring Op at p (we say that 3 is “conic”, see [IK,
Lemma 6.1]). Then 3 is arithmetically Gorenstein.

Proof. We may suppose that the point is p = (0 : ... : 0 : 1), and that Z, is defined by I’ C
R =k[y1,...,yn]. Then, letting z = z,,41 we have (I3); = @)z~ - I'(X), whence it follows that
R/(I3,z) = R'/I', implying that R/I5 is Gorenstein, and that AH3 = H(R'/T"). O

Remark 2.19. The converse of Proposition 2.18 is false in P?: the ideal I, = (y},y1y2 — v3)
in Op,p = (0 : 0 : 1) has local Hilbert function H(Op/I,) = (1,2,1,1,1), and is not ho-
mogeneous. The homogenized ideal I3 C R = K|w1,79,73] is I3 = (23, 21202 — 23,23), of
Hilbert function Hs = (1,3,5,6,6,...); here z is a nonzero dwisor for R/I5, and the quotient
R/(z,13) = Kly1,y2)/(y3,vy3), so 3 is arithmetically Gorenstein.

The examples of D. Bernstein and the second author [Bel], and of M. Boij and D. Laksov
[BoL], of Gorenstein Artin algebras having non-unimodal Hilbert functions, and, later of M. Boij
of such algebras whose Hilbert functions have arbitrarily many maxima [Bol], are all graded. It
follows from Proposition 2.18 that these examples lead to ”thick points” that are arithmetically
Gorenstein schemes 3 in P”; with non-unimodal first difference AH3 Hilbert functions. We give
the first such example, constructed in this manner below.

Corollary 2.20. There is an arithmetically Gorenstein, “conic”, zero-dimensional scheme 3 con-
centrated at a single point p € P° with AH3 non-unimodal, and satisfying

AH5 = (1,5,12,22,35,51,70,91,90,91,...,5,1). (2.16)
The homogeneous form F' € I = Kpp[U,V,W,X,Y] defining I, = Aun (F') is ' =Uf+Vyg
where f,g are general enough degree-15 forms in W, X, Y.

Remark. When 3 is concentrated at a single point, defined by I, C Op, and the local Hilbert
function H(O,/T,) is symmetric, then it is known that T, is Gorenstein iff the associated graded
ideal Ty is also Gorenstein ([Wa, Proposition 1.9],[I2, Proposition 1.7]). It is not hard to show
that when H(O)/I,) is symmetric, 3 is arithmetically Gorenstein iff 3 is Gorenstein and I, = T.
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2.2  Schemes concentrated at an arbitrary point of P"

We now extend the results of the previous subsection to any point p € A™ C P". We translate
the point to the origin using the linear group action, and use the adjoint representation on I, to
translate the inverse system. Following F. H. S. Macaulay, we take I'" = Kpp{{Y1,...,Yn}}, the

divided power analog of the power series ring, upon which the polynomial ring R’ = K[y1, ..., yn]
acts by contraction, as before. The rings R, I, remain the same, but a finite inverse system will be
an R’-submodule of IV having finite dimension as K-vector space. Whenp = (a1 : ... :a, : 1) € P?
we will sometimes use ¢ = (a1, ...,ay,) to specify the point ¢ = (as,...,a,) of A™ without regard
to P™. We let
=1=->aY) "t =1+> O avn)H=>" Y Uyl (2.17)
E>1 k U||U|=k

Here f, is the divided power analog of the exponential series F, = exp(}_ a;Y;) in the usual power
series ring R’. We will sometimes use fp, Fp to denote the corresponding f,, F.

Lemma 2.21. [Macl, §64, p. 73] INVERSE SYSTEMS FOR IDEALS WITH SUPPORT AN ARBITRARY
POINT. The finite inverse system J C I (respectively, J' C R’ in the differentiation action of R’

on R’) is the inverse system of an ideal of R’ with support the point p = (a1, ...,a,) € A™ iff there
exists an integer N such that

focJCTliy-fycl (2.18)

or, respectively,
exp Zal i) CJ CR-y -exp Zal f C’R’ (2.19)
Proof Outline. Here (2.18) is the divided power analog of (2.19). To show (2.19), note first that
mg = (Y1 — a1,...,Yn — Gn) C R’ annihilates the one-dimensional vector space exp(>_ a;Y;) € R’
since y; acting by differentiation on this series is the same as multiplication by a;. L1kew1se,
(my )+ € Ry - exp(Y a;Y:) is immediate, and a dimension check shows (2.19). O

The following lemma is a consequence of [Macl, §64,66] (see Remark 2.23 below). Given
q = (a1,...,a,) € A" and an ideal J of R’ concentrated at the origin, we denote by Tj(.J) the
translated ideal Ty(J) = (h(y1 — a1,...,yn — an) | R € J). Clearly, T;(J) is concentrated at gq.

Lemma 2.22. MACAULAY’S COMPARISON LEMMA: CHANGE OF “ORIGIN” IN A™.
(i.) If W € R', [ in f’, then W' (y1 — a1, ..., yn —an) o (f' - fo) = (W (y1,-. ., yn) o ') - fq.

(i.) If L" C [V is the inverse system of an ideal J of R’ that is concentrated at the origin, then
L" - f, is the inverse system of Ty(J).

(iii.) Let T, C Oy be the ideal J - Oy, where J' C R’ has support q. Then the inverse system
L' = (J')~' C I has the form L' = L" - f,, where L C T is the inverse system of the ideal
J = (T,)"Y(J"), concentrated at the origin.

(iv.) The R’ submodules of I generated by L' and by L" in (iil) are isomorphic.

(v.) The analogous statements to (1)-(iv) are true for the partial differentiation action of R’ on
the power series ring R', with fy replaced by Fy = exp(}_ a;Y3).
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Proof. The part (ii) is implied by (i). It suffices to show part (i) for monomials h’; by induction
on degree, we may suppose that b’ = y; (since the statement is obvious for A’ = constant). Then
we have by additivity of contraction, and Lemma 1.2,

(yi —ai)o (f - fo) =vio(f - fq) —aio(f' - fy)
=Wiof - fo+f-viofy) —aif - fy
:yiofl'fq"’fl'aifq_aif/'fq
:(yiof/)'ftb

as claimed. This completes the proof of (ii). Any ideal J' of R’ concentrated at p satisfies,
J =T,(J),J = (T,)"*(J'), so (ii) implies (iii). Also, (iv) is immediate. O

Remark 2.23. MACAULAY’S NOTATION, Macaulay [Macl, §64, p.72] describes the same trans-
form as in Lemma 2.22, as follows. If F = Y ap, .. p.yi" - yEk» is a polynomial, and E =
St b (Y yi‘fl)i1 is a modular equation, and the new origin is (—a1, —ag, ..., —ay), then
the tmnsformed polynomial F'=%ap,, p,(y1—ar)P*--- (yn—an)p" , and the transformed modular
equation is E' = > (c1+a1)P* -+ (cn + an)P™ (y7* - yﬁ”) . Here the coefficients c are in symbolic
notation: that is, after expanding the expressions, ci* - cp" is to be put equal to the coefficient
Cprvopn- I particular if E = 1, then E' = > a}* --- ai,”l" (gt ybm)™ ' the inverse function of
(x1 — a1, ..., Ty — ayn).

