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Quantum teardrops

Tomasz Brzezinski and Simon A. Fairfax

ABSTRACT. Algebras of functions on quantum weighted projective spaces are intro-
duced, and the structure of quantum weighted projective lines or quantum teardrops
are described in detail. In particular the presentation of the coordinate algebra of the
quantum teardrop in terms of generators and relations and classification of irreducible
x-representations are derived. The algebras are then analysed from the point of view
of Hopf-Galois theory or the theory of quantum principal bundles. Fredholm modules
and associated traces are constructed. C*-algebras of continuous functions on quantum
weighted projective lines are described and their K-groups computed.

1. Introduction

Weighted projective spaces are examples of orbifolds that are not global quotients of
manifolds by groups. Perhaps the most elementary definition of a weighted projective
space is this. Consider the 2n + 1-dimensional sphere S?"*! as a subset of C"*! of all
points (2o, z1,...,%,) such that > |z]|> = 1. Given n + 1 pairwise coprime numbers
lo, - . . ln, one can define the action of the group U(1) of all complex numbers u of modulus
one on ST by (29,21,...,2,) - u = (uz,ulzy,... ul"z,). The weighted projective
space WP(ly, Iy, . ..,1,) is the quotient of S?"™! by this action. For n = 1, WP(1,1) is the
two-sphere S? = CP!, while WP(1,1) is the teardrop orbifold studied by Thurston [20].

This formulation of weighted projective spaces makes the definition of quantum weighted
projective spaced] particularly straightforward. The algebra O(S2**!) of coordinate func-
tions on the quantum sphere is the unital complex x-algebra with generators 2y, 21, ..., 2,

subject to the following relations:

(1.1a) zizj = qz;z;  fori < j, ziz; = qzjz; fori # j,

(1.1b) zzf =2+ (72— 1) Z ZmZrs Z Zmam =1,
m=i+1 m=0

where ¢ is a real number, ¢ € (0,1); see [19]. For any n + 1 pairwise coprime numbers
lo, ..., ln, one can define the coaction of the Hopf algebra O(U(1)) = Clu, u*], where u is
a unitary and grouplike generator, as

(12) 01,1, 1 O(SI*H) = O(S2") @ Clu, u'], 2 = 2 @ Ul i=0,1,...,n.
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'We choose the adjective quantum rather than noncommutative to indicate that weighted projective
spaces discussed here appear in the realm of compact quantum groups and to differentiate them from
noncommutative weighted projective spaces defined within algebraic geometry in [I].
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This coaction is then extended to the whole of O(S"*') so that O(Sz**') is a right
Clu, u*]-comodule algebra. The algebra of coordinate functions on the quantum weighted
projective space is now defined as the subalgebra of O(Sg"“) containing all elements
invariant under the coaction gy, ie.

7777 ln?

O(WP,(lo, 11, . .., 1)) = O(S2Hhyeetlon] .= Lo € O(SI™) | 0ug,...0, () = 2 ® 1}

In the case l[p = [; = - -- = 1 one obtains the algebra of functions on the quantum complex
projective space CPy [19] (see also [15]).

In this article we concentrate on the quantum weighted projective lines, i.e. on the
case n = 1. For a pair of coprime positive integers k,l, we give the presentation of
O(WP,(k,1)) in terms of generators and relations and classify all irreducible representa-
tions of O(WP,(k,1)) (up to unitary equivalence). In particular we prove that all infinite
dimensional irreducible representations are faithful. We then proceed to analyse the struc-
ture of O(WP,(k,1)) as coinvariant subalgebras. We prove that O(S;) is a faithfully flat
Hopf-Galois Clu, u*]-extension of O(WP,(k,1)) or O(S}) is a principal Clu, u*]-comodule
algebra with coaction gy if and only if k£ = [ = 1. This is in perfect agreement with the
classical situation where it is known that the teardrop manifolds are not global quotients
of the 3-sphere. On the other hand, we prove that in the case k = 1, O(WP,(1,1)) is a
coinvariant subalgebra (or a base) of a principal C[u,u*]-comodule algebra that can be
identified with the coordinate algebra of the quantum lens space O(L,(l;1,1)). We explic-
itly construct a suitable strong connection on O(L,(l;1,1)) and show that O(L,(l;1,1))
is not a cleft principal C[u, u*]-comodule algebra (geometrically, L,(l;1,1) is not a trivial
principal U(1)-bundle over WP, (1,1)) in two different ways. First, purely algebraically we
deduce non-cleftness by studying units in the algebra O(L,(l;1,1)). The second method
involves index calculations which start with construction of Fredholm modules and asso-
ciated cyclic cocycles or Chern characters 7, on O(WP,(k,[)). Then, using the explicit
description of strong connections in O(L,(l;1,1)) we calculate a part of the Chern-Galois
character. Finally we evaluate 7, at the computed part of the Chern-Galois character
and show that the results are different from zero. From this we conclude that the finitely
generated projective O(WP,(1,1))-module L[1] (associated to O(L,(l;1,1))) is not free,
thus the principal Clu, u*]-comodule algebra O(L,(l;1,1)) is not cleft. Finally, we look
at the topological aspects of quantum teardrops, construct C*-algebras C(WP,(k,1)) of
continuous functions on the quantum weighted projective lines and identify them as direct
sums of compact operators on (separable) Hilbert spaces with adjoined identity. Through
this identification we immediately deduce the K-groups of C(WP,(k,1)).

