arXiv:1107.1657v2 [math.QA] 17 Jul 2011

QUANTUM ISOMETRY GROUPS OF SYMMETRIC GROUPS

JAN LISZKA-DALECKI AND PIOTR M. SOLTAN

ABSTRACT. We identify the quantum isometry groups of spectral triples built on the symmetric
groups with length functions arising from the nearest-neighbor transpositions as generators. It
turns out that they are isomorphic to certain “doubling” of the group algebras of the respective
symmetric groups. We discuss the doubling procedure in the context of regular multiplier
Hopf algebras. In the last section we study the dependence of the isometry group of S, on
the choice of generators in the case n = 3. We show that two different choices of generators
lead to non-isomorphic quantum isometry groups which exhaust the list of non-commutative
non-cocommutative semisimple Hopf algebras of dimension 12. This provides non-commutative
geometric interpretation of these Hopf algebras.

1. INTRODUCTION AND MAIN RESULTS

Quantum isometry groups of non-commutative manifolds have been introduced in [I0]. Given
a spectral triple (&, 5, D) one considers the category of all quantum families (in the sense of
[23, [16]) of orientation preserving isometries of (7,5, D). When this category has a universal
object, it can be shown that this object is in fact a compact quantum group. This object is

denoted by @VSO"’(,@/ , ¢, D) and is called the quantum group of orientation preserving isometries
of (o, #,D). We refer to [10, B, 4] and also [6] for details of the theory of quantum isometry
groups and numerous examples.

This paper is devoted to the study of an example in the theory of compact quantum groups.
For each natural n we will find a universal compact quantum group coacting on the group al-
gebra of the symmetric group S,, satisfying certain additional property related to the theory of
non-commutative manifolds which corresponds to the concept of a smooth isometric group ac-
tion preserving orientation of an oriented Riemannian manifold ([10, 4, B]). In recent papers
[5L 18] interesting interpretation of the universal quantum group acting isometrically on some
non-commutative manifold was discovered.

For the theory of compact quantum groups and their relation to Hopf algebras we refer e.g. to
the exposition [25]. In Section Bl we will use the language of multiplier Hopf algebras developed in
21} 22].

A’_F/he primary object of this paper is to give a full description of the quantum isometry groups
QISOT(C[S,], £2(Sy,), D), where S,, is the symmetric group and D is the Dirac operator given by
multiplication by the length function on S,, associated to the set

{81,...,8n_1} (11)

of generators of S,,; here and throughout the paper the symbol s; will denote the transposition
(i,i 4+ 1) with ¢ € {1,...,n — 1}. The length function, by definition, assigns to each element of
x € S, the minimal number of transpositions from ([T needed to write x as a product of these
elements.

Our work is a direct extension of the effort to compute the quantum isometry groups of spectral
triples associated to various group C*-algebras initiated in [6] and continued e.g. in [T [2]. The
simplest cases of Sy and S5 were already treated in [0, Sections 3 & 4]. Our main result concerns
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only the fixed set of generators (II)). See however Section M for a result related to different sets
of generators.

Before continuing let us declare that all algebras considered in this paper are x-algebras over
C. By an automorphism we shall always mean a *-automorphism. We will use some very basic
properties of C*-algebras. For the theory of operator algebras (and in particular C*-algebras) we
refer to classic texts like 7] [19] [12].

