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ON THE EFFECTIVE MEMBERSHIP PROBLEM ON
SINGULAR VARIETIES

MATS ANDERSSON & ELIZABETH WULCAN

ABSTRACT. We present some extensions to singular varieties of effective member-
ship results previously known in C" or smooth varieties. In particular, we extend
a geometric effective Nullstellensatz due to Ein and Lazarsfeld, and a closely re-
lated result of Hickel for polynomial ideals on C™, to singular varieties. We also
have extensions to singular varieties of classical theorems of Max Noether and
Macaulay.

1. INTRODUCTION

Let V be a reduced n-dimensional subvariety of CV. If F, ..., F,, are polynomials
in CV with no common zeros on V', then by the Nullstellensatz there are polynomials
Qj such that ) F;Q; = 1 on V. It was proved by Jelonek, [23], that if F; have degree
at most d, then one can find (); such that

deg (F;Q;) < cpdtdegV,
where ¢, = 1 if m < n, ¢, = 2 if m > n, and, throughout this paper,
p = min(m, n).

Here deg X means the degree of the closure X of V in PV. This theorem generalizes
Kollar’s resultEL [24], for V' = C™ and does not require any smoothness assumptions
on V. The bound is optimaﬂ when m < n and almost optimal when m > n.
However, in view of various known results in the case when V' = C", one can expect
sharper degree estimates if the common zero set of the polynomials F} behaves nicely
at infinity in PV,

More generally one can take arbitrary polynomials F; of degree at most d and look
for a solution @; to

(1.1) FiQi+ -+ FnQn=2

with good degree estimates, provided that the polynomial ® belongs to the ideal
(F}) generated by F; on V. It follows from a result of Hermann, [20], that one can
choose @); such that deg (F;Q;) < deg® + C(d, N), where C(d, N) is like 2(2d)>" 1
for large d, thus doubly exponential. It is shown in [28] that this estimate cannot be
substantially improved. However, under additional hypotheses on the singularities
of the common zero set of the F; and V', much sharper estimates are possible. For
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In Kollar’s theorem cm = 1 even for m > n and this estimate is optimal.

2In in Kollar’s and Jelonek’s theorems, as well as in [2]], there are more precise results that take

into account different degree bounds d; of F}, but for simplicity, in this paper we always keep all
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instance, the classical AF + BG theorem of Max Noether reads (originally for n = 2):
If Fy, ..., F, are polynomials in C™ such that their common zero set is discrete and
does not intersect the hyperplane at infinity, and ® belongs to the ideal (F;), then
one can find polynomials Q; such (L) holds and deg F;Q; < deg®. This result is
clearly optimal.

By homogenization, this kind of effective results can be reformulated as geometrical
statements: Let z = (20,...,2N), 2/ = (21,...,2N), let fi(2) := 28F;(2'/20) be the d-
homogenizations of F;, and let ¢(z) 1= 25" ®(2'/20). Then there is a representation
(LI) on V with deg (F;Q;) < p if and only if there are (p — d)-homogeneous forms
¢; on PV such that

(1.2) figr + -+ fmGm = zé"deg%

on the closure X of V in P". As usual, we can consider f; as holomorphic sections

of the (restriction to X of the) line bundle O(d) — PV, zg_degq)cp a section of O(p),
etc, so that (L2) is a statement about sections of line bundles.

In this paper we present generalizations to singular varieties of some effective
membership results that are previously known for V' = C" or smooth varieties. In
particular we present some generalizations in Section [2] of results of Max Noether
type, but our main results are global effective versions of the Briancon-Skoda-Huneke
theorem:

Given x € V there is a number ug such that if Iy, ..., Fy, ® are any holomorphic
functions at x, £ > 1, and |®| < C|F|FFHo+=1 in q neighborhood of x, where |F|? =
|Fy1 2+ +|FEnl? and C is a positive constant, then ® belongs to the local ideal (F})5
at x.

If x is a smooth point, then one can take pg = 0; this is the classical Briangon-
Skoda theorem, [13]. The general case was proved by Huneke, [22], by purely alge-
braic methods. An analytic proof appeared in [7].

Our global formulation involves the following two numbers: Given V c CV, x =
k(V') is the least number such that all holomorphic sections of O(s) over X extend
to global holomorphic sections over PV for s > &, and v = v(V) is the least number
such that H%(X,O(s)) = 0 for i > 1 and s > v. See Section [ for upper bounds
of k and v; in particular they are bounded by the so-called reqularity reg X of X.
When X is smooth, by Kodaira’s vanishing theorem, v is less than or equal to the
least number o such that O(c)|y ® K is strictly positive, where K! is the dual
of the canonical bundle. In particular, if V = C", i.e., X = P” then v = —n.

Given polynomials Fi,...,F,, on V, let f; denote the corresponding sections of
O(d)|x, and let J; be the coherent analytic sheaf over X generated by f;. Further-
more, let ¢, be the maximal codimension of the so-called distinguished varieties of
the sheaf J;, in the sense of Fulton-MacPherson, that are contained in

Xoo = X\ V,

see Section B If there are no distinguished varieties contained in X, then we
interpret ¢, as —oo. It is well-known that the codimension of a distinguished variety
cannot exceed the number m, see, e.g., Proposition 2.6 in [I5], and thus

(1.3) Coo < e
We let Zf denote the zero variety of J ¢ in X.
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Theorem 1.1. Assume that V is a reduced n-dimensional algebraic subvariety of

CcN.

(i) There exists a number g such that if Fi,..., F,, are polynomials of degree < d
and ® is a polynomial such that

(1.4) |®| < C|F|#tHo

locally on V', then one can solve (1)) on V with
deg (FjQ;) < max (deg® + (p + po)d* deg X, dmin(m,n + 1) + v,d + k).
If X is smooth one can take pg = 0.

(i) If just V' is smooth, then there is a number u' such that if Fy, ..., F, are poly-
nomials of degree < d and ® is a polynomial such that

(1.5) || < CIF "
locally on V', then one can solve (LI on V' with
deg (F;Q;) < max (deg® + pd® deg X + p/,dmin(m,n + 1) + v,d + k).

There is an analogous result for powers (F;)* of (F}), see Theorem[@.4l The number
w' in (i) is related to the singularities of V' at infinity, in particular one can take
@ = 0if X is smooth. If V is arbitrary and Z/ N Xgpne = 0, then (i) holds with
o = 0; for a slightly stronger statement, see Remark Notice that if there are no
distinguished varieties contained in X, then d°>° = 0.

Remark 1.2. For V = C" we thus get from Theorem [I.1] the estimate

(1.6) deg (F;Q;) < max (deg ® + pd®,dmin(m,n + 1) — n).

If m < n it follows from the proof that we have in fact the sharper estimate
(1.7) deg (F;Q;) < deg ® + md*=.

The estimate (L.G) was proved by Hickel, [21], but with the term min(m,n + 1)d*
rather than our pd®>. The ideas in [2I] are similar to the ones used in [I5]. If
one applies the geometric estimate in [I5], rather than the (closely related) so-called
refined Bezout estimate by Fulton-MacPherson that is used in [21], one can replace
the power p by ¢s. This refinement was pointed out already in Example 1 in [15].
The number (n+1) in the factor min(m,n+1) comes from an application of a global
Briancon-Skoda type theorem. In our approach we have to annihilate a certain
current, which is a purely local matter, and therefore it is enough with the local
Briangon-Skoda power p. O

Remark 1.3. If we apply Theorem [ Tlto Nullstellensatz data, i.e., Fj with no common
zero on V and ® = 1, we get back the optimal result of Jelonek, except for the
annoying factor pu + pg in front of d°°. On the other hand, (u + po)d> < d* if
Coo < i and d is large enough. O

We have the following more abstract variant of Theorem [[LT] It is a generalization
to nonsmooth varieties of the geometric effective Nullstellensatz of Ein-Lazarsfeld in
[15] (Theorem [M0.J] below). Let X be a reduced projective variety. Recall that if
L — X is ample, then there is a (smallest) number vy, such that H*(X, L®%) = 0 for
i>1and s > v, cf., 26, Ch. 1.2].
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Theorem 1.4. Let X be a reduced projective variety. There is a number pg, only
depending on X, such that the following holds: Let f1,..., fm be global holomorphic
sections of an ample Hermitian line bundle L — X, and let ¢ be a section of L%,
where s > v, + min(m,n + 1). If

(1.8) 6] < C|f[*FH,
then there are holomorphic sections q; of L2G=Y sych that

(1.9) figi + - F fmGm = 0.

If X is smooth we can choose pp = 0, and we then get back (a slightly sharpened
version of) one of the main results in [15], see Section [I0 for the precise formulation.

Let J; be the ideal sheaf generated by f; and assume that the associated distin-
guished varieties Z; have multiplicities rg, cf., Section Bl If we assume that ¢ is in
NeJ (Z1)"™* (tho) - where J (Zy) is the radical ideal associated with the distinguished
variety Zj, then (LL8) holds, and hence we have a representation (L.9]).

The starting point for the proofs is the framework introduced in [2], and further
developed in [5], for polynomial ideals in C™. In [31] and [32] these ideas are adapted
to toric compactifications of C"™ other than P", which leads to “sparse” effective
membership results. In our case, let us first assume that X is a smooth projective
variety and that fi,..., f;, are sections of an ample line bundle L — X. From the
Koszul complex generated by f; we define a current R/ with support on Z/ and
taking values in (a direct sum of) negative powers of L. If ¢ is a section of L®%,
vanishing enough on Z7 so that the current Rf¢ vanishes, and if in addition L®* is
positive enough so that a certain sequence of J-equations can be solved on X, we
end up with a holomorphic solution ¢ = (q1,...,¢n) to (LI). The tricky point here
is to verify, by means of multivariable residue calculus, that ¢ annihilates R/, i.e.,
Ri¢=0.

The main novelty in this paper is an extension of this framework to singular X.
In this case we need an embedding i: X — Y of X into a smooth manifold Y. In Y
we define a residue current R7X obtained from a free resolution of the ideal sheaf Jx
associated to X, and the “product” current RF ARJX . If all data, i.e., L, fj, and ¢,
admit extensions to Y, this is the case in Theorem [[LT] then we can proceed basically
as before, showing that ¢ annihilates Rf ARYX | solving d-equations in Y and ending
up with a holomorphic solution to (L9]). Via an additional trick it is in fact enough
to solve O-equations on X, so that we can avoid relying on vanishing theorems on
Y. This is described in Section Bl In the proof of Theorem [I.4] additional difficulties
arise, since we have no a priori extensions to a smooth manifold Y. In the next
section we present some generalizations of the Max Noether theorem. The proofs of
all these theorems are gathered in Sections[7] to [I0] together with some further results
and comments.