Macaulay is here translating a mutually perpendicular polynomial/inverse system pair at the

origin, to one concentrated at the point ¢ = (a1, ...,a,). We may rewrite Macaulay’s formula for
E' using the multiindex U = (uq, . .., u,) where U < P means, u; < p; for each i, as follows:
e T (B) o ()t g (ocastg's notation)
U,P|0<U<P " Un
= Z Cuy,...yun <p1) e <pn) a' Tt gbn T Yl[pl] . ~Y7£p"] (our notation)
U1l Un
U,Pl0<U<P
= Z Cuy,...up (Yl[ﬂl] T Y;Euﬂ]) a1171 IRERE aﬁ"_u" : Yl[p177“] U Y;E;Dn—un]

U,P-U|0<U,0<P—-U

= E- f, (here and in the previous step we use the product in the divided power ring f")

Note that our Lemma 2.22, Equation (1) when h' o f' =0, is equivalent to Macaulay’s formula, so
Lemma 2.22 (ii) is a consequence of Macaulay’s formula for changing the point of origin.

Fix a point ¢ = (a1,...,a,) € A™ C P" with projective coordinates p = (a1 : ... : a : 1).
Let J' C R’ be an ideal supported at ¢, so that (R'/J") 2 O4/Z4,Zq = J' - O4 defines an Artin
quotient. By Lemma 2.22 its inverse system L' = (J')~! C IV satisfies L' = L" - fq, where L C T

is the inverse system of J = (T,)~!(.J’). Recall that L, = a1 X1 +---+a, X, + Z. We have defined
homogenization Homog(L", Ly, u) for inverse systems L” C I" in Definition 2.4.

Theorem 2.24. COMPARISON THEOREM. Let I3 C R be the saturated ideal defining the scheme
3 concentrated at the point p € A™ C P", and L3 = Igl C T its global inverse system. Let J' C R’
be the ideal defining 3 C A™ and L' = (J')~* C I its affine inverse system. Let J = T, Y(J"), and
L" = J~1 C I its inverse system. Let a = «(3) and suppose that V' C I, generates L" (so
L"=R oV"), and set V.= Homog(V", Ly, ). Then the global inverse system L3 satisfies

(L3)i = Homog(LZ,,, Ly, 1)

=Ry o (V -, L. (2.20)
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Furthermore, let g denote the linear transformation of R taking p to the origin, and g* the contra-
gradient transform on T, and set 3, = Proj (R/g(I3)), Lo = (I3,)"*. Then we have

L=g"oL,. (2.21)

The R-module L3 is isomorphic to L,. Also, if 3 is any punctual scheme concentrated at p, then
Lz = (I3)~" satisfies the first part of (2.20), for a suitable L” C T, where o = a(3); conversely,
if an inverse system L satisfies L; = Homog(L’éa,Lp,i), then L = L3 for a punctual scheme 3
concentrated at p.

Proof. The linear transformation of R taking po = (0 : ... : 0: 1) top = (a1 : ... : ay : 1)

is g(z1) = 2} = ©1 — a1z,...,9(xy) = ), = xy — anz,9(2z) = 2z’ = z. The contragradient
transform of I' = RY satisfies g* (v*)(v) = v*(g~'v), and is readily seen to be g*(X;) = X;,1 <i <
n; and ¢*(Z) = L,. The contraction map is equivariant (see, for example [Macl], or [IK, Prop.
A3)), so for h € R,F €T, g*(ho F) = g(h) o (¢*F). Thus, (2.20) follows from Lemma 2.9 and
in particular Equation (2.15). The last statement follows from Proposition 2.11 (v), similarly by

translation to p. O

Remark. We believe that equation (2.20) could also be approached directly from Lemma 2.22,
using the fact, homogenizing v - fg,v € I” to a given degree, with respect to Z, is the same as

homogenizing v with respect to Ly, since ZU .., (1 + 2 vpi<il<; aU(X/Z)[U]) = Ll[jj]. Note that
if V" in (2.20) has the minimum possible dimension, then by Corollary 1.8, dimk V" = typeOs.
Example 2.25. Let 3 denote the degree-4 scheme concentrated at py = (1 : 0 : 1), determined
by f' = (Ylm + Y2[2]) - for- Then I3 is the translation to p1 of (172,23 — 23), so I3 = (v122 —

29,23 — 22w9 + 2% — 13), of Hilbert function Hy = (1,3,4,4,...), with 7(3) = «(3) = 2. Here L3
determines L = (I3)~1, and satisfies, by Theorem 2.2/,

Ls =Homog(V, X1 + Z,3), where V = (X + X X, X5, 1)
=6xP 4+ xPz + xixP + xP 7, (X0, Xo) - (X0 + 2)P, (X0 + 2)1)

Example 2.26. Again, consider the point p = (1 : 0 : 1) € P2, but let the ideal I, in the
local ring O, be defined by I, = Ann (f' - f,) where f' = Ylm + Y2[3] ; this ideal is the trans-
lation to p of the ideal found in Ezample 2.13, concentrated at po = (0 : 0 : 1). We have
Z, = ((y1 — Dyo, (y1 — 1) —u3, (y1 — 1)%,43), and its homogenization in R = Kl[z1,22,2] is
I = ((z1 — 2)a, (1 — 2)%2 — a3, (v1 — 2)*, 23), of Hilbert function H3 = (1,3,5,5,5,...), defining
a scheme 3 of reqularity o(3) = 3. By Theorem 2.2/ the inverse system L = L3 is determined
by the “generator” element F = Homog(f', Ly, 3) = le - Ly + Xég] €L, L,=X1+27Z: so
Li =R30Giy3,Giyz3 =F - Lg]. Thus we have for Lz, which determines L,

Ly =R30F 1, (X +2)B =Ry o (le (X + 2+ X (x Z)W)
= Ry o [(15x1% + 10x772 + 6x 11212 + 3x[I 20 4 xPIZ10) 4
X (xP o xPz 4 x84 28]
Also, this is, by the first part of (2.20) in Theorem 2.24, and Example 2.13

Ly = Homog(V", Ly, 3), where V"' = R'o f' = (f', Y, Y3, Y1, 1).
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So 2% 0 Gg = 3X1[3] + X{Z]Z + X2[3] € Ls. Note the coefficient 3 on the first term, and that since
IoL =0, we have I o (23 0 Gg) = 0. Thus, for example, we have

(21 — 2)% 0 (2% 0 Gg) = (2} — 3aiz 4+ 3212° — 2°) o (3X£3] + X{Z]Z + XQ[S})
=230 (3X£3]) —3x2z0 (X1[2]Z) +0-0

Proposition 2.27. INVERSE SYSTEM OF A SCHEME CONCENTRATED AT A SINGLE POINT. Assume
that char K = 0, or char K > j below. The inverse system W C I is the inverse system of a
degree-s punctual subscheme 3 C P™ concentrated at the point p = (a1 : ... : ap : 1), and regular
in degree o with «(3) = « iff (TFAE)

i. dJa €N | KDP[Lp] cWC FSQ . KDP[Lp]~

1. a. dimgW; =5 Vj 2> 7T =ger 0 —1 and
b. V(i,n) | n > max{i,o}, Rp—; o W, = W,.
c. W C FSQ . KDP[L;D]-

1. a. #.a and ii.b above, and V7, L][gj] e W;, and
b. Vj, W; = Ro o (Wa -rp L),

Proof. The condition (iib) above implies the corresponding condition of Proposition (1.13), so
that (iia),(iib) are equivalent to I = Ann (W) being the saturated ideal defining a degree-s zero-
dimensional scheme 3 C P"™. The third condition (iic) is that of Lemma 2.1, and assures that 3
has support the point p; the specific bound « arises from the change of coordinates of Lemma
2.22 applied to the formulas L; = L,[j] and L C T'<, - K[Z] (note that K[Z] = Kpp[Z]) of
Proposition 2.11 (ii). Thus, the hypotheses on 3 implies the first condition (ii) and conversely.
That the hypotheses imply (iiib) follows from Theorem 2.24; also, (iiib) evidently implies (iic). O

2.3 Schemes with finite support

We now combine the results of previous sections, to determine the inverse system of schemes
concentrated at several points. We will assume that coordinates are chosen so that any punctual
scheme 3 considered lies entirely within the affine chart A™ where x,4+1 # 0. Recall that for
punctual subschemes 3 C P", 7(3) = 0(3) — 1. If 3 = U3(¢) with 3(¢) concentrated at p;, we let
a(t) = a(3(4)), the local socle degree (Definition 2.3).

