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Abstract

By using the Malliavin calculus and solving a control problem, Bismut type
derivative formulae are established for a class of degenerate diffusion semigroups
with non-linear drifts. As applications, explicit gradient estimates and Harnack
inequalities are derived.
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1 Introduction

The Bismut derivative formula introduced in [4], also known as Bismut-Elworthy-Li for-
mula due to [5], is a powerful tool to derive regularity estimates on diffusion semigroups.
In the elliptic case this formula can be expressed by using the intrinsic curvature induced
by the generator. But in the degenerate case the required curvature lower bound is no
longer available. Of course, the Malliavin calculus works also for the hypoelliptic case as
shown in e.g. [I] on Riemannian manifolds. In this case the pull-back operator involved
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in the formula is normally less explicit, so that it is hard for one to derive explicit gra-
dient estimates. Nevertheless, as shown in [I}, §6], in some concrete degenerate cases the
derivative formula can be explicitly established by solving certain control problems.

Recently, explicit derivative formulae for damping stochastic Hamiltonian systems
have been established in [I0] and [3] by using Malliavin calculus and coupling respectively,
where the degenerate part is linear. In this case successful couplings with control can
be constructed in a very explicit way, so that some known arguments developed in the
elliptic setting can be applied. However, when the degenerate part is non-linear, the study
becomes much more complicated. The main purpose of this paper is to extend results
derived in [10, 3] to the non-linear degenerate case.

Consider the following degenerate stochastic differential equation on R™ x R¢:

(L.1) {de” = 20(x", XP)dt,

dx® = z20(xV, x)dt + 0dB,

where Xt(l) and Xt(z) take values in R™ and RY respectively, ¢ is an invertible d x d-matrix,
B, is a d-dimensional Brownian motion, Z() € C2(R™*+4; R™) and Z? € C'(R™*4; RY).
Let X, = (X", X?),Z = (ZW, Z®). Then the equation can be formulated as

(1.2) dX, = Z(X,)dt + (0,0dB,).

We assume that the solution is non-explosive, which is ensured by (H1) below. Our
purpose is to establish an explicit derivative formula for the associated Markov semigroup
P
Pif(z) =Ef(Xi(x)), t>0,2cR™ fec B(R"),

where X;(z) is the solution of (L2) with X, = z, and %,(R™*?) is the set of all bounded
measurable functions on R™*9,

To compare the present equation with those investigated in [I0, 3] where Z() is linear,
let us recall some simple notations. Firstly, we write the gradient operator on R+ as
V = (VW, V), where VM) and V@ stand for the gradient operators for the first and the

second components respectively, so that Vf : R™t¢ — R™* for a differentiable function
f on R™*4 Next, for a smooth function & = (&1, , &) : R™H — RF | et

V& Ve,
vE=| |, V=] |, i=12
Vk v,
Then V&, VWE VAE are matrix-valued functions of orders k x (m + d), k x m,k x d
respectively. Moreover, for an [ x k-matrix M = (M;;)1<i<i1<j<k and v = (v;)1<i<p, € R,

let Mv € R! with (Mv); = Zle M;jv;, 1 <i <. Finally, we will use || - || to denote the
operator norm for linear operators, for instance, ||M|| = sup,_; |[Muv|.
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When ZW (21 22)) depends only on 22 and V) ZW is a constant matrix with rank
m, then the equation (LT reduces back to the one studied in [3] (and also in [I0] for
m = d). In this case we are able to construct very explicit successful couplings with
control, which imply the desired derivative formula and Harnack inequalities as in the
elliptic case. But when Z( is non-linear, it seems very hard to construct such couplings.
The idea of this paper is to split Z() into a linear term and a non-linear term, and to
derive an explicit derivative formula by controlling the non-linear part using the linear
part in a reasonable way. More precisely, let

v®zW = B, + B,

where By is a constant m x d-matrix. We will be able to establish derivative formulae for
P, provided B is dominated by B in the sense that

(1.3) (BBja,a) > —¢|Bgal®>, Va €R™

holds for some constant ¢ € [0, 1).
To state our main result, we first briefly recall the integration by parts formula for the
Brownian motion. Let 7" > 0 be fixed. For an Hilbert space H, let

T
(1) = { & CQO.T1 )+ b= 0. [l o= [ it < o

be the Cameron-Martin space over H. Let H = H(R?Y) and, without confusion in the
context, simply denote || - |lg = || - ||mm) for any Hilbert space H.