Throughout we work with involutive algebras over the field of complex numbers (but
the algebraic results remain true for all fields of characteristic 0). All algebras are asso-
ciative and have identity.

2. The coordinate algebra of the quantum teardrop and its representations

The algebra of coordinate functions on the quantum three-sphere O(S?) is the same as
the algebra of coordinate functions on the quantum group SU(2), i.e. O(S7) = O(SU,(2));
see [22]. The generators of the latter are traditionally denoted by o = z5 and 8 = z2{. In
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terms of a and f relations (IL1) come out as

(2.1a) af=qBa,  af =qfa, BB =B,
(2.1b) aa” = a*a+ (¢~ 1)BF",  aa’+BF =1,

where ¢ € (0,1). Setting k = [y and | = [4, the coaction gi; of Clu,u*] on O(Sg’) takes
the form

(2.2) a— a®u, B feut=80u,
and O(WP,(k,1)) is the coinvariant subalgebra of O(S}).

Theorem 2.1. (i) The algebra O(WP,(k,1)) is the x-subalgebra of O(S?) generated by
a=BB* and b= o!B*.
(ii) The elements a and b satisfy the following relations
-1 I
(23) a*=a, ab=q %ba, bb* = q*a" H (1—¢*"a), b*b=d" H (1—q ?™a).
m=0 m=1

(111) O(WP,(k,1)) is isomorphic to the x-algebra generated by generators a, b and

relations (23).

Proof. (i) A basis for the space O(S?) consists of all elements of the form o?3"3**
and o*PB"5*%, p,r, s € N. Since the coaction is an algebra map,

Qk,l(apﬁrﬁ*s) — Oépﬁrﬁ*s ® ukp—lr—i-ls’ QkJ(a*pﬁrﬁ*S) _ a*pﬁr/@*s Q u—kp—lT’-Hs‘

The first of these elements is coinvariant provided kp — Ir + s = 0, i.e. kp = I(s — 7).
Since k and [ are coprime numbers, p must be divisible by [, i.e. p = ml for some m € N.
Therefore, » = mk + s and the only coinvariant elements among the o?3"3** are those of
the form
amlﬁmkﬁsﬁ*s ~ (Oélﬁk)m(ﬁﬁ*)s.

By similar arguments, the only coinvariant elements among terms of the form o*?5"5**
are scalar multiples of (a!3%)*™(38*)". We conclude that O(WP,(k,1)) is a subalgebra of
O(Sg’) generated by a self-adjoint element @ = 3/3* and by b = o!/3*.

(ii) An elementary calculation that uses equations (2] confirms that (2.3) are indeed
relations that a and b satisfy.

—~—

(iii) Denote by O(WP,(k,1)) the unital *-algebra generated by generators a and b
and relations (2.3]). Parts (i) and (ii) establish the existence of the following surjective
x-algebra map

——~—

(2.4) 0: O(WP,(k,1)) = O(WP,(k,1)),  a+~ BB%, b a'p"
Note that the Diamond Lemma immediately implies that the elements
(2.5) a™b", o™, m,neN, n’ eN\ {0},

—_——

form a basis for O(WP,(k,1)). The map 6 sends these elements to
(ﬁ/@*)m(alﬁkyz ~ alnﬁk(m—i—n)/@*m’ (ﬁﬁ*)m(,@*kOé*l)n/ ~ Oé*ln’/@mﬁ*k(m-{—n’)7

respectively. As these are linearly independent elements of (’)(Sg’), the map 6 is injective,
hence an isomorphism of x-algebras as required. O
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In the remainder of this section we study representations of O(WP,(k,1)) identified

—_—

with the x-algebra O(WP,(k,1)) generated by a and b subject to relations (2.3)). This
analysis leads to an alternative proof that the map 6 (2.4) is an isomorphism.

Proposition 2.2. Up to a unitary equivalence, the following is the list of all bounded
irreducible x-representations of O(WP,(k,1)).

(i) One dimensional representation
(2.6) 7ot a— 0, b— 0.

(ii) Infinite dimensional representations s : O(WP,(k,1)) — End(V5), labelled by s =
1,2,...,1. For each s, the separable Hilbert space Vs ~ [*(N) has orthonormal basis
e, p €N, and
!

S S S S—r 1/2 S S
(2.7) m(a)el = ¢?PHes m (b)es = "t H 2pts=r) e | m(b)ey = 0.

r=1

Proof. First consider the case when 7(a) = 0. The relation b*b = a* []' _, (1—¢ >™a)
implies that 7(b) = 0, and this is the one dimensional representation.

Let V denote the irreducible representation space in which w(a) # 0. It is immediate
from the relation ab = ¢~?'ba that ker(m(a)) = V or ker(r(a)) = 0. Since the first case is
excluded by assumption 7(a) # 0, we conclude ker(w(a)) = 0. Suppose that the spectrum
of 7(a) is discrete and consists only of 0, ¢%,¢*, ..., ¢%. If v is an eigenvector of m(a) with
eigenvalue ¢, then the relation ab = ¢~%ba implies that w = 7(b)v is an eigenvector
with eigenvalue ¢?~2'. Therefore the spectrum also contains ¢?~2, which contradicts the
assumption that 0,¢? ..., ¢? are the only elements of the spectrum of 7(a). Thus there
must exist A € sp(m(a)) such that A # ¢* for i € {1,2,...,1}. This means that there exists
a sequence (&,)nn of unit vectors in the representation space V such that

(28 lmn (@6, — A&l = .

