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Abstract

A two-person zero-sum differential game with unbounded controls is considered.
Under proper coercivity conditions, the upper and lower value functions are character-
ized as the unique viscosity solutions to the corresponding upper and lower Hamilton—
Jacobi-Isaacs equations, respectively. Consequently, when the Isaacs’ condition is sat-
isfied, the upper and lower value functions coincide, leading to the existence of the
value function. Due to the unboundedness of the controls, the corresponding upper
and lower Hamiltonians grow super linearly in the gradient of the upper and lower
value functions, respectively. A uniqueness theorem of viscosity solution to Hamilton—
Jacobi equations involving such kind of Hamiltonian is proved, without relying on the
convexity /concavity of the Hamiltonian. Also, it is shown that the assumed coercivity
conditions guaranteeing the finiteness of the upper and lower value functions are sharp
in some sense.
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1 Introduction

Let us begin with the following control system:
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{ §(s) = f(s,9(), () uals)), s € [T, 11

y(t) = .
where f: [0, 7] xR" x Uy x Uy — R" is a given map. In the above, y(+) is the state trajectory
taking values in R", and (u;(+), us(+)) is the control pair taken from the set U7 [t, T xUs?[t, T
of admissible controls, defined by the following:

up e, T) = {ur < [t,T] = Uy | /T jua(s)|7 ds < oo},
tT
UL T) = {un < [1,T) = Uy | /t Jus(s)|72ds < oo},

with U; and U, being closed subsets of R™ and IR™?, respectively, and with some oy, 09 > 1.
Note that U; and U, are allowed to be unbounded, and they could even be R and R™?,
respectively. The performance functional associated with (1.1) is the following:

Tt a0, ) = [ gl ) wa(s),wals))ds + (y(T), (12

with ¢ : [0,7] x R" x U; x Uy = R and h : R" — R being some given maps.

The above setting can be used to describe a two-person zero-sum differential game: Player
1 wants to select a control u;(-) € U7*[t,T] so that the functional (1.2) is minimized and
Player 2 wants to select a control us(-) € Us*[t, T] so that the functional (1.2) is maximized.
Therefore, J(t,x;ui(-),ua(-)) is a cost functional for Player 1 and a payoff functional for
Player 2. Also, if U; is a singleton, the above is reduced to a standard optimal control
problem.

Under some mild conditions, for any initial pair (t,x) € [0,7] x R™ and control pair
(ur(+),ua(+)) € UTHE, T] x U3?[t, T, the state equation (1.1) admits a unique solution y(-) =
y(-;t,x,uq(+), us(+)), and the performance functional J(¢,z;uy(+), us(-)) is well-defined. By
adopting the notion of Elliott-Kalton strategies ([7]), we can define the upper and lower
value functions V= 1 [0,T] x R" — R (see Section 3 for details). Further, when VE(--)
are differentiable, they should satisfy the following upper and lower Hamilton-Jacobi-Isaacs
(HJI, for short) equations, respectively:

{ VE®,2) + HE (L2, VE(L2) =0,  (t,2)€[0,T] x R", 13)

VE(T, z) = h(x), z € R",

where H*(t,z, p) are upper and lower Hamiltonians defined by the following, respectively:

H+(t,$,p): lnf sup {<p,f(t,x,u1,u2)>+g(t,x,u1,u2)},

u1 €U us€Us

H™(t,x,p) = sup inf | (p, f(t,2,u1,u5)) +g(t, v, u1,u5), (1.4)

uz €Uy W1€UL
(t,xz,p) € [0,T] x R" x R".
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When the sets U; and U, are bounded, the above differential game is well-understood ([8]):
Under reasonable conditions, the upper and lower value functions V=(-, -) are unique viscos-
ity solutions to the corresponding upper and lower HJI equations, respectively. Consequently,
in the case that the following Isaacs condition:

H*(t,x,p) = H (t,z,p), V(t,z,p) € [0,T] x R" x R", (1.5)

holds, the upper and lower values coincide and the two-person zero-sum differential game
has the value function

V(t,z) =V*t(t,x) =V (t, ), (t,x) € [0,T] x R™. (1.6)

For comparison purposes, let us now take a closer look at the properties that the upper
and lower value functions V*(-,-) and the upper and lower Hamiltonians H*(-,-,-) have,
under classical assumptions. To this end, let us recall the following classical assumption:

(B) Functions f : [0,T] x R" x U; x Uy = R", g : [0,T] x R" x U; x U; — R, and
h : R" — IR are continuous. There exists a constant L > 0 and a continuous function
w : [0,00) x [0,00) — [0,00), increasing in each of its arguments and w(r,0) = 0 for all
r > 0, such that for all t,s € [0,T], x,y € R", (u1,uz) € Uy X Uy,

|[F(t, 2,01, u2) = f(s,9, w1, us)| < Llw =yl + w(la] V ]yl [t = s]),
|9 (t, 2z, w1, uz) = g(s, 9, wr, up)| < w(|z] V [yl |z =yl + [t — ),

|h(z) = h(y)| < w(lz| vyl [ = yl),
|[F(2,0, w1, ug)| 4 [9(2, 0, ur, us)| + [A(0)] < L,

(1.7)

where [z] V [y| = max{]z], |y[}.

Note that condition (1.7) implies that the continuity and growth of (¢, x) — (f(¢, z,uy, us),
g(t, r,uy,us)) are uniform in (uq,us) € Uy x Uy. This essentially will be the case if U; and
U, are bounded (or compact metric spaces). Let us state the following proposition.

Proposition 1.1. Under assumption (B), one has the following:

(i) The upper and lower value functions V=(-,-) are well-defined continuous functions.
Moreover, they are the unique viscosity solutions to the upper and lower HJI equations
(1.3), respectively. In particular, if Isaacs’ condition (1.5) holds, the upper and lower value
functions coincide.

(ii) The upper and lower Hamiltonians H*(-,-,-) satisfy the following: For all t,s €
0,T], z,y,p.q € R",

|H*(t,2,p) — H(s,y,q)| < L(1 + |z|)|p — ¢
+(1+ [p| AlgD) (Ll =yl + w(lz| v [yl [t = ), (18)
[H*(t, 2, p)| < L(1+ |a])[p| + L + w(|z], |2]),
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where |p| A |q| = min{|p|,|q|}, and w : [0,00) X [0,00) — [0,00) is nondecreasing in each
argument, and w(r,0) =0 for all r > 0.

Condition (1.8) plays an important role in the proof of the uniqueness of viscosity solution
to HJI equations ([4, 11]). Note that, in particular, (1.8) implies that p — HE(¢,x,p) is at
most of linear growth.

Unfortunately, the above property (1.8) fails, in general, when the control domains U
and/or Us is unbounded. To make this more convincing, we look at a one-dimensional linear-
quadratic (LQ, for short) optimal control problem (which amounts to saying that U; = R
and Us = {0}). Let the state equation be

y(s) =yls) +uls),  scltT],

with a quadratic cost functional

Ttz = 5[ [ ()P + luls)P)ds + [y(T)].

Then the Hamiltonian is

|z + [ul® > P
5

. T
H(t,x,p)zgglg[p($+U)+ 5 ]Z:vp+3

Thus, p — H(t,z,p) is of quadratic growth and (1.8) fails.

Optimal control problems with unbounded control domains were studied in [2, 6]. Unique-
ness of viscosity solution to the corresponding Hamilton-Jacobi-Bellman equation was proved
by some arguments relying on the convexity/concavity of the corresponding Hamiltonian
with respect to p. Therefore, the results of [2, 6] do not cover the general case of two-person
zero-sum differential games, for which the upper and lower Hamiltonians are not necessarily
convex or concave, even if the Isaacs’ condition holds (see a typical case of such in the next
section).

The main purpose of this paper is to study two-person zero-sum differential games with
unbounded controls. A main motivation comes from the problem of what we call the affine-
quadratic (AQ, for short) two-person zero-sum differential games, by which we mean that
the right hand side of the state equation is affine in the controls, and the integrand of
the performance functional is quadratic in the controls (see Section 2). This is a natural
generalization of the classical LQ problems.

For general two-person zero-sum differential games with unbounded controls, under some
very mild coercivity conditions, the upper and lower Hamiltonians H*(¢, z, p) are proved to
be well-defined, continuous, and locally Lipschitz in p. Therefore, the upper and lower HJI
equations can be formulated. Then we will establish the uniqueness of viscosity solutions to
a general first order Hamilton-Jacobi equation which includes our upper and lower HJI equa-
tions of the differential game. By assuming a little stronger coercivity conditions, together
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with some additional conditions (guaranteeing the well-posedness of the state equation, etc.),
we show that the upper and lower value functions can be well-defined and are continuous.
Combining the above results, one obtains a characterization of the upper and lower value
functions of the differential game as the unique viscosity solutions to the corresponding up-
per and lower HJI equations. Then if in addition, the Isaacs’ condition holds, the upper
and lower value functions coincide which yields the existence of the value function of the
differential game.