Let p be the distribution of {B;}cjo,7], which is a probability measure (i.e. Wiener
measure) on the path space Q = C([0,T]; R?). The probability space (€, x1) is endowed
with the natural filtration of the coordinate process B(w) := wy,t € [0,7]. A function
F € L*(Q; p) is called differentiable if for any h € H, the directional derivative

Dy F = lim LEFEM = FC)
e—0 g
exists in L2(Q; p). If the map H > h — D, F € L*(Q; 1) is bounded, then there exists a
unique DF € L*(Q2 — H; p) such that (DF, h)y = Dy, F holds in L*(Q; ) for all h € H.
In this case we write F' € Z(D) and call DF the Malliavin gradient of F'. It is well known
that (D, 2(D)) is a closed operator in L?(£2; i), whose adjoint operator (4, Z(4)) is called
the divergence operator. That is,

(14)  E(DyF) = / Dy Fdp = / F§(h)du =E(F§(h)), F e 2(D),he 2(6).

For any s > 0, let {K (¢, s)}+>s solve the following random ODE on R™ @ R™:

(1.5) %K(t, s) = (VYZOYX)K(t,s), K(s,5) = Lnxm-

We assume



(H) The matrix o € R?®R? is invertible, and there exists W € C?(R™*?) with W > 1
and lim W(z) = oo such that for some constants C,ly,l3 > 0 and [ € [0, 1],

|z| =00
(H1) LW < CW, [VOW | < OW, where L = 1 Tr(co*VAVP) 4 7 . v,
(H2) [VZW] < C, [[v2ZW] < OWh;
(H3) |[VZA|| < CcWl, ||V2ZO)| < OW.

For any v = (v, v®) € R™*? with |v| = 1, we aim to search for h = h(v) € 2(6)
such that

(1.6) VoPrf(z) = E[f(Xr(x))6(h)], f e Cp(R™)

holds. To construct h, for an H-valued random variable ov = (ais)sepo,77, let

g = K(t,0)0 + /t K(t,s)VPZW (X, (z))a,ds,
(1.7) . 0
hy = /0 o (V2O (X,(2)) (g5, ) — 6)ds, t € [0,

We will show that h satisfies (L8] provided it is in 2(8) and ag = v?,ap = 0, g7 = 0,
see Theorem 2Tl below for details. In particular, it is the case for a; given in the following
result.

Theorem 1.1. Assume (H) and let VP ZW = By + B for some constant matriz By
such that ([I.3) holds for some constant ¢ € [0,1). If there exist an increasing fecuntion
£ e C(0,T]) and ¢ € C*([0,T]) with £(t) > 0 for t € (0,T], ¢(0) = ¢(T) = 0 and
o(t) >0 fort e (0,T) such that

(1)

(1.8) / &(s)K (T, 8)BoBLK (T, s)"ds > £(1) L, 1t € (0, 7).
Then
1) Q;:= fot o(s)K(T,s)VBZW(X,)BEK (T, s)*ds is invertible for t € (0,T] with

_ 1
(1.9) IR < 1=2¢0) € [0,77.
(2) Let h be determined by ([I.7) for

T—1 . oo [TT—s
o = T 0@ = (b(t)BOK(T, t) QT1/0 T

o —1
2ds /5 TUK(T, 0)vWds.

Then for any p > 2, there exists a constant T, € (0,00) if Iy = 1 and T, = oo if
ly < 1, such that for any T € (0,T,), (Z4) holds with E|6(h)[P < oco.

(T, 5)VPZzW (X )vPds
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(3) For any p > 1 there exist constants c1(p), ca(p) > 0, where ca(p) = 0 if [} = Iy =
I3 =0, such that

VT AN{(T A1) +E(T A1) }e2®@W
S e(s)2ds

(1.11) IVPrf| < ci(p)(Pr|f|7)'”

holds for all T > 0 and f € B,(R™9).