We show that there exists N € N and C' > 0 such that [|7(b*)&,|| > C, for all n > N,
using the relation b*b = a* Hlmzl (1 — ¢~?™a). By the remainder theorem, this relation
can be expressed in the following format:

b b = ak H —2m ( + )\k H —2m)\

where p(a) is a polynomlal in variable a of degree less than k 4+ 1. The triangle inequality
and the norm property [|l|[|y[l > [lzy|| imply that:
!

Im(a®) [ ] (1 = ¢ n(a))&ull > [IA* H ¢ "N = lIp(a)(m(a) — AD)&,|

m=1

> ||AF H ¢ " N = llp(@)[1 (7 (a) — AD)Eall.

Therefore,

I @) m®)éall >IN TT (1= a1 = llp(@)|ll(x(a) = Al
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so that
l —2m
M Ty A =¢™ N Ip(a)|]

I (0)Enll = (7 (a) = A&l
[l (04)]] I (6%)]
Since [N TT. _, (1 — ¢~2™\)||/|l7(b*)] is positive, the existence of the desired N and C
follows from (2.8) above. Hence we conclude that
o b,
I (0)&nll"

are unit vectors for n > N. Our goal now is to show that

lim |7 (0)n, — ¢~ Ay = 0,

n—oo

which is the same as asserting ¢=%*\ € sp(m(a)). Assuming n > N, hence ||7(b)&,|| > C,
and using the relation ab = ¢~?'ba we obtain

ey = @) — g Ar )]
(@) — | = e

[l
q2lC

<

Hence we have shown that if A € sp(m(a)) then ¢=*\ € sp(n(a)). So the spectrum
contains X\, g%\, ¢"%\, .... Since we require this sequence to be bounded there must exist
an n € N such that ¢72™\ = )y, the largest possible eigenvalue, i.e. A = ¢>" ), for some
n € N. Hence we have shown that sp(r(a)) C {¢*" )\ : n € N} U{0}. The implication of
this calculation is that there exists a unit vector £ such that 7(a)§ = Ao&. We now use
this fact to calculate directly the representations.

It follows from the relation ab*” = ¢??b*"a that

m(a)(m(b™)€) = ¢*PAom(b7)E,

which shows that 7(b*)¢ are eigenvectors of 7(a) which have distinct eigenvalues g2 \,.
Thus the vectors:

m(b™)g
€p = T——,
S 3|
form an orthonormal system. We now show that the span of the ¢, is closed under the
action of the algebra:

p €N,

sy, — T@TWE (@ e gAm(b)E

lm@)ell— llm el I (&)

therefore,
m(a)e, = ¢*Phoe,.
On the other hand,

W(b)e _ W(b)ﬂ'(b*p)g _ W(bb*)ﬂ'(b*pil)g
S G I R
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Now,
Im(B")Ell = (r(6")E, m(b7)6)?
= <7T(b)7r(b*p)§,7r(b*p71)§)%
l
= <q2klp)\(2)k H (1— )\Oq2(l(p—1)+r))7r(b*1’*1)5’ W(b*p71)§>%
r=1
!
— qklp>\§ H (1 . >\0q2(l(p—1)+r))% ’|7T(b*p71)§’|_
r=1

Hence

m(b)e, = r()m ()€ _ g PA TT . (1 = A@Ue—D+) (5 )
P ||7T(b*P)§H qlpk)\lé Hi:l (1 — )\OqQ(l(p—l)-H“))% Hﬂ(b*pﬂ)Hv

which simplifies to

1
(e, = ¢ A [T (1= Xog? 0 )2e, .
r=1

Reversing the order of multiplication by using the substition ' = [ — r we arrive at the
following result:

[
7(b)(e,) = ¢N T (1 = Mg ™) e,

r'=1
Considering the case when p = 0 we see that 7w(b)eg = m(b)§ = 0 since 7(b) acts as a
stepping down operator on the basis elements e,. This implies that

l
AT = 2™ =0,

r'=1
therefore \g = 0, which corresponds to the one dimensional case, or \g = ¢** for some
s € {1,2,...,1}, which relates to the infinite dimensional case. O
Proposition 2.3. Fach of the representations mw, is a faithful representation.

Proof. We use reasoning similar to that in the proof of [11) Proposition 1]. Consider
an arbitrary element of O(WP,(k, 1)) expressed as a linear combination of the basis (2.5)),

/
T = § ,um,na'mbn + E Vm,n’a'mb*n )
m,n m,n’

P, Vma € C, and suppose that 7,(r) = 0, i.e. ms(v)e; = 0, for all p € N. Since
the application of 7 (a™b") to e; does not increase the index p, while the application of

ws(amb*"') increases p, the vanishing condition splits into two cases, which can be dealt
with separately, and we deal only with the first of them. The condition

s (Z ,um,namb”> e, =0, for all p € N,
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is equivalent to the system of equations

In

S fn g 10025l 2+ T (1 qz(zp+s_r))1/2 e =0, forallpeN,
m,n r=1

(use (2.3) repetitively). Since this must be true for all n < p, and the vectors e;_,, are

linearly independent for different n, we obtain a system of equations, one for each n,

(2.9) Z [P FS] = for all p € N.