1.1. Isometries of the spectral triple on the symmetric group. The spectral triple
(C[Sn]. £2(Sn). D)

is very well behaved (mainly because C[S,] is finite dimensional). The notion of a quantum group
acting isometrically on (C[S,],¢%(S,), D) can in this case be rewritten as in [6, Section 2]: let
G = (A, A4) be a compact quantum group and let a:: C[S,,] — C[S,] ® A be a coaction of G on
C[Sy] satisfying the Podles condition, i.e. the set

o(C[S,]) (1L ® A) = span{a(z)(1 ® a) |z € C[Sy], a € A}
is dense in C[S,| ® A (cf. [13] I7T]).
The coaction « is isometric if
(1) for all z € C[S,] we have (7 ® id)a(z) = 7(x)1, where T is the canonical trace on C[S,]
(i.e. the evaluation at the neutral element e € S,, of an arbitrary « € C[S,,] considered as
a function on S,,),
(2) we have aoD = (D ®1)oa, where D is the operator D considered as a map C[S,] — C[S,]
(instead of £2(S,) — £2(S,)).
It is, in fact, easily seen that (2)) implies ().
In the formulation of the main theorem of this paper we will use the notion of doubling of
a multiplier Hopf algebra with invariant integrals. This notion is discussed in detail in Section
Bl Let us mention here that this construction is analogous to the operation of taking semidirect
product by Z» in group theory.
Theorem 2.6 of [6] states that there exists a universal object in the category of all compact quan-
tum groups acting isometrically on (C[Sy], £*(S,), D) and it is precisely QISO+ (C[Sa], 63(S,), D).
We will use this fact to prove the following:

Theorem 1.1. The quantum isometry group CSE/O"’((D[S”],E?(S"),D) of the spectral triple on
Sn 18 isomorphic to the finite quantum group obtained as doubling of the group algebra C[S,)]
with standard cocommutative Hopf algebra structure. In particular the C*-algebra of continuous
functions on the quantum isometry group @%*‘(C[S’n], 02(S,), D) is isomorphic to C[S,]|®C[S,].
If {o1,...,0n-1} and {m1,...,Tn_1} denote the generators (LI in the first and second copy of
C[Sy] inside C[S,] ® C[S,] respectively then the comultiplication A of QI/B/O‘*(C[SH],@(S’n), D) is
given by

Aoi) =04 @ 04 + i @ Tn—i,

A(Tl) = 0; X Ti =+ Ti X Op—i-

Let us note that the same phenomenon of the quantum isometry group being isomorphic to the
doubling of the original Hopf algebra was already observed in several cases (e.g. for singly generated
groups in [6, Section 3]; the same result for the infinite dihedral group D, was communicated to
us by A. Skalski), but is not of universal nature ([6, Section 5]).

The final remark of this section concerns possibly non-unital C*-algebras. The notion of a
morphism of such C*-algebras was introduced already in [23] and developed further in e.g. [24].
We refer the reader to the latter publication for the precise definition of the set Mor(C, B) of
morphisms between two arbitrary C*-algebras C' and B.

Note also that the conditions ({l) and (2]) defining an isometric coaction of a compact quantum
group on (C[Sn], 2(S,), D) make sense for an arbitrary quantum family of maps. More precisely,
if C' is any C*-algebra and ¥ € Mor(C[S,], C[S,] ® C) then we may say that ¥ defines a quantum
family of isometries of (C[S,],¢*(Sy), D) if
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o (T®id)¥(x) = 7(x)1, for all z € C[S,],

e UoD = (13 ® ]l)o\I/H
In particular one can take for C' a C*-algebra corresponding to a quantum semigroup S = (C, A¢).
Then, if ¥ is a coaction of S satisfying the Podles condition, by results of [I5] and [I7, Theorem
2.1], we know that there exists a compact quantum group bS = (B, Ap) equipped with a quantum
semigroup morphism y € Mor(B, C) and a coaction b¥ of S on C[S,,] such that

U = (id ® x)obW.

Moreover bW also preserves 7. It is easy to show that this new coaction is an isometric coaction of
bS on (C[Sn], 2(S,), D). All this shows that considering only compact quantum group coactions
is not really restrictive: all quantum semigroup coactions (even non-compact ones) satisfying the
Podles condition can always be realized by compact quantum group coactions.