The remainder of the paper is organized as follows. In Section 2 we present a general
result on the derivative formula by using Malliavin calculus, from which we are able to
prove Theorem [[T] in Sections 3. In Section 4 we will verify (L8] for the following two
cases respectively:

(I) VW ZM is non-constant but Rank[By] = m.

(I1) A := VW ZW is constant such that Rank[By, ABy, - - , A*By] = m holds for some
0<k<m-—1

In both cases the LP-gradient estimate (LIT]) is derived with specific £, while in Case
(IT) the Harnack inequality introduced in [§] is established provided VZ®) is constant,
which extends the corresponding Harnack inequality obtained in [3] for VIV Z() = 0 and
V@ ZW is constant with rank m. This type Harnack inequality has been applied in the
study of heat kernel estimates and contractivity properties of Markov semigroups, see e.g.
[3] and references therein.

2 A General Result

In this section we will make use of the following assumption.
(H') The function
T
U(z) :=Eexp {2/ IVZ(Xy(x))|dt]|, = e R™
0

is locally bounded.

Theorem 2.1. Assume (H') for some T > 0. For v = (vV,v®) € R™* et (a,)o<s<r
be an H-valued random variable such that oy = v® and ap = 0, and let g and hy be given

in (7). If gr =0 and h € 2(6), then (LA) holds.

Proof. For simplicity, we will drop the initial data of the solution by writing X,(z) = X;.
By (H’) and (2] we have X; € Z(D), and due to the chain rule and the definition of h;,

t t
DX, = / VZ(X,)DpX.ds + / (0, 0hy)ds
(2.1) 0 0

t t
=00 —a)+ [ VZEDXds+ [ (0.929(X)(g00) ds
0 0
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holds for ¢ € [0, T]. Next, it is easy to see that
t
g = vtV —I—/ VZW(X,)(gs, as)ds, te0,T).

0

Combining this with (2.1I) we obtain

t

Dp Xy + (g1, 04) = v +/ VZ(X){DpXs + (gs, 05) }ds, t e [0,T7.
0

On the other hand, the directional derivative process

Xi(z + ev) — Xy(2)
£

V’I)Xt = lim
e—0

satisfies the same equation, i.e.
t

(2.2) V,X: = +/ VZ(X)V,Xds, te][0,T].
0

Thus, by the uniqueness of the ODE we conclude that

Dy Xy + (g1, 04) = Vo Xy, t€]0,T].
In particular, since (gr, ar) = 0, we have
(2.3) Dy Xy =V, Xr

and due to (H') and [22)),
T

(2.4) E|Dy X7 |* = E|V, X7|* < |v|*E exp [2/ ||VZH(XS)ds}.
0

Combining this with (I4) and letting f € C}(R™), we are able to adopt the dominated
convergence theorem to obtain

VoPrf =E(NVf(Xr),V,X7) = E(Vf(Xr), Dy X1) = ED) f(X7) = E[f(X7)d(h)].

O

Remark 2.1. Using the same argument as above, we also have the following derivative
formula:

(25)  EV.f(Xr)=E (f(XT) S [h(en) (VX0 - Dmek)(vxT);ﬁ]vi) ,

ik



where (e;) is the canonical basis of R™™¢ and h(e;) is defined by (I7) with v = ¢;. In
fact, since

> (O XT)(VX7)i' = Lizy

k

and by (2.3)
Dh(ek)X% = VekX% = akX%’

we have
Vo (Xr) = S0 X' = 300 (Xr) 0 X (VX )
- Z(ﬁjf)(XT>(Dh(ek)X%>(VXT)I;’IUZ

= > (Dnie f(Xr)} (VX )ilof

which implies (2.5)) by the integration by parts formula.