As we have seen above, due to the unboundedness of the controls, the upper and lower
Hamiltonians H*(¢, z,p) will grow super linearly in p. Our approach to the uniqueness of
viscosity solution to such HJ equations is a careful modification of the original proofs found
in [4, 11]. We would also like to mention here that due to the unboundedness of the control,
the continuity of the upper and lower value functions V*(¢, x) in ¢ is quite subtle. To prove
that, we need to establish a modified principle of optimality and fully use the coercivity
conditions. It is interesting to indicate that the assumed coercivity conditions that ensuring
the finiteness of the upper and lower value functions are actually sharp in some sense, which
was illustrated by a one-dimensional LQ situation.

For some literature, more or less relevant to the current paper, we refer the readers to
[13, 10, 9, 1, 16, 14], and references cited therein.

The rest of the paper is organized as follows. In Section 2, we make some brief ob-
servations on an AQ two-person differential game, for which we have a situation that the
Isaacs’ condition holds and the upper and lower Hamiltonians H*(¢, z, p) are quadratic in
p but may be neither convex nor concave. Section 3 is devoted to a study of upper and
lower Hamiltonians. The uniqueness of viscosity solutions to a class of HJ equations will
be proved in Section 4. In Section 5, we will show that under certain conditions, the upper
and lower value functions are well-defined and continuous. Finally, in Section 6, we show
that the assumed coercivity conditions ensuring the upper and lower value functions to be
well-defined are sharp in some sense.

2 An Affine-Quadratic Two-Person Differential Game

To better understand two-person zero-sum differential games with unbounded controls, in
this section, we look at a nontrivial special case which is a main motivation of this paper.
Consider the following state equation:

{ y(s) = A(s,y(s)) + Bi(s,y(s))ui(s) + Ba(s,y(s))ua(s),  s€[t,T], 2.1)
y(t) = =,

for some suitable matrix valued functions A(-,-), Bi(-,-), and Bs(-,-). The state y(-) takes
values in R" and the control w;(-) takes values in U; = R™ (i = 1,2). The performance
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functional is given by

Ttz (), w()) = [ [QGsy(s) + 5 (Rals, p(s))ur(s), wa(s) )

+(S(s,y(s)u wxw@»—éc&www»wwxwww 22)
(0105, y(5)), wa(5) )+ (Bals, y(5), was)) ds + Gly(T)),

for some scalar functions Q(-,-) and G(-), some vector valued functions 6, (-,-) and 6(-,-),
and some matrix valued functions Ry (-,-), Ra(-,-), and S(-,-). Note that the right hand
side of the state equation is affine in the controls u(-) and uy(-), and the integrand in the
performance functional is up to quadratic in u(-) and wuy(-). Therefore, we refer to such a
problem as an affine-quadratic (AQ, for short) two-person zero-sum differential game. We
also note that due to the presence of the term (S(s,y(s))ui(s),ua(s)), controls u;(-) and
us(+) cannot be completely separated. Let us now introduce the following basic hypotheses
concerning the above AQ two-person zero-sum differential game.

(AQ1) The maps
A:[0,T]xR"—-R", B;:[0,7] xR" - R"™, By:[0,7] x R" — R"™?,

are continuous.

(AQ2) The maps

Q:[0,T]xR"—=R, G:R"—=R,

Ri:[0,T] x R" = 8™, Ry:[0,T] x R" = 8™, §:[0,T] x R" — R™*™_

0, :[0,7] x R" - R™, 6,:[0,7] x R" — R™
are continuous (where 8™ stands for the set of all (m x m) symmetric matrices), and Ry (¢, z)
and Rs(t,z) are positive definite for all (¢,z) € [0,7] x R".

With the above hypotheses, we let
H(t z,p,us, u2) <p7 A(t7 I) + Bl(t> z)ul + B2(ta ZB)UQ > +Q(ta ZIZ')
1 1
+o (Bt w)ur, ) + (St 2)ur, uz) =5 (Rt 2)uz, uz) (2.3)

+(01(t, 2),ur ) + (02(t,2),uz) -

Our result concerning the above-defined function is the following proposition.

T
Proposition 2.1. Let (AQ1)-(AQ2) hold. Then the matrix <f;1((tzi,;)) f}({i(?@) is

invertible, and

H(t, z, p,uy, us) = 1t x) (uy —aq),up —ay )+ (St ) (up — @), ug — Us )

(2.4)

(R
5 (Ralt,a)(uz = )z = z) +Qo(t, 2,p),
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where

@\ (Rut,x)  Sta)" \ [ Buit,x)Tp + 0u(t,x)
<u2> N < S(t,x) —Rg(t,x)> (Bg(t,l’)Tp‘l-eg(t,l’)) ’ (2:5)
and
Qo(t,l',p) ( ) <p>A( )>
1 <B1( 2)Tp+0,(t,x )) <R1(t o) S(tx)T >_1<Bl(t,x)Tp—|—91(t,x)> (2.6)
Bs(t,z)'p + 65(t, x) S(t,z) —Ry(t, ) By(t,x)Tp+65(t,2) )’
Further, (uy, u2) given by (2.5) is the saddle point of (uy,us) — H(t, z, p, u1, us), namely,

H(t, z, p, 1, ug) < H(t, 2, p, Uy, tp) < H(t, 7, p, ur, Ug), V(ur,u) € Uy x Uz, (2.7)
and consequently, the Isaacs’ condition is satisfied:

H*(t,z,p)= inf sup H(t,z,p,u1,us)

u1€U1 45clUy

= Ssup inf H(t>zap> ulau2) = H_(t,llf,p) = QO(tazap)> (28)

up €U M EVL

V(t,x,p) € [0,T] x R" x R".
Proof. For simplicity of notation, we suppress (t,z). We write

<R1(U1 —Hl),ul —ﬂ1>+<S(U1 _/al),UQ —T_L2>

1
3 ( Ra(ug — ug), us — 2 ) +Qo,

N —

H_I(pv Uy, Ug) =

with w1, Us, and )y undetermined. Then

(p,AY+Q+ (Bip+61,u1)+ (Byp+ 6z, us)
1
<R1“17U1>+ <SU1=“2>_§ <R2U2,U2> = ]H(paulﬂm)

l\DIr—*Ml}_‘

1
<R1ulau1> <5U1,U2> 2<32U2>U2>

—(Rlﬂl,u1>—<STﬂ2,u1> <Sﬂ1,U2>+<R2ﬂ2,u2>

1
— (Ryty, Uy ) + (S, Uy ) —= ( Ralla, Ua ) +Qo.

3

l\DlP—‘

Hence, we must have
B;*Fp + 91 = —Rlﬂl — STTLQ,
ng + 6y = —Su; + Rgﬂg,
1 1
(p, A)+Q = 5 (R, uy ) + <5ﬂ1,ﬂ2>—§ ( Ratig, Ug ) +Qo.



Consequently,
Rl Bip+6,
Bg P -+ 92 ’

T
det <R1 S ) = det

Note that

IS —(Ry + SR1 1ST)>

1)m2 det(R;) det(Ry + SRy'ST) # 0

R ST\ . . : _—
Thus, is invertible, which yields
S —Ry
Uy _ Rl ST - B?p + 91
Usg N S —Rg ng + 92 ’

R, ST Uy
a=tne-g () (4 5)(2)
B 1(Bp+0,\" (R ST\ '(BTp+6

proving (3.5). Now, we see that

and

(Ro(ug — tg), up — 2 ) +Qo < Qo = H(p, Uy, )

<= <R1(U1 — al , U — Q_L1>—|—Q0(t,x,p> = H_I(pv uluﬂ2>7

which means that (uy,us) is a saddle point of H(¢, z, p, u, uz). Then the Isaacs condition
(2.8) follows easily. Finally, since Ry and Ry are positive definite, the saddle point must be
unique. O

We see that in the current case, p — H*(t,x,p) is quadratic, and is neither convex nor
concave in general. As a matter of fact, the Hessian H;;(t, x,p) of HX(t, z, p) is given by the

men =5 (ienr) (560 ) (R

which is indefinite in general.

following;:

We have seen from the above that in order the upper and lower Hamiltonians to be
well-defined, the only crucial assumption that we made is the positive definiteness of the
matrix-valued maps Ri(-,-) and Ry(-,-). Whereas, in order to study the AQ two-person
zero-sum differential games, we need a little stronger hypotheses. For the state equation to
be well-posed for reasonable controls, we need the following assumption.



(AQ1)" The maps
A0, T] xR" = R", B;:[0,T]xR" =R By:[0,T] x R" — R"™"™?
are continuous and for some constant L > 0,

|A(t,z) — A(t,y)| + | Bi(t, x) — Bi(t,y)| + [ Ba(t, v) — Ba(t, y)| < Llz —yl,
vt e [0,T], z,y € R", (2.9)
|A(t,0)| + | B1(t,0)| + | B2(t,0)| < L, vVt € [0,T].

