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Abstract

We present a relation between sparsity and non-Euclidean isomorphic embed-
dings. We introduce a general restricted isomorphism property and show how it
enables to construct embeddings of £, p > 0, into various type of Banach or quasi-
Banach spaces. In particular, for 0 < r < p < 2 with r <1, we construct a family

of operators that embed £ into €£1+n)n, with optimal polynomial bounds in 1 > 0.

1 Introduction

A quasi-Banach space (X, || - ||) is said to be an r-normed quasi-Banach space for some
0 <r < 1if: ||z = 0iff z = 0, ||Az]| = |A|[|z|| for any z € X, A € R, and for
any z, y € X, [z +y||” < ||z||” + |ly]|". It is well-known [23] that any quasi-Banach
space can be equipped with an equivalent r-norm for a certain r € (0,1]. We denote by
sparse(m) = {z € R" : |supp(z)| < m} the set of vectors in R" of cardinality of the
support smaller than m. For r-normed quasi-Banach spaces (Ey, || - ||g,) and (Es, || - || z,)
and for p > 0, we define two properties of operators from £ into Ej, j = 1,2, which play
an important role in this paper.

We say that an operator A : () — Ej satisfies property Pi(m) if
Vo € sparse(m) «alz|, < ||Az||g, < Bz,

where |z|, = (O_1, |xi|p)1/ P This property is a generalization of the Restricted Isometry
Property of order § introduced in [5], for the Euclidean case, that is, p = 2, E; = {5, and
the isometry refers to the fact that 3§ € (0,1) such that « =1 — 3§ and § =1+ 5. We
call property P;(m) the restricted isomorphism property. In the case p = 2, some other
versions of this property have been considered in the literature [9, [10], introducing the
relevance of working with general o, 3 and also with E; being ¢ instead of a Euclidean
space. Here we introduce a general setting that is useful when a quasi-Banach space E;

has stable type p (see Section [ for the definition). The main difficulty is to find operators
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that satisfy property P;(m) for a large m, and /3/a being universal constant. To do so, we
use random methods going back to [14], 22]. For example, let 0 < r < p < 2 with r < 1,
and let Fy be (7" with n € (0, 1], we exhibit families of random operators T': £; — (7"
that satisfy property P;(m), with overwhelming probability, for

m = cp, A, (1)
log <1 + %)

where ¢,, and /a are constants depending on p and r. It works also in a more general

setting of quasi-Banach spaces of stable type p.
For the second property we need the following notation. Let z € R™ and let ¢, :
[n] — [n] be a bijective mapping associated to a non-increasing rearrangement of (|z;|),
ie. Ty > |pe)| = -0 > |2pm)|. Denote by I = @, ({(k — 1)m + 1,...,km}) the
subset of indices of the k" largest block of m coordinates of (|z;]), for 1 < k < M, where
M = [%} < 2 +1 (note that I; may be of cardinality less than m). We denote by zj,

the restriction of x to Iy. Clearly, x;, € sparse(m) for 1 <k < M and

T = lek (2)

as a disjoint sum.

We say that an operator B : {; — Fj satisfies property Py(x,m) if

1/r
vz €RY, (Z \xlk\g) < ||Bzllg, < (kn)"[al,
E>2
1

where % + % = . This property with the right choice of parameters is just a simple

consequence of linear algebra, it asks about finding a nice family of vectors in E,. Our

Idy
ml/q

main simple example is that 1 07 — (7} satisfies property Pa(1/m,m). This is inspired
by the techniques used in compressed sensing theory, see for example [8] 4].

Now, we present our main theorem, it is a deterministic statement about Kashin-type
isomorphic embedding for operators that satisfy properties Py(m), Pa(k, m). It provides a
new framework for constructing operators from ¢ into the quasi-Banach space E ©; E,
equipped with the quasi-norm ||z|| = ||z1]|g, + ||z2||E,, where x is uniquely defined by

T+ X9, X1 € E17 To € EQ.