In the next section we obtain the full description of the isometry groups of the spectral triples
on symmetric groups discussed above. Then, in Section [B] we define the doubling procedure
and show that, in the special case of a group algebra, the resulting object is indeed a certain
doubling of the original. Moreover, when the procedure is applied to the standard cocommuta-
tive Hopf algebra structure on C[S,], the doubling turns out to be precisely the quantum group

CSI\S_(/)JF(([Z[S”],K2 (S,), D). In the last section we deal with the question left open in [6] whether
the quantum isometry group depends on the choice of the set of generators. We show that for
two different generating sets for S3 we obtain two different Hopf algebras. By results of [9] these
exhaust the list of non-commutative non-cocommutative semisimple Hopf algebras of dimension
12.

2. QUANTUM ISOMETRY GROUP OF (C[S,],¢*(S,), D)

Let G = (4,A4) be a compact quantum group and let
a: C[S,] — C[Sp]® A

be a coaction of G on C[S,] satisfying the Podles condition. Then, due to finite dimensionality
of C[S,], the image of « is contained in the (algebraic) tensor product C[S,] ® &7, where & is
the Hopf *-algebra canonically associated with G (cf. [13] [14] 25]. Moreover « is a coaction of the
Hopf x-algebra (&7, A/). In particular we have

(id ® €)oa = id, (2.1)
where € is the counit of (&7, Ay ).
Now we shall make two assumptions on the coaction a:

e the coaction preserves the subspace spanned by elements of length 1, i.e. for any j €
{1,...,n — 1} there exist elements wuy j,...,upn—1,; € & such that

n—1
Oé(Sj) = Z S; @ uj, ;. (22)
=1

e the canonical trace T on C[S,,] is preserved by « on elements of length 0 and 2:

1 k=1,

. (2.3)
0 otherwise.

(r ®@id)a(sgs) = {
From the above conditions we shall derive a number of properties of (A, A,4) which will help us
determine the quantum isometry group of the spectral triple described in Section [l Note that
if o is an isometric coaction (as defined in Subsection [[LT)) then it certainly satisfies these two
conditions.

IThese conditions make sense despite the fact that the image of the morphism ¥ might lie outside C[Sn] ® C,
cf. [17].
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Let us denote by u the matrix

U Ul,n—1
Unp—-1,1 Un—1,n—1
All matrix elements of u are selfadjoint. This is because the generators {s1,...,s,—1} are selfad-

joint, so that for each j
n—1 n—1
dosi@u;=als) =als;) =Y s @u.
i=1 i=1

Now the equality uj ; = u;,; follows from linear independence of {81,y 8n—1}.
Proposition 2.1. The matriz w is unitary.

Proof. We have

n—1 n—1

(r @ id)a(sks;) = (T @ id) (< > si® ulk> <Z 5;® ujyl)>

i=1 j=1

n—1
(T® id)( Z $iS; & u@kuj,l)

i,j=1

n—1 n—1

Z (8485 ) Wi ki = Z“i,kui,l'

i,j=1 i=1

We also know that all elements u; ; are selfadjoint, so that by formula (23] we have

u'u = 1. (2.4)
On the other hand we know that the matrix w is invertible and the inverse is given by
S(ul,l) T S(ul,nfl)
(doSu=| : - s
S(un-11) -+ SUn—1,n-1)
where S is the antipode of (&7, A). Indeed, since « is a coaction, we have
n—1
Z 5i @ Agr(usj) = (Id @ Ay )a(s;)
i=1
n—1 n—1ln—1
= (a®id)a(s;) = a(si) @u;,; = ZZS’“ ® Ui ® Ui j.
i=1 i=1 k=1
Therefore )
Ay (ug ;) = Z Uk,; @ Us -
i=1

The defining properties of the antipode of a Hopf algebra now show that

n—1 n—1
Z S(ukﬂi)uiyj = Z ukﬂiS(uiyj) = e(ukﬁj)]l.
i=1 i=1

1 k=3
€(ug,;) = { !