There are only finitely many non-zero coefficients ji,,,,. Let N be the smallest natural
number such that p,,, =0, for all m > N. Define

Apn = g?llp=n)+s],

Then equations (2.9) for y,, take the form

N
> tmaXy, =0, forallpeN.

The matrix of coeffcients of the first N + 1 equations (for p = 0,1,..., N) has the Van-
dermonde form, and is invertible since A, ,, # Ay, if p # p’ (remember that ¢ € (0,1)).
Therefore, fi,,, = 0 is the only solution to (2.9). Similarly one proves that necessarily
Vm.n = 0 and concludes that 7 is an injective map. O

Finally, we look at the way representations of O(WP,(k,[)) are related to representa-
tions of the quantum sphere algebra O(S7).

Proposition 2.4. Let 7 : O(S}) — End(V) denote the representation of O(S?) given on
an orthonormal basis e,, n € N of V' by [18]

(2.10) m(a)e, = (1 — q2")1/2 Cn_1, m(B)en = ¢" ey,

(see also [21]). Then there exists an algebra isomorphism ¢ : End(@'_, Vi) — End(V)
rendering commutative the following diagram,

(2.11) O(WP,(k, 1)) ‘ 0(S%)

End(@lszl Vi) End(V),

where 0 is the x-algebra map given by formulae (2.4]). Consequently, 6 is a monomorphism.

Proof. Consider the vector space isomorphism,

l
¢ : @ ‘/s — v7 6; — Clp+s—1,

and let ¢ : End(G}lS:1 V) = End(V), f — ¢ofod~", be the induced algebra isomorphism.
Using (2.10) one easily finds that

l
n n—r 1/2 * n
( lﬁk k( +1) H 2( +1) en_1, 7_(_(65 )en _ q2( +1)en-
r=1
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This immediately implies that, for all z € O(WP,(k, 1)),

¢ (ms(2)ey) = 7 (0(x)) ¢(ey,).
Therefore, the induced map ¢ makes the diagram (2.11]) commute as required.
By Proposition2.3] the representations 7, are faithful, so the map ®&,ms : O(WP,(k, 1)) —
End(@’_, V4) is injective. The commutativity of (ZII)) implies that 6 is an injective map.
O

3. Quantum teardrops and quantum principal bundles

Definition 3.1. Let H be a Hopf algebra with bijective antipode and let A be a right H-
comodule algebra with coaction o : A — A® H. Let B denote the coinvariant subalgebra
of A ie. B=A®H :={be A| o(b) =b®1}. We say that A is a principal H-comodule
algebra if:

(a) the coaction p is free, that is the canonical map
can: A®p A — A® H, a®a s ap(a),

is bijective (the Hopf-Galois condition);
(b) there exists a strong connection in A, that is the multiplication map

B A— A, b® a+— ba,
splits as a left B-module and right H-comodule map (the equivariant projectivity).

As indicated in [16], [4] or [8] and argued more recently in e.g. [2] or [9], principal co-
module algebras should be understood as principal bundles in noncommutative geometry.
In the first part of this section we prove that only in the case of the quantum 2-sphere
(ie. k =1=1), O(S?) is a principal O(U(1))-comodule algebra over O(WP,(k,[)). In
that case we are dealing with the well-known quantum version of the Hopf fibration.

Theorem 3.2. The algebra of O(S?) is a principal O(U(1))-comodule algebra over O(WPy(k, 1))
by the coaction oy, if and only if k =1=1.

Proof. If k =1 =1, then O(WP,(1,1)) = O(S?), and it is known that O(S}) is a
principal comodule algebra that describes the quantum Hopf fibration (over the standard
Podles sphere); see [4] or [10]. We assume, therefore, that k # [ (i.e. (k,l) # (1,1)), and
show that 1 ® u is not in the image of the canonical map in that case. We proceed by
identifying a basis for O(SU,(2)) ® O(SU,(2)) and applying the canonical map to observe
the form of the codomain.

A basis for O(SU,(2)) ® O(SU,(2)) consists of
Oéhﬁmﬁ*n ® aﬁﬁmﬁ*ﬁ’ Oéhﬁmﬁ*n ® 5mﬁ*ﬁa*‘ﬁ,
Bmﬁ*na*p ® Oéﬁﬁmﬁ*ﬁ, ﬁmﬁ*na*p ® Bmﬁ*ﬁa*ﬁ’

where h,m,n, h,m,n,p € N. Hence, applying the canonical map we conclude that every

element in the image of can is a linear combination of:
ah+ﬁﬁm+mﬁ*n+ﬁ ® ukﬁ—lm-ﬁ-lﬁ Bm+mﬁ*n+ﬁaha*ﬁ ® u—lm—i—lﬁ—kﬁ

Y Y

(3'1) ﬁm—i-mﬁ*n—l—ﬁa*paﬁ ® ukﬁ—lmﬂﬁ 6m+m5*n+ﬁa*p+;5 Q u—lm—i—lﬁ—kﬁ

Y )

where h,m,n, h,m,n,p € N.



QUANTUM TEARDROPS 9

To obtain identity in the first leg we must use one of the following relations (2.10]) or
*M . Mm

equations which include terms of the form a*"a™ or a"a*™. A straightforward calculation
gives the following:

H;n:1 (1 —q¢*7286%) when m = n,
ama*n — aQm " H?:l (1 _ q2p—256*) when m > n,
H;n:l (1 —¢*7238%)a*™™™ when n > m,
and
[[-, (1—qB6%) when m = n,
a*nam — a*m H;n:1 (1 _ q_2p56*) WheIl n > m,

[ (1— ¢ *BB*)a™ ™ when n > m.