Theorem 1 Let 0 <r < p < oo, withr <1, and let Ey, Es be r-normed quasi-Banach

spaces. Let A : (7 — Ey be an operator that satisfies property Pi(m), and let B : 7 — E

be an operator that satisfies property Po(k, m). Denote U = % (%)Uq AandV = —1-B.

(km)L/a
Then for any x € R™

(@ (min(m, 1/k)\"*
=y (E) (#) j2ly < [Ualls, + [Vele, < 3lal,

1,1 _ 1
where = + = = =.
p+q -



As we said, we know several important situations, where we can find operators that
satisfy the main properties. Let n € (0,1] and Y be the random vector taking the values
{%e1,...,xey}, the vectors of the canonical basis in R™, with probability 217% Let (Y;)
be a sequence of independent copies of Y, where 1 <1 < n, 7 € N. We define the operator
(see [22,12])

S gm
- 1
i1 o1

We shall prove in Section [l that a certain multiple of S satisfies property P;(m) with

m as in (Il). An important consequence of Theorem [Iis the following:

Theorem 2 Let 0 < r < p < 2 with r < 1. For any n € (0,1] and any natural number
n, let W be a (1 +n)n X n matriz defined by

1 Id
W = o)Ly ()
~ nl/a ( S ) b

cl(p’r)))l/q S. Then, with probability greater than 1 — 2exp(—b,,nn), for any

where S = W

reR"
1/q
or | g | el < [Wal, <3-2"]al,
’ log(1 + 5)
where % + % = %, and (p,r), by, Cpr are positive constants depending on p,r.
This answers a long standing question, whether one can give an explicit construction

of random operator that embeds ¢} into N where 0 < r < p < 2, with » < 1, and

N = (1 +n)n, n € (0,1], with optimal polynomial bound in 1 (up to a log factor).
This question was solved recently in [12], where the isomorphism constant is cl,/ﬁ , using
a full random operator (similar to the operator S). The improvement here comes from
a reduction of the level of randomness of the operator. In a sense, it is a mixture of
deterministic and random methods, which enable us to reach the best bound in the
isomorphism constant. Several previous works [14, 22, 2 21], 15, 12] dealt with this
subject. We refer to [15], [12] for more precise references. An important remark is that
the conclusion of Theorem [2] holds for a lot of new operators. For example the random
operators defined originally in [I4] also satisfy property Pj(m) with the same m as in
(@. And several other operators B : {; — £ satisfy property Py(1/m,m). Hence, the
strategy that we have developed allows to define several new explicit random operators
that satisfy the desired conclusion.

The paper is organized as follows. In Section[2] we present the main consequence of the
properties P; and Ps, that is, Theorem [Il Of course, the delicate point is to describe some

operators that satisfy the properties P;(m) and Py(k, m) with the good parameters. This
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is the purpose of Corollary Ml in Section [3] and Theorem [ in Section [l In Section Bl we
present the proof of Theorem 2l Finally, in the Appendix, we discuss the consequences of
property P;(m) in approximation theory and compressed sensing as it is now understood
after the papers [8], [5], [4] and [I7] (see e.g. Chapter 2 in [6]). In particular, we observe
that these operators are good sensing matrices when using the £,-minimization method
and that the kernel of these operators attain the optimal known bounds for the Gelfand
numbers of Id : £ — £7. This illustrates the tightness of the method.

2 The main theorem

In this section, we prove Theorem [Il Let x € R" and decompose it as it is described
in the introduction, see @): = = i, x5, where (I;)M is the subset of indices of the
k™ largest block of m coordinates of (|a;|), and zj, is the restriction of x to I;. Each
subsets [, is of cardinality m except Ip; whose cardinality is less than m. Moreover,
M=[2] <2 +1

Let us start with the upper bound. By the triangle inequality, definition of U and
property P;(m), we get that

M M M
Uzlle. = (U ro< U T« ﬁz r/a T
Uslly, = 103 en sy < 3 W0l < (5) S fonl;
k=1 k=1 k=1

Since r < p we get by Holder’s inequality

M M r/p
Zm%w%iwg
k=1 k=1

where 1/p +1/q = 1/r. By definition of the £J-norm and of decomposition (2) of z,