Under (AQ1)’, for any (t,x) € [0,7) x R" and (uy(-),ua(-)) € U[t, T] x Us[t, T}, state
equation (2.1) admits a unique solution y(-) = y(-; ¢, z, ui(+), uz(+)). Moreover, we have
ly(s)] < || + /t A(r,y(r) + Bu(r, y(r))ua(r) + Ba(r, y(r) Jua(r)| | dr
<lol+L [ (1 1 d
< el 2 [ (1 O (14 hua )] + o) Y,
which leads to the following estimate:
T T
ly(s)| < C[1+ |z] +/ (lua ()] + [ua(r)] ) dr| et e Q@b g e ). (2.10)
t

Hereafter, C' stands for a generic constant which can be different from line to line. Now, for
the performance functional to be well-defined, we need to assume the following;:

(AQ2)" The maps

Q:[0,T]xR"—=R, G:R"—R,
Ry :[0,T] xR" = S8™, Ry:[0,T]xR"—=8™, S:[0,7T] xR"— R™>™,
0, :[0, 7] x R" — R™, 6,:[0,7] x R" - R™

are continuous and there are constants L, c, u > 0 such that

|Q(t, )| + |G ()| + [Ra(t, )| + [Ra(t, )| + [01(F, )| + [02(t, )] < L1+ []"),

(2.11)
Ri(t,x) > cly,, Rao(t,z) > clp,, V(t,x) € [0,T] x R".

Under (AQ1)—(AQ2)’, we have

Qs y(s)) + % (Bi(s,y(s))us(s), ur(s) ) + (S(s,y(s))ua(s), ua(s) )

(Ras, y(s))us(s), wa(s) ) + (615, y(s)), wa(s)) + (Bals, y(5)), ua(s)) |
< O(1+ Iy ) (1 + a9 + fuals)P)

and
|G(y(T))| < L(L + [y(T)[").
9



Hence, for any (uy(+),us(+)) € UE[t, T x U3[t, T], noting (2.10), we see that the performance
functional J (¢, z;uy(-), ua()) is well-defined. Also, we note that

Qt,z) + % (Ry(t, z)uy,uy )+ (S(t, x)us, us) —% ( Ro(t, x)ug, us )

+ <¢91(t,$),ul > + <92(t,x),u2)

and
O(t.z) + % Ryt 2)ug, un ) + (S(E )y, s ) —% (Ro(t, 2V, 13 )
—+ <¢91(t, x),ul > + <92(t,l’), u2)
> O+ o)1+ fuaf?) + Sl

Then, it is possible to define the upper and lower value functions.

3 Upper and Lower Hamiltonians

In this section, we will carefully look at the upper and lower Hamiltonians associated with
general two-person zero-sum differential games with unbounded controls. First of all, we
introduce the following standing assumption which will be assumed throughout of the rest
of the paper without further mentioning.

(HO) For i = 1,2, the set U; C R™ is closed and
0eU, i=12 (3.1)
The time horizon 7" > 0 is fixed.

Note that U; could be unbounded and may even be equal to R™. Condition (3.1) is for
convenience. We may make a translation of the control domains and make corresponding
changes in the control systems and performance functional to achieve this.

Inspired by the AQ two-person zero-sum differential games, let us now introduce the
following assumptions for the involved functions f and g in the state equation (1.1) and the
performance functional (1.2). We denote R = [0, c0).

(H1) Map f: [0,T]xR" x Uy x Uy — IR" is continuous and there are constants oy, 09 > 0
and a nondecreasing function N : Ry — R, such that

(&, 2, un, u)| < N([2) (14 [ua|™ + [ua] ),

(3.2)
V(t, x,uy,ug) € [0,7] x R" x Uy x Us.

(H2) Map g : [0,7] x R" x U; x Uy — R is continuous and there exist constants
¢, p1, p2 > 0, and a nondecreasing function N : R, — R such that
clut|” = N(|2|)(1 + |uzl™) < g(t, z, ur, u2) < N([z[)(1+ [ur|™) — clua|™,
V(t,x,ul,m) c [O,T] x R"™ x U1 X UQ.
10
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Note that in the above, we let the function N(-) be the same in (H1) and (H2). Replacing
the smaller by the larger, we can always achieve that. We will also need the following
compatibility hypothesis which is crucial below.

(H3) The constants o1, 09, p1, po in (H1)—(H2) satisfy the following:
o1 < p1, 09 < pPa. (34)

It is not hard to see that the above (H1)-(H3) includes the AQ two-person zero-sum
differential game described in the previous section as a special case. Now, we let

H(thapa u1>u2) = <p> f(tazau1>u2) > +g(t>zaulau2)>

(3.5)
(t,x,ul,uz) € [O,T] x R™ x Uy, x Us.

Then the upper and lower Hamiltonians are defined as follows:

H+(t7 xvp) = ng sup I[_I(t7 Z,p, Ui, Ug),
€U yyely (t,z,p) € [0,7] x R" x R". (3.6)
H_(ta xap) = Sup inf H(ta z,p,us, u2)a
us €l 11 E€UL
Note that the upper and lower Hamiltonians are nothing to do with the function h(-) (appears
as the terminal cost/payoff in (1.2)). The main result of this section is the following.

Proposition 3.1. Under (H1)-(H3), the upper and lower Hamitonians H=(-,-,-) are
well-defined. Moreover, they are continuous and there exists a nondecreasing continuous
function N : Ry — R, such that

[H=(t, 2. p)] < N2 +[p]),  V(t,z,p) € [0,T] x R" x R", (3.7)

and
|H*(t,z,p) — H*(t,z,q)| < N(|z| + |p| + |a])Ip — ql,

(3.8)
Y(t,2) € [0,T] x R", p,q € R".

Proof. In what follows, N(-) will represent a generic nondecreasing continuous function
from R to itself, and it could be different from line to line, and C' will be a generic constant
which could be different from line to line. Let us look at H™ (¢, z,p) carefully (H~(¢,z,p)
can be treated similarly). To this end, we first observe the following:

H(t,![’,p, u1>u2) S |p| |f(t,$,U1,U2)| +g(t>$au1au2)
< [PIN(z[)(1 + w7 + [u2]?) + N(|z[)(1 + [w|*) — clua|*
= N(Ja]) [P (1 + Jua ™) + (1 + Jual ™) |+ |PIN (2] [ua] 72 — clua] (3.9)

—£2_ ¢
< N(aD[L+ 1ol + Ipllnl ™ + fus] + C(IpIN (12])) 272 = Zfusl
C
< Nl + [P+ [u]) = a2,

11



Thus, us — H(t, z, p, us, us) is coercive from above. Consequently, since Us is closed, for any
given (t,z,p,ur) € [0,T] x R" x R" x Uy, there exists a ts = us(t, z,p, u1) € Uy such that
H+(ta z,p, ul) = H(ta z,p,u, 'a2) = sup H(t> z,p,ur, Ug)
ug€Us

C
= sup H(t, z, p,u1,uz) < N(|2| + [p|)(1 4 |ur[) — §|7v72|p2 (3.10)

uz€U2, |uz|<|uz]

< N(Jz| + [p)) (1 + |ug]™).

Hence,

H+(t,$,p> = inf sup H(t,l’,p, u17u2> < sup H(t,l’,p,O,UQ)
u1€UL yyely uz €Uz (3.11)

= 1 (t,2,p,0) < N(Jz| + [p]).

which means that H* (¢, x, p) is well-defined and locally bounded from above. On the other
hand, similar to the above, we have

H(t, z, p, u1,u2) > —|p| |f(t, 2, w1, u2)| — g(t, x,ur, uz)

c (3.12)
> =N (Je| + [p[) (L + ugl™) + Flu ]

Therefore,

H+(t,$,p, ul) = Ssup ]H:(t,flf,p, u17u2> Z H(tvxapv Ul,O)
vacl (3.13)
2 =N(lz] +Ip]) + Sl = =N(|z] + [p]).

Combining the above, we obtain (3.7) for H(-,-,-).
Next, we want to get the local Lipschitz continuity of p — H™(¢,x,p). To this end, we
note that (3.10) and (3.13) imply
§|ﬂ2|p2 < N(lz| + [p) (X + [w|*) = H (¢, 2. p,w1)
< N(Jz] + P (1 + [ua]™) + N(Ja] + [p]) (3:14)
< N(|lz| + [pD[ud] + 2N(|z| + |p])-

For the above N(|z| + |p|) (which is taken to be the largest among those in (3.11), (3.13)
and (3.14)), let

C
Ui(x,p) = {wr € U | Glual?* < 2N(Ja] + |p) + 1},

which is a compact set. Then for any u; € U; \ Uy (x, p), we have (by (3.13) and (3.11))

C
H (¢, 2, p,un) = =N (2] + [p]) + Su]”
> N(jz| +pl) + 1> H (t,2,p) + 1 = inf H'(t,2,p,u) + 1.
ul 1

Hence,

inf HT(t,x,p,u1) = inf HY(t,z,p,ui).
i (t, 2, p,u1) uleg}(w’p) (t, 2, p,u1)
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Next, by (3.14), we see that for u; € Uy(x,p),
Ci ip 4 2
sl < Nl + [pD [N (el + 1) + =] + 2N(Jal + Ipl) < N(la] + o),
with a different N(-). Combining the above, we see that there exists a nondecreasing con-

tinuous function N : Ry — R, such that for any (¢, z,p) € [0,7] x R" x R",

H*(t,z,p) = inf su H(z, p, ui, us), 3.15
0P = e i) w8 P 01 2) (3.15)

where
Ui(r) = {w; € Ui | | <v},  i=1,2

Next, we observe the following: For any w; € U;(N(|z| + [p| + |¢| + 1)) (i = 1,2)

|H(t, x, p, ut, us) — H(t, x, q, uy, us)|
< [p = al [f(t, 5, ur, ug)| < N([2[)(1 + Jua | + [ua] ) [p —
< N(f)[1+ Nl + p| + lal + 1)°* + Nl + ol + gl + D] Ip —
< N(lz + lpl + lal)lp — gl,
with a possible different N(-). Hence, (3.8) holds for H*(-,-,-). Likewise, due to the fact

that the infimum and supremum in (3.15) can be taken on compact sets, we can prove the
continuity of (¢,x) — H™(t,x,p). m|

4 Uniqueness of Viscosity Solution

Consider the following HJ equation:

{ V, + H(t,l’, ‘/x) =0, (t,l’) € [O>T] x R, (41)

V(T,z) = h(x), z e R"
We recall the following definition.