We see that to obtain identity in the first leg we require the powers of o and a* to be
equal. We now construct all possible elements of the domain which map to 1 ® u after
applying the canonical map.

Case 1: Use the second term in (3.I) to obtain a™¥a*". In this case: h = p = N,
n+n=m-+m = 0. Since n,n,m,m € N we must have n = n =m = m = 0. Also
—Im + ln — kp = 1, which implies that —kp = 1, hence there are no possible terms.

Case 2: Use the third term in (@) to obtain a*¥a®. In this case h = p = N,
m=m=n=n=0. Also kh — lmm + Il = 1, which implies that kh = 1, hence k = 1
and h = 1. Therefore, the only terms of the form ooV are when N = 1 and in this
case k = 1. We now look at the other terms which are of the form 5* so that we can use
the relation a*a + ¢238* = 1. Four possibilities need be considered, one for each of the
terms in ([B.0)). In the case of the first of these terms h=h =0, m+m=1,n+n =1
and kh — Im + I = 1, which implies that (2 — m) = 1, hence [ = 1 and 7 —m = 1.
The only solution is: [ =1, n=m =0, m=n =1, h = h = 0. A similar approach
can be used when considering the remaining terms in (3] to conclude that in all four
cases one is forced to require [ = 1. Therefore, it is impossible to obtain a term of the
form 1 ® u when both k and [ are not simultaneously equal to one. This implies that
O(WP,(k,1)) C O(SU,(2)) is not a Hopf-Galois extension when k and [ are not both one.
O

Theorem asserts that the defining action (2.2]) of U(1) on the quantum group
SU,(2) does not make it a total space of a quantum U(1)-principal bundle over the
quantum weighted projective space WP, (k, 1), unless k = [ = 1 (the case of the quantum
Hopf fibration). The remainder of this section is devoted to construction of a quantum
U(1)-principal bundle over the quantum teardrop WP (1,1) with the total space provided
by the quantum lens space L,(l;1,1).

The coordinate algebra of the quantum lens space O(L,(1;1,1)) is defined as follows
[13]. The coordinate (or group) algebra of the cyclic group Z;, O(Z;), is a Hopf *-algebra
generated by a unitary grouplike element w satisfying w! = 1. O(SU,(2)) is a right
O(Z;)-comodule *-algebra with the coaction

0:0(SU,(2)) = O(SU,(2)) ® O(Zy), a—a®w, [l

O(L,(1;1,1)) is defined as the coinvariant subalgebra of O(SU,(2)) under the coaction p.
Following similar arguments to those in Section [ one easily finds that O(L,(l;1,1)) is a
x-subalgebra of O(SU,(2)) generated by ¢ := ol and d := 3. These elements satisfy the
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following relations:

(3.2a) cd = ¢'de, cd* = ¢'d*c, dd* = d*d,
-1 l

(3.2b) cct = H(l — ¢*™dd"), ce= H (1 — g~ 2™dd").
m=0 m=1

Universally, O(L,(l;1,1)) can be defined as a *-algebra generated by ¢ and d subject to

relations (3.2)).

Again, following the same techniques as in Section 2l one can classify — up to unitary
equivalence — all irreducible *-representations of O(L,(l;1,1)). There is a family of one-
dimensional representations 7 defined as

mMe)=),  md)=0, ANeC, |\=1.

Forevery s =1,2,...,1, there is a family of infinite- dlmensmnal representations 7, A € C,

|A| = 1. The action of 72 on an orthonormal basis e s p €N, for its representatlon space
V2 ~ [%(N) is given by
l
71'?(0)6)\’5 — H (1 _ qQ(Pl+s—m))1/2 2817 ﬂ_)\(d)e)\,s — )\quSe’\’S.

m=1

As for quantum teardrops, there is a vector space isomorphism

l
A A A A8 A
¢ : @ ‘/s -V ) €p = Clp+s—1>

s=1

which embeds the direct sum of representations 7 in the representation 7 of O(SU,(2)),

o)y = (1-¢)" el .t m(B)eh = A" e
Here €}, n € N, is an orthonormal basis for the representation space V*.

O(L,(1;1,1)) is a right comodule algebra over the Hopf algebra O(U(1)) = Clu, u*],
u™! = wu*. The coaction g; : O(L,(l;1,1)) = O(L,(1;1,1))@O(U(1)) is given on generators
¢ and d by

0 :c— cRu, d—d®u".

It is an easy exercise to check that
O(Ly(1;1,1)V ) ~ O(WP,(1,1)),
through the identification a = cd, b = dd*.

Theorem 3.3. The coordinate algebra of the quantum lens space O(L,(1;1,1)) is a prin-
cipal O(U(1))-comodule algebra over O(WP,(1,1)).

Proof. As explained in [6], [3], a right H-comodule algebra A with coaction ¢ : A —
A ® H is principal if and only if it admits a strong connection, that is if there exists a
map w: H — A ® A, such that

(3.3a) w(l)=1®1,

(3.3b) pow=mnoce,

(3.3¢) (w®id)o A = (id ® p) o w,
(3.3d) (S®w)oA=(0c®id)o(0o®id)ow
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Here 4 : A ® A — A denotes the multiplication map, n : C — A is the unit map,
A: H — H® H is the comultiplication, ¢ : H — C counit and S : H — H the (bijective)
antipode of the Hopf algebra H, and 0 : A® H — H ® A is the flip.