Proposition 2.28. The saturated ideal I3 is that of a scheme with support p1,...,pr iff
M(p) -0 M(px) D I3 D M(p)* D 00 M (py) 0 (2:22)

The inverse system L is that of such a scheme iff it is saturated (see Lemma 1.6, equation (1.7)),
and

7 7 i—a(l i1—a(k
(Lh ... LE) C Li © Doy L ® M, Doy L ) (2.23)

Proof. The condition (2.22) is the condition for the primary decomposition of I3 to have p1, ..., px
as the associated points; the condition (2.23) is its translation by (2.2) (see also Lemma 2.1). O
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Theorem 2.29. DECOMPOSITION OF THE INVERSE SYSTEM OF A PUNCTUAL SCHEME. Let I =13
be the (saturated) defining ideal of a zero-dimensional, degree-s scheme 3 = 3(1) U...U 3(k)
in P™ over the field K, whose irreducible components 3(1) = 3p,,...,3(k) = 3p,, have degrees
S1,...,8k, are concentrated at the distinct K-rational points pi,...,px, respectively, and whose
(saturated) defining ideals are I(1),...,I(k) € R. Let I,1(1),...,I(k) have (global) inverse systems
L=1"11L®1),...Lk) CT, respectively. We denote the reqularity degree of 3 by o, and that of
each 3(u) by o(u), and let a(u) = a(3(u)), and set 3'(u) = Proj (R/(M(p,)*™*1 N (I(1) N
< I(u)---NI(k))). Then we have,

(i) L=L(1)+---+ L(k),
(ii) Wheni>o—1, then L; = L(1); ®---® L(k);, and I(1);,...,I(k); intersect properly in R;.

(ii1) L(u); C LiN(Tau) -Lfofo‘(u))), with equality for i > min{i | dim(L; (T 4y -L](Dfo‘(“)))) =Sy}
Certainly there is equality for ¢ > 7(3'(u)). Also L(u); = Rj_; 0 L(u); ifi < j and j > o(u).

Proof. First, (i) follows from the exactness of the action of R; on I';: the perpendicular space in
T'; to an intersecton I(1); N---N1I(k); is the sum L(1); + -+ L(k);. That the sum is direct when
i > o0 —1arises from H(R/I3); =s=Y, Su =y, H(R/I3,); when i > o — 1: this shows the first
statement of (ii), which is equivalent by duality to the second. The inclusion of (iii) arises from the
inclusion I(u) D I+ M (p,)*"*! by duality, using Equation (2.2). When i > 7(3’(u)) we have that

(M (p,)*(®+1); and (I(l) N I(u)---N I(k)) _intersect properly in R; by (ii), whence it is not

hard to show I(u); = (I+M (p,)*®+1),. Here is a proof: let L'(u) = L(1) @@ L(u)&- - - & L(k).
Then

Li N (Caguy - LE4) = (L' () + L(u)i N (P - L) = (L(u); + K), (2.24)

where, when ¢ > 7 we may assume K; C L'(u);, since the sum L'(u); ® L(u); is then direct; but
when ¢ > 7(3/'(u)) we must have K = 0. The last statement follows from Lemma 1.6. O

Algorithm 2.30. Suppose that the degree s of a punctual scheme 3 C P™ is given, also an upper
bound N > o(3) on the regularity degree; and suppose the inverse system (L3); in any degree can
be calculated. We may find the primary decomposition of I3 as follows: first, determine the points
Dy of support by testing which powers LLJZ] € (L3)n. Following Theorem 2.29 (iii), then choose
i > s+dimg (R/m**) and form the intersection L(u); = (L3);N (FS-LI()Z_S)), from which I(u) can
be determined (see Example 3.15). However, this may require working in a high degree. Can we
obtain L(u)n directly from (L3)n, which contains L(u)y as a direct summend by Theorem 2.29
(i) ¢

Remark 2.31. DETERMINING WHEN 3 IS ARITHMETICALLY GORENSTEIN. An Artin Gorenstein
local algebra has a unique minimum length ideal, its socle, of dimension one as K-vector space.
Thus if 3 is a zero-dimensional locally Gorenstein punctual scheme in P™, each irreducible compo-
nent 3; has a unique proper subscheme of degree one less than 3;: we denote by 3 its union with
the remaining components. To use the Cayley-Bacharach (CB) criterion (see Example 2.14) for a
Gorenstein punctual scheme with k irreducible components, one needs to check the Hilbert function
for the k different subschemes 37, ...,3},: the CB criterion is that (with T = 7(3))

H(R/I3; )71 = H(R/I3); 1 for each 3j,i=1,... k. (2.25)

We have seen in Example 2.1} that when 3 is local, not “conic”, but 3’ is conic, then 3 fails the
CB criterion. Since being arithmetically Gorenstein is a global property, there are no local criterion
forit. Nevertheless, the above equation (2.25), or even the inverse system can be used to check the
CB criterion, as we illustrate in the next ezample.

24



Example 2.32. NoN AG SCHEME. Suppose R = K|x1,x2,23,2|, and T = Kpp[X1, X2, X3, Z],
let I = my, N 1(2), where M(p) = (x1 — z,22 — 2,23 — 2), the mazimal ideal at p = (1,1,1,1),
and I1(2) = (x1,73,23), a complete intersection concentrated at po = (0 : 0 : 0 : 1). Then
3=3(1)U3(2) C B with 3(1) = p, 3(2) = Proj (R/I(2)), and

2 2 2
I=1I5= (2] — 2123, 2102 — X123, T1X3 — T12, X5 — T12, T3 — T12)

Hs = (1,4,5,5,...), with 7(3) = 2. A calculation shows 3'(2) = Proj (R/I'(2)), where I'(2) =
(p) N (1(2),z122), has Hilbert function H'(2) = (1,4,4,...), satisfying the criterion, but 3'(1) =
3(2), of Hilbert function H'(1) = H(2) = (1,3,4,...), so 3 is not arithmetically Gorenstein.
This can be seen using the inverse systems as follows: taking W = L3 = (I3)"1, W (1) =
L3(1), W(2) = L3(2), Lp = Xl + XQ + X3 + Z, we have

W; =W(Q1); +W(2); = LU + (Xo 277 X32071, Xo X322, Z9).

The inverse system W'(2) to I3 (z) is obtained by removing from W; the “generator” element

XoX3Z972 of W(2), not affecting dimgx W' (2); = 4, the dual module W'(1) to I3,y is obtained by

removing from W; the “generator” Lg,j], of W(1) which gives dimg W'(1); = 3, not 4, as required
by the Cayley-Bacharach criterion (2.25).