M
el = lenll
k=1

and we get that |U(x)|lg, < 2|z|,. By definition of V' and property Ps(x,m), we have
Vx| g, <|z|,. We conclude that for any x € R”,

U]l + [IVl|e, <3|l

As for the lower bound, we partition the sphere Sg_l into two sets, such that on one
set we have a lower bound for ||Uz||g,, and on the other set we have a lower bound for
|V x| g,. This natural type of partitioning of the sphere was also used by Kashin [16] and
[24, 1]. More precisely, for 0 < v < 1 to be defined later, we partition the sphere SI’}_l
with respect to v and define

v, ={ze Sg’l NVallp, <7}



Clearly by this definition, if x ¢ ¥, then a lower bound v holds for this point, i.e.
V| >~

In the other case, where x € X, we shall obtain a lower bound, this time for the operator

U. By the triangle inequality
U], = |Ux I, — U2 — 1) |,

Now, we learn each term. By decomposition (2) of x, triangle inequality, and property

P1(m)
mA /1 o
10 = 217, = r\UfokHEl<Z|arzkuEl_(5) > lany
k=2
r/
Uzl > (5) (2)" len

For 0 <r <p < oo, with r <1, the £,-norm on R" is an r-norm. Hence

|:L‘]1 |x_lek > 1_Z|xlk|;

Therefore,

" r/q M
|V, |, > (%) (2) <1_Z|m|;>

k=2

Combining all the above, and since f/a > 1

el = (5) (% 1—f\xzk\;>—(%)”q§é\xzk\;
(5

k=2

@ (s o2
(=) (g)”q 1_2é|xfk|; (9))

By property Ps(x, m) and recalling that x € ¥, we have

v

v

M
Y lenly < 1Bz, = (sn) ||Vl <57 (k)

Velle, = <%)T (%)T/q (1 — 27" (rn)"/ (g)r)

We conclude that if
o« 1 La
= 4178 \ kn

It follows




then for any x € ¥,

a 1/q
V2l > 575 ()

Recalling that for any x ¢ X, we have ||V z||g, > v, it implies that for any z € S}~

e min(m, 1/k) 1
41/7’6 ( n )

< |[Uz[lg, + [Vl s

Combining with the upper bound, it concludes the proof of Theorem [Il [ ]

3 Operators satisfying property Ps(x, m)

Property Py(k,m) can be satisfied by many operators, probably the most natural exam-
ple would be the identity operator. This is just a simple consequence of the following

elementary lemma about the partitioning scheme that we described above.

Lemma 3 Let 0 < r < p and let x € R™ be decomposed as in ([@). Then for any j > 1

M-1 1/r
- 1
(Z |xlk+1‘p> < m|x(11U---UIJ‘—1)C r
k=j

< el
where q is defined by % +% = %
Proof. Let k£ > 1. We have
r/p
= D Il < Ly 77 - max |z;|"
ielk+1 €kt
and
ms el < minledl € [y S jal” = e
1€y,
We deduce | ot
Ty i1
VEZ1 |og,,l, < T\ el < o lend
Summing up these inequalities for all £ > 7 we get
M-1 | Mol
Z ‘xlk+1 p = mrld Z ‘xlk r = r/q|x hu..Ulj_1)° |r = mr/q| ‘
k=j
which concludes the proof. [ ]

It follows that the identity operator from €7 to £}, correctly normalized, satisfies

property Po(1/m,m).