Remark 2.2. For the higher order derivative formula, under further regularity assumptions,
for any vy, -+ ,v; € R™™ and f € C}(R™), we have

(2.6) (VEf(Xp(2)),01 @ - @ ;) = E[f(Xr(2)J;(T, 01, -+ ,v5)],
where J;(v) := §(h(v)) and
Ji(vr, -, vp) = Jjma(vr, oo vj-1)0(R()) + Vi Jjma (v, -+, 05-1)
- Dh(vj)Jj—l(Ula T >'Uj—1)>

where h(v) is defined by (7). In fact, as in the proof of Theorem 2.1 we have

<V2Ef(XT) v @vg) = Vo, Vo, Ef(X7) = VL, E[f(X7)d(h(v1))]
E[(V)(X7)- VWXT 6(h(v1))] + E [f(X1)Vu,d(h(v1))]

E [(Vf)( XT Doy Xz - 6(h™)] + E [f(Xp(2)) Vi, 0(h(v1))]
E [Diu) [f (X7)]6 (A(01))] + E [f (X7 (2)) Vi, 0 (h(v1))]
E|

f(Xr(x [ h(v1))d(hg?) = Diuy)d(h(v1)) + Ve d(h(v1))]] -

The higher derivatives can be obtained by induction.

3 Proof of Theorem I.1]

The idea of the proof is to apply Theorem 2] for the given process as. Obviously, (H1)
implies that for any [ > 1, there exists a constant C; such that LW! < C;W!, so that



EW (X, (x))! < e“!'W ()" and thus, the process is non-explosive; while (H2) and (H3)
imply that ||VZ|| + [|[VVWZW || < CWHVE holds for some C' > 0, so that

(3.1) E(HVZH” + HVV(I)Z(l)Hp + ]|V2Z(2)||p) (X;) < ec@tyypaviavis) -y >

holds for any p > 1 with some constant ¢(p) > 0. The following lemma ensures that (H)
implies (H') for all "> 0 if [ < 1 and for small 7" > 0 if [, = 1.

Lemma 3.1. If (H1) holds, then for any T > 0,

Ee 2 /TW(X)dt <exp|— W 1 1oy
xp T2C||o||2e+2CT t = eXp TC||o||2e2+CT | :

Consequently, (H2) and (H3) imply that U := E exp|[2 fOT |V Z||(X;)dt] is locally bounded
on R™ if either ly < 1 or ly = 1 but T?C?||o|2e*T2T < 1.

Proof. It suffices to prove the first assertion. By the It6 formula and (H1), we have
dW(X,) = (VOW(X,),0dB,) + LW (X,)dt < (VOW(X,),0dB,) + CW (X,)dt.

So, for ¢ € [0, 77,
2
d{e” @MW (X))} < e ORDUTOW (X)), 0dBy) = Zem W (X, )dt.

Thus, letting 7, = inf{t > 0: W(X,) > n}, for any n > 1 and A > 0 we have

TATn,

TNTn
< M Eexp [)\/ e_(C+2/T)t<V(2)W(Xt),UdBQ}
0

AT, 1/2
<MW (E exp [2)\2C||0||2/ W(Xt)dt}) :
0

where the second inequality is due to the exponential martingale and (H1). By taking

1
- Tc'||0-||2eCT+2’

we arrive at
2 TATH

T2C’||O-||2e4+20T

E exp [

W(Xt)dt}gexp[ 2 }

TC||O'||262+CT

This completes the proof by letting n — oco. O



To ensure that E[6(h)[? < oo, we need the following two lemmas.

Lemma 3.2. Assume (H). Then there exists a constant ¢ > 0 such that
3.2 DXy|la < Vil|oetls W2 4> 0,

( :

Consequently, if Iy < 1, then for any p > 1,

E sup [|[DX|lfy < oo, T >0,
t€[0,T

and if ly = 1, then for any p > 1 there exists a constant T, > 0 such that

E sup [|DX|} < o0, T € (0,T;).
te[0,T

Proof. Due to Lemma B.T], it suffices to prove (8.2]). Obviously, DX} solves the following
H-valued random ODE:

t
DX, = / (VZ)(X,)DXds + (0,0)(t A -).
0
Combining this with (H2) and (H3) we obtain
t
DXl < C/ W (X)) DX leds + Vil
0

This implies ([B.2) by Gronwall’s inequality. O
Lemma 3.3. Assume (H). Then

(3.3) 1K (T, )| < CeF, (|O,K (T, 5)|| < CeT, s € 0,71,
and
T
(3.4) |DK (T, s)||z < (C*Te" 4 C)e" / DX, ||aWh(X,)dr, s€[0,T].