Definition 4.1. (i) A continuous function V(- ,-) is called a wviscosity sub-solution of
(4.1) if
V(T,z) < h(x), Ve € R",

and for any continuous differentiable function ¢(-,-), if (fo,z9) € [0,7) x R™ is a local
maximum of (¢,x) — V(¢t,x) — (¢, z), then

¢1(to, o) + H(to, Zo, p(to, 20)) > 0.
(ii) A continuous function V(- -) is called a wviscosity super-solution of (4.1) if

V(T,z) > h(x), Ve € R",
13



and for any continuous differentiable function ¢(-,-), if (fo,z9) € [0,7) x R™ is a local
minimum of (¢,z) — V(t,z) — ¢(t,z), then

¢t(to, xo) + H(to, To, a(to, o)) < 0.
(iii) If continuous function V(- ) is viscosity sub-solution and super-solution of (4.1), it
is called a wviscosity solution of (4.1).

We have the following theorem.

Theorem 4.2. Let H : [0,7] x R" x R" — R and h : R" — R be continuous and
p — H(t,x,p) is local Lipschitz. Then the HJ equation (4.1) has at most one viscosity
solution.

Proof. First of all, by the continuity of H(-,-,-) and the local Lipschitz continuity of
p — H(t,z,p), we can suppose that there are continuous functions M : R, — R, and
w: Ry xRy — R, with M(-) being nondecreasing, and w(-, -) being nondecreasing in each
of its arguments, and w(r,0) = 0, for all » > 0 such that
[H(t 2, p) — H(t,,q)| < M(|z| + |pl + lql)p — ql,
[H(t,2,p) = H(t,y,p)| < w(|o] + |yl + [l |t — s| + = = y]), (4.2)
Vt,s € [O,T], r,y,p,q € R"

We split the rest of the proof into several steps.
Step 1. Construction of the domain Nj..

Suppose V (-, -) and V(- -) are two viscosity solutions of the HJ equation (4.1). To prove
the uniqueness it suffices to prove

Vit,z) < V(t ), Y(t,z) € [0,T] x R". (4.3)
Suppose the above fails. Then, without loss of generality, we may assume that

sup  [V(£,0) = V(£,0)] >0,  Vre(0,7). (4.4)

te[T—7,T)

Now, let us fix such a 7 > 0, small enough with
7 < min {T l}
"L
Then let Ly > 0 be undetermined such that

L
Lo >
O=1_rL7

and define
N ={(t,2) € (T =7, T) xR | |2 < Lo(t =T +7)}.
14



This is a cylindrical domain: The vertex is at (7" — 7,0), the axis is the t-axis, opening in
the positive t-direction, and the base is a disk centered at x = 0 with radius Ly7. Clearly,

(t,0) € N, vte [T —1,T). (4.6)

Next, we take a constant K > 0 satisfying (note (4.4) and (4.6))

K > sup [V(t,:z) — V(s,y)} > sup [V(t,:z) — V(t,x)} > 0. (4.7)
(t,x,8,y)EN XN (t,z)eN
Then let 6 > 0 such that "
% +26 < Lot (4.8)

This and (4.5) can be simultaneously achieved by enlarging Ly if necessary. We keep in mind
that Lo can further be enlarged, which will be done towards the end of the proof. Now, let
e € (0,9) and define

Noe={(t.x) € (T =7, T) x R"[(x) . < Lo(t — T) + 6}, (4.9)
where (x) . = y/|x|? + 2. Then for any (t,z) € Ns., we have (noting (4.8))

o] < JleP + 22 = (2). < Lo(t = T) + 8 < Lo(t — T+ 7)

This means

Nse CN. (4.10)

Also, we have (since & < 9)
(0).=c<0< Lo(t—T+71),

provided (making use of (4.8))

) Lo — 6 T
t>1T — — =T — >T — —.
Tt Ly 2

Hence, we have .
(0,t) € Nsg, Vt e [T — §,T).

Consequently, by (4.4), we obtain

sup V(t,2) = V(s,y)] > sup [V(£,0)=V(£,0)] =0 >0. (4.11)

(t,z,8,y)ENs, e XN ¢ te[T-3,T)

We observe that for any (¢, ) € N and p, ¢ € R", the following holds

[H(t,2,p) — H(t,z,q)| < M(|z| + |p| + |gl)Ip — ql
< M({x)-+Ipl+lal)lp— (4.12)
< M (Lot =T) + 6+ [p| + [l ) lp — al < M (5 +Ip| + la])Ip — ql-
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Step 2. Construction and analysis of the auziliary function.

We take ((-) € C*(RR) such that

0, r < —9,
¢(r) =
—K, r=0, (4.13)
2K
¢'(r) <0, |{'(n)] < — WreR
For any a, 8 > 0 small enough, and 0 <y < 7, we define
% 1 2 2
(I)(tvxusuy) = V(t,.ﬁ(f) - V(S,y) - _|t - 8‘ - B|x - y‘
+¢({a) e — Lot = T) = 26) + ¢((y) e — Lo(s — T) — 20) (4.14)
+y(t +s) — 29T, V(t.xz,s,y) e N x N.

Since ® is continuous, and A" x A is compact, we may assume that ® attains its maximum
over N'x N at (to, xo, s0,40) € N x N. Note that the point (o, zo, S0, yo) depends on the
choice of (a, 8) (with d, €, v fixed). Our next goal is to show that there exists an ry > 0 such
that for any 0 < «, 8 < 1o,

(th Lo, S0, yO) € N5,€ X N6,8- (415)
We first claim that
{ <$0>5<L0(t0—T)+25, (416)
<y0>5 < L(](SO — T) +2(5,

Indeed, if (4.16) is not true, then either
<.§L’0>5—L0(t0—T)+25 > 0,
or
<y0>€ —Lo(SO—T)+25 > 0
Thus, by the optimality of (to, xo, S0, Yo), we have

0= V(T7 O) - V(Tu O) + QC(E - 26) = (I)(Tv 07 Tv 0) < (I)(t07 Lo, S0, yO)

~ 1 1
< V(to, o) — V(s0,%0) — a|t0 — so)* — Bm) — yo|?

+C(<Io>a—Lo(to—T) —25) ‘I'C((?JOZ_LO(SO_T) —25)
+7y(to + s0) — 29T
<K+C(<$o>s—Lo(to—T) —25) +C(<yo>e—L0(So—T) —25)
+7(to + s0) — 27T
<K — K+7(to+ s0) — 29T <0,
16
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which is a contradiction. Hence (4.16) holds.

Next, we claim that for small enough «, 3, the following cannot happen:
t(] = T, or Sg = T. (418)

To show the above, let us first look the following consequence of the optimality of (¢o, zo, So, Yo):

V(to, o) — V (to, o) + 2¢( {w0) « — Lo(to — T) — 20)
+V (50, Y0) — ‘7(807 Yo) + 2@( (Yo)e— Lo(so—T) — 25) + 27(to + so) — 4T
= D(to, zo, to, xo) + P(S0, Yo, S0, Yo) < 2P (%o, 0, S0, Yo)

< 2V(to, x0) — 2‘7(50, Yo) — %ﬁo - 50|2 - %|930 - yo|2 (449

+2C(<Io>a — Lo(to—T) — 25)
+QC( (Yo)e = Lo(so = T) — 25) + 2y(to + so) — 4T,

which yields
g|750 — sol” + z|$0 — ol < V(to, o) — V(s0,%0) + V (to, 7o) — V (50, o)
o 3 (4.20)

< 2n([to — so| + |zo — yol),

where

n(r) = % Lo {1V (t0,70) = V (50, y0)| + |V (t0, 0) — V (50, 90)| }- (4.21)
(65,9 EN XN

Clearly, by the continuity of V'(-,-) and ‘7( ,+), together with the boundedness of N, we
have

0 =limn(r) < supn(r) =mn < oo. (4.22)
r—0 r>0

Then it follows from (4.20) that

lto — so| < \/amp, [0 — yo| < \/B1o- (4.23)

Combining (4.20) with (4.21), we further have
1 g, 1 2
o lto = sol” + B\xo — yol” < n(y/amo ++/Bno). (4.24)

Now, let us show that (4.18) is not possible when «, § > 0 are small enough by contradiction.
Suppose for a sequence (., 5,) — (0,0), the corresponding maximum point, denoted by,
(tm, Ty Sm, Ym) of ® over N x N satisfies

tm =1, or s, =1, VYm>1. (4.25)
17



By (4.23), we obtain
|Tm — Ym| — 0, tm,sm — T, as m — oo.