Corollary 4 Let 0 < r < p < oo and q be such that 1/p+ 1/q = 1/r. The operator
ﬁldn by — L7 satisfies property Po(k,m), where k = % and Ey = 0. More precisely

for any x € R™,
M

., 1 , n\"/a, .
>l < i, < (=) lat;

Proof. Take j = 1 in the Lemma [3] and use Holder’s inequality for the upper bound. m

Remark. 1. Property 732(%, m) holds true for matrices with non-trivial kernel, e.g. take
a permutation matrix P, (where o € S,,) and remove k (up to m) rows.
2. Property P2(£,m) holds true for any operator —7V, where V : (' — E), satisfies for
any r € R"

2l < [Vallp, < (Kn)'al,

4 Operators satisfying property P;(m)

In order to apply Theorem [1l we should find operators that satisfy property P;(m). For
p = 2, the set of matrices that satisfy property P;(m) is wide. Indeed, random matrices
like e.g. Bernoulli matrices, Gaussian matrices, matrices with independent log-concave
rows, satisfy this property for a large m with E; = ¢4 or ¢¢. In the case p # 2, the
situation is more delicate. We shall present a possible answer when 0 < p < 2, which is
based on the notion of p-stable random variables. A natural question consists of asking
what happens for p > 2. In that case, our method won’t work, as the notion of p-stable

random variable is not valid anymore.

4.1 Restricted isometry property for quasi-Banach spaces

We need several consequences of well-known results about p-stable random variables. We
refer the reader to Chapter 5 of the book [I8] and to [22, 2] for the construction of the
random operator that we present here. We recall that a real-valued symmetric random
variable 6 is called p-stable for p € (0, 2] if its characteristic function is as follows: for some
o >0, Eexp(itd) = exp(—clt|P), for any real t. When o = 1, we say that 6 is standard.
Stable random variables are characterized by their fundamental “stability” property: if
(6;) is a standard p-stable sequence, for any finite sequence (o) of real numbers, > . a6
has the same distribution as (3, | |P)'/76;.

Let 0 <r <p <2, withr <1, and let X be an r-normed quasi-Banach space. We say
that X is of stable type p if there exists a constant ST, such that for any finite sequence
(x;)i C X

(BI )" < ST, (3 iy ()



where (6;); is an i.i.d sequence of standard p-stable random variables. We denote by
ST,(X) the smallest constant ST, such that (4)) holds. An important property of p-
stable random variables is the following stability result. Let © = Zjvzl 0;z;, where z; € X
and 6; are i.i.d. p-stable random variables. For every integer k£ > 1, if ©,...,0 are
independent, copies of © then for every (a;)%, € RF, S2% 0,0, has the same distribution

as (1, |ai|?)/?©. In particular,

k 1/r k
(EHZ%@@'HT> = (Z\Oﬂp)”p (B[O (5)

Assume that X is of stable type p with 0 < r < p < 2. Therefore, we can find a finite

sequence 71, ...,rx € X such that Ef\il ||z ||” = 1, and

N 1/r
(EH Ze@-x@-uj > SST,(X) )

Let y; = x;/||x;||. Let Y be a symmetric X-valued random vector with distribution equal
to Zﬁl || |[P(6y;, +6-y,)/2, and let Y3, Y5, ... be i.id copies of Y. Let (\;) be independent
random variables with common exponential distribution P{\; > ¢t} = exp(—t), t > 0. Set
T; =37\, for j > 1 then it is known (cf. [I9]) that there exists a positive constant s,

depending on p, such that in distribution

N
6=>"1;""v; £ 5> b
1=1

Jj=1

It follows that
- 1/r
(BI6IT) " > 5, - ST, () (7)
Following Pisier [22], we define the operator

T:0"— X

n

1

e D ILD DR (8)
(R16)r) "= =

a=(ag,...,0p) —

Theorem 5 Let 0 < z% <r <p<2 wthr <1, and let X be an r-normed quasi-
Banach space, with stable type p constant ST,(X). Then with probability greater than

1 —2exp (=by, (ST,(X))?) the operator T satisfies property Pi(m) for any m, such that
m < (¢, STp(X))" / log (14 n/(cprSTp(X))")

where %Jr% = % and by, c,» are positive constants depending on p and r. More precisely,

for such m

N W

1
Vo € sparse(m) ) |0z|; < ||To|" < |oz|;



Remark.

1. For any ¢ € (0,1), we can introduce a dependence in ¢ in the choice of m, such that
property P;(m) holds with « =1 — 6 and 5 =1+ 9. So, this is an extension of the RIP
to r-normed quasi-Banach spaces.