Consequently, for any p > 1 there exists T, € (0,00) if o =1 and T, = 0o if ly < 1 such
that
E sup [|DK(T,8)[% < 00, T € (0,T}).

t€[0,T

Proof. By Lemma and sup,cpr EW'(X;) < oo for any I > 0 as observed in the
beginning of this section, it suffices to prove B3] and (B4). First of all, by (L3 and
(H2), we have

t t
1Kt s)] <1+ / IVOZOX) K (r,s)dr < 1+ C / 1K (r, 5)l|dr,



which yields the first estimate in (83]) by Gronwall’s inequality. Moreover, noticing that
t
O K(t,s) = / (VO ZO)(X,)0.K (r, s)dr — (VD ZW)(X),
by (H2) we have
t
10K (t,s)|| < C’/ |0 K (r, s)||dr + C.

The second estimate in ([33) follows. As for ([B4), since

%DK(t, s) = (Vpx, VO ZWY(X)K(t,s) + (VY ZW)(X,) DK (t,s),

with DK (s, s) = 0, it follows from (H2) and (B3] that
DK, s)|m < /stHVV(”Z(”(Xr)H DX |l 2 () || dr
v [ 19020 DK ) s
< O(CTeT +1) /t | DX, || (X,)dr
+ C/t |IDK (r,s)||ndr.

This implies ([34]). O
Proof of Theorem[I4. (1) Let a € R™. By (3), (L8) and V@ ZW = Bj 4+ B we have

(Qia,a) = /0 0, ((K(T, $)BoBLK(T, s)"a,a) + (K (T, $)B(X,)B.K(T, s)a, a)) ds
>(1—¢) / 6(5)| ByK (T, s)alds > (1 — )é(t)|al’

This implies that @), is invertible and (.9 holds.

(2) According to Lemma Bl (H) implies (H') for all 7" > 0 if [, < 1 and for small
T > 0if ly = 1. Next, we intend to prove that h € Z(J) and E|d(h)|P < oo for small T > 0
if Iy =1 and for all T > 0 if I, < 1. Indeed, by Lemmas 32, B3] (31]), and the fact that

DO = -0 (DQ)Q
there exists T}, > 0 if [y = 1 and T,, = oo if [ < 1 such that

sup E|DQy|" < 400, T € (0,T,),
te[0,T
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Lp \ /P (E|DQt|p)1/p
(3.5) (EHDQt | ) RO € (0,17,
1/p
(3.6) sup (EJ|Day it + E|Dgilly) < o0, T € (0,T;).
te[0,T
Since

he = 0 {(VZ)(X0) (g0, o) — b},
(3.7) 1Dhelz < o I{IV2ZP (X - IDX el (91, )|
+[IVZP (X)) (Dgr, Deg)llsa + || D s
we conclude from (H2), (H3), (31]) and (B.6]) that

T ) p/2
B( [ IDhlgar) Bl <o, Te0.7,)
0

Therefore, according to e.g. [0, Proposition 1.5.8], we have h € Z2(0) and E|6(h)|P < oo
provided T" € (0,7}).

Now, to prove ([LO), it remains to verify the required conditions of Theorem 2.1 for oy
given by (LI0). Since ¢(0) = ¢(T) = 0, we have ap = v? and ar = 0. Moreover, noting
that

L= Tg Pt / S(t) K (T, 1)V 20 (X)) By K (T, t)"dt / £(s)°Q5 K (T, 0)0'Vds

Jo &
_ 1 —1
IAORT / Qtdt/ (e QKT 0pds
1
e 2dt/ §(0*QuQr K(T, 00V dt = K(T, 0)u"
0
and
T J—
h——</1¢ K(T,tH)VPZzW(X,)B;K Uwym)q; TTSKKRQV@ZW@nﬁ@MS
0
T _
_QTQT/ TT (T, s)v(2 A (Xs)v@)ds:/ T SK(T,S)V(2)Z(1)(Xs)v(2)ds,
0 0
we obtain by (LI0)
gr =K /)KTt 2 7MW (X,)oydt

T
_Kﬁﬂﬂ)—h+/———K@OVm%W&M@&—b:0
0



(3) By an approximation argument, it suffices to prove the desired gradient estimate
for f € C}HR™). Moreover, by the semigroup property and the Jensen inequality, we
only have to prove for p € (1,2] and 7" € (0,7, A1). In this case we obtain from (L.6]) that

IV Prf| < (PrlfI?)YP(ElS(R)|)Y7,

where ¢ := - 1 > 2. Therefore, it remains to find constants ¢q,cy > 0, where co = 0 if
ly =1y = l3 =0, such that

VT (T? + §(T))e"
fo s)%ds .