Remark 2.33. REGULARITY DEGREE. When 3 is concentrated at a single point we showed that
the regularity and local socle degree are related by o(3) < a(3)+1 (see Proposition 2.11 (iv)). This
result cannot extend to arbitrary punctual schemes. When the degree-s scheme 3 is smooth, we have
a(3) =0, but H3 can be any sequence such that AHs is an O-sequence of length-s, by Theorem
1.12 (iv). Since for a punctual scheme 3, 0(3) = 1+ 7(3), with 7(3) = max{i | (AH3); # 0},
the mazimum regularity degree is s, when AHs = (1,1,...,1). Even the degree T component of
the ideal I3 or of the inverse system 13—1; may be far from determining the support of 3. For a
simplest example, if s = 2, the smooth scheme 3= (1:0:1)U(0:0: 1) C P? has inverse system
I satisfying (I71); = (13_1)1- = (7', (X + 2)ly, AH5 = (1,1), so 7(3) = 1. But the degree-r
component of the inverse system, (I=Y); = (Z, X + Z), only restricts the two points of 3 to lic on
the line y = 0.

There has been much study of reqularity questions for zero-dimensional schemes. For example
M. Chardin and P. Philippon show that if there are forms f1,..., fn of degrees dy,...,d, in P™,
such that fi = --- = f, = 0 contains 3, and they form a local complete intersection (LCI) at each
support point of 3, then the regularity degree of 3 is at most dy +---+d, —n [CharP, Theorem A].
LCI schemes 3 occur naturally in both singularity theory (see [Mi]) and also in the study of certain
hyperplane arrangements (see [Schk]). It could be of interest to explore such punctual schemes from
an inverse system point of view, however, to detect CI or LCI from the inverse system is not so
easy: it is simpler to detect if 3 is Gorenstein.

We give the following basic result bounding the regularity degree, in terms of the socle degrees
of the irreducible components of 3, when the number of components is small. We say that &k points
in P are in (linearly) general position if each subset of s points spans a P*~! for s <n + 1.

Proposition 2.34. Let 3 be a zero-dimensional scheme, supported at p(1),...,p(k) C P", and
suppose the socle degrees of the irreducible components 3(1),...,3(k) are a(l) < --- < (k). If
k <n+2 and the k points are in linearly general position, then the reqularity degree o(3) satisfies

o(3) < a(k) + alk — 1) + 2. (2.26)

Proof. The inverse system W C R for mz((ll))"’l AN mg((:))ﬂ satisfies, by the analogue for the

partial derivative action of R on R of (2.2), W; = (L(1)"=*M, ... L(k)"=*®),. The hypothesis
that the points are in linearly general position, implies that the ideal (L(1)*=M) ... L(k)*=2(*)
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is a complete intersection when k£ < n + 1, and an almost complete intersection when k = n + 2.
Using the Hilbert function of CI’s, or a result of R. Stanley (see [I4, Lemma C]) when k =n + 2,
we have dimg W; = > dimg Ry iff i <i—a(k) +i—a(k—1),ori > a(k) +a(k — 1)+ 1; for
such i the sum (L3(1))i + - + (L3x)): is direct: since each L3(u) has 7(3(u)) < a(u), we have
7(3) < a(k) + a(k — 1) + 1, implying (2.26). O

Analogous inequalities when k& > n+ 3 can be shown in some special cases, with the hypothesis
that the points of support are “generic”: however, the general problem of bounding ¢(3) in terms
of the a(u) is equivalent to the interpolation problem, of determining the Hilbert function of higher
order vanishing ideals at the &k points: this problem is open in general, unless a(u) < 2, or k < n+2
(see [AIH, Chal, Cha2, I3]). When k = 6 points on P3, there is exceptional behavior: calculation

for « = 3,4,... shows that if 3(u) = Proj (R/m;‘(ﬁ),u =1,...,6, then 0(3) = 2a + 3.

3 When can we recover the scheme 3 from a dual form F'?

Here we study when a scheme 3 C P™ can be recovered from a general element F in (I3 );1, the
degree-j component of its inverse system. Is 3 determined by a general dual form F € I'; — a
form annihilated by 13?7 We begin with two examples, first of the scheme Proj (R/m,?), which
cannot be so recovered, and, second, of a non-CM scheme 3— having components of different
dimension — that can be recovered. We then restate and prove our main result, giving a sufficient
condition when dim3 = 0 (Theorem 3.3). We give several Corollaries related to improvements
in special cases, and Corollary 3.10, a consequence concerning subfamilies of the parameter space
PGOR(T). In Section 3.2 we briefly describe linkage as viewed through the lens of inverse systems,
and in Section 3.3 we interpret our results in terms of generalized additive decompositions of forms

(Theorems 3.19 and 3.20). The following example is similar to [IK, Example 5.10].

Example 3.1. NON-RECOVERABLE SCHEME. On P? with coordinate ring R = K|[z,v, 2], consider
the mon-Gorenstein ideal m,%,p = (0 : 0 : 1) which defines a degree-3 subscheme 3 C P2. Thus
I =15 = (2%, 2y,y*) C R = Klx,y,z2], of Hilbert function H(R/I3) = (1,3,3,...,), and local
Hilbert function H(R'/1") = (1,2). Thus 7(3) =1, 0(3) = 2, and we have

(I3);'NLy={2", 21X, 2" 'Y }. (3.1)

Taking a general element F = aZ9 + X Z7~1 + kY Z771, we find that Ann (F) contains kx — By,
so we cannot recover the ideal I3 from a single form F. However, we can recover I3 using two
forms F, G, thus from a level algebra of type 2.

Example 3.2. LINE WITH EMBEDDED POINT. Let R = K|x,y, 2], = Kpp[X,Y, Z]. Consider
F =XZBl4YBlZ € Ty. Then Ann (F) = (22, zy, 22—y, 2*) defines an Artin algebra R/Ann (F)
of Hilbert function T = (1,3,4,3,1). However, Ann (F)<2 = (2%, xy), defines a scheme 3 C P?
consisting of a line with an embedded point, whose Hilbert function satisfies H3 = (1,3,4,5,6,...).

Taking instead Fy = XY Z?, we find Ann (Fy) = (22,2, 2%), also of Hilbert function T, and
Ann (F)<s defines a degree-4 scheme 2% = y*> = 0. More generally let 31 = Proj (R/(g,h)) be
any complete intersection scheme concentrated at py € P2, of local Hilbert function H(R'/(g,h)) =
(1,2,1), and let f1 € T be a generator of the local inverse system F = f1Z2. Then it is easy to
see directly (or by Corollary 3.4) that Ann (F)<s = (g, h), so determines 31.

Remark. NONEXISTENCE OF A MORPHISM FROM Gor(T) TO THE HILBERT SCHEME OF POINTS.
Ezample 3.2 shows that when T = (1,3,4,3,1), it is not possible to define a morphism from all
of PGOR(T) (the family of Gorenstein ideals of Hilbert function T, see Definition 3.9 below)
to the punctual Hilbert scheme Hilb4(P2) parametrizing degree-4 zero-dimensional subschemes of
P2. The above example also answers negatively a question asked in [IK, p. 142], whether 3 locally
Gorenstein might be a necessary condition for Iz to occur as the ideal generated by the lower degree
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generators of a Gorenstein Artin quotient of R/I35 — as here 3 is not even Cohen-Macaulay. The
question of which 3 occur is open, even when 3 is restricted to be pure zero-dimensional. See [IK,
Remark 5.73 and Chapter 6] for further discussion.

3.1 Recovering 3: main results

We now show our main result about recovering the scheme 3 from a general element F' € L3.
Recall that for a zero-dimensional degree- s scheme 3 C P we denote by 7(3) = 0(3) — 1 =
min{s | (H3); = s}. We denote by «(3) the maximum local socle degree of a component of 3 (see
Definition 2.3). We let 3(3) = 7(3) + max{7(3),a(3)}, and L3 = (I3)~!. It is evident that for
any F € (L3);, we have I3 C Ann (F'). We assumed throughout the paper that char K =0, or
char K = p > j, where j is the maximum degree of any form considered, here the degree of F
(see Example 2.2 for the necessity of this assumption). We assumed that K is algebraically closed
in order for the support of 3 to consist of K-rational points. The sequence Sym(Hs,j) is defined
in equation (1.1).