Hence, noting 2y7 < g, we have

0<2< sup [V(ta)=V(ta)+2(-T) = swp ®(txtx)

(t,)ENG (t,x)ENs
< sup Cb(t,:lf, Say) = é(tmaxm>smaym)
(t,x,8,y)EN: 5 XN e
< V(tmwxm) - V(Sma ym) — O, as m — oQ,

leading to a contradiction. Hence, when «, 5 > 0 small, (4.18) is not possible.
Combining what we have proved, we have (4.15).

Step 3. Completion of the proof by the definition of viscosity solutions.

(4.26)

(4.27)

Since for 0 < «, 8 < 1o, the point (tg, zo, S0, Yo) is in the interior of Ns. x N, we are

ready to use the definition of viscosity solutions. First, we see that the function
1
g
~(((@). — Lo(t = T) — 20)

_C(<y0>a — LQ(SQ - T) — 25) - ’}/(t + SO) + Q’yT},

~ 1
(t,x) = V(t,x) = {V(s0,90) + [t = sol* + S|z = yol?

attain its maximum at (o, z9) € Ns.. Hence we have
2

«

(to — s0) + ¢'(X)Lo — v + H(toafcoa %(360 — o) — ¢'(X) (z0) 5_1%) >0,

where X = (). — Lo(to — 1) — 2J. Similarly, the function

(S>y) = ‘7(37?/) - {V(to,[lfo) — é|t0 — 3|2 — %

+¢({@0) e — Lo(to — T) — 20)
+C(<y>s—Lo(3—T) —25) +7(to + 3) —2’YT}7

|930 —?J|2

attain its minimum at (so, yo) € Ns.. Hence we have

=2 (50— ta) = €OV Eo +7 (50,0 = 2 00— 10) + (V) {0) '30) <0

where Y = (yo) . — Lo(so —T') — 26. Combining (1.19) — (1.24), we obtain
27 < Lo(C'(X) + C'(V)) + Hlta, a0, (o = ) = ¢'(X) () )

—H (50, Yo, —%(2/0 —x0) + ¢ (Y) (o) 5_12/0)-
18
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Choose some sequence « | 0 such that (o, xg, So, Yo) converges. For notational simplicity, we
still denote the limit by (¢g, zo, So, yo) itself. Note that for this limit, by (4.19), we must have

so = to, and (4.21) becomes

2

Elyo — x0|* < n(y/Bmo). (4.33)
Then (4.32) implies

27/ < Lo(C'(X) + C'(V)) + Hlta,m, 5 (an = ) = ') () o)

—H(to, Yo, —%(yo —x0) +¢'(Y) (wo) e_lyo)
< Lo(¢(X) + (V) + M(5+ }%(:co — 40) — C'(X) (o) o] (4.34)

+\%<yo —0) = C(Y) (o) o] )|/ (X) (o) a0 + C'(V) (o) = w0
vol).

+w(|xo| + |yo| + ’%(Io —10) — ¢'(X) (o) 'z

Note that e
l’ —
.flf(]—y() C/(X)<SL’0 xo’ <2‘ 0 yO’

’5 5
Likewise,
500 = 20) = ) (o | < 220 B

Hence, we obtain, taking into account that '(r) < 0 for all r € R,
2y < Ly(¢(X) +¢(Y))
To — Y 4K , ,
+M (5 + 4| == + —)(|< (X)[+ ()

‘ y0|

+w(|zo| + [yo| + L2 - vol)

B
{0 = M5 a2 T)}(\<’<X>\ eel)
tw(|zo| + |yo| + % + %; |zo — y0|)-

By further enlarge Ly, if necessary, we have
|20 — Yol
g

Let f — 0 and using (4.33), we obtain a contradiction. Therefore (4.3) holds, and our
O

2K
0<27§w(|930|+|y0|+ +T,|$o—yo|)-

conclusion follows.
Remark 4.3. The essential idea of modification on the original proof of Ishii ([11]) is
that we realize the flexibility of Ly which can be enlarged whenever we need that. This
enable us to handle the case that p — H(t,z,p) is only local Lipschitz.
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The following corollary is clear.

Corollary 4.4. Let (H1)-(H3) hold, and let h : R" — R be continuous. Then each of
the following upper and lower HJI equations

VE x) + HE(t, 2, VE(t,z)) =0, (t,x) € [0,T] x R", (4.35)
VE(T, ) = h(z), r e R"
has at most one viscosity solution, where H-(- -, -) are upper and lower Hamiltonians defined

by (3.6).

5 Upper and Lower Value Functions

In this section, we are going to define the upper and lower value functions via the so-called
Elliott—Kalton strategies. Some basic properties of upper and lower value functions will be
established carefully.

5.1 State trajectories and Elliott—Kalton strategies

Let us introduce the following hypotheses which are strengthened versions of (H1)-(H3).

(H1)' Map f: [0, 7] xR" x Uy x Uy — IR™ is continuous and there exist constants L > 0,
01,09 > 0 such that

|f(t,l’,U1,U2) - f(tayaulau2)| S L(l + |U1|01 + |UQ|U2)|ZE - y|’

5.1
V(t,ul,u2) € [O,T] x Uy x Uy, x,y € R", ( )
and
£t 2,01, )] < L+ o]+ ]+ ), 52)
V(t, x,ur,ug) € [0,7] x R" x Uy x Us.
(H2)' Map ¢: [0,7] x R" x Uy x Uy — R satisfies the following:
|g(tax>ul>u2) - g(tayau1>u2)| < L(]' + |$|u + |y|M + |u1|01 + |u2|02)|x - y|> (5 3)
V(t,ur,uq9) € [0,T] x Uy x Uy, x,y € R",
and
clug)” — L(1 4 |x|* + |ua]®) < g(t, x,ur,uz) < L(1+ |z|* + |ug|”*) — c|ug|??, (5.4)
V(t, x,ur,ug) € [0,7] x R" x Uy x Us.
Also, map h : R" — R is continuous and
|h(z) = h(y)] < LA+ |z + [y[*)|z —y|,  Va,y € R, (5.5)
[h(0)] < L.
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Further, the compatibility hypothesis (H3) is now replaced by the following:
(H3)' The constants oy, 09, p1, p2, pt appear in (H1)'—(H2)" satisfy the following:

o (1Vp) < pr, aa(1V p) < pa. (5.6)

Let us first present the following result concerning the state trajectories.
Proposition 5.1. Let (H1)" hold. Then, for any (t,z) € [0,T) x R", (u1(-),ua(-))

U [t, TIxUs?[t, T, state equation (1.1) admits a unique solution y(-)=y(-;t,z, u1(+), ua(+))
Y1.2(+). Moreover, the following estimate holds:

- m

()] < Co[1 + o] +/ (s (r)|7 + lua(r)]?)dr], s € [1,T), (5.7)
t
with Co = e"(1+ L+ LT), and
ly(s) — z| < LeLT[<1+\x|)(s—t)+/t (lus () + Jua(r)|7?)dr], s € 1,7 (5.8)
Further, if (t,z) € [0,T] x R" with t € [t,T], and y;z(-) = y(-; 1, T, u1(-), ua(-)), then
|yt,x(s) o yf,i(s)l < CeLLT(|U1(7“)‘01+\u2(7‘)|02)dr{|I_j|
+[1+]el+ / T(|u1(r)|m+|u2(r)|02)dr] [ / t(|u1(s)|01_|_|u2(3)|02)d3}-
t t

Proof. First, under (H1), for any (¢,z) € [0,7) x R", and any (u1(-),ua(-)) € U7*[t, T] x
Uy*[t, T], we have

(5.9)

[ (5,0, un(s),us(5)) = f (5, y2, wa(s), uz(s))]
< L(1+ [un(s)7 + ua(s)| )l — v, s ELT] yrme € R,

and
[ (s, 9, ua(t), ua(t))] < L(l + |yl + ui ()] + IU2(8)|”), V(s,y) € [t,T] x R".

Hence, by a standard argument, the state equation (1.1) admits a unique solution y(:) =
y(-t,x,ui(-), ua(+)). Moreover,

) < Jol+ [ 17y, (), ua(r)dr
<ol + [ L1+ )]+ ()7 + ()] ™) dr = O).
Then

O(s) = L(1+ y(s)| + [ua(s)|” + ua(s)|7) < LO(s) + L1+ ua(s)|” + [ua(s)|”?).
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Thus, making use of Gronwall’s inequality, we have

ly(s)] < O(s) < eY0(t) + / L1+ [ua ()7 + us(r)|72) dr
t
< e!T=g| + Le!T=9(T — t) + LeH T / (\ul(r)|‘” + \u2(r)|”2)dr
t

< LT+ fal + L [ (Jua(r)| -+ ua(r)| ) dr].

Hence, (5.7) follows. Also, we have

$)=al < [ 1y, (), us(r) ldr
< [ LU lal + (o) = ]+ Jun ()™ + fua ()| ).

Thus, by Gwonwall’s inequality, one obtains (5.8).