2. Notice that (@) is the main property that should be satisfied by the family of vectors
{z1,...,2z5} C X. The quantity ST,(X) in the theorem can be replaced by the quantity
that will appear in this inequality, for the prescribed family {z1,...,zx}. It is not nec-
essary to estimate ST,(X) but the definition of stable type p corresponds to make it as

large as possible.

For the proof of Theorem Bl we define the following auxiliary operator

T:00—X

1 _
a=(a,...,0n) > ————- ) Fjl/pYij

- 1/r
(BI6)) " = =

We need the following two lemmas, which are analogous to the main lemmas in [22] 2].
The first one is a consequence of well-known results about p-stable random variables (see
also |2, Lemma 0.3]).

Lemma 6 Let 0 < 22 < r < p < 2. For the operators T and T defined above, there

p+2
exists a positive constant d,, depending on p and r, such that for any o € R",
r/q
E||TO[| Z| Pﬂ” |sup~p(a)|
IE||9|| Elle]r

Proof. It is known (see [I2] for details) that for any 0 < %5 < r < p < 2 there exists a

positive constant d,, depending on p and r, such that

Sl <
7>1
Therefore,
1 _
E||Tal|" | < E||(3)||TE Z %Z <j Uy, — 1/”Yij>

iesupp(er)  j=1
r

1 _
<o 2l B|S (57 -1
E”@”T i€supp(a) Jjz1
1
<= 3 Jal B -
” ” i€supp(a) j>1
r/q
S ]; Z ‘Ofi‘rdp,r S dpﬂ’ |SupP(a)|
Ell©fr Ell©f"

i€supp(a)



The next lemma follows from results about scalar martingale difference (cf. [14,22,12]).

Lemma 7 Let X be an r-normed quasi-Banach space and (Z;); be a sequence of inde-
pendent X wvalued random vectors, which are uniformly bounded. Let Ay, = esssup ||Zx(-)]]-

If 7 = Zkzl Zy converges a.s. then for any t > 0 we have

q/r
P{||Z|" —E||Z|||>t}<2exp< (W) )

;. . :
where ¢, ,. is a positive constant depending on p and r.

Denote Z;, = a;j~Y/PY;; and observe that || Zy|| < |oy|j~YP. Tt is easy (cf. 22, 12]) to
deduce that ||(A})k|lp/re0 < ||, = 1. Therefore, by applying Lemma [, for any ¢ > 0, we

obtain

t
P{lITal - BITall| 2 o} < 2exp(—d ")
B0l »
Taking t = s” E||O||", we conclude that for any a € spt,
T r AT alr
P{ITall ~ BITall" > ') < 205 (g, (E161")"") )

Proof of Theorem [Bl Let o € Sg_l. By (@), and the discussion above we have

i . E|6|"
ElT o I 1/p g _ r _ |
1Tl = En@n ”Z 2T = En@n ”Z E|8|"

7>1

Therefore, by Lemma

dy|supp(a)|"/
Elle|

[E|Tal" - 1] = [E|Ta|" -

S| /T
It follows that if |[supp(«a)| < (%)q then

[E[Tal" = 1] <

e~ =

Moreover, by (@) for s = (1/8)Y/"
~ q/r
B{||Tal" - E|Tal| > 1/8} < 2exp (—b;r (E161") )
n— E6)\ "
We deduce that for every o € S ! such that |supp(a)| < ( Ay )

- Jr
P(5/5 < |Tal" < 11/s} > 1~ 26 (1, (&161) ")

We need to approximate the set of sparse vectors of size m of Sgil by a net. By a d-net

of a subset U of an r-normed space X, we mean a subset N of U, such that for all z € U,

inf [|lz —y|" <6
inf [lz —ylI” <
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It is well-known by a volumetric argument (see [14, Lemma 2]) that if X is an r-normed
space of dimension m then the unit sphere of X contains a d-net of cardinality at most
(1+2/8)™". Now, since

sparse(m) N Sg_l = U RN Sg_l
[T|=m
we can find a 1/12-net N of sparse(m) N Sg_l of the form U|1|:mN1, where N7 is a subset
of R N Sp~! of cardinality at most 25™/". The cardinality of A is at most (")25™/" <
exp(mlog(d,m/n)), where d, is a constant depending on r. From a classical union bound

argument, we deduce that with probability greater than
- q/r d,
1—2exp (—b;” <E||@||7"> + mlog (—m))
: n