To this end, we take ¢(t) = t(T D such that 0 < ¢ < 1 and |d(t)| < 1 for ¢t € [0, 7). Since
¢ is increasing, by (B.3) and (I]EI) we have for some constant C' > 0,

(3.8) (E[a(h)|")7 <

/tf(s)st <€)< O, teo ).
0

Thus, by Lemmas B.1], B.2] and (B.J]), it is easy to see that for any 6 > 2 there exist
constants ¢, ca > 0, where co = 0if [} =l = I3 = 0, such that forall 0 <t < T <T, A1,

1/6

1/6
(EIDX|G) < eV/Te, (BIDK(T]E)" < T2

1/9 Clt\/7 ch
-

EIDQ; )" < {E(IQ IDQ:ll=lQ 1)}

T 5/2 02W T /2 coW
(B Day)lf)? < Z—— (B Dgil|f)"? < 2"
fo fo 2d3
T3/2 02W coW
(E|[ Dau]%) < ‘317 (i) < QST
fo 2ds fo 2ds

Combining these with (8.7), (H2), (H3) and (B.1]), we obtain

1/
hllpre == (Bl Dhllfigm) ™ + IEA]

q/2y 1/aq
<vife( [ iphgar) " Bl
1 . 1/q T . 1/2
sﬁ(-/ E||Dht||]‘f{dt) +(E/ \htﬁdt)
0 0

L VT + gD
N fo 5)%ds |
This implies ([3.8) since § : D9 — L7 is bounded, see e.g. Proposition 1.5.8 in [f]. O
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4 Two Specific Cases

As indicated in the end of Section 1, we intend to apply Theorem [I[T] to Case (I) and
Case (II) respectively with concrete functions ¢ satisfying (L.8]).

4.1 Case (I): Rank|[By| =m
Theorem 4.1. Assume (H) and ([I.3) for some ¢ € [0,1). If Rank[By| = m, then there
exist constants ¢y, co > 0 such that (I.8) holds for

Et)=c /Ot o(s)e~2T=9ds, t € [0,T).

Consequently, for any p > 1 there exist two constants c1(p), ca(p) > 0, where co(p) = 0 if
Iy =1y =13 =0, such that

P)(PrlfI)? iw
(T A1)3/2

\VPrf| < l . T>0.

Proof. 1t is easy to see that the desired gradient estimate follow from ((ILIT]) for the claimed
¢ with ¢(t) = 252 we only prove the first assertion. Since V) Z® is bounded, there

T2
exists a constant C' > 0 such that

|K(T,s)"al > e T 9a|, aecR™

If Rank[By] = m, then |Bja| > ¢|a] holds for some constant ¢ > 0 and all a« € R™.
Therefore,

M, = /t o(s)K(T,s)BoByK (T, s)*ds
0

satisfies
t t
(Mya, a) = / 6(3)| BLK (T, s)*al2ds > ¢ / 6(5)e=20T=9) g 2ds.
0 0

This completes the proof. O

To illustrate this result, let us consider an example where V() Z() is either uniformly
positively definite or uniformly negatively definite. This is especially related to the
stochastic Hamiltonian system: Letting H : R? x R? — R be a C?-Hamilton function
such that that 2 — H(zM,2®) is strictly convex/concave uniformly with respect to
W then

7 — (Z(l)7 Z(2)) — (V(Q)H, —V(I)H)

meets the requirement.
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Example 4.1. Let m = d and V®ZM be symmetric such that for some C > 0,
Clig < VO ZW s, or VA ZW pa < —Clyuy.