Theorem 3.3. RECOVERING THE SCHEME 3 FROM A GORENSTEIN ARTIN QUOTIENT. Let 3

be a (locally) Gorenstein zero-dimensional subscheme of P™ over an algebraically closed field K,
char K =0 or char K > j, and let Ly = (I3)~'. Then we have

1. If j > B(3), and F is a general enough element of (L3);, then H(R/Ann (F)) = Sym(H3s, j).
<

2. If 7 > B(3), and F is a general enough element of (L3);, then for i satisfying 7(3) < i
j — a(3) we have Ann (F); = (I3);. Equivalently, we have R;j_; o F = (L3);.

3. If j > max{B(3),27(3) + 1}, and F € (L3); is general enough, then Ann (F') determines 3
uniquely. If I is generated in degree 7(3), then j > max{3(3),27(3)} suffices.

Proof. Since H(R/Ann (F)) is symmetric about j/2, part (1) follows immediately from (2). We
now show (2). Suppose first that 3 has support the single point pg = (0 : ---: 0: 1). Let f’ of
degree o = «(3) generate the local inverse system at pg of 3, let f = Homog(f’, Z, «), and let
L = L3. Lemma 2.9 shows that Vi, L, = Ry 0 (f -, ZI!). Taking G = f ., ZU~=°1, we have G € L;,
and for i’ > «, we have by Proposition 2.11 ii

Ri/ oG = Ri/fa o (Ra 9} G) = Ri/fa o Ljfa = Lj,i/. (32)

Taking F' = G, this proves (2) in this case. Next, if 3 has support an arbitrary single point p € P™,
the proof of (2) is made similar, using Theorem 2.24 and (2.20).

Next, suppose that 3 has degree s, and support p(1), ..., p(k); thus Is = I(1)N--- N I(k) with
I(u) being the ideal of R defining a scheme 3(u) having degree s,,, and concentrated at the point
p(u), with > s, = s. Suppose that 3(u) C A™ is defined by I'(v) C R’ whose inverse system
has generator f’(u) (since I'(u) is Gorenstein) in the sense I’(u) ™' = (R’ o f'(u)) - f4(u) where if
p(u) = (a1 (u) : ... : an(u) : 1), we denote by g(u) = (ai(u),...,an(u)) the coordinates of p(u) in
A", Let G(1),...,G(k) in I'; be the homogenizations G (u) = Homog(f'(u), Lpw),J) (see Definition
2.4). Suppose that i > 7(3). Denote by h the class of A mod I3, and similarly for ideals, and let

—

Vw) =I(1)n---nI(u)n---NI(k). We will show first
Claim. For each u,1 < u < k we have

- — -

(I(w),)®I1)n---NI(u)N---NI(k)); =Ri/(I3), (3.3)

Furthermore, if i > 7(3), then cod I(u); = s, in R;, and dimg V(u);, = sy, and also the codimen-
sion of V(u); in R; satisfies cod V(u); = s — sy.
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Proof of Claim. That the sum in (3.3) is direct is immediate, since the intersection of the two
summends is (I3);. Since 3(u) has degree s,,, I(u); has codimension no greater than s, in R;/(I3);;

likewise the vector space V(u); has codimension in R; at most (Zv;éu Sy ) = $— sy; likewise, V(u);

has codimension at most s — s, in R;/(I3);. Since i > 7(3) we have dimg(R;/(I3);) = s; thus
we have likewise dimg (R;/(I(u))i = Su, dimg R;/V(u); = s — sy; this shows the equality of the
Claim. O

Now let F = X\ - G'(1) + - + A\ - G'(k), where G'(u) € W(u);, W(u) = I(u)~" satisfies
(3.2), with G, W there replaced by G'(u), W (u), where A, € K and each A\, # 0. Consider
w = hoG'(u),h € Ry; by applying (3.3), we conclude that h = h' + h"” K o G'(u) = 0,h” € V(u),
thus ho G'(u) = b oG'(u) = " o F. Thus, we have i’ > 7 = Ry o F D Ry oG’ (u). Since evidently
RiyoF C (RyoG'(1)+ -+ Ry o G'(k)) there is for ¢/ > 7 an equality of vector spaces

Ri/ ol = (Rz’ 9] G/(l) + -+ Ri/ 9} G/(k)) (34)

If we take i’ > max{7(3), @(3)}, we may take G'(u) = G(u) and apply (3.2) to each term G'(u) of
(3.4), and conclude, letting W (u) = (I3(,)) ", and taking F as above, i = j — i/

When ¢ > 7 = 7(3), the sum in (3.5) is direct, and the inclusion on the right is an equality.
That a particular F' € W; satisfies dimg R;_; o F' = s, the maximum value possible (so there
is equality on the right of (3.5)) implies a fortiori that a general element F' € W; will have the
same property. This completes the proof of (2). If j > max{8(3),27(3) + 1}, we have that
Ann (F)g3) = (I3)4(3), so by (3.5), and Theorem 1.12 (ii), F' determines 3, showing (3). This
completes the proof of Theorem 3.3 .

Corollary 3.4. A necessary and sufficient condition for F = X1 -G(1)+- -+ A\ - G(k) in Theorem
3.3 to be general enough to satisfy the conclusion, is for each A1,...,\; to be nonzero.

Proof. The sufficiency was just shown, see especially (3.4). For the necessity, note that if we form
F’ by omitting the term G; from F then I(F')<,; = I(3")<; where 3’ =3 — 3;. O

Remark. We have found no counterexample to show that we could not replace 8 in Theorem 3.8
by some smaller value, 8 > 27(3). What is needed is to establish (3.2) fori > o' =p' —7 — for
example (3.2) for i’ > 7(3) would allow us to replace j > (3) in Theorem 3.3 (2) by j > 27(3),
and to simply omit j > B(3) from the statement of Theorem 3.3 (3) (See Corollary 3.6 below). A
measure of the specialness of our result, and a hope for improvement, is given by the rather special
form of F in (3.4), far from a generic element of (L3);. The special case 3 smooth of Theorem
3.3 was shown by M. Boij [Bo2], and the cases 3 smooth or local “conic” by the second author and
V. Kanev [IK, Theorem 5.3E, Lemma 6.1].

The following Corollary, which determines 8(3) in special cases, shows that we indeed recover
the previous results of M. Boij and V. Kanev and the second author, when 3 is smooth, or conic.

Corollary 3.5. If 3 is supported at a single point p, then 7(3) < a(3), and B(3) = 7(3) + a(3).
Then a general F € W; determines 3 if j > 7(3) + «(3) + 1, or if j = 7(3) + a(3) and I3 is
generated in degrees less or equal 7(3). If also 3 is conic, then 7(3) = a(3) and 5(3) = 27(3). If
instead 3 is smooth, then a(3) =0, and also B(3) = 27(3). In either the conic or smooth case, a
general F' € W; determines 3 if either j > 27(3) + 1, or if both j > 27(3) and I3 is generated in
degrees less or equal 7(3).
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We now state the Corollary mentioned in the Remark above: we show that if the statements
of Theorem 3.3 are true for each component 3(u) of 3, but with 8 replaced by ' = 7(3) + ¢/, then
they are true for 3 with § replaced by . We let L(u) = L3(y)-

Corollary 3.6. Suppose that 3 = 3(1) U ... U 3(k), and that there is an integer o/ > 7(3) for
which (3.2) holds for each 3(u),u =1,...,k, with G, L there replaced by a suitable choice of general
enough G'(u) € L(u);, with j = 7(3) + & and i’ = & Then the conclusions of Theorem 3.8 hold
with B(3) replaced by B/ = 7(3) + .