The fact that

0 otherwise

follows from ([22)) and (2I]). Therefore w is invertible with inverse (id ® S)u and by ([24]) we have

u ! =u*.

O
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Let us note a very useful corollary of the proof of Proposition 2.1}

Corollary 2.2. For alli,j € {1,...,n — 1} we have

n—1

Ao (uig) =Y ik ® up,
k=1
S(uiﬁj) = Uji-

Before continuing our analysis of the coaction « let us recall the following simple fact:
Lemma 2.3. Let C be a C*-algebra and take a,b € C with a = a*. Then a™b = 0 for some
m € N implies ab = 0.

2.1. Implications of the relation s? = e. Fixi € {1,...,n — 1}. We have

a(si)?=a(s?) =ex1,

K2

which means

n—1
E 88k @ Ujug; =e®@1L
Jk=1
and can be rewritten as
n—1
2
> 55 @uj i+ Y (5555 © ujiun + sk5; @ ujup) = e ® 1
j=1 i<k

Note that the only relations in S, holding between products of two generators are
s?=e forallie {1,...,n—1}, (2.5)
sis; = sjs; foralli,j € {1,...,n— 1} with |i —j| > 1. '

Remembering that the elements of a group taken as elements of the group algebra are linearly
independent we get the following relations:

Zufz =1, (2.6a)
J

Uj,iUj4-1,5 = 0= Ujt1,iUj 0y 1 S] S n — 2, (26b)
Uj iUk,i + Uk,iUj; = 0, |j - k’| > 1. (2.6C)
Relation (264l follows, in fact, from the unitarity of w proved in Proposition 211 Applying the

antipode to (2.6D) and ([2:6d) we get

Ui Ui = 0= Ui Ui 11, 1<j<n-2, (2.7a)
Ug Wi 5 + U Uk = 0, |j — k| > 1. (27b)
2.2. Implications of the relation s;s; = s;s; for |i — j| > 1. Now we takei,j € {1,...,n—1}

such that |[¢ — j| > 1. Then a(s;)a(s;) = as;)a(s;). Therefore
n—1 n—1 n—1 n—1
(zsk@@uk,i) (Zwum) _ (Z smmm,j) (zspmp,i),
k=1 =1 m=1 p=1

n—1 n—1

g SES1 Q Uk UL ; = g SmSp @ Um,jUp,i-
k,l=1 m,p=1

i.e.
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Recalling (2.5]) and the linear independence of the generators in the group algebra we get

n—1 n—1
E Uk, iUk,j = E Uk, Uk i s (2.8a)
k=1 k=1

Uk i Uk+1,5 = Uk, jUk+1,is (2.8b)
Uk41,iUk,j = Uk+41,5 Uk, i (2.8¢c)
U UL 5 + UL UL, 5 = Uk, jUL; + UL UK, i, |k — l| > 1. (2.8(1)

Both sides of ([2.8a)) are equal to 0 by unitarity of u. Moreover multiplying (2.8D) from the left
by uy,; and using (2.70) and (2.61) we obtain
ui,iukﬂ,j = Uk, Uk, jUk1,i = — Uk jUE;Uk41,5 = 0.

By Lemma 23 uj jur+1,; = 0 and both sides of (2.8D) are actually 0. We can do the same trick
starting with (2:8d) thus

Uk, iUk+1,5 = 0 = Uk jUk+1,4, (2.9a)
Uk 1,iUk,; = 0 = Upq1, jUp; (2.9b)
for all k € {1,...,n — 2}.
Applying the antipode to ([2.9al), (2.9b]) and (2.8d)) yields

Uj k+1Wik = 0 = U k41U ks (2.10a)
Uj kUi o1 = 0 = U kU5 k11, (2.10Db)
Uj Wik F U kUL = Ui 1 U+ Ui kU1 k=1 >1 (2.10¢c)