2. REsuLTs OF MAX NOETHER AND MACAULAY TYPE

Again let V be an algebraic subvariety of CV of pure dimension n. In the results
discussed so far we have assumed that ® is in the ideal (£}) by virtue of a Briancon-
Skoda-Huneke condition. In this section we consider results where the polynomial ®
a priori is just assumed to belong to the ideal (Fj) on V. To get good degree estimates
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one then must impose geometrical restrictions on Z/, as well as on X when it is non-
smooth. Classical examples of such results are Max Noether’s theorem, [29], already
mentioned in Section [I] and Macaulay’s theorem, [27]:
If the polynomials F1, ..., F, of degree < d in C"™ have mo common zeros in P",
then there are polynomials Q); such that F1Q1 + -+ + Fip,Qm = 1 and deg F;Q); <
dn+1) —n.

As before, let X be the closure of V in PV. For the formulation of our first result
of this type we have to introduce certain intrinsic subvarieties

X leo.cxtcx®cx,
of X that reflect the complexity of the singularities of X; for the definition, see
Section In fact, X0 = Xeing and X ¢ are BEF sets, see below, of the sheaf Jx in
PN . In particular, codim X* > £+1, £ > 0. Our result can be seen as a generalization
of Max Noether’s (and Macaulay’s) theorem. As in that theorem the dimension of

Z71 is assumed to be as small as possible in V, i.e., codim Z/ > m, whereas at infinity
we only require Z / not to intersect Xsing too “much”.

Theorem 2.1. Assume that V is an algebraic subvariety of CN and let X be its
closure in PN. Let F,. .., Fy, be given polynomials of degree < d such that

(2.1) codim Z/ NV > m.
Furthermore, assume that
(2.2) codim (Z' N XY >m+£+1, £>0.
If ® € (Fj) on V, then there is a representation (L)) on V with
deg (F;Q;) < max(deg® + pd°deg X, dmin(m,n + 1) + v,d + k).

Notice that (Z2) forces that either Zf N Xging = 0 or m < n. Recall that coe < m.
If X is smooth, then ([22) is vacuous. If Z7 has no irreducible component in X, at
all, then d°> = 0.

Corollary 2.2. Assume that X is smooth, m < n, codim Z/ > m, and Z has no
1rreducible component contained in Xoo. If ® is a polynomial that belongs to the ideal
(F}) in V., then there is a representation (LII) with

(2.3) deg (F;Q;) < max (deg@,dm—ku,d—k/i).

If Vv =C" and m < n, one can replace dm + v by zero since then there are
no d-cohomology obstructions, and k = —o0, so the right hand side of (Z3) is just
deg ®. This case appeared already in [2]. If m = n, and thus Z/ is discrete, we get
back the classical theorem of Max Noether.

Corollary 2.3. If Z7 is empty, then there are polynomials Q; such that Y F;Q; =1
onV and

deg (F;Q;) < max(d(n+1) +v,d + k).

Recall that if V = C", then v = —n, cf., the introduction, and xk = —oc0 so we get
back Macaulay’s theorem.

The principal condition in the previous theorem was assumption (2.I). We have a

similar result even when this condition is not fulfilled. For simplicity we restrict to
the case when X is smooth.
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Assume that the variety Z I ¢ X associated to J + has codimension p. There are
intrinsic analytic varieties

ez czptc s czytczpt =27,

that we call the BEF varz’etz’eaﬁ, that reflect the complexity of J;. The codimension of
Zp'is at least k, and if the local ideal Jy, at x has codimension p, then Z)% = Zp°'.
Furthermore, Jy . is Cohen-Macaulay if and only if Z% = 0 for k > p, see [16].

Theorem 2.4. Assume that V is an algebraic subvariety of (CNl such that its closure
X is smooth in PN. Let Fy, ..., Fy, be polynomials on V', let Z]i’ef be the BEF varieties
associated with Jy, and assume that

(2.4) codim (Xoo N Z;) > k+1, k> 1.

Then there is a constant = B(X, Fi,...,Fy) such that if ® € (F;), then there is a
representation (ILII) on V with

deg (F;Q;) < max(deg®, §).

This estimate is clearly sharp if deg ® > 3. If the ideal sheaf J; is locally Cohen-
Macaulay, for instance locally a complete intersection, then (2.4 just means that
no irreducible component of Zf is contained in X.o. In special cases we have good
control of 3, see Section [7] below. In particular, we get back Corollary and a
smooth version of Corollary 2.3

3. SOME PRELIMINARIES ON RESIDUE THEORY

Let X be a reduced projective variety of pure dimension n. The sheaf Cy) of
currents of bidegree (¢,k) on X is by definition the dual of the sheaf &, /., of
smooth (n — ¢,n — k)-forms on X. If i: X — Y is an embedding in a smooth
manifold Y of dimension IV, then &,_y ,_; can be identified with the quotient sheaf
€Z_Z7n_k/Ker 1*, where Ker¢* is the sheaf of forms & on Y such that i*£ vanish on
Xreg. It follows that the currents 7 in Cpy can be identified with currents 7/ = .7
on Y of bidegree (N —n + ¢, N —n + k) that vanish on Keri*.

Given a holomorphic function f on X, we have the principal value current [1/f],
defined for instance as the limit

1
tmg x(1/0) -

where x(t) is the characteristic function of the interval [1,00) or a smooth approxi-
mand of it. The existence of this limit for a general f relies on Hironaka’s theorem
that ensures that there is a modification w: X — X such that 7* f is locally a mono-
mial. Tt also follows that the function A — |f|?*(1/f), a priori defined for Re A >> 0,
has a current-valued analytic continuation to Re A > —e, and that the value at A = 0
is precisely the current [1/f], see, for instance, [11] or [12]. Although less natural at
first sight, this latter definition via analytic continuation turns out to be much more

3 The sets Z;E’ef are the zero varieties of certain Fitting ideals associated with a free resolution
of O /J¢; the importance of these sets (ideals) was pointed out by Buchsbaum and Eisenbud in
the 70’. We have not seen any notion for these important sets in the literature, and “Buchsbaum-
Eisenbud varieties” is already occupied for another purpose, so we stick to BEF as an acronym for
Buchsbaum-Eisenbud-Fitting.
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convenient. The same idea will be used throughout this paper. For the rest of this
paper we skip the brackets and write just 1/f. It is readily checked that

1 =1
3.1 -=1, fo—==20
3.1. Pseudomeromorphic currents. In [9] we introduced the sheaf PM of pseu-
domeromorphic currents on a smooth manifold X. The definition when X is singular
is identical. In this paper we will use the slightly extended definition introduced in
[6]: We say that a current of the form

& =1
aq Qnp—1 C‘ln
31 . Sn—l Sn

where s is a local coordinate system and £ is a smooth form with compact support, is
an elementary pseudomeromorphic current. The sheaf P M Consists of all possible (lo-
cally finite sums of) push-forwards under a sequence of maps X™ s Xt X,
of elementary pseudomeromorphic currents, where X" is smooth, and each mapping
is either a modification or a simple projection XxY = X.

The sheaf PM is closed under 9 (and 9) and multiplication with smooth forms.
If 7 is in PM and has support on a subvariety V' and 7 is a holomorphic form that
vanishes on V| then AT = 0. We also have the
Dimension principle: If T is a pseudomeromorphic current on X of bidegree (x,p)
that has support on a variety V of codimension > p, then T = 0.

If 7 is in PM and V is a subvariety of X, then the natural restriction of 7 to the
open set X'\ V has a canonical extension as a principal value to a pseudomeromorphic
current 1x\y7 on X: Let h be a holomorphic tuple with common zero set V. The
current-valued function A — |h|?* 1, a priori defined for Re A >> 0, has an analytic
continuation to Re A > —e and its value at A = 0 is by definition 1x\y7, see, e.g.,
[9]. One can also take a smooth approximand x of the characteristic function of the
interval [1,00) and obtain 1x\y7 as the limit of x(|h|/€)7 when ¢ — 0. It follows
that 1y 7 := 7 — 1x\y 7 is pseudomeromorphic and has support on V. Notice that if
a is a smooth form, then 1yar = aly 7. Moreover, If 7: X > Xisa modification,
7is in PM(X), and 7 = 7,7, then

(3.2) 1yr = 71'>f<(17r*1V7~—)

for any subvariety V' C X. There is actually a reasonable definition of 1y 7 for any
constructible set W, and

(3.3) 1wlw T = lwow: 7.

Recall that a current is semimeromorphic if it is the quotient of a smooth form
and a holomorphic function. We say that a current 7 is almost semimeromorphic in
X if there is a modification 7: X — X and a semimeromorphic current 7 such that

T = m,7. Analogously we say that 7 is almost smooth if T = 7,7 and 7 is smooth.
Any almost semimeromorphic (or smooth) 7 is pseudomeromorphic.

3.2. Residues defined from Hermitian complexes. Assume that
™M r? f?
(3.4) 0— Ey —. —>E2—>E1—>E0—>0
is a generically exact complex of Hermitian vector bundles over X and let Z be
the subvariety where ([B.4]) is not pointwise exact. The bundle E = ®FE) gets a



8 MATS ANDERSSON & ELIZABETH WULCAN

natural superbundle structure, i.e., a Zo-grading, £ = E* @& E~, E* and E~ being
the subspaces of even and odd elements, respectively, by letting E+ = @9, E), and
E~ = @®op11Fk. This extends to a Zs-grading of the sheaf Co(E) of E-valued currents,
so that the degree of £ ® e is the sum of the current degree of £ and the degree of
e, modulo 2. An endomorphism on Ce(FE) is even if it preserves degree and odd
if it switches degree. The mappings f = Y f; and 0 are then odd mappings on
Co(E). We introduce V =V = f — ; it is just (minus) the (0, 1)-part of Quillen’s
superconnection D — 0. Since the odd mappings f and 0 anticommute, V? = 0.
Moreover, V extends to an odd mapping Vgpg on Ce(EndFE) so that

(3.5) V(a€) = Vinaa - €+ (~1)%*aVe
for sections £ and « of E and EndF, respectively, and then V}%nd =0. In X\ Z we
define, following [8, Section 2], a smooth EndFE-valued form u such that
VEndqu = 1,
where I = I is the identity endomorphism on E. We have that

DD PR3

£ k>0+1

where uf, is in & x_y_1(Hom (Ey, Ey)) over X \ Z. Following B we define a pseu-
domeromorphic current extension U of u across Z, as the value at A = 0 of the
current-valued analytic function

A UN = |F|P,
a priori defined for Re A >> 0, where F' is a holomorphic tuple that vanishes on Z.
In the same way we define the residue current R associated to (8.4]) as the value at
A =0 of
A= R =1 — |F|? 4 9|F [ Au.
This current clearly has its support on Z, and

Ry R =YY A,

L k>0+1

where RY is a Hom (Ey, Ey)-valued (0,k — £)-current. The currents U* and U} are
defined analogously. Notice that U has odd degree and R has even degree. By
the dimension principle, Ri vanishes if k£ — ¢ < codim Z. In particular, R} = (I —
|F'|?*)|x=0 is zero, unless some components W of Z has codimension 0, in which case
R] is the characteristic function for W times the identity I. However, when we define

products of currents later on, all components of R* may play a role.
Since VpnaU» = I — R* and Vg,qR» = 0 when Re A >> 0, we conclude that

(3.6) VindU =1 — R, VEnaR = 0.
In particular, (3.6]) means that, cf. ([B.35),
FUY = Iy, fMUR — OUR = Ry k> 1

Notice that when ¢ is a section of Ey, then R%¢ = R¢ and U% = U, and we will
often skip the upper indices.