Proof. Taking F' = > M(u)G'(u) after (3.4), the proof is essentially the same (except we no longer
take G'(u) = G(u)). Since G’(u) is assumed to satisfy (3.2) for j = 7(3) + o/, with ¢/ = o/ in
place of i = «, we obtain the conclusion of Theorem 3.3 (2) but with j = 7(3) + o/. For larger
Jj'=j+c,c> 0, we note that (3.2) is still satisfied, replacing G’(u) by G'(u) p LLC] €Ty, and
i’ = o/ by i’ = o/ + ¢. This implies Theorem 3.3 (2),(3), but with 3 replaced by 3’. This complete
the proof of Corollary 3.6. O

Example 3.7. Let R = K[X;,X5,Z] and f = Homog(f', Z,4) from Example 2.17 where f' =
Y2[4] — Ylem + Y1[2] -1y, — Y2[21. Here 3 is concentrated at a single point po = (0:0:1) € P2,
the Hilbert function H(R/I3) = (1,3,5,5,...), so 7(3) = 2,a(3) = 4, and B(3) = 2+4 = 6.
The Corollary 3.5 implies that for j > 6, a general F € L;,L = (I3)~! has Hr = Sym(H3,j).
However, a calculation shows that this occurs for a general F € Ly (see Example 2.17 for L),
hence for j > 4. In particular, if F is a general element of Ls, H(R/Ann F) = (1,3,5,5,3,1), and
Ann (F)<s = (2122 — 23 — 212,25 + 232 + 232 4+ 2122, 23) = (I3)<3; thus F determines 3 since

o(3) = 3.

Example 3.8. Consider the subscheme 3 = 3(1)U3(2) of P2, with 3(1) the scheme of Example 3.7
concentrated at p; = (0: 0: 1) and and 3(2) the degree-4 scheme concentrated at po = (1:0: 1),
determined by f' = (Ylm + }/2[2]) - fpas of Example 2.25, where 7(3(2)) = «(3(2)) = 2. The
intersection I3 = I3y N I3(2) satisfies (calculated in MACAULAY )

I3 = (x? + 22xy — 2wy 23 — 2022 — mywoz + 22 + 1127,

x%x% — 41:11:%/3 — x%xgz — xlxgz + x%z + x1x222, xlxg, xé — x%xgz + x%z + x1x222) ,

of Hilbert function Hs = (1,3,6,9,9,...), 7(3) = 3,a(3) = 4. Corollary 3.6, and the calculation
of Example 3.7 for 3(1), as well as Corollary 3.5 applied to 3(2), show that we may replace
B(3) =7(3) + a(3) =3 +4 in Theorem 3.3 for 3 by ' =3 +3 =6. Thus, a general F € (L3)s
satisfies H(R/Ann (F)) = Sym(H3,6) = (1,3,6,9,6,3,1).

We now derive some further consequence of our main theorem, along the lines of Lemma 6.1
of [IK], shown there in the special case of 3 conic or smooth. We introduce first some definitions
from [IK]. For F € T'; we let Hp = H(R/Ann (F)).

Definition 3.9. A punctual scheme 3 is an annihilating scheme for F € " if I5 C Ir = Ann (F).
An annihilating scheme is tight if also deg3 = max;{(Hp);}. If T = (1,...,1) is a sequence
of integers symmetric about j/2 we denote by PGOR(T) the (locally closed) subvariety of P(T';)
parametrizing forms F € I'; — up to constant multiple — such that Hp = T. We denote by
PGOR(T) (in boldface) the corresponding scheme, whose scheme structure is defined by determi-
nantal ideals of certain catalecticant matrices, corresponding to the conditions (Hp), = T, (see

[IK]).

The tangent space Tr to the affine cone over PGOR(T) at F is isomorphic to R;/((Ann F)?);
[IK, Theorem 3.9]. We denote by v = v(3) the order v(3) = min{é|(H3); # r;} of Is. We denote
by Us € PGOR(T),T = Sym(Hj,j) or more precisely by Usz(j) the family of F € T, up to
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constant multiple, such that F' € (I3)jj‘ and Hp = T. Evidently F € I'; satisfies F' € Uz(j) iff
Ann (F); = (I3), for i < j/2 (since Is C Ann (F) when F € (I3)jL). Below, we will usually omit
to include the phrase “up to constant mutiple” when this is clear from the context, or unimportant.
The punctual Hilbert scheme Hilb®(P™) parametrizes degree-s subschemes of P (see [IK]]).

Corollary 3.10. Let 3 be a zero-dimensional degree s locally Gorenstein scheme of P™ having
regularity degree o(3), let j > 27(3), and let F € (I3);".

(i) If j > B(3) (or if 3 satisfies the hypothesis of Corollary 3.6 and j > '(3)), there is an open
dense family F € (I3)jj‘ such that F € Uz (j). For such F, we have (Ann (F)); = (I3); for
i <j—1(3), and 3 is a tight annihilating scheme of F.

(i) If 7 > 27(3), and F satisfies Hp = Sym(Hs,j), and if Y C P" is any zero-dimensional
subscheme satisfying deg(Y) < s and Iy C Ann(f), then deg(Y) = s and (Zy); = (Z3); for
i=j-703)

(i1i) If F satisfies Hp = Sym(Hs, j), and if also either
(a) 5 >27(3)+1, or
(b) j =2 27(3),and ((Z3)<+) = I3,
then 3 is the unique tight annihilating scheme of F'.

(w) If F satisfies Hp = Sym(Hs, j), then Ann (F)? = (I3); fori < j— (1 —v).

If also 7 < v and 3 is a tight annihilating scheme of F, then the tangent space Tg to the
affine cone over PGOR(T), T = Sym(Hs,j) at F satisfies

dimg Tr = s + dimk (Z3/(Z3)?);).

(v) If Y C Hilb*(P™) is locally closed, and 3,,y € Y is the corresponding family of degree s
zero-dimensional subschemes of P", if H(R/13,) = H for ally € Y, if o = 7+ 1 is the
generic reqularity degree of 3,,y € Y (attained for an open subset of Y ), and if j, I3 satisfy
(iti.a) or (iii.b) above, and T = Sym(Hsz,j), then there exists a subfamily Uy C PGOR(T)
satisfying
(¢) FeUy< Hp =T and 3y is a tight annihilating scheme of F,

(d) dim(Uy) = dim(Y) + s — 1.

Proof. Here the main assertion (i) follows directly from Theorem 3.3 and the proof of [IK, Lemma
6.1]: we need in (i) the hypothesis j > £(3) in order to use Theorem 3.3. For any j > 27(3), the
assumption Hp = Sym(H3, j), and that Is C Ann (F') entail most of (ii)-(iv). O

Example 3.11. Consider the subscheme 3 of Example 8.8, for which Corollary 3.6 applies for
B'(3) = 6, and choose a general F € (I3)g"'; then T = Hp = Sym(H3,6) = (1,3,6,9,6,3,1).
A calculation shows that dimg R/((I3)%)s = 27. Since v = 7 for 3, Theorem 3.10 (iv) implies
that dimg Tr = 27; this is easy to check directly since Ann (F)<3 = (hs), so Ann (F)% = (h3) of
codimension 1 in Rg. Since r = 3, PGOR(T') is smooth: this here corresponds to the smoothability
of degree-9 schemes in 3: the dimension of PGOR(T) is 27, since dim(Hilb?(P?)) = 18, and the
dimension of the fiber of PGOR(T) over Hilb®(P?) is 9.

