arXiv:1107.0435v1 [math.AP] 3Jul 2011

A LOWER BOUND ON BLOWUP RATES FOR THE 3D
INCOMPRESSIBLE EULER EQUATION AND A SINGLE
EXPONENTIAL BEALE-KATO-MAJDA ESTIMATE

THOMAS CHEN AND NATASA PAVLOVIC

ABSTRACT. We prove a Beale-Kato-Majda criterion for the loss of regularity
for solutions of the incompressible Euler equations in H*(R3), for s > % In-
stead of double exponential estimates of Beale-Kato-Majda type, we obtain a
single exponential bound on |[u(t)||gs involving the length parameter intro-
duced by P. Constantin in [3]. In particular, we derive lower bounds on the
blowup rate of such solutions.

1. INTRODUCTION

In this paper, we revisit the Beale-Kato-Majda criterion for the breakdown of
smooth solutions to the 3D Euler equations.

More precisely, we consider the incompressible Euler equations

du+ (u-Viu+Vp =0 (1.1)
V-u=0 (1.2)
u(z,0) = ugp (1.3)

for an unknown velocity vector u(z,t) = (u;(z,t))1<i<3 € R? and pressure p =
p(x,t) € R, for position z € R? and time t € [0, c0).

Existence and uniqueness of local in time solutions to (LI]) — (T3] in the space
C([0,7), H*) nCY([0,T]; H* 1), (1.4)

has long been known for s > g, see for instance [7]. However, it is an open prob-
lem to determine whether such solutions can lose their regularity in finite time.
An important result that addresses the question of a possible loss of regularity of
solutions to Euler equations (I1]) — (I3) is the criterion formulated by Beale-Kato-
Majda [1] in terms of the L norm of the vorticity w = V A u. More precisely,
Beale-Kato-Majda in [1] proved the following theorem:

Theorem 1.1. Let u be a solution to (L) — (L3) in the class (L) for s >
3 integer. Suppose that there exists a time T such that the solution cannot be
continued in the class (L) to T = T*. If T* is the first such time, then

-
/O [w(-, )| e dt = 0. (1.5)
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The theorem is proved with a contradiction argument. Under the assumption

.
| a0l de < oo,
0

the authors of [1] show that ||u(-,t)||gs < Cp, for all ¢ < T* contradicting the
hypothesis that T* is the first time such that the solution cannot be continued to
T = T*. In particular, Beale-Kato-Majda obtain a double exponential bound for
[l (-, t)|| mrs, which follows from the following estimates:

Step 1 An energy-type bound on ||u|| g+ in terms of || Dul| e, where Du = [0;u;]:;
is a 3 x 3-matrix valued function. More specifically, one applies the operator
D% to equations (LI)-(T2), where « is an integer-valued multi-index with
|a| < s and uses a certain commutator estimate to derive

d
Tl tlze < 2C)Dull=u(- )], (1.6)
which via Gronwall’s inequality gives the bound:
t
fut Ol < ol exo (€ [ IDutr) i dr ) (1.7)
0

Step 2 An estimate on || Du(-,t)|| L based on the quantities ||w(-, )| L, [|w(, )| L2,
and log™ |Ju(-,t)|| g3, given by

IDu(, )l < C {1+ (1 +log" [Ju,t)llg2 ) lw( )|z + w2}, (1.8)

where C' is a universal constant.

Step 3 The bound on ||w(-,t)||z2 in terms of ||w(-,t)|| L~ given by

d -
eIz < 20w Ol - BlIZ:

which follows from taking the L?(IR?)-inner product of w with the equation
for vorticity. Then, Gronwall’s inequality yields

o B)le < (- 0)] e exp (6 [ 1t e dT) | (1.9)

Consequently, one obtains the double exponential bound
t
lu(, Ol g < |luoll g exp (exp (C/ llw( -, )] dT)) . (1.10)
0
from combining (L7), (LY) and (L9).