4The definition is the same when X is singular.
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Ezample 3.1 (The Koszul complex). Let fi,...,fm be holomorphic sections of a
Hermitian line bundle L — X. Let EY be disjoint trivial line bundles with basis
elements e; and define the rank m bundle

E=L'9QFE'®---®aL '@FE"

over X. Then f =3 fj€;, where €7 is the dual basis, is a section of the dual bundle
F*=L®(EYY® --oL®(E™)*. If S — X is a Hermitian line bundle we can form
a complex ([B.4]) with
Ey=S, E,=S®AFE,

where all the mappings f* in ([3.4) are interior multiplication & ¢ with the section f.
Notice that

Er=SoL *oAE' e @ E™).
The superstructure of @i FEy in this case coincides with the natural grading of the
exterior algebra AF of E modulo 2.

Let us recall how the currents U° and R are defined in this case. For simplicity
we suppress the upper indices throughout this example. We have the natural norm

2= 1517
J

on E*. Let o be the section over X \ Z of pointwise minimal norm such that f-o =
1) fo = 1, i.e.,

where [ are the sections of L~! of minimal norm such that f; fi= | f5]3.

Let us consider the exterior algebra over E @ T*(X) so that dzjAe, = —eAdZ;
etc. Then, e.g., do is a form of positive degree. We have the smooth form u = > uy,
where up = oA(J0)*~1 in X \ Z, and it turns out that it admits a natural current
extension U across Z, e.g., defined as the analytic continuation of U* = |f|**u to
A = 0. Furthermore, the associated residue current R is obtained as the evaluation
at A =0 of

R)\ =1 |f|2)\ —|—5|f|2)‘/\u _
1- ’f’z)\ + é’.ﬂz)\/\ul + o+ 5‘f‘2>\/\umin(m,n) = R(>)\ + Ri\ + -+ RA

min(m,n)"

The existence of the analytic continuations follows from a suitable resolution XX ,
see [1], see also Section [§ below. O

3.3. The associated sheaf complex. Given the complex (3.4]) we have the asso-
ciated complex of locally free sheaves

(3.7) 0= 0Ew) L5 . L omy) L 0(B) L5 0(Ey).

In this paper Ej is always a line bundle so that J := Im f! is a coherent ideal sheaf
over X.

Consider the double sheaf complex My, = Co 1, (E,) with mappings f and 0. We
have the associated total complex

v v v
LMy M
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where M; = @y_p—; M. If X is smooth, then My, is exact in the k-direction
except at k = 0, and the kernels there are O(Ey). Notice that if ¢ is in O(Ey) and
ffé =0, then also V ¢ = 0. We therefore have a natural mapping

(3.8) HI(O(E,)) — HY(M,).

By standard homological algebra, (B.8)) is in fact an isomorphism. We can also
consider the corresponding sheaf complexes ./\/l‘z s ./\/l]‘€ of smooth sections, and the
analogue of (3.8]) is then an isomorphism as well.

Lemma 3.2. If ¢ is a holomorphic section of Ey that ¢ annihilates R, i.e., R¢p =0,
then ¢ is in J.

Proof. In fact, by ([B.6) we have that

ViUo) =¢— Rp = ¢.
Since X is smooth, (3.8) is an isomorphism, and thus locally ¢ = f1¢ for some
holomorphic ¥, i.e., ¢ is in J. O

The smoothness assumption is crucial, as the following example shows.

Ezample 3.3. Let f be one single function. Then the residue condition R¢ = 0 means
that d(¢/f) = 0. Thus ¢ = ¢/ f is in the Barlet-Henkin-Passare class, cf., [19] and
[6]; however in general 1 is not (strongly) holomorphic, i.e., in general ¢ is not in

J = (f) O

We shall now see that if X is smooth and there is a global current solution to
VW = ¢, then there is also a smooth global solution. For further reference however
we need a slightly more general statement about of the associated complex of global
sections. Let My ;(X) and ./\/l‘z (X)) be the double complexes of global current valued

and smooth sections, respectively, and let M,(X) and M¢(X) be the associated total
complexes. Notice that we have natural mappings

(3.9) HI(ME(X)) — H (ML (X)), jeZ.

Proposition 3.4. If X is smooth, then the mappings [B.9) are isomorphisms.
Proof. By the de Rham theorem, the natural mappings

(3.10) H*(&o(X, Ey)) — H*(Co. (X, Ey)), k€,

are isomorphisms; these spaces are in fact naturally isomorphic to the cohomology
groups H*(X,O(Ey)). The short exact sequence

0— ME(X) - M(X) = M(X)/MEX) =0
gives rise to, for each fixed ¢, the long exact sequence
el > Hk_l(EQ,(X, Eg)) — Hk_l(CQ.(X, Eg)) —
H"Y(Coo(X, Er)/E0.0(X, Ep)) — H*(E0.0(X, Ep)) — ...,

and in view of (B10) therefore the cohomology in the k-direction of My, (X)/ Mi w(X)
is zero. By a simple homological algebra argument, using that the the double com-
plexes involved are bounded it follows that

H (Mo(X)/ME(X)) =0
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for each k. The proposition now follows from the long exact sequence

o= HF Y ME(X)) —» HF Y M (X)) —
HY Y (Mo (X)/ME(X)) = HF(ME(X)) — ...
O

3.4. Duality principle and BEF varieties. We now consider the case when the
locally free complex (3.7)) is exact, i.e., a resolution of the sheaf O(Ey)/J. Let Zp*
be the (algebraic) set where the mapping f* does not have optimal rank. These
sets Zp° are independent of the choice of resolution; we call them the BEF-sets
associated to J, cf., Section Bl It follows from the Buchsbaum-Eisenbud theorem
that codim Zp°* > k. If moreover J has pure dimension, for instance J is the
radical ideal sheaf of a pure-dimensional subvariety, then codim ZP** > k + 1 for
k > 1+ codim J, see [16].

Let us equip Ej with Hermitian metrics and let R be the associated residue cur-
rent. We will refer to a (locally free) resolution O(Ey)/J together with a choice of
Hermitian metrics on the corresponding vector bundles Ej as a (locally free) Her-
mitian resolution. Then by [8, Theorem 3.1], we have that R’ = 0 for each ¢ > 1,
i.e., R = R". There are almost semimeromorphic Hom (E}, Ej1)-valued (0, 1)-forms
a+1, that are smooth outside Z};’fl, such that

Rpp1 = ap1 Ry

there, see [8]. From [8] we also have:

Duality principle: If X is smooth and (B.1) is a resolution of the sheaf O(Ey)/JT,
then ¢ € J if and only if Rp = 0.

That is, the annihilator ideal sheaf of the residue current R is precisely the ideal
sheaf J generated by f1.

If for instance f' = (f1,..., fm) defines a complete intersection, i.e, codim Zf = m,
then the Koszul complex is a resolution of J and hence the duality principle states
that the annihilator of the residue current in Example Bl is the ideal itself. This
special case was proved already in [30].

3.5. Tensor product of complexes. Assume that EJ, g and E, h are Hermitian
complexes. We can then define a complex El =F{® El f, where

h
Bl = P B¢ B,

it+j=k
and f = g+ h, or more formally f = ¢g® Ign + Igs ® h, such that
(3.11) fE@n) =gE@n+ (=1)%€ @ hn.

Notice that Ep is the line bundle Ej ® El. If g'O(E{) = J, and h*O(E}) = T,
then f1O(E)) = J; + Jn. One extends B.II]) to current-valued sections & and 7,
and deg¢ then means total degree. We write £ - 1, or sometimes £An to emphasize
that the sections may be form- or current-valued, rather than £ ® n, and define
(3.12) n- &= (—1)desddegne .

Notice that
Vi€ m) = Vg€ n+ (—1)%9¢ - V.
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Let w9 and u" be the corresponding End(FE9)-valued and End(E")-valued forms,
cf., Section Then v = u"Au9 is a End(E/)-valued form defined outside Z9 U
Z". Following the proof of Proposition 2.1 in [9] we can define End(E/)-valued
pseudomeromorphic currents

UARY := UM ARI|5—9, R'ARY:=R" ARI|5,.
We have that, cf., (3.6) and [4] Section 4],
Vina,f(U'ARY +U9) = Iy — RMARY.
In general, the current R"ARY will change if we interchange the roles of g and h.

In particular we can form the product EF @ EF of EP by itself. In this case we
consider ([3.12]) as an identification, so that, for instance,

(B¢ @ EO = B{®Ey, (BEy® El)y = E}©E; + A*EY,
etc, where ® denotes symmetric tensor product. In general, £ - & = 0 if £ has odd
(total) degree.
We can just as well form a similar product of more than two complexes, and in

particular, we can form the product (Eh)®k =F'®@FE"®-.-®E" of a given complex
by itself.

3.6. The structure form w on a singular variety. Let i: X — Y be an em-
bedding of X in a smooth projective manifold Y, let Jx be the radical ideal sheaf
associated to X in Y, and let S — Y be an ample Hermitian line bundle. Moreover,
let Ei be disjoint trivial line bundles over Y with basis elements ey ;. There is a
(possibly infinite) resolution, see, e.g., [26, Ch.1, Example 1.2.21],

g° g’ g'
(3.13) R O(EQ) — O(El) — O(EO)
of O(Ey)/Jx = OX, where
EB.=(BloS ) e o (EresS %), E=E)~C,

E,@ are trivial line bundles, and

g" = ngjek—l,i ® eg s
ij
are matrices of sections o
g € O(v, 8% i)
here e,’;j are the dual basis elements. There are natural induced norms on FE.

The associated residue currentf]l R is annihilated by all smooth forms & such that
i*¢ = 0. Let v be a global non-vanishing (dim Y, 0)-form with values in Ky, 1. By [6,
Proposition 16] there is a (unique) almost semimeromorphic current w on X, smooth
on X,eg, such that

txw = RAv.
We say that w is a structure form on X.

As an immediate consequence of the existence of w, the product aAR is well-
defined for (sufficiently) smooth forms o on X. If a = i*a, we let «AR := aAR. This
product only depends on «, since if i*a = 0, then aARAy = i, (i*aAw) = 0 and hence
aA\R = 0 since v # 0.