Putting k =7 and | = j in equations (2.8d)) and ([210d) and subtracting them we get
Ui Wi i = Uj iU,
R P (2.11)
Wi, jUj,i = Ug,ili,j
whenever |i — j| > 1.
2.3. Implications of the relation s;s;118; = $;1+18:8;+1. We now fix i € {1,...,n —2}. We
have a(s;)a(si+1)a(s;) = a(s;y1)a(s;)a(si+1), which reads

n—1 n—1 n—1
< Z $; ® u]z) < Z SE® Uk,i+1> ( Z S1® uz,i>

j=1 k=1 =1

n—1 n—1 n—1
= ( E Sp @ uzm’-i-l) ( E 54 @ uq,i) ( E Sr ®“m’—1)
p=1 q=1 r=1
in coordinates. Thus
E $j8kSI Q Uj iUk i+1Ul,; = E SpSqSr @ Up i+1Ug,iUr i+1-
gkl D4,

It is easy to see there is only one three letter word representing the element x = s;54415¢4+2. It
follows that

Uq,ilUq+1,i+1Uq+2,i = Uq,i+1Ug+1,iUg+2,i+1- (2.12)
Similarly, there is only one three letter word representing the element x = s442541+154. Thus

Ug+2,ilq+1,i+1Uq,i = Ug+2,i+1Ug+1,ilq,it1- (2.13)
Multiplying both sides of (2.12)) from the left by u,,; and using (Z7a) we obtain

2
Ug,iUq+1,i+1Uq+2,i = Uq,illg,i+1Uq+1,iUq+2,i+1 = 0,
so again, by Lemma [23] (and again by ([2.12))), we have

Uq,ilg+1,i+1Uq+2,i = 0 = Ug it 1Uq+1,iUq+2,i4+1- (2.14)
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Similarly, starting from ([2.I3]), we find that

Uq+2,iUq+1,i+1Uq,i = 0 = Ug42,i41Uq41,iUq,it1- (2.15)
Applying the antipode to (ZI4]) and Z13]) yields

Ui g 2Wit1,g+1%i,g = 0 = Uit1,g+2Ui,q+1Uit1,q, (2.16a)

Ui, Uit 1,q41%i g2 = 0 = Uit 1,qUi g 1Uit1,qt2 (2.16b)

These are, of course, not all the relations on matrix elements of w that follow from the braid
relations on the generators (ILI). We shall return to this problem in Subsection 2.4

2.4. Determination of @*(C[Sn],EQ(Sn), D).

Proposition 2.4. The only potentially non-zero elements of the matrix w are on the diagonal and
anti-diagonal.

Proof. Take k € {2,...,n —2}. We will now show that u; ;, = 0. First of all, by ([2:6a), we have

n—1
_ 2
U1,k = E Uj p—1UL,k-
i=1

Now (2.10B) shows that the sum above has at most two non-zero terms:
Uk = uf Uk U g ULk
Furthermore, by (2.7a)), the first of these terms is zero, so
UL = U3 gy UL k-
Multiplying both sides of this relation from the right by ug 1 we get

UL,EU2,k+1 = U2 k—1 (u2,k71u1,ku2,k+1),

which is zero by (2.I16H). Thus
u kU2 k+1 = 0. (2.17)
Now, again by ([2.6al), we have

n—1
_ 2
U1,k = UL EU; f41
i=1

and the sum contains only one the term (by (2.10D) and (Z7a)):

2
UL,k = UL EUQ py1 = (U1,kuz,k+1)u2,k+1-

But by (ZI7) the product in parentheses is zero, so u x = 0.
Applying the antipode we also find that

ug,1 = 0, 2<k<n-2.
Using the same technique to treat elements in the last row of u we also conclude that
Ukn—1 = Un—1,k = 0, 2<k<n—-2.
This means that
U1, o --- 0 Ul ,n—1
0 uz,2 U2,n—2 0
u = : s : : (2.18)
O Un—2,2 Un—2,n—2 O
Up—1,1 o - 0 Up—1,n—1