Now, for any (t,z),(f,z) € [0,7] x R", with 0 < t < t < T, by denoting y;.(-) =
y( ;tvx7 ul(')7u2(')>7 and yﬂi(') = Z/( 757 jvul('>7u2('))7 we have

0(5) a9 < 2 = 71+ [ £, yalr) (), ()l
+ [ 1) (), wa(r) = (7o) (), wa()
<=7+ [ L1 a7+ )|
[+ )+ s <T>|f’2)|ym<7> — yral(r)ldr
< |x—x|+/ 1+ ]a] +/ T fug(r)]7? ) dr + fun(7)|7 + Jua(r)|? | dr
+ [ L+ @ + ()" )|ym<> o (7)ldr
<|x—x|+C[1+|x|—l—/ s ()| + ()| ) d }|t—t|+/ s (7)1 (7)) dr

[ L+ (DI + ()7 lpa(7) = pia()ldr.

Then by Gronwall’s inequality, we obtain (5.9). m|

From the above proposition, together with (H2)', we see that for any u;(-) € Ul [t, T
(which is smaller than U*[¢t,T]), i = 1,2, the performance functional J(t,z;u(-), us(-)) is
well-defined. Let us now introduce the following definition which is a modification of the
notion introduced in [7].

Definition 5.2. A map oy : Us[t,T] — U°[t, T] is called an Elliott-Kalton (E-K, for
short) strategy for Player 1 if it is non-anticipating, namely, for any uy(-), us(-) € Us[t, T,
and any ¢ € [t, T,

aifus()](s) = anlua()l(s),  ae. s e[t ],
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provided
ui(s) = uy(s), a.e. s € [t,1].

The set of all E-K strategies for Player 1 is denoted by A;[t,T]. An E-K strategy as :
Uy [t, T] — UX[t, T] for Player 2 can be defined similarly. The set of all E-K strategies for
Player 2 is denoted by As[t, T7.

Note that as far as the state equation is concerned, one could define an E-K strategy
aq for Player T as a map oy : Us?[t,T] — U7'[t, T]. Whereas, as far as the performance
functional is concerned, one might have to restrictively define oy : UL [t, T — U [t, T]. We
note that the numbers o1, 09, p1, p2 appeared in (H1)'—(H2)" might not be the “optimal” ones,
in some sense (for example, o, and oy might be larger than necessary, and p; and p, could
be smaller than they should be, and so on). Our above definition is somehow “universal”.
The domain Uy[t, T] of o is large enough to cover possible uy(-) in some larger space than
Us?[t, T, and the co-domain U*[t, T] is large enough so that the integrability of ay[us(-)] is
ensured and the supremum will remain the same due to the density of U>®[t, T] in U [t, T).
In what follows, we simply denote

Uilt, T) = UXZE, T, i=1,2.
Recall that 0 € U; (i = 1,2). For later convenience, we hereafter let u?(-) € U [t,T] and
ud(+) € Us[t, T) be defined by
ul(s) =0, ud(s) =0, Vs e [t, T,
and let o € A,[t, T] be the E-K strategy that
g ()](s) =0, Vs € [t,T], wua(-) € Uylt, T).
We call such an o? the zero E-K strategy for Player 1. Similarly, we define zero E-K strategy
al € Ay[t, T for Player 2.
Now, we define

VH(t,z) = sup inf  J(t, z;ui(c), asfui(+)]),
ca€Aa(t 7] 1 () U] (t,z) € [0,T] x R", (5.10)
V7 (t,x) = inf sup  J(t, 25 aq [ua(-)], ua(-)).
a1 €A [L,T] uz () EU[t,T]
which are called upper and lower value functions of our two-person zero-sum differential
game.

5.2 Upper and lower value functions, and principle of optimality

Although the upper and lower value functions are formally defined in (5.10), there seems to
be no guarantee that they are well-defined. The following result states that under suitable
conditions, V*(-, ) are indeed well-defined.
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Theorem 5.3. Let (H1)~(H3)’ hold. Then the upper and lower value functions V=(-, )
are well-defined and there exists a constant C' > 0 such that

|VE(t, x)| < C(1+ |2, (t,x) € [0,T] x R™ (5.11)
Moreover,
Vit x) = su inf J(t, 2 ui (), cafur (4)]),
)= By RO O
V= (t,x) = inf sup J(t, x; oq[ua (4], ua(+)),

a1 €A1 L, T;N(|z|)] u2 () EU[t,T;N (|z])]

where N : [0, 00) — {0, 00) is some nondecreasing continuous function,

T
Z/Ii[t,T;r]:{uiEUi[t,T]‘/ ui(s)Pds < v}, =12,
t

and
At Tir] = {an 1 U [t, T) = U [t, T 7] | 0a € Ault, T},
Aslt, T 7] = {az 1 ULt T) = Ua[t, T57] | az € Aot T}

Proof. For any (t,z) € [0,T] x R" and (u1(+), ua(+)) € Us[t, T] X Us[t, T], we have

J(t w5 ua (), ua() = /tTg(s,y(s),m(s),w(s))ds+h(y(T>>
> [ [ehusls)le = LU+ Iyl)l + ua(s))™)]ds — (1 + (D))
> /tT {elus(s)|r = 2L[1+ CH (1 + |2 + /tT{|u1(r)|‘” + [uz(r)[2}dr)” + Lus(s)|”]ds

Thus, in the case p > 1, we have

J(t w3y (), us(-)) > —C(1+ [2]) +/ clus ()| — / fur(r) | dr)”
—C /t lus(r |"2d7“) } —L|uQ(s)|”2}ds
—C(1 + [a]*) - c/tT lua(s)|P2ds + /tT [clur()]7 = Clun(s)|7*]ds

and in the case p € [0, 1],

J(t,wuw (), ua() > —C(1 + [2]") +/ clun(s)|" — / fur(r) | dr)”
—C /t lusa(r |”2d7“) } —L|uQ(s)|p2}ds
—C(1+ |z|") — C/tT lus(s)|P?ds + /tT [c|u1(s)|p1 - C’|u1(s)|al}ds

24



Here, we have used the compatibility condition (5.6). From the above, we see that

I () a() = ~CQ+al) = C [ us(s)|ds

T
+A[¢Mﬂm—qmgwmmps

, o (5.13)
> By 02 _ P1
> —CU+ o) = C [ fua(s)|ds+ 5 [ J(s)|ds
T
> —C(1+[al!) = C [ Juas)|™ds.
t
Consequently,
+ = 1 N . .
Vb= S o T ) ez O
> i . Dol ) > — 7
> nf It efn()) = —C(1 + [,
Likewise, for any (u1(-),ua(+)) € Usr[t, T] x Ust, T'], we have
T
Itz () us() = [ g(s.y(s),uls),uals))ds + hy(T))
T T
<CO+1al) +C [ u()ds 5 [ fus(s)|ds (5.14)
t 2 Ji

T
SCO+MM+OA|MMW%.

Thus,

vVt t,x) = su inf Jt’x7u 2, aafus (-
( ) azeAQI[Do,T}ul(-)eul[t,T] ( 1(> 2[ 1()])

< sup J(tasul(), eaful(4)]) < C(1+ [2f).
as€AL[t,T)

Similar results also hold for the lower value function V~(-,-). Therefore, we obtain that
VE(t, ) are well-defined for all (¢,z) € [0,T] x R™ and (5.11) holds.

Next, for the constant C' > 0 appearing in (5.11), we set

N(r) = g(1 + ).

Cc

Then for any u(-) € Uy [t, T] \ Us[t, T; N(|z|)], from (5.13), we see that

Tt n(), 8l () 2 =CO+ a1 + 5 [ fn(s)lds > 1+ [al)

>VT(t,x) = su inf  J(t, 2 ui (), asfui(4)]).
> V'(t,x) a2eA2I[)t,T}“1(')€u1[th} ( 1(+), aafua (4)])

Thus,
VH(t,z) = sup inf J(t, x;ui (), asfuq (4)]). (5.15)

Qo€ Ap[t,T] w1 () EULL, TN (|])]
25



Consequently, from (5.14), for any u(-) € Uy[t,T; N(|z|)], we have
—C(1+|z|") <V*H(tz) < sup  J(t, z;ui(e), asfui(+)])
azGAQ[t,T}

T c (T
<O+ [af)+C [ uls)ds = 5 [ Jasfun())(s)]ds
t 2 Jt
T
< O+ [a) +20% 1+ o) = 5 [ laslur ()](s) " ds.
This implies that

© [ sl ONs) s < GO +lap), V() €Ul TN, (56)

with C' = 2C (C'+ 1) > 0 being another absolute constant. Hence, if we replace the original
N(r) by the following;: -
4
N = 2204,

and let .
Aslt, T;r) = {an € Aft, T] | /t o [us (4)](s)|2ds < N(|z])},
then the first relation in (5.12) holds.
The second relation in (5.12) can be proved similarly. m|

Next, we want to establish a modified Bellman’s principle of optimality. To this end, we
introduce some sets. For any (¢,x) € [0,T) x R" and ¢ € (¢, T}, let

ft,For) = i) ult, 7| [ fu)ras <ol i=12

and
LU, T) = Ui [t Fr] | on € Al T,

ay UL, T) = Us[t, £57] | az € Aot T}

p N
[\
=S
aﬂl
=
I

—_———
=
T~
HooSH
=,
I
— =
Q
[y

It is clear that

i=1,2.