5The fact that (BI3) may be infinite causes no problem, since, for degree reasons, U and R only
contain a finite number of terms.
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Let X}, be the BEF sets of Jx, and define
X% = Xgng, X'=Xn_pis, (> 1

Since Jx has pure dimension it follows that codim X* > k + 1, and in particular,
X™ = (). These sets X’ are actually independent of the choice of embedding of X,
cf., the text after Lemma [£.2] in Section Ml

Let g; be the restriction to X of ¢V ~"%¢ and let V9 = g, — 0 on X. Let E¢ =
En_pn+elx. Then w = wo+wi+- - -+wy, where wy is a (n, £)-form on X taking values in
E‘ and V9w = 0 on X. There are almost semimeromorphic Hom (EZ , E“l)—valued
(0, 1)-forms o' such that

(3.14) wepr = ot lwy,

there. In fact, of is the pullback to X if the form o _,¢ associated to a resolution
of OY /Jx in Y, cf., Section 3.4

Since w is almost semi-meromorphic, it has the the standard extension property,
SEP on X, which means that 1yyw = 0 for all varieties W C X of positive codimen-
sion.

The singularities of a structure form w only depend on X, in the following sense:

Proposition 3.5. Let X be a projective variety. There is a smooth modification
X = X and a holomorphic section n of a line bundle S — X such that the
following holds: If X — Y is an embedding of X in a smooth manifold Y, O(EY), g

is a locally free Hermitian resolution of OY /Jx, and w is the associated structure

form on X, then nT*w is smooth on X.

The proof is postponed to Section Ml Since w is almost semimeromorphic, the
pullback 7*w is well-defined; this will follow from the proof below, cf., also the remark
after Definition 12 in [6].

Ezample 3.6. See [8, Section 6]. If Y = PV and S = O(1), then
Ep= (B, @ O(=d})) & -~ & (B} ® O(=d}}))

and ¢g¥ are matrices of homogeneous forms with deg gfj = d{t — di-p and

I
()5, = Z\i 12 ]2*%,

if ¢ = (&,...,&, ). Moreover,
v = const x Z(—l)jzjdzo/\ . /\Jz\j/\ ... Ndzy

in PV,

Let Jx denote the homogeneous ideal in the graded ring S = Clz, ..., 2n] that
corresponds to X, and let S(¢) denote the module S but where all degrees are shifted
by ¢. Then O(E,), g corresponds to a free resolution

o @S(—d) = = @S (—db) — @ S(—di) = S

of the module §/Jx. By Hilbert’s Syzygy theorem one can assume that Ey = 0 for
k>N +1. O
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3.7. Local division problems on a singular variety. Still assume that we have
the embedding i: X — Y, where Y is smooth, and the complex EY, g over Y corre-
sponding to a locally free Hermitian resolution of O /Jx. If Ef , [ is an arbitrary
Hermitian complex over Y we have the complex Ff = Ef @ E9 with mappings
F = g+ f as in Section Let F* = F|g,. Since RIARY = RIMARI|y—o and
USARI = UIMARI|\—g cf., Section .6, these currents only depend on the values of
f on X. From Section we also have that

(3.15) Vend,rU = I — RIARY

if U = U/ARI + U9. If ® is a (locally defined) holomorphic function in Y and
RIARI® = 0, then, following the proof of Lemma [3.2] there is a local holomorphic
solution v = vy + vy in Ef = E{ ® E§ —I—E(J; ® FY to glvf +f1vg = Fly = ®. Notice
that in fact R/ ARI® only depends on the class ¢ of ® in OY /Jx = OX, so RIARIQ
is well-defined for ¢ in OX. We can define the intrinsic residue current

Rf/\w = Rf’A/\w‘)\:()
on X. Since i, RF*A\w = Rf’)‘/\Rg/\’y when Re A >> 0, we can conclude that

iR Aw = RTARIN.
Since « is non-vanishing, Rf Aw¢ = 0 implies that R’ AR9¢ = 0 and thus we have:

Proposition 3.7. Assume that Eﬁc, f is a Hermitian complex on X. If ¢ is a holo-

morphic section of Eg on X such that Rf Awe = 0, then locally ¢ is in the image of
flonX.

3.8. A fine resolution of O on X. It was proved in [6], see [6, Theorem 2], that
there exist sheaves Ay of (0, k)-currents on X with the following properties:

(i) Ap is equal to & on Xieg,

(ii)) A = @Ay is closed under multiplication with smooth (0, x)-forms,

(iii) O maps Ay, — Ay and if E is any vector bundle over X, then the sheaf complex

0= O(E) = Ay(E) 25 AE) -2 As(B) 25 ...
is exact.

By standard sheaf theory we have canonical isomorphisms
0,
_ Ker (N(X, Ax(E)) = T'(X, Aps1(E)))
3]
Im (D(X, Ap-1(E)) = (X, A,(E)))

H*(X,0(E)) , k=1

4. SINGULARITIES OF THE STRUCTURE FORM

In this section we provide a proof of Proposition For the first part of the proof
let us fix an embedding i: X — Y where Y is projective and smooth of dimension N.
Recall that the kth Fitting ideal (sheaf) of OY /Jx, Fittog”, is the ideal generated
by all r,-minors of (the matrix) ¢* in a locally free resolution O(EY), g of OV /Jx,
where 7, is the generic rank of ¢*, see, e.g., [16]. It is well-known that these ideals
are independent of the resolution O(EY), g, and the zero variety of Fittog® is just the
BEF-variety ZP!, cf., Section B4l Moreover, since X has pure dimension, Fittog*
are trivial when k > N, see [16, Corollary 20.14]. Let p = N —n be the codimension
of X inY. For £ =1,...,n — 1, let a; be the pullback (restriction) of Fittog?™* to
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X. It follows that these ideals only depend on the embedding i: X — Y. Let us call
them the structure ideals on X associated to the given embedding.

Let 7: X — X be a smooth modification that satisfies:

(i) all the ideals 7*ay are principal on X and have simple normal crossings,

(ii) T_leing is a hypersurface in X with simple normal crossings.

The simple normal crossing assumption means that the ideal 7*a, is generated by a
section sy (of a line bundle) that is a monomial in suitable local coordinates.

Our goal is to find a holomorphic section 7 such that n7*w is smooth for all
structure forms w coming from locally free Hermitian resolutions O(EY), g of OY /Jx
in Y; eventually we also want to vary the embedding i. We will start by looking for a
section s such that s7*wq is smooth. Let us fix a Hermitian resolution O(EY), g and
let o be the pointwise minimal inverse of ¢*, cf., [8, Section 2]. The denominator
of 0}, is the modulus square of a tuple of generators of Fittog”, cf. [8, Section 4],
and thus 70,4 =: o is well-defined and almost semimeromorphic on X. By [6,
Lemma 17], for € X, in a neighborhood U, wy admits a representation wy = 7a,
where a is meromorphic and m = Ig, — gPTlot. Furthermore, by [8, Lemma 2.1],

(4.1) spTro"

is smooth in X. It follows that T*wy is semimeromorphic in 771, and since wq is
indeed smooth outside X, it follows, see [8, Lemma 3.2], that so7*wp is smooth if

sp is a holomorphic section on X that vanishes enough on the divisor T_lXSing.

Lemma 4.1. Let O(EY),g and O(Efl),g’ be locally free Hermitian resolutions of
OY | Jx with corresponding structure forms w and «'. If s is a holomorphic section
such that st*wqy is smooth, then

S%ST*wé

is smooth in X.

Proof. Fix a point x € X and let (’)(Eﬁj ), g be a Hermitian minimal resolution of
OY /Jx at = with corresponding structure form &.

It is well-known that EY, g is a direct summand of EY, ¢ in a small neighborhood
Q C Y of z, and following the proof of Theorem 4.4 in [8], we see that R @ 0 is
the residue current obtained from the resolution O(EY), g if it is equipped with an
appropriate metric. For simplicity, we can assume therefore that we have just one
resolution O(EY), g, but two different metrics, and write R rather than R @ 0. Let
61 be the pointwise minimal inverses with respect to the new metric on EY of the
mappings g. In Q\ X1 we have that

RY = (Ig, — ¢""'6")RY,
see the proof of Theorem 4.4 in [§], and thus
& = (Ig, — "6 )wo,

in X\ X!'. Since s;7*6! is smooth and @&y has the SEP we conclude that sys7*@y is
smooth in 771X N Q).

By the same arguments, since ES ,g is also a direct summand of Eﬁ',,g/ , in a
possibly smaller neighborhood €2 of x, we have that

wo = (Ig, — (¢')"* (") )ado,
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where (0)! is (the pullback to X of) the pointwise minimal inverse of (¢')P*!. Thus
s¥sT*wp is smooth in 771(X N Q). Since x was arbitrary we conclude that s?s7*wy

is smooth in X. O

Summing up so far we have found a holomorphic section s := s2sq such that s7*wq

is smooth for all structure forms w associated with Hermitian resolutions O(EY), g.
Next, we will vary the embedding 7 : X — Y.

Lemma 4.2. Assume that a; and a, are the structure ideals associated with the
embeddings i : X —Y and ' : X — Y, respectively. Then for each £ > 1,

(4.2) A+ ap_1 C ap.

Since the zero set of a;y1 is contained in the zero set of aj it follows that the zero
set X* of ay, cf., Section B.6], coincides with the zero set of aj. It follows that X s
independent of the embedding i.

Proof. Given i: X — Y and a point « € X there is a neighborhood V C X such that
the restriction to V of ¢ factorizes as

VLOLOxBM = Q,
where j is a minimal (and therefore basically unique) embedding at z, BM c CM
is a ball centered at 0, ¢ is the trivial embedding z — (z,0) if z are coordinates in
Q, and Q is a neighborhood of z in Y. Let now O(Ef] ), g be a Hermitian minimal
resolution of O/, at x in ) and assume that p is the codimension of V in . Thus
p=p—+ M, where as before p is the codimension of X in Y.

Let EY, 4, be the Koszul complex generated by w = (wi,...,wps). The sheaf
complex associated with the product complex EY® EY with mappings g = §(2) + 6.,
cf., Section 5] provides a (minimal) resolution of O/Jx in €, see [, Remark 8§].
Notice that gP+¢ is the mapping
g(Z)_+;5w

(Bl ®@Ey) @ (B, @FEy_1)® & (Bl ®E).
Since w = 0 on X, the restriction of g’ to X splits into the direct sum of the
separate mappings

GPHeti . o

g -
g p+€+j®EJl\l;[—‘_>EA+€+j—1®EJl\l;[—j7 j=0,1,...., M.

J p

Since the optimal rank 7, of gPtt is attained at every point on Xreg, it follows that
Tpt = Tppe + Ppper1 + - +1rppm, where 7 is the generic rank of G*. Therefore, the
restriction to X of FittggP* is equal to (the restriction to X of) the product ideal

Fittog? " - Fittog? T+t - - - Fittog? 7M.