It is an open question whether (LI0) is sharf]. While we do not attempt to
answer that question itself in this paper, we obtain a single exponential bound on
the H*-norm of solution to Euler equations (1)) - (I3]) in terms of the quantity

05(t) = min{L, (M)fﬁ } (1.11)

[[uol| L2

1Single exponential bounds have been obtained in other solution spaces than those displayed
above, see for instance [§] for such a result in BMO.
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where

lwllos = sup LB =@

(1.12)
|lz—y|<L |;C_y|5

denotes the -Holder seminorm, for L > 0 fixed, and § > 0. More precisely, we
prove the following theorem:

Theorem 1.2. Let u be a solution to (L)) - (L3) in the class (L), for s = 5 +96.
Assume that £5(t) is defined as above, and that

T 5
/0 (ls(1)) 2 dr < o0. (1.13)

Then, there exists a finite positive constant Cs = O(d~1) independent of u and t
such that

t 5
a0l < ol exp [ Coaolle [ (ts(r))~F

holds for 0 <t <T.

The quantity £5(t) has the dimension of length, and was introduced by Con-
stantin in [3] (see also the work of Constantin, Fefferman and Majda [5] where a
criterion for loss of regularity in terms of the direction of vorticity was obtained),
where it was observed that

T 5
/ (Cs(t)"2 dt = oo (1.14)
0

is a necessary and sufficient condition for blow-up of Euler equations. In particular,
the necessity of the condition follows from the inequality obtained in [3]

o)z < Jlul, )z (6s(t) 2, (1.15)

and Theorem [[Tlof Beale-Kato-Majda. This is so because Theorem [[.Tlimplies that
if the solution cannot be continued to some time 7', then fOT lw(:, D)L dt = oo.
As a consequence of (LIH), and conservation of energy

[u(O)lze = lluollzz (1.16)

this in turn implies (LI4). However, by invoking the result of Beale-Kato-Majda
in this argument, one again obtains a double exponential bound on ||u(-,t)||g= in

terms of fOT (ﬁg(t))fg dt. We refer to 4, 6] for recent developments in this and
related areas.

In this paper, we observe that one can actually obtain a single exponential bound
on the H*-norm of the solution u(t) in terms of fOT (fg(t))_% dt, as stated in Theo-
rem[I.21 This is achieved by avoiding the use of the logarithmic inequality (8]) from
[1]. More precisely, we combine the energy bound (L) with a Calderon-Zygmund
type bound on the symmetric and antisymmetric parts of Du.

Also, we obtain a lower bound on the blowup rate of solutions in H 540, Specif-
ically, we prove:
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Theorem 1.3. Let u be a solution to (LT)) — (L3) in the class
C([0,T); H3 ) N C ([0, T]; H3 ). (1.17)

Suppose that there exists a time T such that the solution cannot be continued in
the class (LIT) to T = T*. If T* is the first such time then there exists a finite,
positive constant C(9, ||uol||2) such that

1 >1+§5

[u, D)l 545 = C(8|luoll2) (ﬁ

for all t sufficiently close to T* (see the conditions B22)) and B23) below, with
to=1t).

, (1.18)

The proof of Theorem [[.3] can be outlined as follows. We assume that u is a
solution in the class (LI7) that cannot be continued to T = T*, and that T* is
the first such time. Invoking the local in time existence result, we derive a lower
bound Tjoc ¢, > 0 on the time of existence of solutions to Euler equations in (II7)
for initial data u(t1) € H3 1% at an arbitrary time ¢, < T*. By definition of T*, we
thus have

t1 + Tioet, < T*. (1.19)

Based on an energy bound on the H3+%_norm of the solution, we obtain in Section
Bl an expression for Tjoc ¢, of the form W, which together with (.19)
: 5 s

H?2

implies that

1

||u(-,t1)||H%+5 > m, (1.20)

for all t; < T*. This is an “a priori” lower bound on the blowup rate. Subsequently,
we improve ([[220) by a recursion argument in Theorem [[3] for times ¢ close to T,
to yield the stronger bound (LI8]).

After completing this work, V. Vicol called to our attention that in a recent
work, D. Chae proved in [2] (see Theorem 1.1 part (i) of [2]) that for integer values
of s € Nwith s > 1+ g, and in dimensions d > 2,

s * s a£2 K

lﬂ%rif(T —t)||D u(t)||L§(Rd) > —— (1.21)
l[uoll 3

is a necessary and sufficient condition for blowup at time 7%, where K = K(d, s) is
an absolute constant. In our estimate (LI8), we allow for real values of s = 3 + 4,

0 > 0, and provide a pointwise lower bound instead of an infimum limit.