Thus, from the proof of Theorem 5.3, we see that for a suitable choice of N(-), say, N(r) =
C(1 + r*) for some large C' > 0, the following holds:

Vit x) = su inf J(t, 2 ui (), afur (4)]),
(t,) wre Aalt N (o)) 91V TN ) (8@ w (), azl () (5.17)
V=(t,z) = inf sup J(t, x; o [ua(+)], ua()).

o1 €ALEEN (2] uy () ethy [t,5:N (|2])]
We now state the following modified Bellman’s principle of optimality.
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Theorem 5.4. Let (H1)—(H3)" hold. Let (t,xz) € [0,7) x R" and t € (¢,T]. Let
N :[0,00) — [0,00) be a nondecreasing continuous function such that (5.17) holds. Then

7
Vit x) = su inf / s,y(s), u1(s), aalui(-)](s))ds
(t,) ageAg[t,tl?NﬂzmUl(')eul[tf;N(w)]{ , 9(:y(s) was), azfu (](s) (5.18)
+VE(E (@)},
and
7
V7 (t,x) = inf su / s,y(s), arus(+)|(s), us(s))ds
(t, ) aleAl[t,t;N(lrl)}uz(.)euz[t,%zv(x)]{ | 9(s,y(s), enfuz(-)](s), uals)) (5.19)

V@@

We note that if in (5.18) and (5.19), A;[t,t; N(|z|)] and U;[t, ; N(|x|)] are replaced by
A;[t, T] and U;[t, T'), respectively, the result is standard and the proof is routine. However, in
the above case, some careful modification is necessary. For readers’ convenience, we provide
a proof in the appendix.

We point out that our modified principle of optimality will play an essential role in the
next subsection.

5.3 Continuity of upper and lower value functions

In this subsection, we are going to establish the continuity of the upper and lower value
functions. Let us state the main results now.

Theorem 5.5. Let (H1)—(H3) hold. Then V*(-,-) are continuous. Moreover, there
exists a nondecreasing continuous function N : [0,00) — [0,00) such that the following
estimates hold:

VE(t,z) = VE(t,z)| < N(lz| V[z))lz — 2],  t€[0,T], 2,z €R", (5.20)
and

pP1—91 A pP2—92

VEE2) — VEE )| < N2t — 8| 7 %%, Wi [0,T), € R".  (5.21)

Proof. We will only prove the conclusions for V*(- ). The conclusions for V(- ,-) can
be proved similarly.

First, let 0 < ¢t < T, 2,z € R", and let N : [0,00) — [0,00) be nondecreasing and
continuous such that (5.12) holds. Take

w() €U T N(jz| VIE))],  as € Auft, T; N(|z| V |7)). (5.22)

27



Denote uy(-) = asug(+)]. For the simplicity of notations, in what follows, we will let N(-) be a
generic nondecreasing function which can be different line by line. Making use of Proposition
5.1, we have

e ) )] < o[+ ol Vel 4 [ ()1 + o))

< N(|z| vV |z]), s € [t, T,
and
o (5) — yea(s)] < Cek . (Iul(t)\01+\Uz(t)\”2)dt|x — i
< N(|z| V |z[)]z — Z], s € [t,T].
Consequently,

T(t, @501 (), wa()) = T8, 5w (-), ual)
< [ 1905, vua(s), wa(5),wn(5)) — g5, 5), w(s))lds + A (T)) — bl (7))
< [T 2+ ) + T + el + b)) e(5) — e (5)1ds
+L(1+ [ya (D) + 92 (D)) 90 (T) = 1.2(T)]
T T _n (evhp
<Oft+ [ (@) ds + [ fusls)ds + (jal v]al) s bals) = i (o)
< N(ja| v |2])|x - 2.

Since the above estimate is uniform in (u(-), as) satisfying (5.22), we obtain (5.20) for
V+(' ) )

We now prove the continuity in . From the modified principle of optimality, we see that
for any € > 0, there exists an of € Ayt t; N(|z|)] such that

VD) S el /ttg(s’ y(s), (), aslus ())())ds + V*(Ey(®)}
< [ 90, 9(5).0, a5[())(3))ds + V¥ (D)
< [ B(1 4 1 6)1 — el O] 7)ds + VHE,2) + 1V E (D) — V()

</ (1+ ly(s)[*)ds + VF(E.2) + [V (Ey () — V(T o).

By Proposition 5.1, we have (denote u5(-) = a5lui(+)])

)~ 2l < Ol + )T 1)+ [ hus(o)]ds]

<Ol + Je))(E 1) /|u )[Fds) (- H=]

< Cl(+a)(E - 1)+ N(2))(F — )7
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Also, )
t
()| < Co[L+lal + [ fus()|2ds] < N(a), s e[t
Hence, by the proved (5.20), we obtain

pP2—092

VE(Ey(@) = VIt 2)] < Nl v y(0)ly(t) — 2| < N(jz)(E—t) 7=

Consequently,
2 — 0

VH(ta) - Vi) < N(2) (-6 +e,

which yields

pP2—02

Vi(t,z) =V (t,z) < N(jz|)(t —t) 7 .

On the other hand,

VE(t,z) > inf <|xm{ /t tg(s,y(s),ul(s),())ds—l—Vﬂf,y(f))}.

uy ()€U [t,T;N
Hence, for any ¢ > 0, there exists a uj(-) € U [t,T; N(|z|)] such that
t
V) e 2 [ gl u(s)ui(s), 0)ds + VI y(E)
t
> [ L(1+ lyts) dww/hﬂﬁwﬁ+vﬂ£@—w”ﬁmm—vﬂhm
> [CL(1 () ds + V) V(D) — V)

Now, in the current case, we have

ly(@) — | < C(1+]al)(E— 1) + /t_|ui ()| ds]

<Ol + fe))(E - 1) /|u )Jerds) pl(t_t)“?{’l]

< Cl(t+|a))(T — )+ N(2) (T — 1) 7 ].
Also, )
()] < ot el + [ i(s)2ds] < N(al), s €A,
Hence, by the proved (5.20), we obtain

1—91

VT y(@) = VH(E ) < N(2l Vy@)ly® — 2 < N(a))E-1) "7

Consequently, )
VIit,z) = VT(t2) = =N(jz[)(t —t) " —e,
which yields )
Vit x) = VT(t,x) < =N(lz))(t —t) .
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Hence, we obtain the estimate (5.21) for V(- ). O
Once we have the continuity, we are able to routinely prove the following result.

Theorem 5.6. Let (H1)~(H3)' hold. Then V*(-,-) are the unique viscosity solution
to the upper and lower HJI equations (4.35), respectively. Further, if the Isaacs’ condition
holds:

H*(t,z,p) = H (t,z,p), V(t,z,p) € [0,T] x R" x R", (5.23)

then
VTt z) =V (t,x), V(t,xz) € [0,T] x R".

6 Remarks on the Existence of Viscosity Solutions to
HJ Equations.

We have seen that (H1)-(H3) enable us to defined the upper and lower Hamiltonians so
that the upper and lower HJI equations can be well-formulated. Moreover, under some even
weaker conditions, we can proved the uniqueness of the viscosity solutions to the upper
and lower HJI equations. On the other hand, we have assumed much stronger hypotheses
(H1)~(H3)" to obtain the upper and lower value functions V*(-,-) being well-defined so
that the corresponding upper and lower HJI equations have viscosity solutions. In another
word, weaker conditions ensure the uniqueness of viscosity solutions to the upper and lower
HJI equations, and stronger conditions seem to be needed for the existence. There are
some general existence results of viscosity solutions for the first order HJ equations in the
literature, see [12, 3, 15, 10, 5]. A natural question is whether the conditions that we assumed
for the existence of viscosity solutions are sharp (or close to be necessary). In this section,
we present a simple situation which tells us that our conditions are sharp in some sense.

We consider the following one-dimensional controlled linear system:

{ y(s) = Ay(s) + Biui(s) + Baus(s), s € [t,T], 6.1)
y(t) =,
with the performance functional:
J(t, ;s uy (2, us(t)) = /tT [Qy(s)2 + Ryuy(s)® — R2U2(8)2}d8 + Gy(T)?, (6.2)
where A, By, By, A, Ry, Ry, G € R. We assume that
Ry, Ry > 0. (6.3)

Note that in the current case,
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Thus,
O-Z(l\//*j“):pw i:1>2a

which violates (5.6). In the current case, we have
Hi(t> I,p) = H(t’ xap) = lqullf sup {p.f(t T, uy, Ug) + g(t> T, uy, Ug)}
u2

B2 B?
—apr+Qat 4 (2L By
pr 4+ Qx +(4R2 4R1)p

Consequently, the upper and lower HJI equation have the same form:

B3 B}
Vilt @)+ AaVa(t,w) + Q& (- = p Vet @) =0, (b2) € 0TI xR, 6o
2 1 :

V(T,2) =Gs?, z€R.

If the above HJI equation has a viscosity solution, by the uniqueness, the solution has to be
of the following form:

V(t,z) =p(t)a®,  (t,z) €[0,T] xR, (6.6)
where p(-) is the solution to the following Riccati equation:

s +24p(0) + @+ (22 - By =0, refo) 67)

Ry, Ry
p(T) =G.
In another word, the solvability of (6.5) is equivalent to that of (6.7).