Since X is of pure dimension Fittog* are trivial for k > p + n = dim Q, and thus if
dy are the structure ideals associated with j: )V — Q,

(43) ap =Gg- - amin(n—l,ﬁ-l—M)'
Hence

(4.4) Gg- - 0p_1 C ap C Gy.
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By the same argument, since i’ factorizes as V 505 O xBM ’, at least if V is
small enough,

/ ~ ~
(45) Op = Qg Omin(n—1,0+M’)

and so (4] holds at z for aj, instead of ay. Combining we see that (2] holds in a
neighborhood of x. Since x € X is arbitrary, the inclusion holds globally on X. [

If a product of local ideals is principal each of the factors much be principal. Since

by assumption 7*a, are principal, (4.3) thus implies that 7*a, are principal, and by
(A5) we conclude that 7*aj, are principal. Let the corresponding generating sections
be denoted by s). In fact, in light of (£3]) and (£5]), a, = a) whenever M = M’ i.e.,
dimY = dimY’.
Lemma 4.3. Leti: X =Y and i : X — Y’ be embeddings of X and into smooth
manifolds, let O(EY, g) and @(Ef/,g’) be locally free Hermitian resolutions of O | Jx
and OY' /Jx with corresponding structure forms w and W', respectively, and let s;
and sy, £ > 1, be sections generating the ideals T*ay and T}, respectively. If s is a
holomorphic section such that sT*wq is smooth, then (s))%s¥sT*w] is smooth.

Proof. Take a point x € X, factorize i: X — Y at z as in the proof of Lemma 42
and let O(EY,§) be a Hermitian minimal resolution of O%/Jx. Using the notation
from that proof, recall that O(E.g ® E¥),§ + w is a minimal resolution of O/ Jx.
The associated residue current is equal to RIGARY, see [4, Remark 4.6].

Since w are just the coordinate functions in CM, the Bochner-Martinelli formula
asserts that RYAdwiA ... Adwy = (2mi)M [w = 0]. Let N = dim €2, and let & denote
the structure form in  associated with Rg(z), so that j,w = Rg/\dzl/\.../\dzN.
Then,

i = L RINdN ... Ndzgg = RINdNA ... AdzgN[w = 0] ~
RINRYNdwiA ... AdwyAdziA ... Adzg,

where ~ denotes “equal to a nonzero constant times”. We conclude that @ is also a
structure form associated to a resolution of O/ Jx with a special choice of Hermitian
metric. Now Lemma (4] implies that s?sg is smooth.

With the same arguments it follows that w is the structure form obtained from a
local embedding of X — € where Q' is a neighborhood of z in Y’ and a Hermit-
ian resolution O(Efl), ¢ in . By another application of Lemma 1] we find that
(sh)%s2 5w} is smooth. O

We can now conclude the proof of Proposition Fix an embedding i : X — Y
and a resolution O(FEY),g with structure form w. Let s1,...,s,_1 be associated
sections on X , and let sy be a section such that sg7*wq is smooth.

If W' is a structure form associated with an embedding i’ : X — Y’ with corre-
—1, and a Hermitian resolution O(Ef/), ¢, then Lemmal4.3]
asserts that (s1)?sisom*wy is smooth. Outside X, wj = af ,--- ), 0, where
o) = 1x,,,00;, cf., B14) and [8, Section 2]. Thus, since w, has the SEP, in light

of @I, s}---sh(s])%s?soT*w) is smooth, and so s},_ -+ s} (s})?s}spT*w’ is smooth.

sponding sections s, ..., s/

Lemma [4.2] implies that sy - - - s,—1/s} is holomorphic in X. Hence

7= (Sp_1--" 81)"“3%30
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satisfies that n7*w’ is smooth.

5. GLOBAL DIVISION PROBLEMS AND RESIDUES

Let (84]) be a generically exact Hermitian complex over a smooth variety X.
Moreover, let ¢ be a global holomorphic section of Ey such that Rf¢ = 0. As
we have seen, then Vf(quS) = ¢. If the double complex My = Cor(X, E,) is
exact in the k-direction except at k = 0, then it follows, cf., (3.8]), that there is a
global holomorphic solution to flqg = ¢. Let us see more precisely what is needed:
Notice that U r’; in(Myn +1)<;5 is automatically O-closed. Since X is smooth then by the
Dolbeault isomorphism for currents it is possible to solve successively the equations

5wmin(M7n+1) = UI{lin(M’nH)(zﬁ, owy, = U,{qb — fk+1wk+1, 1 <k <min(M,n+ 1),
if
(5.1) H*YX,0(F) =0, 1<k<min(M,n+1).
Then
q:=U{¢— fPw
is a holomorphic solution to fl¢ = ¢. To sum up we have

Proposition 5.1. Assume that X is smooth and ¢ is a holomorphic section of Ey.
If RT¢ =0 and (B.1) holds, then there is a global holomorphic section q of E1 such
that flq = ¢.

Remark 5.2. Assume that ¢ belongs to the sheaf Jy = Im f!. This means that
locally we have a holomorphic solution g to Vg = ¢. However, this does not imply
that there is a global (smooth or current) solution to Vv = ¢, unless the complex
O(FE,), f is exact.

For instance, take global sections fj1 of O(d) — P", i.e.,, homogeneous forms fj1
of degree d on C"*!, and let O(E,), f be the Koszul complex generated by f! =
(ff, .., fL), cf., Example B.I] tensorized by O(p). Assume that ¢ is a section of
O(p) that is locally in the image of f, i.e., ¢ is a global section of J; ® O(p). If
there is a global solution to Vv = ¢ and p > (n + 1)d — n so that (G&1) is fulfilled,
then, cf., the proof of Theorem [L.Il below, there are holomorphic forms g; such that
> fjlqj = ¢. However, in general the mapping

aL(P",0(p — d)) & T(P", 77 © O(p))

seems to be surjective only if p is much larger than (n + 1)d — n, see, e.g., [10] and
[17, Proposition 4.16].

If O(E,), f is exact, then by the duality principle, ¢ annihilates the residue R/,
and so we get a global solution to Vjv = ¢. One can also piece together local
holomorphic solutions to a global smooth solution elementarily, using the exactness
of O(E,), f, cf., the proof of Lemma below. O

We will now present an analogous result for a singular X. Since we have no access
to a O-theory for currents on X, we must in first place assume that the complex
FE,, f is defined in a small neighborhood of X in some embedding in a larger smooth
manifold. One can get rid of the hypothesis of extendability of f, but to the cost of a
slightly more complicated residue current to annihilate; see the proof of Theorem [1.4]
below.
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Theorem 5.3. Let i: X — Y be an embedding of X in a projective manifold Y,
let O(EY), g be a locally free Hermitian resolution of OY /Jx in'Y, and let w be the
associated structure form on X.

Let (34) be a Hermitian complex over (an open neighborhood U of X in) Y, and
let Rf Aw be the associated residue current. Moreover let ¢ be a global section of Fy
on X.

(i) If Rf Awg = 0, then there is a global smooth solution W on X to
(5.2) VW = ¢.

(ii) If (B2)) has a global smooth solution on X and (5.)) holds, then there is a global
holomorphic section q of O(FE1) such that flqg = ¢ on X.

With minor modifications of the proof we get the following more general version
of Theorem [5.3t

With the general hypotheses of Theorem[2.3, assume that ¢ is a global holomorphic
section of Ey such that f'¢ = 0.

(i) If R*Aweg = 0 then there is a smooth global solution to (5.2)).
(i) If (52) has a smooth solution and

HOF1=4(X O(E,) =0, (+1<k<min(M,n+1+17),
then there is a global holomorphic section q of Egyq such that flq = ¢.

Remark 5.4. Assume that we have an embedding i: X — Y and that the data
E] , f and ¢ are defined globally on Y. If Vpv = ¢ has a (current) solution on Y,
cf., Section 3.7, and all the the occurring d-equations are solvable, we get a global
holomorphic solution (¢,7) on Y to flq 4+ g'n = ¢. If for instance, Y = PV and
all the bundles E,]; are direct sums of line bundles O(¢) for various ¢, then ¢ is a
tuple of homogeneous forms ¢; on CN*! such that Y fjlqj = ¢ on X. However,
we get slightly sharper degree estimates if we solve flq = ¢ intrinsically on X by
Theorem [5.3] and then extend to a global solution by Proposition [6.1] below. O

Remark 5.5. If we just have a current solution to V;V = ¢ on X it does not follow
that there is a holomorphic solution, not even locally. In fact, if X is non-normal,
there are holomorphic f and ¢ such that d(¢/f) = 0 but U = ¢/ f is not holomorphic.
Thus (f — 9)U = ¢ but ¢ is not in the ideal (f). If X is normal but non-smooth,
there are similar examples with more generators, see [25]. g

We cannot assume that the section ¢ in Theorem [5.3] has a holomorphic extension
to (a neighborhood of X in) Y. However, as a substitute we can find what we will
call a Vg -closed extension.

Lemma 5.6. Let i : X — Y be an embedding of X in a projective manifold Y and
let ¢ be a global holomorphic section on X of a line bundle S — Y.

(i) There is a global smooth section ® =" .o Py of ®eEoe(E] ® S)) on'Y such that
V@ =0o0onY and ®g= ¢ on X, i.e., i*®g = ¢.

(ii) ® is such an extension of ¢ if and only if
(5.3) ¢ - RIp=Vuw

for some current w.
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Recall that E§ ~ C is a trivial line bundle.

One can obtain a V ,-closed extension ® of ¢ quite elementarily by piecing together
local holomorphic extensions, due to the exactness of O(EY), g. However, we prefer
an argument that also relates to residue calculus as in (ii), and we also think that
Lemma (ii) may be of independent interest.

Proof. As noted in Section B.7, R9¢ is a well-defined V,-closed current in Y. In
view of Proposition [3.4] there is a smooth V g-closed ® such that (5.3]) holds for some
current w. Thus (i) follows from (ii).

Assume that ® is a smooth extension of ¢ as in (i). From (B3.6) we have that
Vy (UIND) = & — RIND. Since O(FY), g is exact, (RI)* = 0 for £ > 1, cf., Section B4}
and hence RIN® = RIPy) = RI¢, since Pg = ¢ on X. Thus

Vy(UIND) =P — RI.

Conversely, assume that ® is smooth and (5.3) holds. Then clearly V,® = 0. We
have to prove that &3 = ¢ on X. Since this is a local statement, given a point on
X there is a neighborhood U where we have holomorphic extension ¢ of ¢. Then
Vg(Ugtﬁ) = ¢—RIS = ¢p—RIpinU. Thus Vg(w— Ugé) = & — ¢. By Proposition 3.2
there is a smooth § such that V,{ = @ — (5 It follows that g'&; = ®¢ — qg and hence
Dy =¢ = ¢ inU. O
Proof of Theorem [5.3. Recall from Section B 7that Rf Aw¢ = 0 implies that RFARI¢ =

0. Let ® be a V4-closed smooth extension of ¢, as in Lemma[5.6] (i), to Y. We claim
that

(5.4) RIARIN® = 0.
In fact, cf., the proof of Lemma 5.6, RIAN® = RI®; = RIp. Thus RFIARIN & =
RIARIG = 0.
From (5.4) and (B15]) we get, cf., Section 3.7,
VE[(U'ARI +U9) A @] = ©.
By Proposition B.4] we have a smooth solution ¥ to V¥ = & in Y i.e.,
FY, =®), FMU,, —0U, =, k>1.