Vye N, 5/8 < ||Ty|" <11/8

we have

Since for any a € sparse(m) N Sy~ there exists y € N, such that o — y € sparse(m)
and |a —y[; < 1/12. And, for r < p, the £,-norm is an r-norm. We get by the triangle
inequality of the r-norm || - ||

Vo € sparse(m) NSy~ [ Tal” > || Tyl" — [|T(a — y)II"

1
and sup [To||” < sup | Tyl + — sup [ Ter]|"
yej\/' ]_2

a€esparse(m)NSp~! a€esparse(m)NSp~!

It is easy to conclude that with probability greater than
- q/r d,
1 - 2exp (—b;” <E|]@H”> +mlog (—m))
’ n

Vo € sparse(m) NSy, 1/2 < ||Tal” < 3/2

we have

By (7)) we know that
- 1/r
(EISIT) " = 58T, (X)

and we conclude that for constants b, , and c,, depending on p and r, if
m < (¢, STy(X))" / log (14 1/(cprSTH(X))")
then
P {Va € sparse(m) NSy~ 1/2 < ||[Ta||” < 3/2} > 1 —2exp (=by, (ST,(X))?)

This ends the proof. ]
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4.2 Restricted isomorphism property for /.

Let 0 < r < p < 2withr <1, let n € (0,1] and X = ¢™. It’s well-known that
ST, () = C;,r(n”)l/q- It’s easy to see from definition (4]) that we may take the canonical
basis of R™ as the x;’s in (). Hence, let Y be the random vector taking the values
{xe1,..., %€}, the vectors of the canonical basis in R", with probability 217#” We
define the operator (see also [12])

S o

x=(x1,...,2, ’_)Z‘TZZ 1/P

]>1

We deduce from Theorem [5] the following important corollary.

Corollary 8 Let 0 <r < p < 2, withr < 1. Let n € (0,1] and § = ¢,,n/log(1l + 1/n).
Then with probability greater than 1 — 2exp(—b,,nn), the operator S/(nn)e satisfies
property Py(dn). More precisely,

1
V€ sparse(dn)  c(p,r)|xfp < o )1/q|537\ < C(p,r)lzly
where ¢y, c(p,7),C(p,r) and by, are positive constants depending on p and r.

Proof. It is important to note that the definition of S does not depend on the choice of
r. Let r € (0,1]. If 0O <o <r<p< 2, this is a direct application of Theorem [Bl and the
fact that ST, (") = ¢, (nn)l/ 7. For the other Values of r, we use a classical extrapolation
trick. Let r{ <1 and r» <1 be such that 0 <o <r<rp<p< 2 then we can use the
first case and deduce that with probability greater than 1 — 4 exp(—b,nn)

a(p)lal, < o )1/q1|504\r1 < Ci(p)laly
Vo € sparse(on)
1
ca(p)lal, < ) |Salr, < Ca(p)laly
where 1 + L =11 + = L and b, = min(b,,,,bp.,). For any r < r;, we have for any

p q1 ry’ T2

zeR™ |z|,, <|z/° | where 1/r; = 0/r + (1 — 0)/ry, and |z|, < (nn)V/7=V/"1 2],

is easy to deduce from the previous inequalities that

7’27

1
1/r
Va € sparse(on), ¢(p) /" |al, < 7(nn)1/q|504|r < Ci(p) |y

for a new positive number ¢(p) depending on p. |

Remark. We should add that the random operator defined in [I4] also satisfy the same
property P;(m), since the main properties of this random operator are completely anal-

ogous to Lemmas [ and [7]
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5 Random embedding of /] into N