2. PROOF OF THEOREM

First we recall that the full gradient of velocity Du can be decomposed into
symmetric and antisymmetric parts,

Du = Du" + Du~ (2.1)
where

Du* = - (DuxDu"). (2.2)

1
2
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Dut is called the deformation tensor.

In the following lemma we recall important properties of Du™ and Du~. For
the convenience of the reader, we give proofs of those properties, although some of
them are available in the literature, see e.g. [3].

Lemma 2.1. For both the symmetric and antisymmetric parts Du™, Du™ of Du,
the L? bound

IDuF 2 < Cllwllge - (2.3)
holds.
The antisymmetric part Du™ satisfies
1
Du~v = 5(*”\” (2.4)
for any vector v € R3. The vorticity w satisfies the identity
1 = dy
wl§) = =PV, [ o@alo+y) 2% (2.5)
am vl

(7P.V.” denotes principal value) where o(g) =37y — 1, withy = ‘—Z‘ Notably,

/2 o(y) dus=(y) = 0, (2.6)
S
where djig> denotes the standard measure on the sphere S2.

The matriz components of the symmetric part have the form

Duf; =Y Ti(w) =Y Kl *w, (2.7)
14 4

where wy are the vector components of w, and where the integral kernels Kfj have
the properties

’ij (y) = Ufj [®) |y|_3 (2.8)
lofllcrszy < C
L@ st = o (210)

Thus in particular, Tf; is a Calderon-Zygmund operator, for every i,j,¢ € {1,2,3}.

Proof. An explicit calculation shows that the Fourier transform of Du as a function
of @ is given by

Du(§) = ~[(B:(A7'V Aw)y) (©))iy = G) + H(&) (2.11)
where
R 1 §1&aliz — £1€302 —&283002 &263003
G(§) = AP &163001 &263001 — £162W3 —&£1&303 (2.12)
—£1600, &1&2002 &1&3W9 — Ea€zin
and
N 1 0 L33 —E3w,
H() = PR —£103 0 Gor |, (2.13)

8o, —&w 0
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using the notation @; = @;(§) for brevity.

Clearly, every component of G is given by a sum of Fourier multiplication op-

erators with symbols of the form fgfg , 1 # j, applied to a component of w. For

instance,

~ d
Gai(x) = const. P.V./ Nyswi(z +y) ﬁ (2.14)
corresponds to the component Go;. It is easy to see that every component Gj;
is a sum of Calderon-Zygmund operators applied to components of w, with kernel
satisfying the asserted properties (2.8]) ~ (ZI0). The same is true for the symmetric
part, G* = (G + GT).

The symmetric part of H (€) is given by

0 (& —&ws (6 —&)w
(& -&&w (& -8 0

so that each component defines a Fourier multiplication operator with symbol of

H*(¢)

2_g2
the form %, 1 # j, acting on a component of w (with associated kernel of the

2 2
form IIV—‘*%) That is, for instance,

PORPN dy
Hi,(z) = const P.V. /(yg — 7 ws(z + y)W . (2.16)

The properties (2.8) ~ (ZI0) follow immediately.

The Fourier transforms of the integral kernels Iij can be read off from the
components é;; + f[;; In position space, one finds that Ufj (y) is obtained from a
sum of terms proportional to terms of the form ¥;,7;, and (3732 — §J22)

For the antisymmetric part Du~, one generally has Du~v = %(V/\u) Awv for any
v € R3, and from u = —A7'V Aw, we get Du"v = %w A v, using that V- u = 0.

As a side remark, we note that while H~ does not by itself exhibit the proper-
ties (2.8) ~ (2I0), it combines with G~ in a suitable manner to yield the stated
properties of Du~, thanks to the condition V - w = 0. (]

Next, Lemma below provides an upper bound in terms of the quantity £5(t)
on singular integral operators applied to w of the type appearing in [2.7). We
note that similar bounds were used in [3] and [5] for the antisymmetric part Du ™.
Here, we observe that they also hold for the symmetric part Du™. As shown in [5]
for Du~, the proof of such a bound follows standard steps based on decomposing
the singular integral into an inner and outer contribution. The inner contribution
can be bounded based on a certain mean zero property, while the outer part is
controlled via integration by parts.