If we let lower indices (i, j) denote values in Elf ® E? , and notice that ®; = ®q 1, we
see that

(5.5) U0+ 01 =0, U0+ g Wy — 0V =0, k> 1.

Since ¥ is smooth we can define the forms Wy, = i*¥; o on X, and (5.5) then means
that
Wy =¢, W —0W, =0, k> 1.
Thus (i) follows.
Now (ii) follows as in the case when X is smooth, cf., the beginning of Section
(now W plays the role of U7¢), but using the sheaves Ay over X, rather than Co.ks
and the isomorphisms in Section 3.8l O

It should be possible to express the V p-exactness of ® in Y by means of Cech
cohomology, then make the restriction to X, and rely on the vanishing of the relevant
Cech cohomology groups on X. In this way one could possibly avoid the reference
to the sheaves A;, over X.
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6. UPPER BOUNDS FOR Kk AND v

The following simple (and most certainly well-known) interpolation result gives
an estimate of the number x introduced in Section [l

M
Proposition 6.1. Let i: X — PN be an embedding. Assume that 0 — O(Ey)

3 2 1
L OEy) L OE) L O is a resolution of the sheaf O)Tx over PN, where Ej,
are as in Example[3.4. The restriction mapping

(6.1) OPN,0(0) — O(X,0(0))

18 surjective if £ > max; dl}v — N. If M < N, then (6.1)) is surjective for all £.
In particular, k < max; dﬁv — N. For the proof we need, see, e.g., [14], that

(6.2) H*®YN, 00)=0 if {>—-N or k<N.

Proof. Let ® be a smooth V,-closed extension of ¢ to PV as in Lemma Notice
that @y is a (0, N)-form that takes values in &;0(¢ — di) so by (6.2) there is a
smooth solution to dwy = Py if £ — dé\/ > —N. We can then successively find
smooth solutions to the equations Owy, = ® + ¢"Hwyy for k = N —1,...,1.
Finally we obtain the holomorphic section ngb = &g + g'w; of O(¢) over PV, which,

since wq is smooth, coincides with &g on X. If M < N no cohomological obstruction
occurs, cf., ([6.2]). O

Let Mx = Clzp,...,2n]/Jx, where Jx is the homogeneous ideal associated with
X, cf., Example The regularity reg X of X introduced by Eisenbud and Goto,
[18], is defined as max; j(di —k) for a minimal free resolution of My as in Example3.6l
It follows from Proposition [6.1] that x < reg X. This estimate also follows from [1§],
see [I7, Proposition 4.16]. The same proposition also implies that H*(X,O(f)) = 0
forall ¢ > 1if £ > reg X — 1; thus v <reg X — 1. It follows that

(6.3) max(dmin(m,n + 1) + v,d + k) < dmin(m,n + 1) + reg X.

If m > 1 we actually have strict inequality in (6.3]).

If My is Cohen-Macaulay and X is not contained in any hyperplane in PV, then
reg X < deg X —(N—n), see e.g., [I7, Corollary 4.15]. In that case (if n,d, deg X > 2)
the last two entries in the estimates in Theorem [I.1] can be omitted unless ¢, = —oc.
A particular case is when X is a complete intersection:

Example 6.2. Assume that X C PV is a reduced complete intersection not contained
in a hyperplane, i.e., there are homogeneous forms g1, ..., gn—p such that (g;) = Jx
and d; := degg; > 2. Then the Koszul complex generated by g; is a resolution,
and it terminates before level N unless n = 0. As long as n > 0 thus (G.)) is
surjective for all £, i.e., Kk = —o0. If n = 0, then d]l\, =di; +dy+ -+ dy and hence
k <dj+do+---+dn—N. It is easy to see that reg X = dy++--+dy_n— (N —n) and
thus v < dj+---+dny_p—(IN—n)—1. By Bezout’s formula, deg X = d; - - - dny_p, and
since d; > 2 this is larger than or equal to > d; +--- +dn—,, =reg X + (N —n). O

We do not know whether k and v always are small compared to deg X.
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7. PROOF OF THEOREM [2.4]

Let f1,..., fm be the d-homogenizations of the polynomials F, ..., F,,, considered
as sections of O(d)|x — X. Let O(E{), f be a locally free resolution of Ox /Jy over
X, where E,’: have the form @;Ei ® O(—d:) and E! are trivial line bundles, cf.
Section B:6] and let Rf be the associated residue current on X. Recall that, cf.,
Section B.4] that RS = (R/)O.

Claim. The hypothesis (2.4) implies that 1x_ R’ = 0.

By the dimension principle, 1x__ R(’; = 0 since the current has bidegree (0,0) and
support on X, which has codimension at least 1. We proceed by induction so
assume that 1x_ R,’: = 0. Outside Zp¢, we then have, cf., Section B4} that

1X00R£+1 = lxmak+1R£ = Oék—i—l]-XooR]]: =0

since a1 is smooth there. Thus 1x_ R}: 41> which has bidegree (0, k+1), has support
on XN Z}gj_fl and in view of (2.4]) and the dimension principle it must vanish. Thus
the claim follows.

Fix an integer p > deg®. Notice that the complex EJ ® O(p), f also has R’ as
its associated residue current. Let ¢ be the p-homogenization of ®, so that ¢ is a
section of O(p) = E(J; ® O(p). By the duality principle, Rf¢ = 0 in V since ® is in
(F}), and thus

(7.1) 1yRi¢p=0.
Since RT¢ = 1y Rf ¢ + 1x_ R/ ¢, cf., Section B.I], we conclude, from (ZI)) and the
claim, that Rf¢ = 0.

Assume that the complex E! , f ends at level M and let

_ 7
ry= mlax dmin(n+1,M)'

If also p > rf + v, it follows from Proposition 5.1l that we have a global holomorphic
q on X such that flg = ¢. Since ¢; take values in O(p—d)|x they have holomorphic
extensions to PV if p — d > k. We then get the desired polynomial solution Q; to
(LI after dehomogenization. Thus Theorem [24] follows with

B =max(ry +v,d+ k).

If fi,..., fm form a complete intersection, i.e., codim x Zf = m (so that Z7 = §) if
m > n+1), then the Koszul complex generated by f; provides a resolution of O x /7.
Using the notation from the preceding proof, we then have r; = dmin(m,n + 1).
Since a complete intersection is locally Cohen-Macaulay, Zp*' = @) for k > m. The
condition (Z4) then means that Z7 has no irreducible component contained in X,.

In particular, Corollary 2.3] for smooth X and Corollary follow.

8. INTEGRAL CLOSURE, DISTINGUISHED VARIETIES AND RESIDUES

Let fi,..., fm be global holomorphic sections of the ample Hermitian line bundle
L — X, and let J; be the coherent ideal sheaf they generate. Let
128 X+ — X

be the normalization of the blow-up of X along Jf, and let W = > r;W; be the
exceptional divisor; here W; are irreducible Cartier divisors. The images Z; = v(Wj)



ON THE EFFECTIVE MEMBERSHIP PROBLEM ON SINGULAR VARIETIES 23

are called the Fulton-MacPherson distinguished varieties associated with Jp. If f =
(f1,---, fm) is considered as a section of E* = ®7'L, then v*f = fOf' where f°
is a section of the line bundle O(—W) defined by W, and f' = (f{,...,f},) is a
non-vanishing section of v*E ® O(W) where, O(W) = O(-W)~L. Furthermore,
wy := dd®log|f’|* is a smooth first Chern form for v*L ® O(W).

Recall that (a germ of) a holomorphic function ¢ belongs to the integral closure
Ttz of g at x if v*¢ vanishes to order (at least) r; on W for all j such that z € Z;.
This holds if and only if [v*¢| < C|f°| (in a neighborhood of the relevant W;), which
in turn holds if and only if |¢| < C|f| in some neighborhood of z. Let J s denote the
integral closure sheaf. It follows that

(8.1) 6| < CIf|* if and only if ¢ € J}.

If X is smooth it follows that ¢ is in the integral closure, if for each j, ¢ vanishes
to order r; at a generic point on Z;. See [26], Section 10.5] for more details (e.g., the
proof of Lemma 10.5.2).

We will use the geometric estimate

(8.2) erdeg 1Z; < deg X
from [I5], see also [26, (5.20)].

Lemma 8.1. There is a number g, only depending on X, such that if
(8.3) |9 < Clf|rrre,

then R Awegp = 0 if w is a structure form of X and RY is the residue current obtained
from the Koszul complex of f. If X is smooth one can take pg = 0.

This proposition (and its proof) is analogous to Proposition 4.1 in [7]; the im-
portant novelty here is that ug can be chosen uniform in w, which is ensured by
Proposition However, for the readers convenience and further reference we dis-
cuss the proof.

Proof. Let us first assume that X is smooth and pg = 0, and that ¢ satisfies (83)).
Then w is smooth so we have to show that R/¢ = 0. If f = 0 on (a component of ) X,
then Rf =1 and ¢ = 0, and thus ¢Rf = 0. Let us now assume that codim Z/ > 1.
Then Rg = 0 by the dimension principle. Let v: Xy — X be the normalization of the
blow-up along J; as above, so that v*f = fOf’. Using the notation in Example 3.1,
then v*o = (1/f°)0’, where 1/f° is a meromorphic section of @(W) and o’ is a
smooth section of v*E @ O(—W). It follows that

v (oA(Bo) 1) = o' A(Bo )<,
(f°)
and hence

VRN = 0| fOf PPN g o A )F

1
(fO)
when k > 1. Recall that Rg; = 0 unless f = 0 on some component, in which case

¢ =0 as well and Rf =1 so that Rf¢ = 0.
Since f’ is nonvanishing, the value at A = 0 is precisely, see, e.g., [I, Lemma 2.1],

5 1 / a3 N\k—
(8.4) R = OWAJ NGRS ks
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Notice that
(8.5) v.RY — Rl

Assume that ¢ satisfies ([83) for g = 0. Then |v*¢| < C|f°* and since X, is
normal it follows that v*¢ contains a factor (f°)“. Therefore,

= 1
8.6 Vp0—— =0, k<u,
( ) (fO)k H
because of (B.1). Moreover, since o’ A(do”)*~! is smooth on X, it follows from (8.6))
and (84) that v*¢R; = 0. Therefore, cf., (85), R£¢ = v, (Rfv*¢g) = 0.
Notice that we could have used any normal modification 7: X — X such that 7* f
is of the form fOf’ in the proof so far.