Consider now the sub-matrix w’ of u chosen as indicated in (ZI8]). Then the technique used to
deal with the first and last columns and rows of uw applies in exactly the same way to u’ (note
that the sum of squares of elements of rows/columns of u’ is clearly equal to 1). Thus we can
proceed by induction and, depending on the parity of n, arrive at either a 2 x 2 or 1 x 1 matrix.
In both cases it is comprised solely of diagonal and anti-diagonal elements. ([
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We now know that the matrix w must have the following special form depending on the parity
of n:

n=2p+1 n=2p
al bl
as by ai b1
ap by p—1 bp—1
u = b a u = c
p+1 Up+1 bpi1 api1
bapo1 Casp1 : :
bgp P P asy b2p71 azp—1
where {al, <oy Q2p, bl, ey bgp} (and {al, ey OQp—1,Ap41y ..., A2p—1, bl, ey bp_l, bp+1, ce ,bgp_l, C}

respectively) are certain elements of 7. We will use these symbols until the end of this section.
In the notation introduced above, the formula for the coaction « simplifies to:

a(s;) =8 @a;+ $p—i @bp_; (2.19)
(valid for for all 4 if n = 2p + 1, and for i # p for n = 2p). In the situation n = 2p, i = p we have
a(sp) =sp ®c.
Let us investigate some consequences of this new formula for « in the case n = 2p. We have
a(SpSp+18p) = A(Sp+15pSp+1), SO
SpSp+15p@ Cap41C+ SpSp—15p @ Cbp_1¢ = Sp415pSp41 @ Ap1Cap41
+ Sp—15pSp+1 ® bp—1Capt1 + Sp15pSp—1 @ Apt1Cbp—1 + Sp—15pSp—1 @ bp—1Cbp—1.
This formula simplifies by (2I4) and 28] to read
SpSp+15p @ CApy1C+ SpSp—15p ® cbp_1cC
= Sp+18pSp+1 ® Apt1Capt1 + Sp—1SpSp—1 ® bp—1¢bp_1.
Applying the same reasoning to the formula a(sp—15p5p—1) = aspsp—15p) We get
SpSp—15p @ CAp—1C+ SpSpy15p @ cbptic
= 8p_15pSp—1 @ Ap_1Cap_1 + Sp115pSp+1 @ bpr1¢bpy1.
Thus we obtain:
COp41C = Ap+1Cap+1, (2.20a)
cbp—1c=by_1cby_1,
COp—1C = Ap—1CAp—1, (2.20Db)
cbpric=bprichpyq.
Before stating the next theorem let us adopt the following convention: in the case of even
n = 2p we will define a, and b, as
ap = caj, b, = cb3. (2.21)

Since a} + b? = 1 we have a,, + b, = c. Note that with this definition of a, and b, formula [2I9)
applies universally — regardless of parity of n. From now on whenever we refer to either

{al, .. .,an_l} or {bl, e ubn—l}
we mean the elements on the diagonal/anti-diagonal of w (in case of odd n) or the elements on

the diagonal/anti-diagonal of u with a, or b, (as defined in ([22]))) instead of ¢ (in case of even
Theorem 2.5.

(1) For anyi,j € {1,...,n—1} we have a;b; = bja; =0,

(2) for any j € {1,...,n — 1} the elements a7 and b? are central projections in A,

2_ 2 _ . _ 2 2322 2
(3) we have a3 =a5=---=a:_ 4 andbi =b5=---=b2_; =1—af,
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(4) the elements of {a1,...,an—1} and {b1,...,bn_1} satisfy
(a) A Q54105 = A4105A541 and bibi+1bi = bi+1bibi+1 fO'l“ all i € {1, NN 1},
(b) asa; = aja; and bib; = b;b; whenever |i — j| > 1.