Lemma 2.2. For L > 0 fized, and 6 > 0, let {5(t) be defined as above. Moreover,
let we, £ = 1,2,3, denote the components of the vorticity vector w(t). Then, any
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singular integral operator

1 . d
Twe(z) = —P.V./ o7 (§) we(w +y) —= (2.17)
4m |yl
with
| or@aus) =0 . Jorlexss < €. (2.18)
satisfies
I Twil| L~ < C(68) lluoll2 £s(t) 72 (2.19)

for £ € {1,2,3}, for a constant C(§) = O(6~') independent of u and t.

Proof. Let x1(z) be a smooth cutoff function which is identical to 1 on [0, 1], and
identically 0 for z > 2. Moreover, let xr(z) = x1(z/R), and X% =1 — x&.

We consider

/| i aT@m<x+y>|j—|y3 — (1) + (1) (2.20)

for € > 0 arbitrary, where

. dy
(1) = / o1 (@) wele +4) xes oy (10]) e (2.21)
ly|>e |y
and
. . dy
(1) == [ or(y)we(® +y) Xi5) (y) e (2.22)
From the zero average property (Z18), we find
. dy
1Dl = | [ or@ il + ) - we@) xeso (0 15
lyl>e |yl
dy
< Jwrlles / W
“ ly|<2¢5(t) |y|3 0
C 5
< g(éa(t)) llwell s
< C5 uollze (€s(t) 7% (2.23)
since from the definition of ¢5(t),
lwelles < lluollrz (65(£) 0% (2.24)

follows straightforwardly. We can send € \ 0, since the estimates are uniform in e.
On the other hand,

Ay

ek (2.25)

(D) = [ 52 @ys = 8y, + )X, 1)
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It suffices to consider one of the terms in the difference,

’/O'T 5yluj($+y)Xg5(t (|y|) | |3
- ‘/dyu] w+y)3ul(UT( ¥) Xe; 0 (191) |y1|3>’
(0@ o) 5 ) |

[y[®
< Clluolzz (65(t) "2 (2.26)

where to obtain the last line we used the conservation of energy (LI6) and the
following three bounds:

IN

C ]l

(i)
c UT(?/J\) 2 1 / dy
H (&JIXR(WD) 3 ‘LQ = CR2 R<lyl<2r [Y[°
< CR, (2.27)
for R = (5(t).
(i)
. 1 112 dy
|or@ it s |, < C/,I r vl
y|>
< CR, (2.28)
(i)

[ o @, < ¢ repe

dy
wi>r 1916 [y]?
CR™5, (2.29)

IN

where we used that

‘vaT(?/J\)‘ ‘ Iy | (Voor(21, 22, 23))|
z=y
1
< Wl lorllcr(s2) (2.30)
holds.
Summarizing, we arrive at

|Twrlle < C(0) lluollze €(t) 2 (2.31)
for C'(6) = O(671), which is the asserted bound. O

The form of the singular integral operator that appears in the statement of
Lemma is suitable for application to Du' and Du~, as we shall see in the
following corollary.

Corollary 2.3. There exists a finite, positive constant Cs = O(%) independent of
u and t such that the estimate

5

[Du™ || + |Du” || < Cs |luollpz €5(t) 2 (2.32)
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holds.

Proof. According to Lemma 2.1, the matrix components of both Du™ and Du~
have the form 2I7).

Accordingly, Lemma [Z.2] immediately implies the assertion. O

Now we are ready to give a proof of Theorem [[L.2] which is based on combining
an energy estimate for Euler equations with Corollary

For s > 3 integer-valued, the energy bound (6]
1
Ollu®lz: < [1Du@)pe lu(®) (2.33)

was proven in [I]. For fractional s > g, we recall the definitions of the homogenous
and inhomogenous Besov norms for 1 < p, g < oo,

1
lull g, = (22 luslis )" (2.34)

Jez
respectively,

1
q

lulls,, = (lellgs + luly, )" (2:35)

where u; = Pju is the Paley-Littlewood projection of u of scale j. In analogy to
([C8), we obtain the bound on the BS, Besov norm of u(t) given by

1
SOllu®lB;, < IDu®)llze u(®)l;, (2.36)

from a straightforward application of estimates obtained in [9]; details are given in
the Appendix. Accordingly, since the left hand side yields

Oullu(t)ll;, = 2llu®)llss, 0w s, (2.37)

we get
Ollu()|lss, < [[Dut)llLe [lu®)|lss, - (2.38)
However, Corollary 2.3] implies that
[Du(®)z < [|Du’ ()] + [[Du” (t)]L
< Csluollre (£s(8) 7% (2.39)
Therefore, by combining ([2.38]) and ([239) we obtain
_s

Ollu)llss, < CslluollLz (€5(2))™7 [lu(t)]

which implies that

lu@llme ~ llu@®)lls;,

t
00 [ Caluals [ o(s) ds]
0

A

s
B2,2 )

A

B3

< Jluol

2

t
ol exp [ G fuolla [ tas) % ds .
0
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for s > 0, where we recall from ([Z.23) that C5 = O(61) (see also [10] for a related
bound, but without ([239))).