Now consider a general X. Let us take a smooth modification 7: X — X as
in Section ] such that 7*w is semimeromorphic with a denominator that is locally
a monomial in suitable coordinates s;. In this proof it is convenient to use the
regularization

RM = 1= x(|f1*/e) + x(If*/e)Au,

where u is the form from Example B.Iland x is a smooth approximand of the charac-
teristic function of [1, 00), cf., the beginning of Section[3] so that all the approximands
R/ are smooth. If f = 0 on a component )N(j of )N(, then Rf¢ = 1 on )N(j and if
¢ satisfies (83 for any pg, then ¢ = 0 on )Z'j. Hence linfvg/\wqb = 0 and so

l)szf/\wQS = 0. We can therefore assume that f #Z 0 on X. Locally on )N(, the

action of R/*Aw¢ on a test form is a sum of integrals like (suppressing the notation
7* for simplicity)

dsiA...N\dsy,
— T ARTEONE,
/)? stlxl+1 ... gon Tl

where «; are nonnegative integers and ¢ is a smooth form. Following [7, Section 3]
one can integrate by parts |a| = |ai| + -+ + |a,| times, and get a constant times

dsiN...Ndsp
(5.7) [ Bt o (R o).
)’Z 81+ 8p
where 03 = 2 qf po > p+ o + 1 and ¢ satisfies (83)), then by the smooth

[e]
Osyt0sp™

Briancon-Skoda theorem, locally in X , ¢ is in the ideal (f )“+|°‘H’1. Therefore,
|059] < O f el

Following [7, Section 4] one finds that 0‘R/¢ has a certain homogeneity with a
singularity that increases with ¢: if we take a smooth modification 7: X — X
such that 7* f is principal, then 9°R/€ is like 1/( fo)*”'m*'1 and with support where
|f|> ~ e. Tt follows by dominated convergence that (87)) tends to zero when ¢ — 0,
and this means that Rf Aw¢ = 0.

In view of Proposition we can thus choose pg that is larger than or equal to
any number p + |a] + 1 that may appear here, and so the lemma follows. ([l
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9. PROOFS OF THEOREMS [L.1] AND [2.T] AND VARIATIONS

For the proof of Theorem [LT] besides the basic Lemma Bl we also need

Lemma 9.1. Assume that V. C CN is smooth, and let w be a structure form on X.
Then there is a number u' such that z} w is almost smooth on X.

Proof. Let 7: X — X be as in Sectiondl Then @ := 7*w is a semimeromorphic form
whose denominator locally is a monomial whose zeros are contained in T_leing.

Since V' is smooth, Xgng C Xoo C {20 = 0}, and it follows that T*(zg,)w is smooth
for some large enough number /. Hence z}) w is almost smooth. O

Proof of Theorem 1. Let f; be the d-homogenizations of F; and let R/ be the

residue current constructed from the Koszul complex E! , 07 generated by f1,..., fm,
and let ¢ be the p-homogenization of ®, where

(9.1) p = max(deg ® + (u + po)d°>deg X, dmin(m,n + 1) + v,d + k),

where g is chosen as in Lemmal[8.1} in particular, ug = 0 if X is smooth. Throughout
this proof we will use the notation from Section [l

The assumption ([4]) implies that v*¢ vanishes to order (i + pi0)r; on each W;
such that v(1V;) is not contained in X.. Now consider W; such that v(W;) C Xu.
If Q is a first Chern form for O(1)|x, e.g., Q = dd°log|z|?, then d is a first Chern
form for L = O(d)|x on X (notice that d is the degree and not the differential). By
([B2) we therefore have that

T‘j/
Z

J

(dQ)diij S/(dQ)n

X

which implies that
(9.2) rj < d°imZideg X

By the choice (@) of p, ¢ is of the form z(()“ Fro)d*edeg X ios a holomorphic section,

and thus v*¢ vanishes to order at least (1 + pg)r; on W;. Thus ¢ vanishes to order
(e + po)r; on Wy for each j and thus (B3] holds, cf., (8I). It thus follows from

Lemma 8] that R/ Aw = 0.

Since p > dmin(m,n + 1) + v it follows that E,]: ® O(p) is a direct sum of line
bundles O(¥¢;), where ¢; > v. By Theorem [5.3] we therefore have a holomorphic
solution to fq = ¢ on X. By the definition of k, ¢ extends to a global section over
PV, After dehomogenization, part (i) of Theorem [IT] follows.

For the second part choose p = max(deg® + pd®>deg X + p/,dmin(m,n + 1) +
v,d + k), where p’ is chosen as in Lemma [0 and let ¢ and ¢’ be the p- and
(deg @ + pd>deg X )-homogenizations of ®, respectively. Then

ORI Ao = ¢’ RTAB,
where 3 is almost smooth, and by (L3) and (©.2]),
(9.3) [¢'] < C|f|".

Now take a smooth modification m: X — X such that B = .3, where 3 is smooth,
and f = fOf’, where fO is a section of a line bundle and f’ is nonvanishing. Then
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®Rf Aw is the push-forward under 7 of a finite sum of currents like
= 1
7 ¢)0
w0 oy
cf., 84), (8H), and in view of (@.3) they must vanish. Thus ¢R/ Aw = 0 and (ii) is
proved as (i). O

Asmooth,

If X =C" and m < n, then, cf., (6.2]), there are no cohomological obstructions at
all, and so we get the estimate (L.

Remark 9.2. If
(9.4) codim (Zf NXH >pu+0+1, £>0

where X? is as in Section (thus either Xging N Z!T = or m < n), then Theo-
rem [[T] (i) holds with pg = 0. To see this, take p > deg ® + pd°>deg X in the proof
of Theorem [Tl Then ¢R’ = 0 on Xeq, and thus ¢R/ A w = 0 there. From (04)
and the dimension principle it follows that ¢Rf Awy = 0.

To see this, take p > deg® + pud°>deg X in the proof of Theorem [T Then
#Rf =0 on Xreg, and thus #RF A w has support on Zf N X0, Since ¢R A wy has
bidegree at most (n,p) and codim (Z/ N X%) > u+ 1 by @4, it follows from the
dimension principle that ¢Rf Awy = 0.

Thus R/ Awi = @R Aalwy vanishes outside X!, so again by ([@.4) and the dimen-
sion principle we find that ¢RfAw; vanishes identically. By induction, ¢RfAw =
0. 0

Ezample 9.3. In light of Example 2.3 of Kollar in [24] one can see that the power
Coo in Theorem [LT] cannot be improved: Let X = P™ and let m be an integer with
2 < m < n. Consider the m polynomials

d d—1 d d—1 d d—1
21y Z1%p = B9y ey Bm—2%m  — Zm—1s Fm—1%m = — L,
in C". The associated projective variety {z9p = 21 = -+ = zp-1 = 0} C X has

codimension m, and hence co, = m, cf., (L3). It follows from Theorem [II] that
we have a representation (LI with ® = 1 and deg F;Q; < md™ (if d is not too
small). However, if Q); are any polynomials so that (LII) holds with ® = 1, then by
considering the curve

s (7T AL 4 80, 0),
one can conclude that Q1 must have degree at least d"*—d so that deg F1Q1 > d™. [

In [3] is used a slight generalization of the Koszul complex to deal with a positive
power J f of Jy, cf. [15] p. 439]. The first mapping in the complex is the natural

mapping E®¢ — C induced by the fj- The associated residue current is the push-
forward of currents like

= 1

8W/\smooth
for { <k < pu+¢—1. By an analogous proof we get the following generalization of
Theorem [T

Theorem 9.4. With the notation in Theorem [1.1], if
@] < C|Fprt!
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locally on V', then ® € (Fj)g and there are polynomials Qr such that
and

deg (F{" - FyQp) <
max (deg® + (p + po + £ — 1)d°>deg X, d(min(m,n + 1) + £ — 1) + v,dl + k).
There is also an analogous generalization of part (ii) of Theorem [L.1]
Proof of Theorem [2]. Choose p = max(deg ®+pd>deg X, dmin(m, n+1)+v, d+k).
As in the proof of Theorem [[1] let ¢ be the p-homogenization of ® and let Rf A w

be the residue current associated with the Koszul complex of the homogenizations
fj of F;, and make the decomposition

(9.5) RINw=1yR' Nw+1x R Nw.

Since codim Zf NV > m, the duality principle for a complete intersection implies

that R =0 in Vieg = V'\ X0 and so 1y ¢Rf Awg has support on Z/ N X0,
Consider now the normalization of the blow-up v: X, — X, and let RT := R]j

be as in the proof of Lemmal Let W; be the irreducible components of W = v-1zf
that are contained in v~1 X, and let W’ be their union. We claim that

(9.6) 1x R =v.(1yRY).
In fact, by (8.2)),
(9.7) 1x R =v,(1,-1x RY) = vi(1,-1x_ (s + Ly )RT).
By, B3), 1,-1x, 1wRT = 1y R™T. Moreover,
1,-1x.. 1W\W//\5% =0
(f%)

by the dimension principle since v ' X, "W \ W’ has codimension at least 2 in X .
In view of (84]) we conclude that 1,1 XOOIW\W/R+ = 0, and so (0.0) follows from
@2

Claim. 1x_¢R7 vanishes outside X°.

In view of (@), the dimension principle, and (84 it is enough to show that
v*¢1ly s RT vanishes in a neighborhood of each point # on W’ where W’ and W
are regular. Consider now such a regular point z on say W;. In a neighborhood of x
we have that 0 = s"iv, where s is a coordinate function and v is nonvanishing and
rj is as in Section 8 By the choice of p, v*¢ vanishes to order (at least) d°>~pudeg X
on W' and thus in view of (9.2)) it vanishes to order pr; on W; and hence it has a
factor s*"i. Now in a neighborhood of x we have

= 1 =1
aw = (9Sk—rj - stooth

and it follows that it is annihilated by v*¢ for & < p. Thus the claim follows in light
of (84).
Summing up so far we have found, in view of (@5), that ¢R/Awy has support

on ZI' N X% By (Z2) and the dimension principle we conclude that it vanishes
identically, since the bidegree of Rf is at most (0,). Thus ¢RI Aw; = ¢RI Aalwy
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vanishes outside X!, and by (2.2]) and the dimension principle, it vanishes identically.
By induction, it follows that ¢ R/ Aw, = 0 for each ¢. We conclude that R Aw = 0.
Now the theorem follows from Theorem [5.3] as in previous proofs. O

10. PROOFS OF THEOREM [I.4] AND VARIATIONS

We first look at the case when X is smooth.

Theorem 10.1. Let X be a smooth projective variety, let L — X be an ample
Hermitian line bundle, and let A — X is a line bundle that is either ample or big
and nef. Moreover, let f1,..., fm be global holomorphic sections of L, and let ¢ be a
section of

L% @ Kx ® A,
where s > min(m,n + 1). If

(10.1) lp] < C|fI*
on X, then there are holomorphic sections q; of L26=D @ Ky ® A such that

(10.2) figi + - F fmGm = 0.

Let J; be the ideal sheaf generated by f; and assume that the associated dis-
tinguished varieties Z; have multiplicities rg, cf., Section [l If ¢ vanishes to (at
least) order rpu at a generic point on Zi, for each k, then, cf., e.g., the proof of
Lemma 10.5.2 in [26], (I0.I])) holds, and thus we have

Corollary 10.2. If ¢ vanishes to order riu at a generic point on Zy, for each k,
then we have a representation (I0.2]).