Then the assertion in Theorem BT holds. Indeed, take By = Ol g if VP ZW|ga > Clyya,
while By = —Clgyq if VB ZW|pa < —Clyuq. Then it is trivial to see that rank[By] = d =
m and (L3]) holds for e = 0.

4.2 Case (II): A:= V1 ZW is constant
Throughout this subsection we assume that
(A) (Kalman condition) A := V() ZW is constant and there exists an integer number

0 <k <m—1 such that

(4.1) Rank[By, ABy, - - - , A*By] = m.

When k£ = 0, (@1)) means Rank[By] = m which has been considered in Theorem A1
Theorem 4.2. Assume (H), (A) and ([I3) for some e € (0,1). Let ¢(t) = t(?—;t) Then:
(1) There exist constants c1,co > 0 such that (1.8) holds for

B Cl(t A 1)2(k+1)

§) = S, tel07].

(2) For any p > 1, there exist two constants c1(p), ca(p) > 0, where co(p) = 0 if I} =
l2 = l3 = O, such that
a)(PrlfP)" L ow

IVPrf| < (T A 1)(4k—1)v0+3/2e , T'>0.

(3) If VP ZW = By is constant and I, < %, then there ezists a constant ¢ > 0 such that

IVPrf| < M Prflog f — (Prf)log Prf}
c { LW (14 A~1)a/0=20) 1

+ A (1 + )\—1)2 (T A 1)(4k+2—212)/(1—212) + (1 A T)4k+3}PTf’ A > O’T >0

holds for all f € %, (R™), the set of positive functions in %B,(R™4).

(4) If V@ ZW = By is constant and l; = %, then there exist constants ¢, > 0 such

that for any T > 0, A > Az ond f € B (R,

¢((LAT)?W + 1)
A(T A 1)4+3

\VPrfl < M Prflog f — (Prf)log Prf} + Prf.

14



Proof. Since (2) is a direct consequence of (LII]) and (1), we only prove (1), (3) and (4).
(1) Let

t

t T_ N «
M, — / %éT—S)ABOBg;e(T—S)A ds, U, = / AByBie A ds, t e [0,T).
0 0

According to [7, §3], the limit
Q = lim t_(2k+1)FtUtFt

t—0
exists and is an invertible matrix, where (I'y);~¢ is a family of projection matrices. Thus,
U > c(t A1), m holds for some constant ¢ > 0 and all ¢ > 0. Then there exist
constants ¢y, ca > 0 such that for any ¢ € (0, %],

t t (T gy te201AIT  rt/2 » o e 205D
M; > T /t/ze ByBe ds > T/o e’ ByBje™ ds > W[me

holds. This proves the first assertion.
(3) By the semigroup property and the Jensen inequality, we assume that 7' € (0, 1].
Let V@ ZM) = By be constant. Then h given in Theorem [T is adapted such that

5(h) = / By,

Moreover, it is easy to see that for £(¢) given in (1) and T" € (0, 1],

C1 (TWl2 (Xt) -+ 1)

|| < T2(k+1) ’

te 0,7

holds for some constant ¢; > 0 independent of T'. Thus, for any A > 0,

T ' T ) 1/2
Ee‘;(h)/A:Eexp l/ (h,dBy)| < [ Eexp 3/ ‘ht‘2dt
)\ 0 )‘2 0
T
W2 (X,)dt 12
(oo 30 o))

(4.2)

ﬁ T4k+2 TAk+3

On the other hand, since [ € [0,1], by Lemma Bl and the Jensen inequality, there exist
two constants ¢z, ¢4 > 0 such that

l T
(4.3) E exp {C3T—2 /O W(Xt)dt] <esl2W T e (0,1].