Strikingly, if j = 7, so T' = (1,3,6,9,9,6,3,1), the analogous dimension is dimg Tr = 30
(since (Ann (F)?)7 = (I3)2 = hs - (I3)4, of dimension 6); when j > 8 the dimension is again 27,
as can be checked by caculating H(R/(I5)?).
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3.2 Dualizing module as ideal, and Linkage

We first recall a result of M. Boij, stating when the dualizing module of 3 is an ideal of R/I5.
A consequence of his criterion and Theorem 3.3 is that the dualizing module can always be so
realized when 3 has dimension zero, and is (locally) Gorenstein (Corollary 3.13). We then give an
example to illustrate how the inverse systems behave in linkage.

M. Boij’s theorem pertains to d—dimensional Cohen Macaulay rings B = R/I, and d — 1
dimensional Gorenstein quotients. Let x(B) denote the degree of the polynomial (1—z)?-Hilby (2):
here Hilbx (z) is the Hilbert series > H3(i) - 2%, so x(B) is the highest socle degree of a minimal
reduction of B.

Theorem. [Bo2, Theorem 3.3] Let B = R/I be a Cohen-Macaulay algebra of dimension d, and
let J C B be an ideal of initial degree at least k(B) + 2 such that B/J is Gorenstein of dimension
d—1.

Then there is an isomorphism J — Ext}"{d(B,R) = wp, which is homogeneous of degree
—k(B/J)—r+d—1.

We consider the special case d = 1, and I = I3, the homogeneous defining ideal of a zero-
dimensional scheme 3. Then Boij’s theorem becomes,

Corollary 3.12. Let 3 be a zero-dimensional subscheme of P™, and let J be an ideal of B = O3 =
R/I5 having initial degree at least 7(3) + 2, such that B/J is Gorenstein of dimension zero and
socle degree j. Then there is an isomorphism J — Ext%_l(B, R) = wp, which is homogeneous of
degree —j — r.

Our Main Theorem 3.3 and M. Boij’s theorem imply

Corollary 3.13. If 3 is a (locally) Gorenstein zero-dimensional scheme of P™, then there
are ideals J of O3 = R/I5 satisfying the conclusions of Corollary 3.12, with O3/J of socle degree j,
provided j > max{B(3),27(3)+1}. Any such ideal has the form J = Ann (F)/I3,F € (Igl)j cry.
Also, if j > 27(3) + 1 and F is any element of (Igl)j, such that Hp = H(R/Ann (F)) =
Sym(Hs,j), then J = Ann (F')/I5 is isomorphic to the dualizing module of 3.

Proof. The second statement follows from Boij’s theorem for B = O3, and Macaulay’s result
connecting the socle of R/J’ for an Artinian quotient, and generators of the inverse system of
J' (see Corollary 1.8): J’ is Gorenstein iff J’ ~! is principal. The third statement follows from
Corollary 3.12 and the definition of Sym(H3, j) (see Equation (1.1)): the restriction j > 27(3) +1
and Hp = Sym(H3, j) implies that the order of Ann (F)/I5 is at least 7(3) + 2, satisfying the
hypotheses of M. Boij’s theorem, and O3/J = R/Ann (F), so is Gorenstein. By Theorem 3.3 and
Corollary 3.10, such F' exist with Hr = Sym(Hs,j) if j > 5(3). O

M. Boij showed that when 3 is smooth, then the conclusions of Corollary 3.13 hold also for
j > 27(3) — 1. His work is related to that of M. Kreuzer in [Krl, Kr2]. Corollary 3.13 can
be used as a test of whether a Gorenstein scheme is arithmetically Gorenstein, since 3 is aG iff the
dualizing module is principal.

Example 3.14. Let 3 = 3(1) U 3(2) C P? be the scheme of Example 2.32, where 3(1) = p,p =
(1,1,1,1) 4s a smooth point, and 3(2) = Proj (R/I1(2)) where 1(2) = (x1,23,23), is a CI at py =
(0:0:0:1). We found there that 3 was not arithmetically Gorenstein, although AH5 = (1,3,1)
is the h-vector of a Gorenstein ideal (it is a “Gorenstein sequence”). Since a(3) = 7(3) = 2, we
have 5(3) = 7(3) + a(3) = 4. By Corollary 3.13, it suffices to take a general element F € (L3)s,
to see the dualizing module as the ideal J = Ann (F')/I5. We have, taking L, = X1+ Xo+ X5+ 2

(L3)5 = <X2Z47X3Z47X2XSZ3; Z57 LL5]>
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A calculation shows that with F' = X2Z4+X3Z4+X2X323+Z5+L][05}, we have Hp = Sym(H3,5) =
(1,4,5,5,4,1), and that Ann (F) = (I3, 727322 — 202° — 232% + 2%, 212* — 2°/2). The dualizing
module Ann (F)/I5 is not principal, confirming that 3 is not arithmetically Gorenstein.

We now give an example showing how inverse systems behave in linkage: here 3 = 3(1) U3(2)
is AG (even CI).

Example 3.15. INVERSE SYSTEMS OF LINKED LOCAL CI'S. We consider inverse systems of
three ideals in R = K|z1,xa,2] defining punctual subschemes 3 = 3(1) U 3(2) of P2. The ideal
I(1) = (z1 — z,m2) = M(p1) defines the simple point 3(1) = p1 = (1,0,1). The ideal 1(2),
concentrated at p = (0: 0: 1) defines a degree 5 scheme 3(2), that of Example 2.13, (there termed
3), which is a local complete intersection:

1(2) = I3y = (x1229, x%z - 3:%, x?),

of Hilbert function Hz 2y = (1,3,5,5,...). Their intersection is the ideal I = (11 — z,12) N I3(2) =
(w122, 23 + 23 — 232), a complete intersection defining the degree 6 punctual scheme 3, of Hilbert
function H3 = (1,3,5,6,6,...). Thus I(1) and I(2) determine the two irreducible components of
3, which are linked through 3. Letting W = I=1, W (1) = I(1)71, and W(2) = I(2)~! denote the
corresponding inverse systems, we have W = W (1)+W (2), where the sum must be direct in degrees
at least 7(3) = 3 by Theorem 2.29 ii. The inverse system W (1) satisfies W(1); = (X1 — Z)l),
while W (2) satisfies, from Ezample 2.13

W (2); = (XPZ-2 ¢ xBlZli=31 x27-2 x, 711 x,2771, 7%
By the Decomposition Theorem 2.29i., we have

= (X, — 7)), xPIgli=2 o xBIgli=8] x27i-2 x, 7i-1 x| 7i=1 7).

Note that the above sum is direct in degrees at least three, but not direct in degrees less or equal two,
as is evident by regarding H3y = (1,1,...) and H3), H3. Furthermore, by the Decomposition
Theorem 2.29iii. we have

W(2); = Wi N (K [X1, Xa]<s “rp K[Z])

the intersection of W and the inverse system of m,* (here 4 = a(3(2))+1), whenever the dimension
of the right side is 5, which occurs for i > 4.

That 3 is AG can be seen from the inverse system, following Lemma 1.9, by showing that
L3NT, = WnNKpp[Xi1, Xa| is a principal R' = k[z1, z2]-module: in fact, G = X7 — X3 generates
this intersection.