This corollary is precisely part (iii) of the main theorem in [I5, p. 430], except for
that we have pry rather than (n + 1)rg, cf., the discussion in Remark Recall
from Section [§ that one can estimate the multiplicities r; for instance r, < deg X,
see (82).

One can also have a mixed hypothesis, and for instance assume that (I0.1]) holds
outside a hypersurface H and that ¢ vanishes to order pry on each distinguished
variety Zj contained in H; this would lead to an “abstract” Hickel theorem.

Proof of Theorem [I0.1. Let E,,d; be the Koszul complex generated by fi,..., fm,
as in Example B} tensorized with L® ® A ® Kx and let R’ be the associated
residue current on X. From the hypothesis (I0.I) and Lemma [81] we conclude that
R/¢ = 0. The bundle Ej, is a direct sum of line bundles L® %) @ A @ Kx and so
all the relevant cohomology groups (5.I)) vanish by Kodaira’s vanishing theorem, or,
at the top degree, by the Kawamata-Viehweg vanishing theorem if A is nef and big.
Thus Theorem [I0.1] follows from Proposition B.11 d

Proof of Theorem [1.4) Let E] ;07 be the Koszul complex generated by fi,..., fm
tensorized with L®$. The choice of s guarantees that (5.1 is satisfied and thus by
the same arguments as in the proof of Theorem [5.3] (ii) we get the desired holomorphic
solution to (9] as soon as we have a smooth solution to

(10.3) VW =¢
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on X. Hence to prove the theorem it suffices to show that there is a pg such that
we can find a smooth solution to (I0.3]) for each global section ¢ of L®® that satis-
fies (L8). The strategy will be to follow and further elaborate the proof of Theo-
rem [5.3] (i). Note that we cannot apply Theorem [5.3] (i) directly since a priori L and
the sections f; are only defined on X.

We first claim that there is an embedding i: X — Y into a smooth projective
manifold Y and a line bundle L — Y such that L = L|x, i.e., L = ¢*L. In fact, if M
is large enough, there are embeddings i;: X — P, j = 1,2, such that O(1)pn, |x =
LM and O()pny|x = LMFL If 70 PNV x PN2 5 PNi| then L = m30(1)py, ®
m;O(—1)pn; is a line bundle over ¥ := PM x PN2 and its restriction to X ~ Axyx C
Y is precisely L. This argument was recently communicated to us by R. Lazarsfeld.
Let O(EY), g be an Hermitian resolution of O /Jx in Y.

In general we cannot assume that the f; extends holomorphically to Y or even a
neighborhood of X in Y. However, let E h be a complex that is isomorphic to but
disjoint from EY,g. Then, in view of Lemma [5.6, we can choose smooth Vj-closed
extensions f; € ©;o (B! ®L) of fj to Y, as defined in Section 5l Let E',... E™ be
trivial line bundles as in Example 3.1l with basis elements ey, ..., en, respectively,
and let f be the section f := f]e of El' ® E*, where E := @ 1 L_l ® EJ and e;
are the dual basis elements. Note that each f] has even degree so that f has odd
degree.

Inspired by Example Bl we want to construct a Koszul complex of f as an exten-
sion of Ef ,0 ¢ and an associated residue current. In order to do this we will need to
take products of sections of EZ. We therefore introduce Elf := J,~,(E")®*. Since
E! is the trivial line bundle, (E!)®F is a natural subcomplex of (E!)®(*+1) and
thus the definition makes sense. In fact, our objects will all take values in (EJ)®"
Next let 5~ EHE @ A*E — EH @ A+~ 1E be contraction with f, i.e., for a section

& = EI:{Z&WM}& Aer, with & € EH and ej = e, A+ A €ix s of EH @ AFE,
056 = > (—1)destrg; (=0T i Nep,- i

As long as we restrict to X we can write f = f— f/, where f := fie; and f! has
positive form degree. Let 6y be defined analogously to ¢ 7 and let o be the section of

Ef over X \ Z of pointwise minimal norm such that d;o = 1 there, cf. Example 3.1l
Then
5J;U =0f0 —dpo=1—0p0
on X \ Z. Notice that 60 has even degree, and form bidegree at least (0, 1), so that
1
1—ép0

is a form on X \ Z with values in Eff ® A*E. Let 6 := /(1 —6p0) on X \ Z; then
070 =1 on X\ Z. Next, let

=1 +5f10' + (5f/0’)2 + -+ (5f/0’)n

U = Za/\ Vho* L
(5 —I-Vh =1

cf. Example Bl Note that d7 anticommutes with (the extension to Ef @ A*E of)
Vi, i.e., 5f~ RVyp=-Vp® 5];. It follows that

(5f +Vpu=1
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on X \ Z, cf. Section

Let RY be the residue current associated with the resolution O(EY),g. Recall
from Section that if « is a sufficiently smooth form on X, then ao A RY is a well-
defined; in particular, x(|f|?/€)@ARY is a well-defined current in Y with values in
Ef © A°E ® EY. Letting

V:g+5f+vh:g+5f+h—5,

note that
V(X(If[?/e)anRS + U%) = I — RARY,
where R = I — x(|f[2/e)I + Ox(|f|?/€) A .
We claim that x(| f|?/€)@ARY has a limit when ¢ — 0. To see this, recall from Sec-
tion[3.6] using the notation from that section, that x(|f|?/€)@ARIAY = i, (x(|f|*/€)urw).
Next, notice that

(10.4) GN=Vpe)" ™t = oA (00)F AN i (dpo),
j=0

for some numbers c;?, since oAc = 0. Let 7 : X — X be a smooth modification
such that 7*w is semimeromorphic and 7*¢ is of the form o’/ f°, cf. Section 8 Then
7*4 is a finite sum of terms ay,/(f°)*, where ay are smooth, and hence, by [12],
lim o 7 (x(|f|?/€)AMiAw) exists. Since v is non-vanishing it follows that the limit
of x(|f]?/€)unRI exists.

Let

UARY = lir% x(|fI?/e)anR?, RARY = lim RARY.
e—

e—0

Then

V(UARY +U9) = I — RARY,
and if ® is a smooth V ,-closed extension of ¢ as in Lemma [5.6] (regarded as a section
of Bl ® A°E ® EY), it follows that

(10.5) V((UARI +U9))AD) = @
in Y as soon as
(10.6) RARI$ =0,

since, as was noted in the proof of Lemma 5.6l RIAN® = RI.

We claim that there is a g, only depending on X, such that (I0.6]) holds as soon as
¢ satisfies (L8). Note that (IILB)) is equivalent to that RARIGAY = lim_q i (R pAw)
vanis}}lles. Let 7 : X — X be a smooth modification as in Section [ so that 7*w =
smoot

“axr+ as in the proof of Lemma 8.1l Following that proof, the action of Re¢Aw on
a test form is a sum of integrals like (suppressing 7* for simplicity)

(10.7) /)2 do1 o Ao g (Regng),

sl...Sn

where £ is smooth. As in the proof of Lemma[81]it is enough to consider components
of X where f does not vanish identically.

As in the proof of Lemma 8.1] O?RG has a certain homogeneity that increases with
¢. Indeed, in view of (I0.4), R¢ is a finite sum of terms like

OX(|fI?/)ran(@a)* I A(f" - o),
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where k + j < n for degree reasons; recall that f’ has form degree at least (0,1).
Now, if we take a smooth modification 7 : X — X such that n*f is principal,

then 7*o = smooth/f°, 7* (%0) = smooth/(f")? and combining with the proof of

Lemma Bt follows that 7* (9! R¢) is like 1/(f°)" 1+ with support where || ~ e.
Choose pig > n + |a| + 1. Then [0l¢| < C|f[*Flel=ll+1 ] ¢f. the proof of Lemma B
Now by dominated convergence (I0.7)) tends to zero when e — 0, and since the choice
of po only depends on a and n the claim follows.

To sum up so far, if ¢ satisfies (I8]), we have a current solution to V¥ = ®. By
a slight modification of Proposition [3.4] we also have a smooth solution. To see this,
let Ef = A°E ® EY and let M, and Mf be defined as in Section 3.3] but for the

complex E instead of Ef . Then we have the double complex
By = ®,Co (B, ® Ef) = My(E)

with mappings Vj,: By — Byr—1 and F' 1= g + 5]5: By — By—1,; indeed note that
VpoF =—FoVy. If B;:= @szj By i we get the associated total complex

Y Ym T
Let sz = @jébd(Eﬁ_k ® Ef) = M{(E]") with total complex B¢. Moreover, let

Bo(X) and BE(X) be the associated complexes of global sections. Note that we have
natural mappings

(10.8) HY(BE(X)) —» H'(B.(X)), jeL.

PropositionB.4limplies that the natural mappings H*(M$ (X, El)) — H¥( M. (X, EL))
are isomorphisms. Now, by repeating the proof of Proposition B4 with M,, M,
Co,e, and &y« replaced by B, B¢, M., and ME, respectively, using that the double
complex By, is bounded in the ¢-direction, we can therefore prove that the mappings
(I08) are in fact isomorphisms, and so the current solution (I0.5]) gives a smooth
solution to V¥ = &.

Let lower indices (4,7, k) denote components in Ef @ AVE ® E}. Then ¢ =
P0,0,0 + Poo1 + -+ Poon, where Doy has form bidegree (0,k). Notice that we
have the decomposition f = fo — f/ in Y, where fy denotes the 0-component of f
and hence is a smooth extension of f to Y. It follows that

(10.9) hW100+4 050,10+ 9%Y0,01 = Po,
h¥150 + 05, P 1,0 + 9¥o0,1 — 00 =0, j > 1,

Indeed, note that dp¥; ;. has positive degree in EF for all non-vanishing U, k-
Since ¥ is smooth, we can define the smooth forms W) := i*W¥g ;o on X. Since
g\If()J'J = gl\I’O,jJ and h\I’LLO = hl\I’l,j,O are in jX, (m) implies
SWh=¢, 6;Wp —0W; =0, j>1.
Thus we have shown that if ug > n + |a] + 1 and ¢ satisfies (L.8]), then we get a
smooth solution to VW = ¢; this concludes the proof. O

Remark 10.3. If if EP h is a Koszul complex, then we just simply take EF = El,
since he desired ”product” already exists within E?. O

In analogy with Theorem we also have the following generalizations of Theo-

rems [10.1] and [T.4]
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Theorem 10.4. With the notation in Theorem[I0.1), if ¢ is a section of L QK x®A,
where s > min(m,n+ 1) + ¢ —1, and

|6 < CIfIFHT,
there are holomorphic sections qr, |I| = £, of L9 @ Kx ® A, such that
(10.10) o= > it farar

With the notation in Theorem[1.4}, if ¢ is a section of L®* with s > vi,+min(m,n+
1) + /¢ —1 such that

6] < C|f[Fotrtet,
then there are holomorphic sections q; of L6~ such that (I0I0) holds.
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