Moreover, since 2l < 1, there exists a constant c5 > 0 such that

CQW2l2 < CngW 05(1 + >\_1)4l2/(1_2l2)

\2T4k+2 — (1 + )\)2T )\QT(4k+2—2lz)/(1—2lz) 5 )\,T > 0.
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Combining this with ([€2]) and ([@3]), we conclude that

A B ) L e B
: S (I N2 AT k2-202)/(1=202) T \274k+3”

T € (0,1,A>0

holds for some constant ¢ > 0. This completes the proof of (3) by (L) and the Young
inequality (see [2, Lemma 2.4])

(4.4) |VPrf| = [E[f(X7)5(R)]| < M Prflog f — (Prf)log Prf} + M Prf)log Ee®™/,

(4) Again, we only consider T' € (0,1]. Let ¢ and C be in (£2) and Lemma [B.1]
respectively. Then there exists a constant ¢ > 0 be a constant such that for any 7" € (0, 1],
A > ﬁ implies

(&) 2
N2TH+2 = T20| o |[2et+2CT

Thus, by ([.2) and Lemma B.11, if A > 75 then

C2T2CH 0.||2e4+2CT
AN2T4k+2

T
log Ee®™/A < 2 [y W(Xy)dt } 2 d(T*W +1)

log E exp [TQC’|U||264+ZCT N2T4k+3 —  )\2T4k+3

holds for some constant ¢ > 0 independent of 7. Combining this with (£4]) we finish the
proof. O

To derive the Harnack inequality of Pr from Theorem (3) and (4), let us recall
a result of [3]. If there exist a constant A\g > 0 and a positive measurable function
v 1 [Ao, 00) x R™F4 — [0, 00) such that

(4.5) \VoPrfl < MPrflog f— (Prf)log Prf} +~(\,)Prf. A>Xo
holds for some constant \g € (0,00] and all f € %, (R™), then by [3, Proposition 4.1],

1

Ly(——— x4 sv
(4.6) Prf(z) < (Prf?)""(z +v)exp {/0 7(1141—(1]);:61): )ds

holds for all f € %, (R™*?) and p > 1 + Ag. Then we have the following consequence of
Theorem B2 (3) and (4).

Corollary 4.3. Let (H) and (A) hold such that V®ZW) = By is constant.
(1) Ifly € ]0,1/2), then there exists a constant ¢ > 0 such that
Prf(z) < (Prf")""(z +v)
clv]? ((P — V)l fy W(z + sv)ds (14 %)MZ/U_%) 1 )]

p—1 *

X exp [ p—1+ 0] + (T A 1)@+2-20)/(—20a) " Tak+3

holds for all x,v € R™* T >0,p>1 and f € %, (R™).
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(2) Ifly = 1 then there exist two constants c,¢ > 0 such that for any T > 0, f € R™+d
and x,v € R+,

Prf(z) < (Prf?)"/?(z + v) exp

o {1+ (T A1)? [ W (z + sv)ds}
(p = (T AL)H+3 }

holds for p > 1+ it

Proof. (1) Let v € R™*? with |v| > 0. By Theorem [L2(3), we have
IVoPrf| <Av[{Prflog f — (Prf)log Prf}

clvl LW (1 4+ A~1)t2/(-202) 1
T (1 + )\—1)2 (T A 1)(4k+2_212)/(1_212) + (T A 1)4k+3

}%ﬁA>O

Replacing A by ﬁ, we see that (4.0) holds for any Ay > 0 and

NEE
T = T T o T T A @y A 1)

l 1 )\—1 4l2/(1-212) 1
Wy e

Then the desired Harnack inequality follows from (4.6]) since

1

/1 7(%7$+Sv)ds
0 1+ (p—1)s
ol M BW(rtsy) (0 ol (oo D)a) yata/ (1-212) N ] N
p—1 14+ M (T A 1)(@R+2-202)/(1-20) (T A 1)H3
\ —1ﬂ) (@ +sv)ds  (1+ Hebytiz/-26) . )
—1 — 1+ |v| (T A 1)@k+2-26)/(=2) (T A 1)4+3

(2) Let v € R™* with |v] > 0. By Theorem [L.2[(4),
dol[(LAT)*W +1)

\VoPrf| < |v|X{Prflog f — (Prf)log Prf} + T A1) Prf
holds for A > T M —< . Using 2 h to replace A\, we see that (L) holds for A\g = ﬁ and
AP(LAT)*W +1)
7()‘> ) - )\(T A 1)4k+3
Then the proof is completed by (4.4]). O

Finally, according to e.g. [9, §4.2], the Harnack inequalities presented above imply
explicit heat kernel estimates and entropy-cost inequalities for the invariant probability
measure (if exists).
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