In this section, we describe the main consequences of properties P; and P, in the geometry
of Banach spaces. We prove Theorem 2] about the existence of very tight embeddings
from ¢} into AHn)n’ where 7 is an arbitrary small number, and 0 < r < p < 2 with r < 1.
The isomorphism constant of these operators is of the order of (n/log(1+1/n))~'/%, where
1/p+1/q = 1/r. Up to the logarithmic term it is best possible since the Banach Mazur
distance between £ and €7 is of the order n'/?. It improves the main result of [12] and
we refer to this paper and to [I5] for the history of the problem.
Let S : € — £" be the operator defined in (@) and W : £ — (" be defined by

W:L(Id ) gn g1+n)n
nl/q S

S and d(p,r) is a constant depending on p and r. By Corollary [

TSy
with probability greater than 1— 2 exp(—b,,nn), the operator S/(nn)/ satisfies property

P1(dn), that is

where S =

1
Vx € sparse(on) c(p,r)|z|, < e )1/q|Sx|r < C(p,r)|z|p

where § = ¢,,n/log(1 + 1/n) and b, ., ¢y, c(p, ),C(p, r) are numbers depending on p
and r. Moreover, by Corollary d] the operator m Id, : £ — (' satisfies property

P2(1/dn,én). Therefore, by Theorem [I we conclude that, for any = € R”

1/q
— TC(p,T) n 1 o
Tl ( ;>> 21y < =7 (Ial, + 1S21,) < 3lal,
n

(p,r) \ log(1+

,( )
fO m S S Slnce

- - 1/r -
aly + 1Se} < (loly +182l;) " = nta|wal, < 27 (Jal, +|Sal,)

the proof of Theorem [2] is complete. [ ]

Appendix

We would like to conclude this paper by presenting some relations between property Py
and between approximation theory and compressed sensing. Indeed, in his seminal paper
[8], Donoho made several connections between compressed sensing and Gelfand numbers.
We pursue that direction and present direct consequences of property P; in this setting,
like in [8 5], 10, 1T]. The results are known. The main point is to emphasize about new
subspaces that "attain” Gelfand widhts, and new operators that satisfy the approximate

reconstruction property via the ¢,-minimization method, for 0 < r < 1.
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Recall that the Gelfand numbers of an operator v : X — Y is defined for every k € N
by
ck(u: X =Y)=inf{ sup ||u(z)|y}

z€S |zl x<1
where the infimum runs over all subspaces S of codimension striclty less than k. For any

0 < r < oo, we define the weak-£]' space to be R" equipped with the quasi-norm | - |, o

-----

where ] > x5 > .- > a7 is the non-increasing rearrangement of (|z;|);.

Proposition 9 Let Ey be an r-normed quasi-Banach space, A : € — Ey with 0 <r <p
and m < n, such that property Pi(m) holds true. Then

M 1/r
Vhekerd, |hl, < (1+ (3/a))"” (Z |hzk\;;> (10)

k=2

where h = Y2 hy, is the decomposition defined in (@) and M = [2]. Let s <m then

n
k m

s\ /a4 o 1/p
Vheker AYIC{L...nh |1 <5, bl < (=) (04 (8/a)) " 0], (1)

Remark. The conclusion of the proposition does not depend on the choice of E;. It is
chosen such that the property P;(m) holds true for a value of m as large as possible.
Proof. Let h € ker A, h # 0 and write

Al = b= hp [y =+ b |}
Since r < p, the first term satisfies

M M 1/p M 1/r
k=2 k=2 k=2

For the second term, we use property Py (m). Since h € ker A then A(hy,) = — S0, A(hz,)
and since hj, € sparse(m) we get by property P;(m)

M M 1/r
S At < (Z HA<hfk>|rzl>

where the last inequality comes from the triangle inequality for the quasi-norm in Ej.

|h' - h’h‘p =

p

1 1
hrl, < —||A(h ==
A lp < ARl =~

Eq

Since for any k > 2, hy, € sparse(m), we have by property P;(m), for any k > 2
[ACh ), < B |hel;

Combining both terms, It is easy to deduce ([I0). If h € ker A and I C {1,...,n} with
|I] < s, we have by Hélder and (I0)