A strong connection for O(L,(l;1,1)) is defined recursively as follows. Set w(1) = 1®1
and then, for all n > 0,

l
l

3.4a w(u™) =c'w un—l Cc — -1 mq—m(m+l)< ) dmd*m_lw un—l d*,

(3.4a) (u") (u"™7) mE 1( ) m) . (u"™)
l
[

3.4b wu™) = cw(u™" e E ) 1)( ) A" " w(u 4,

( ) ( ) —1 m e ( )

where, for all z € R, the deformed or g-binomial coefficients (rfl)x are defined by the
following polynomial equality in indeterminate ¢

l

(3.5) [Ja+am"t) = i gmm=1)/2 (Tfl)tm

m=1 m=0

By construction, w has property (3.3a). The remaining properties are proven by
induction on n. That u(w(u)) = e(u) = 1 follows by the second of equations (3.2h])
combined with (3.5). Applying id ® ¢; to the right hand side of (B.4al) (with n = 1), one
immediately obtains that (id ® g;)(w(u)) = w(u) ® u, as required for (3.3d). Similarly one
checks (3.3d]).

Now, assume that w(u""!) satisfies conditions (B.3D)—([3.3d). Then, multiplying the
right hand side of ([3Za) and using p(w(u™')) = e(u""') = 1, we obtain

I
[
w(uw)) = c'c— 1™ _m(m+1)< ) dnd" =1,
pu(w(u)) mZ:l( )"q m) .
by (:2h) and B.5). Since g; is an algebra map and (id ® g;)(w(u™ 1)) = w(u™ ) @ u™?
by inductive assumption, we can compute

(id ® o) (w(u ”)) = c"(id ® o) (w(u" o)

_ Z ym g mm+D) ( l )qzdmd*m_l(id ® o) (w(u")d")

m

l
)
= cwu" e@u" — Z(—l)mq_m(m“) (m) dmd" ot d @ ut
m=1 q~2

=w(u") @u",

as required. The left colinearity of w (B8.3d) is proven in a similar way. The case of w(u™")
is treated in the same manner. O

Recall that a principal H-comodule algebra A is said to be cleft if there exists a
convolution invertible, right H-colinear map j : H — A such that j(1) = 1. The special
case of this is when j is an algebra map (then its convolution inverse is j o S) and this
corresponds to the trivial quantum principal bundle. In the case of comodule algebras
over O(U(1)) = Clu,u™"] the necessary condition for a map j : O(U(1)) — A to be
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convolution invertible is that j(u) is an invertible element (unit) of A. Arguing as in [10]
Appendix] we obtain

Lemma 3.4. The principal O(U(1))-comodule algebra O(L,(1;1,1)) is not cleft.

Proof.  Multiples of 1 are the only invertible elements of O(SU,(2)); see [10, Ap-
pendix|. Since O(L,(l;1,1)) is a subalgebra of O(SU,(2)) the same can be said about
O(L,(1;1,1)). Thus any convolution invertible map j : O(U(1)) — O(L,(1;1,1)) must
have the form j(u) = A1, for some A € C*. This, however, violates the right O(U(1))-
colinearity of j. O

The surjectivity of the canonical map in Definition B.I] corresponds to the freeness
of the coaction p of H on A. By Theorem B.2] we know that if (k,l) # (1,1), then the
coaction gg; of O(U(1)) on O(SU,(2)) is not free. However, Theorem B.3limplies that oy
is almost free in the following sense.

Definition 3.5. Let H be a Hopf algebra and let A be a right H-comodule algebra with
coaction p : A - A ® H. We say that the coaction is almost free if the cokernel of the
(lifted) canonical map

Can: AR A— A® H, a®a — ap(a),
is finitely generated as a left A-module.
Corollary 3.6. The coaction g1, is almost free.
Proof. Note that the x-algebra inclusion
L O(Ly(l;1,1)) — O(SUL(2)), c—al, de—p,
makes the following diagram commute

O(Ly(1:1,1)) : O(S5U,(2))

Qll l@l,l

O(Ly(l;1,1)) @ O(U(1)) O(5U,(2)) ® O(U(1)),

where (=)' : u — u!. The surjectivity of the canonical map O(L,(l;1,1))@O(L,(1;1,1)) —
O(L,(1;1,1)) @ O(U(1)) (proven in Theorem B.3)) implies that 1 ® u™ € Im(can), m € Z,
where can is the (lifted) canonical map corresponding to coaction p;;. This means that
O(SU,(2)) ® C[u!,u™!] C Im(can). Therefore, there is a short exact sequence of left
O(SU,(2))-modules

(O(5U,(2)) & Clu, u™"]) /(O(SU,(2)) ® Clu', u™"]) — coker(can) — 0.