Our claim is that Riccati equation (6.7) is not always solvable for any 7" > 0. To state
our result in a relatively neat way, let us rewrite equation (6.7) as follows:

. 2 -
{p+ap+5p +7=0, (6.8)
p(T) =g,
with B2 B2
OéZQA, ﬁzﬁg_ﬁ%a 7:Q> g:G

Note that 8 could be positive, negative, or zero. We have the following result.

Proposition 6.1. Riccati equation (6.8) admits a solution on [0, T for any T > 0 if and
only if one of the following holds:

B=0; (6.9)
or
B <0, o—4By<0; (6.10)
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or

éﬁ%ﬁgﬁgo (6.11)

The proof is elementary and straightforward. For reader’s convenience, we provide a

proof in the appendix.

It is clear that there are a lot of cases for which the Riccati equation is not solvable. For
example,
a=p=y=1,
which violates (6.10). Also, the case

a=-2 p=y=g=1,

which violates (6.11). For the above two cases, Riccati equation (6.8) does not have a global
solution on [0,7] for some 7' > 0. Correspondingly we have some two-person zero-sum
differential game with unbounded controls for which the coercivity condition (5.6) fails and
the upper and lower value functions could not be defined on the whole time interval [0, 7],

or equivalently, the corresponding upper/lower HJI equation have no viscosity solutions on
[0, T7.
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Appendix

Proof of Theorem 5.4. We only prove (5.18). The other can be proved similarly. Since
N(|z|) and t are fixed, for notational simplicity, we denote below that

U =t EN(z))], A= Aslt, T N(Jz])):

Denote the right hand side of (5.18) by V*(¢,z). For any e > 0, there exists an of € A,
such that

Vi)~ < int { [ gl ul) mls),aslun())ds + VG y(d))

w1 (1)UL

By the definition of V*(¢,y(¢)), there exists an a5 € A;[t, T| such that

Vity(t) —e < inf J(Ey(t);ua(), aua ().

a1 (1)UL [t,T]
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Now, we define an extension &5 € Ax[t, T] of o5 € As[t, T as follows: For any uy(-) € U [t, T,

«

[ (1)1 (s), s €[t 1),
I,

a2[u1(')](5> = { ;[ () ]( ) sE [E’T],

Since af € Ay, we have

t t
| @ O))ds = [ lasln () ds < N(lz)).
This means that a5 € Ajy. Consequently,

VFT(t,z) > inf _ J(t, z;u (), a5ui(+)])

u1(~)EZ/{1

= In ' s, y(s uls,agul- s))ds 7, ;U {:mﬁéul' t,T
()gﬁl{/tguy(), (5). a3l ())())ds + T (Ey(D: 01 (Vg 850 Ol )

> it { [ oo, 5) () 05 ONsDds + i I(E (@) asli ()

> nt { [ o atshanhaslunOlds + VG 0(0) -

> VF(t,x) — 2

Since € > 0 is arbitrary, we obtain
VH(t, ) < V(L ).
On the other hand, for any € > 0, there exists an a5 € Aj such that

VTt z) —e < inf_ J(t, z;ui(+), a5fui()]).
ul(-)elxﬁ

Also, by definition of ¥+ (t,x),

Vet 2 it { [ gl uls),mls), asfun()(s)ds + V*Ey@)).

ul(')eul
Thus, there exists a uS(-) € Uy such that
. t _
Vito)+e> /t g(s,y(s), ui(s), ag[ui(-)l(s))ds + V(£ y(1).

Now, for any @;(-) € Ui [t, T], define a particular extension @ (-) € Ui[t, T] by the following:

s (s) = { ui(s), s € [t 1),
uy(s), s € [t,T].



Namely, we patch u5(-) to @1(-) on [t, ). Since

£ £
[ lin(s)7ds = [ (o) ds < N(Ja]),
t t
we see that @;(-) € Uy. Next, we define a restriction a5 € A[f, T] of a§ € A, as follows:
aslu ()] = agfan ()]
For such an a5, we have

Vit y(®) > inf Iy (), w( ), a5l ()]).

a1 (1) eUL[E,T)

Hence, there exists a u5(-) € Uy[t, T] such that

VIt y(D) +e > J(Ey(0), a5 (), aslus (-)))-

Then we further let

Again, U(-) € Uy, and therefore,

<

) +e >/ 9(s,y(s), uils), a5lui(-)l(s))ds + V7 (L, y(t))

(t,
/ (s), uils), o5[ui(-)l(s))ds + J (&, y(£), ui(-), aslai ()]) —e

J(t, U1( ), a2[u1( ) —e¢

inf (3w (), a5l () e = VH(Ea) - 26
u1 ()€U, T]

v

v

Since € > 0 is arbitrary, we obtain
VE(t,x) > V(¢ ).

This completes the proof. O

Proof of Proposition 6.1. Recall that we are considering the following Riccati equation:

{p+ap+ﬁp2+7=0,
p(T) =g,

Case 1. = 0. The Riccati equation reads

{ p+ap+y=0,
p(T) =g.
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This is linear equation. Thus, a global solution p(-) uniquely exists on [0, T].

Case 2. 8 # 0. Then Riccati equation reads

p+ﬁ[( _g)2+4ﬁ7—a2} o

25 432
p(T) =g.
Let
a?—4
o — M > 0.
2|3
There are three subcases.
Subscase 1. Suppose
o — 48y =0.

Then the Riccati equation becomes

{ P+ﬁ(p—23)2 =0,
p(T)=g.

Therefore, in the case

259 — = 07
we have that p(¢) = 75 is the (unique) global solution on [0, T]. Now, let

2689 —a # 0.
Then we have p

L — _pat,
(p— %)
which leads to
1 1 28 —B(2Bg —a)(T —t
__ a—B(T—t):ﬁ B(28g — ) (T —t)
p(t) — 35 ~ 35 209 —«

Thus,
Q@ 269 — «
p t)=57+ )
=55 25— BBy — )T
which is well-defined on [0, 7] if and only if

2—(28g—a)(T —1t)#£0, t € 10,77
This is equivalent to the following:

(28g —a)T < 2.
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The above is true for all 7" > 0 if and only if

Subcase 2. Suppose
o — 48y < 0.

Then the Riccati equation is

48[l 55) +#] =0
Hence,
— ﬁdf)’Q — = g,
which results in . . o
—tan ™! |~ (p(t) - ﬁ)} = b+

By the terminal condition,

26
Consequently,
tan™ [+ (pl6) — 55)] = 8T = )+ tan™ [1(9 - 35)].
Then 5
p(t) = % + /-itan{/{ﬁ(T — 1) +tan™! ( ﬁi&; a)}.
The above is well-defined for ¢ € [0, 7] if and only if
tan ™! 2@1; @ kBT < g,
which is true for all 7' > 0 if and only if g < 0.
Subcase 3. Suppose
o — 48y > 0.
Then the Riccati equation becomes
pallo- 35"~ =0
If
(289 — o — 26B)(28g — a + 26) = 45(q — % — ) (g~ %m) =0,
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then one of the following

=—+ T
= g5kn  te0T)
is the unique global solution to the Riccati equation. We now let
(2689 — a — 2k6) (2689 — a + 2k0) E4B(g— 35 —m)(g— %-ﬁ-ﬁ) # 0.
Then p
P
- = —fdt.
-5
Hence,
1 p(t) 28
—In =—0pt+C
2K ‘p(t) 25 T ‘
which implies
p(t)_%_ﬁ =C —2k[t
p(t) =55+ 5
with
C = 2/46Tg 28 M 28T 289 —a —2kf3
g——+/<a 289 — a+ 2k’
Then N
p(t)__ﬁ_'i o2B(T—t) 209 —a — 2kf
p(t)——-l-/i 209 —a+2k5
Consequently,
o _%BTtQSg o — 2k03 _a
pt) =g —r=e 2ﬁg—a+2nﬁ[(t) 25 " K.
Thus, p(-) globally exists on [0, 7] if and only if
289 — a — 2k0
2rAT=1) ~1#0 vt e [0,T
259—@%—2%6 70, 0.7},

which is equivalent to
Y(t) = 2 PT9(128g — a — 268) — (289 — a4+ 2kB) #0,  Vt € [0,T].
Since ¢/'(t) does not change sign on [0, 77, the above is equivalent to the following:

0 < $(0)¢(T) = [T (289 — a — 26) — (289 — o + 263)| (—4K),

which is equivalent to

[e%BT(Qﬁg —a—2kp)— (289 —a+ 2&5)“3 < 0.
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Note that when (A1) holds, the above is true. In the case 8 > 0, the above reads
> T (2Bg — a — 2kB) < 2Bg — a + 2kf,
which is true for all 7' > 0 if and only if
289 —a —2k06 < 0.
Finally, if 8 < 0, then

0 < 62RBT(269 —a— 2,%@) — (259 — o+ 2/‘65)
= ¢ 2T (—2|Blg — a + 26|8]) — (—=2|Blg — o — 2k|8|)
= eI — (21Blg + o — 2]8]) + €*1(2]8]g + o + 2411,

which is true for all 7' > 0 if and only if
0 <2|Blg +a+2x[f| = (269 — a — 2kp),

which has the same form as (A2). This completes the proof.
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