M 1/r
gl < 8M9|h], < sV (14 (B/a)?) P (Z |hzk\§>
k=2
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From Lemma [3] we conclude that

S

il < (2)" 0+ ),

The argument that we have presented goes back to [8] while working in a Euclidean
setting. We refer also to [6] for more details. Inequality (I0) has some obvious conse-
quences in terms of Gelfand numbers of the identity operator between some sequence
spaces that are known from [I1]. Inequality (II]) is a strong form of the so called null

space property and has consequences in compressed sensing.
Corollary 10 Let 0 <r <p <2 withr < 1. Then for any c,,logn <k <n —1,

10g<1 + %))1/‘1

ap(ld: 07 — €)) < cp(Id: 6 — 6)) < Gy ( k

where 1/p+1/q=1/r, and ¢, ,,C,, are positive constants depending on p,r.

The upper bound in (I2)) is known to be optimal [T1] (up to constants depending on
p and r), it is proved by interpolation in [13] (see also [25]). Here, we give an alternative

proof based on our method, i.e. we find new subspaces for which this bound is attained.

Proof. For any z € R", |z|,» < |z|,. Hence, the left inequality is obvious. Let
cprlogn <k < n-—1and E, = Efl, where r < r; < p and r; < 1. Let n such
that k = nn, we know from Corollary § that S/k'/"~1/P satisfies property P;(m), where
m = ¢y, k/log(l +n/k), a and  being constants depending on p and r,. Following the
proof of Lemma [, we know that for any h € R",

—1/r
Pty < MY i, < syl LTS

by definition of the weak-£ norm. Since ry/r > 1, >, -, k=7 is finite and

M 1/r1
r ¢ T
(Z |h1k|p1> < mﬁ/q A0
k=2
By definition of S, codimker S < k and we conclude by Proposition [0 and (I0) that

log(1 + 1)\
for any h € ker S, |h|, <, (W) IR 00

which ends the proof. [ ]

Remark. Obviously, for r = 1, we get with the same proof an additional log(1 + n/k)

factor as in [I1].
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There is a connection with the analysis of sparse recovery via ¢,-minimization method
for 0 <r < 1. Let S : R® — R¥ and for any y € R",

A, (y) = argmin |z|., subject to Sz = Sy (13)

For r = 1, this is the basis pursuit algorithm [4], and it has been generalized to the
non-convex minimization problem for r < 1 in [7, 9, [11]. It is known [11] that if a matrix
satisfies the Restricted Isometry Property then the /,-minimization method gives good
approximate reconstruction of signals (which is exact in the sparse case). Since inequality
() is the analogue of the strong form of the so called null space property in compressed
sensing, we conclude that an operator satisfying property P;(m) for some quasi-Banach

space Fj is a good sensing matrix. We illustrate it in the following corollary.

Corollary 11 Let S : {; — (% be the random operator defined in ([3). If s > 0 satisfies

k

< .

then with probability greater than 1 — exp(—b, k),

— A, < A4Y7 inf |y — yql,
ly W), < |}Iﬁgsly v

And if y € sparse(s), the reconstruction is exact: y = A.(y).
Proof. By definition of A, h =y — A.(y) € ker S and |A,(y)|» < |A(y) + h|.. We get

lylr >y + hly = yr + hr + yre + hrely > |yily — il + [hye

r = lyrely

so that

20yselr = [huelr = [hul; (14)

By Corollary [§, we know that with probability greater than 1 —exp(—b, k), the operator
S/k'4 satisfies property Py(m), where m = ¢, ,k/log(1 + n/k), a and B being constants
depending on p and r. We can apply Proposition @l and we deduce from (II]) that

S

1/q
hale < () (14 (B ),
m
We choose the constant ¢(p,r) in the definition of s, such that

()" i+ oy < 1

hence, we get that |h;|l < |h|l/4, which gives that |h;|l < |hre|l/3. We conclude from
(@) that |ye|- > |hse|-/3 and that

|hly = Thaly 4 Thuels < 4lysel;

which is the announced result. ]
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