The left O(SU,(2))-module (O(SU,(2)) @ Clu,u=])/(O(SU,(2)) ® Clu!,u™"]) is finitely
generated, hence so is coker(can). O

(=)

4. Fredholm modules and the Chern-Connes pairing for quantum teardrops

In this section first we follow [14] (see also [12] and [7]), and associate even Fredholm
modules to algebras O(WP,(k,[)) and use them to construct traces or cyclic cocycles
on O(WP,(k,1)). The latter are then used to calculate the Chern number of a non-
commutative line bundle associated to the quantum principal bundle O(L,(l;1,1)) over
the quantum teardrop O(WP,(1,1)).
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Recall from [5, Chapter IV] that an even Fredholm module over a x-algebra A is a
quadruple (U, x, F, ), where U is a Hilbert space of a representation m of A and F' and
7 are operators on ¥ such that, F'* = F, F? = I and for all a € A, the commutator
[F, m(a)] is a compact operator, and v* = I, yF = —vF'. A Fredholm module is said to be
I-summable if [F,m(a)] is a trace class operator for all @ € A. In this case one associates
to (U, w, F,v) a cyclic cocycle on A or a Chern character T by

7(a) = Tr (y7(a)).

Proposition 4.1. For every s = 1,2,...,1, let B, = V;, & Vjy, where V; is the Hilbert
space I?(N) of representation w, and Vy = ®C ~ [*(N), which we take to be representation
space of m = ®my; see Proposition[2.2. Define Ty := m, ® ,

0 I I 0
(i) e Y
Then (Vs,7s, F,y) are 1-summable Fredholm modules over O(WP(k,l)). The corre-
sponding Chern characters are

2ms 3
(4.1) (@) = 4 T n=0,m A0,
0 otherwise.

Here n € Z and, for a positive n, b=" means b*".

Proof. It is obvious that F* = F, F? = 4> = ] and Fy +vF = 0. Next, by a
straightforward calculation, for all x € O(WP,(k, 1)),

[Fm(x)]:( 0 w(m)z)m(a:)).

7s(x) — w(x)
Using the formulae in Proposition one easily finds, for all m,n,p € N,

in

ﬂ_s(ambn)e; _ an[lp—(n—l)/2+s]+2m[l(p—n)+s] H(l N q2(lp+s—r))1/2es

p—n)
r=1

compare the proof of Proposition This implies that, for positive m, ms(a™b") are

trace class operators, as Tr (ms(a™b™)) = 0 if n # 0 and

m . 2m(lp+s) __ q
(4.2) Tr (ms(a ))_;q (1p )_1_q2ml.

2ms

Since mo(a™b") = 0, if (m,n) # (0,0), and m(1) = 1, we conclude that, for all z €
O(WP,(k,1)), m(x) — ms(x) is a trace class operator. Therefore, (U, 75, F,7) is a 1-
summable Fredholm module.

Finally,

7s(2) = Tr (77s(2)) = Tr (ms(x) — 7(2)),
and the formula (A1) follows by equation (£.2). O

Note that the form of the Chern character of (Us, T, F, ) is independent of k. In the
case [ = 1, necessarily s = 1 and 71 coincides with the trace calculated for the quantum
2-sphere in [14]. Similarly to the case studied in [I4], the characters 7, on O(WP,(k,1))
factor through the algebra map

O(WP,(k,1)) — Clal, a™b" — 6, 0a™.
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On the polynomial algebra Cla] the characters are given by Jackson’s integrals. More
precisely, define 7, by the commutative diagram

(k1)) . C
S

1 q2s
=1 /0 1D s,

where the Jackson integral is defined by the formula

/ fla)dga = (1~ q) S (g F ") — v F(o).

reN

O(WP,

Then

for all z € R and all f in Cla,a™"].

The construction of traces 7, provides one with an alternative way of proving that the
principal comodule algebra O(L,(l;1,1)) is not cleft. This involves evaluating 7, at the
zero-component of the Chern-Galois character of the principal O(U(1))-comodule algebra
O(L,(1;1,1)).

As explained in [6] any strong connection in a principal H-comodule algebra A can be
used to construct finitely generated projective modules over the coinvariant subalgebra
B. To achive this one needs to take any finite dimensional left comodule W over H (or
a finite dimensional corepresentation of H) and then the cotensor product AOLW is a
finitely generated projective left B-module. In the case of O(L,(l;1,1)) such projective
modules or line bundles over O(WP,(1,1)) come out as

Ln] :={z € OL,;1,1)) | o(x) =z @ u"}, n € Z.

An idempotent E[n] for L[n] is given as follows. Write w(u™) = >, w(u™); @ w(u™)?,.
Then

(4.3) En)i; = wu™)wwm); € O(WP,(1,1)).

The traces of powers of each of the E[n| make up a cycle in the cyclic complex of
O(WP,(1,1)), whose corresponding class in homology HC,(O(WP,(1,1))) is known as
the Chern character of L£[n]. In general, the result of the combined process that to an
isomorphism class of a corepresentation of a Hopf algebra H assigns the Chern charac-
ter of the B-module associated to the H-principal comodule algebra A is known as the
Chern-Galois character. In particular, the traces of E[n] form the zero-component of the
Chern-Galois character of O(L,((;1,1)). Should O(L,(l;1,1)) be a cleft principal comodule
algebra, then every module £[n| would be free. Thus an alternative way of showing that
O(L,(1;1,1)) is not cleft is to prove that, say, £[1] is not a free left O(WP,(1,1))-module.
For this suffices it to show that Tr E[1] is a non-trivial element of HCy(O(WP,(1,1))) by
proving that 7,(Tr E[1]) # 0. First we compute Tr E[1].