This completes the proof of Theorem O

3. LOWER BOUNDS ON THE BLOWUP RATE

In this section, we prove Theorem [[L3]

Recalling the energy bound ([2.38)),
Oillu®)llBs, < [[Du®)Le [lu®)llBs, ; (3.1)
we invoke the Sobolev embedding

[Dullzee < [[Dul|ps

< ([a© =) 1D,y
< Gsllull g5
~ Crllul oo (32)

with Cs5 = O(672), to get, for s = 3+,

Oullu®)ll s, < Cs([ut)llss,)?- (3.3)
Straightforward integration implies
1 1
- - < Cs(t—to). (34)
(||U(f)||B;2 ||U(t0)||35,2)
Hence,
lu@®llms ~ fu@®)llss,
[u(to)ll B3,
= 1= (t—to)Csllulto)llss,

1—(t —to)Csllulto)llm=
where a possible trivial modification of Cs is implicit in passing to the last line.
This implies that the solution wu(t) is locally well-posed in H®, with s = g + ¢, for

1
Cs|lu(to)llm-
In particular, this infers that if 7% is the first time beyond which the solution u
cannot be continued, one necessarily has that

to <t < to+ (3.6)

1
T > to+ ————. 3.7
O ol 7
This in turn implies an a priori lower bound on the blowup rate given by
1
Olgs > =——— 3.8
[u®ll > G (38)

forall 0 <t < T*.
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Next, we derive the lower bound on the blowup rate stated in Theorem [[.3] which
is stronger than [.8). To begin with, we note that

lo®lles < Colw®l, e
Collu(ll, 5.

05||u(t0)||H%+6 (3.9)
= 1= (t=t0)Csllulto)ll 545 '

IN

That is, local well-posedness of u in H 5+0 implies §-Holder continuity of the vor-
ticity.

The parameter L in the definition ([II)) of ¢5(t) is arbitrary. Thus, in view of
3), we may now let L — oo for convenience. Then,

()3 = (M)

[[uoll 2

.5
2

(Cé |U(f)||Hg+s)1—5

l[uo| 2
C ) t s )
( 5 ) ( [[uto)ll ) 7 (3.10)
l[uoll > 1— (t —t0)Csllu(to)||
where
= 26 5
6 = ds==-+96. 3.11
5r20 STt (3.11)
We note that while the right hand side of (B.I0) diverges as t approaches
1
ty =ty + =———7—, 3.12
I T 1)

the integral

t 5 ¢ ’
1 _5 Cs 1_5/ 1 Hu(tO)HHS 1=0
G -Rar < dt
/to () B (HUOHLz) ¢ (1— (t—tO)Callu(tO)lle)

0

= By(6) (3.13)

converges for § > 0 (< 0 > 0). This implies that the solution u(t) for ¢ € [to, t1)
can be extended to t > t;.

In particular, we obtain that

t1 5
[l 5es < Tt 500 e (Csluolle | (ts(0)Fat)
< Nulto)ly 545 exp (G luollz2Bo(9) ) (3.14)

from Theorem

We may now repeat the above estimates with initial data u(¢1) in H3%9 thus
obtaining a local well-posedness interval [t1,t2]. Accordingly, we may set to to be
given by

1

to =t1 + ———.
2T Gollu(t) |

(3.15)
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More generally, we define the discrete times ¢; by
1

tipg =t + =——— . (3.16)
T Gslult) e
We then have
luttie0)llme < exp ( Coluollze By () ) lfult)]ae (3.17)
where B;(6) is defined by
Cs|uollL2B;(9)
C 1-6  [ti+1 E 27s 1-46
= Cslluoll L2 (—6 ) / ( [ty ) dt
[[woll 2 4 L—(t —t;)Cslult;)] me
_ Lo ( l[uol > )“
> () a
luollz2 \?
. ). (3.18)
[[u(t;)] e
Letting
luollze \?
i = exp (ba( ) ) (3.19)
! l[u(t;)|
we have
lu)lme < pj—r llultj—)lla- (3.20)
and we remark that (p;); satisfy the recursive estimates
l[uoll 2 5
- ))
’ pi-rllu(ti—1)| a
-3
= (pj—1)fi1
= exp (pj_f1 lnpj_1> . (3.21)

We note that from its definition, p; > 1 for all j.