Finally, from the properties of linkage, I(1)/I has dualizing module isomorphic to R/(I(2)), and
conversely 1(2)/1 has dualizing module R/I(1); in particular the number of generators of I1(1)/1
(here two) is the same as the dimension of SOC(R/I(2)); and the number of generators of 1(2)/I
(here one) is dimg SOC(R/I(1)). In addition, since R/I is locally Gorenstein, similar properties
hold for the localizations at p,p1: here at p1, (R/I(1))p, = R'/my,, has one-dimensional socle, and
my1y = I, , the localization, so there are zero generators of the quotient; also, (R'/1(2)),, =0, so
has zero socle, and 1(2),, = Ry, has one generator.
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3.3 Generalized Additive Decompositions

We recall the GAD given in (1.2) for a degree-j form of I' = K[X, Y], namely

F = ZBiL{H*Si,degBi =s5;—1,degL; = 1,5 = Zsl

Each term BiLzH_Si corresponds to a single support point p; : I; = 0 of P!, occuring with
multiplicity s;. Our aim is to model this kind of decomposition in r > 3 variables. The following
definition is more general than that of [I3, Def. 4A], but is related to the concept of annihilating
scheme introduced there [I3, Def. 4D] (see Definition 3.9 above).

Definition 3.16. For F' € I';, we say that F' = F1+...+F}, is a generalized additive decomposition
(GAD) of F, having (total) length s = s;, of partition ™ = (s1,...,Sk), with k parts, associated
to the scheme 3, if 3 is a degree-s punctual scheme 3 whose decomposition into irreducible schemes
is 3 = U3;, where deg3; = s;, and each F; € I3il fori=1,... k. We say that a GAD of F is
“tight” if 3 is a tight annihilating scheme of F: namely, if s = deg3 = max;{(Hr);} (Definition
3.9). We say that a GAD is unique if the k summends Fi,..., Fy are unique.

The form of each term F; — corresponding to 3; — can be read from Theorem 2.24 or Proposi-
tion 2.27: F; is an element of the degree-j homogenization of the local inverse system of 3;.

Lemma 3.17. If F has a length-s GAD, then Vi > 0, we have (Hp); < s.
Proof. We have Ann (F') D Z3, hence (Hp); < (H3);, but (H3); is bounded above by deg3. O

Which forms F' have a length-s GAD? When is the GAD for F' unique? Recall that we denote
by o(3) the regularity degree of 3 (see Theorem 1.12), and by 7(3) = ¢(3) — 1. Evidently we have

Lemma 3.18. If F' is annihilated by a punctual scheme 3,3 = 31 U...U 3 as in Definition 3.9,
then F has a GAD of length < s associated to 3; if also deg F' > 7(3), then the GAD has length
s, is of partition (s1,...,5k),s; = deg3;, and this GAD is the unique GAD of F that is associated
to 3.

Proof. For j > 7(3) we have (H3); = s, hence (I3)j = (I3,)7 & --- @ (I3,)7, and the GAD is
unique. O

The following result is an immediate consequence of [IK, Theorem 5.31], and Definition 3.16.
It does not extend simply to r > 3 (see [Bo3, Theorem 6.42], [Choll], and the discussion in [IK,

§6.4]).

Theorem 3.19. UNIQUENESS OF GAD WHEN r = 3. Ifr =3 and Hr D (s,s,s) then F has a
unique tight GAD of length s, up to permutation and change of scale, and no GAD’s of smaller
length than s.

Proof. By Theorem 5.31 of [IK], F has a unique tight annihilating scheme 3; this determines a
unique GAD by Lemma 3.18, since j = deg F' > 0(3) (as here we have j > 20(3)). O

Recall from Definition 2.3 that a(3) is the highest socle degree of a component of 3. Finally
we have,

Theorem 3.20. Suppose that 3 is a Gorenstein punctual subscheme of P, and that j > max{7(3)+
a(3),27(3) + 1}. If F is a general enough element of (13)jl, then F' has a unique GAD of length
s associated to 3, and no GAD’s of length less than s.
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Proof. Let t = |j/2]. By Theorem 3.3 the hypotheses on F' and 3 imply that Hr = Sym(H3s, j);
furthermore, the assumption on j implies that (Hr); = (Hp)i41 = 8, so Hp D (s,s). It follows
that any scheme 3’ of degree at most s, such that Iy, C Ip, satisfies (H3/); = (H3/)¢41 = S, hence
(I3): = (Ir): and (I3/)141 = (Ip)t+1. By Theorem 1.12 this equality implies that 3’ is regular in
degree t + 1 (so 0(3') < t+ 1), and is determined by F, so we must have 3 = 3’. Uniqueness of
the GAD now follows from Lemma 3.18. O

Example 3.21. Let R = K|x,y, 2] and denote by T the degree 3 scheme T = Proj (R/(x,y?))
concentrated at the origin po = (0 : 0 : 1) of P%; and denote by 3 = 31 U...U 3y the union of k
distinct subschemes, where 3; denotes a translation of T to a point p; = (aip : a;1 : 1) € P2 (by
Ty, as in Lemma 2.22). By Theorem 2.24, we have that 3; = Proj (R/(x — a0z, (y — an2)?)); and
since the inverse system L(Y) C T = Kpp[X,Y, Z] satisfies L(Y), = (Iy)* = R, o (Y12 . Z%) =
(YBlZzv=2y zv=1 7% we have

L(3i)u = Ro (Y[Q] (apX +anY + Z)[u])
= (VP (aio X + anY + 272 Y - (@i X + anV + 217, (@i X + an Y + 2)M).

Taking k = 2, letting p1 = po,p2 = (1:1: 1), we have
T3 = (z,9>) N (z — 2, (y — 2)%) = (2% — x2, 32y — y° — Bzyz + 22?),

and AHs = (1,2,2,1),H3 = (1,3,5,6,6,...). By Lemma 3.18, a form F € (I3)jl for >3 has a
unique decomposition associated to 3, into k = 2 parts, each of length 3,

F=F+F |F e (YPzi=2yzi-1 77
Fe WP (X+Y+2)V A yv(X4+Y+ 271 (X +Y + 2)0l).

When j = 3, the form F = 3YB 4+ XY € Ls, as it is evidently annihilated by I3 acting as
contraction. Thus F has a GAD into 2 parts, each of length 3,

F=YP . (x+v+2)-YVPzZ (3.6)

By Theorem 3.20, since when k = 2, 3 is Gorenstein with 7(3) = 3 and a(3) = 2, we have
for j > 7 that a general F' € (L3); has tight annihilating scheme 3, so a unique GAD of length 6.
However, if j > 6,andF includes YN (X +Y + 2)V=2 and YPI(Z=2 terms, then it is easily seen
that F determines 3, as I3 is generated in degree 3, and Hr = Sym(Hs,j) by calculation.

Taking k = 3, using translates of T at the three points p1,p2, and p3s = (2,3,1) we find AHz =
(1,2,3,3); taking k = 4 and points p1,p2,p3, and py = (7,11,1) we find AH3 = (1,2,3,4,2).
(However, if we take instead ply = (2,5,1) we find AHs = (1,2,3,3,2,1).) We might ask, for a
generic choice of k points {p;}, do we obtain a degree 3k scheme 3 in “general position” - having
the same Hilbert function as 3k generic smooth points? This is not the case for k = 2 here, but is
for k = 3,4, and presumably for higher k.

Also, we may ask, what is the dimension of the family F(Y,k,P?) of all degree 3k punctual
subschemes of P2 having the form 3 = 31 U ---U 3, with 3; a translate of Y? In this direction,
the tangent space to such families have been studied classically for power sum representations
F =Y LJ (see [Ter2, Bro, AlH, I3], [IK, §2.1,2.2], and for GAD’s see [Eh, Tes], also [Cha2]).
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