Lemma 4.2. The zero-component of the Chern character of L[1] is the class of

m

(4.4) Tr E[1] =1+ (=1)"¢"" ™ (1—q7>™) ( : ) 2am.
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Proof. First, observe that the formula (B.5]) yields the following identity for ¢-binomial
coeffcients:

(0), (),

Next, remember that dd* = a € O(WP,(1,1)). Having these observations at hand the
rest is a straightforward calculation:

1
Ty E[l] — ot — Z(_l)mq—m(m-H) (7;) A" d*™
q-2

m=1
-1 l I
— 1— 2m o\ —1)™ 2m(m—1)—m(m+1) m
L[O( ¢*"a) mZ:l( ™4 m)
l
[
= 1+ —1)m™ m(m—1) _ _m(m—1)—2ml ( ) a™
mZ:l( )™ (g q ), )

l
= 14 Z(_l)mqm(m—l) (1 _ q—2ml) <l) a™,
m=1 m q?

where the first equality follows by (B.4al), the second by (8.2D) and (&.3]), while the third
equality is a consequence of (3.5]). O

Proposition 4.3. Forall s =1,2,...,1, let 75 be the cyclic cocycle on O(WP,(1,1)) con-
structed in Proposition [{.1. Then 7(Tr E[1]) = 1. Consequently, the left O(WP,(1,1))-
module L[1] is not free.

Proof. Use (@1]) and (44]) to calculate

T = Y0 o) (1) T

m=1 ¢ 1= q
l z
— Z(_l)mqm(m—l) ( ) q2m(s—l)
m=1 m q?
: z
- 11— —1)™ m(m—1)< ) 2m(s—I)
mZ::O( )"q m) 1
! l
_ 1 _ H(]- _ q2(8—l+m—l)) _ 1 _ H(l _ qQ(S—m)) _ 1
m=1 m=1
The last equality follows from the observation that since s = 1,2, ..., one of the factors

in the product must vanish. The fourth equality is a consequence of the definition of
g-binomial coefficients ([3.5]). O

5. Algebras of continuous functions on quantum teardrops and their

K-theory

The C*-algebra C(WP,(k, 1)) algebra of continuous functions on the quantum weighted
projective space WP, (k,1) is defined as the universal C*-algebra for relations (2.3)). As
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a concrete algebra, C(WP,(k,[)) is the subalgebra of bounded operators on the Hilbert
space @lszl V; obtained as the completion of @2:1 s (O(WP,(k,1))); see Proposition 2.2
In this section we show that this C*-algebra is isomorphic to the direct sum of compact
operators with adjoined identity.

Proposition 5.1. Let IC; denote the algebra of all compact operators on the Hilbert space
Vi. There is a split-exact sequence of C*-algebra maps

(5.1) 0—=@ _ K, — C(WPy(k,1)) —= C —0.

Proof. We use a method of proof similar to that of [17, Proposition 1.2]. Write
7% for @lszl ms. A basis for @lszl Vi consists of eigenvectors e; of 7% (a) with distinct
eigenvalues ¢?#+st1)  Since, for all s, ¢?"*+1) — 0 as p — oo, 7®(a) is a compact
operator. Similarly, matrix coefficients ¢P*+s+! le_:lo (1- q2(lp+5_7’))1/ 2 of m5(b) tend to
0 as p tends to infinity, hence also 7¥(b) is a compact operator; compare the proof of
Proposition Il This proves that the kernel of the projection of C(WP,(k,1)) on the
identity component C contains only compact operators.

The spectrum of 7%(a) consists of distinct numbers

sp (19(a)) = {0} U{®"™) [ s =1,2,...1, p € N};
see the proof of Proposition 2.2l By functional calculus, for any s and p there are operators
fps(m®(a)) in C(WP,(k,1)) with spectrum given by
fps 15D (7%(a)) = C, 00, Y s 5,46,
Hence C(WP,(k,1)) contains all orthogonal projections P; to one-dimensional spaces
spanned by the e;. More explicitly, these are obtained as limits:

n mo(a) — 2(lr+s) .
(5'2) q e H ((]2313 _qq2lr n—00 Pp'

r=0, r#p
Next, noting that 7s(b) and 7s(b*) are shift-by-one operators with non-zero coefficients
all the remaining generators of K, (and hence of @'_, K,) can be obtained as products
of the rescaled my(b) and 7s(b*). Finally, the first map in the sequence (B.1]) is injective
since all the 7, are faithful representations. O

The following corollaries are straightforward consequences of Proposition (.11

Corollary 5.2. The C*-algebra C(WP,(k,1)) is isomorphic to the direct sum of l-copies
of algebras of compact operators with the adjoined identity.

Corollary 5.3. The K-groups of C(WP,(k,l)) are:
Ko (C(WP(k, 1)) =Z', Ky (C(WP(k,1))) = 0.

Proof.  This follows immediately from Proposition [5.] by recalling that Ky(KC) =
Ky(C) =Z and K,(K) = K,(C) = 0, where K is the C*-algebra of compact operators on
a separable Hilbert space. O

The first of the Z in Ky (C(WP,(k,1))) corresponds to the rank of free modules, the
remaining ones are generated by the classes of projections F§; see (5.2)). The cyclic cocycles
75 constructed in Proposition A1l (see (A1) extend to cocycles on C'(WP,(k,1). Since,
for any x that is not a multiple of identity, 75(x) = Tr (7s(z)) we immediately conclude



that 7,(B§
C(WP,(k,

QUANTUM TEARDROPS 17

) = 1, and the index pairing between the K-theory and cyclic cohomology of
[) is given by
([7s], [P0t]> = 537157'3(]35) = 0st.
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