We shall now assume that 7% > 0 is the first time beyond which the solution
u(t) cannot be continued. Thus, by choosing ¢y close enough to 7%, ([B.8]) implies
that ||u(to)||z= can be made sufficiently large that the following hold:

(1) The quantity

luollze \®
bs | ————— <1 3.22
5 (i) (3.22)

is small.
(2) There is a positive, finite constant C independent of j such that
lu(t)lme = Cllulto)l s (3.23)

holds for all 7 € N. Without any loss of generality (by a redefinition of the
constant by if necessary), we can assume that C' = 1.
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Accordingly, (3:23]) with C = 1 implies that p; < po for all j. Then, for any
N e N,

N

T —tg > > (i1 —t)
=0

_ 1 (# T ;)
Cs \ u(to)| u- [w(tn )| a

_ 1 ( o)l lulto)lla- )
Csllu(to) ||z llu(tr)|| e lu(tn)] ae

> ! (1+ Ly 1 )

~ Csllu(to)l n Po po--: PN

> L (1+1+ +1) (3.24)

— Gslluto)l a Po Py '
from % > plo for all j, and the fact that py > 1 since the argument in the exponent
BI9) is positive.

Then, letting N — 0o, we obtain

1 Calluttol (1= )

T 1o ~
Csllu(to)lls (1= exp (— bs (%)6) ). (2

IN

Next, we deduce a lower bound on the blowup rate.

Invoking ([8:22)), we obtain

1 luollzz \
< J(1- — by (RollL2
7 < Colutto)la(1=ew (= (i) ) )
uollz2 \?
~ C t sbs | —————
ool (i)
= Csbs]luol| gz |lulto)ll3-° - (3.26)

This implies a lower bound on the blowup rate of the form

=
lutto)ll 305 = Cluollze) ()

T —t,
1\
= CG ) (=) (3.27)
under the condition that (322)) and B23]) hold.
This concludes our proof of Theorem O

5
APPENDIX A. PROOF OF INEQUALITY (2.38) FOR 5 > 3

In this Appendix, we prove (2.38)) which follows from (2.36]),

1
0llu®lz;, S 1Du@)lle= [u®)E;, . (A1)



14 T. CHEN AND N. PAVLOVIC

for s > 2. We invoke Eq. (26) in the work [9] of F. Planchon, which is valid for
s> 1+ 2 in n dimensions (thus, s > g in our case of n = 3), for parameter values
p = ¢ = 2 in the notation of that paper. It yields

1 . )
502 ugllz. S 2% D 1S Dl poe [|un 22 [l 22
ki

+2%° 3" gz luw |22 | Dyl (A2)
JSkek

5
2
n
2

where up = Pyu is the Paley-Littlewood projection of u at scale k, and S; =
Zj/< j Pj: is the Paley-Littlewood projection to scales < j.

Summing over j,

1 . .
202 2P ullEe S suplSjeaDulle (30203 alue sl

J J k~j
+ Z Z 92s(j—k)gks Nl 2 ok's ||Uk’||L2>
3 kek'>j
S IDullz (30227 usll3
J
#3000 )2 )
ko <k
S IDulze Y250 fuy 7 (A.3)

J

To pass to the second inequality, we used that
[Sj+1Dullee = [[mjt1 % Dul[r < [[Dullz M4l (A.4)

where m; is the symbol of the Fourier multiplication operator S;, and the fact that
[lmjll s ~ 1 uniformly in j. Accordingly, we get

1
SOl S DUl )], (A5)

From

lu@)llB;, = lu®lz: + lu@ll, (A.6)
and energy conservation, d;||u(t)||2, = 0, we obtain

1 2 1 2

Solulh;, = SOl
[Du(®)] e~ [Ju(t)

A

2
”Bs,z

IDu(t)]| Lo [lut)5;, - (A7)
This proves (AJ]). O

A
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