Proof. Ad (). Let us first look at the case n = 2p + 1. We have for i € {1,...,n — 2}
a; = ai(“?—f-l + b?—;—l) = aia?+1 + aib?—i—l
and since a;b;41 = 0 (by ([2.9a) and (2.6L)), we get

a; = a;a;, ;. (2.22)
Similarly for k € {2,...,n — 1} we have

ap = akai_l. (2.23)
Consider now the product a;b; for some 4,j € {1,...,n — 1}. We have several cases

e i=j<n-—1: then a;b; = aiafﬂbi = 0 because a;41b; = 0,

e i =j=n—1: then a;b; = a;a;_ 1b = 0 because a;_1b; =0,

e |i —j| = 1: then a;b, —Obyelther(lﬂl) (m) (Imborm

e i < j—1: then ab; = a;a?, ,b; = -+ = a;a?,; - 1b —Obecausea _1b; =0,
e i > j+1: then a;b; = a;a?_1bj = -+ = a;a?_; - J+1b = 0 because a,JHbJ =0.

A similar reasoning (or usage of the antipode) leads to the conclusion that bj;a; is also zero. This
proves () in the case of odd n.
In the case of n = 2p equations (2:22) and (2:23)) are verified in an analogous manner for

ie{l,...,p—2}, ke{2,....p—1}
and
ie{p+1,...,n—2}, ke{p—l—Z,...,n—l}.
It follows that the only products which might potentially be non-zero are
» product between elements from {ap_1,ap+1} and {bp_1,bp41},
» products of any a; with b, and any b; with a,.
Before addressing these products let us quickly see that a? and b3 commute with c. If p > 2
then it obviously follows from the first equation of (2.I1]). Now we prove this for p = 2, or in other

words, a1 = a,—1. Since a 1 +b2 1 = 1, it is enough to prove that a _c= Ca;%fr Remembering
that ¢ = 1 we compute using (ma)
2 2
ap71 = Gp—1C Ap—1C = Ap—1CCAp—1C 994
_ _ 2 (2.24)
= Gp—-1Cap—1 CAp—1 = CAp—1CCAp—1 = cap_l.
Note that the same technique shows also that af) 11 and bf, 11 commute with ¢, i.e.
2 2
UpyqC = Capyg. (2.25)

We now return to products of the first type described above. We have by (2.20D) (or (2:20al))
and [2.24) (or @2.25))

apt1 = C*ape1c® = ccapyice
= CApt1Capt1C = apilcaiilc (2.26)
= apr1054,C° = a)y.
Now we have
Apt1 = apil(a;%il + b;%il) = a;%il + apilb;z%il'
By 220), ap+1b75, = 0, or taking adjoints of both sides, b2, a,+1 = 0. Therefore, by Lemma,
2.3 we have
bpilapil =0. (2.27)

Starting with

Qpt1 = (a;izl:l + b?):ﬁ:l)a;ﬂil
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we obtain
apilbpil =0. (2.28)
Applying the antipode to (Z27) and (Z28) we find that
apilbp:Fl =0 and bp:Flapil =0.

Having established that

ajc—ca? =bic—ch? =0

we easily see that not only
apbrzcafbrzo, 1<r<n-1,
but also
bTapszcafszafCZO, 1<r<n-1.
This finishes the proof of ().

Ad @). Take first s € {1,...,n —2} such that 4,7+ 1 # % (if this conditions is applicable). The
formula a(s;8;418;) = a(8i+18:8i+1) leads to

8i8i118; ® AiA;110; + 8;8i418n—i @ A;Aip1bn—;
+ 8i5n—i—18; @ Aibpn_i—10; + $i8p—i—15n—i @ A;bp_i—1bn_;
+ Sp—iSi+18i ® bn,iaiﬂai + Sp—iSi+15n—i @ bn,iaiﬂbn,i
+ Sp—iSn—i—15i @ bp—ibn_i—1a; + Sn—iSn—i—15n—i @ bp_ibp_i—1bp_;
= 8i418iSi41 ® Qi 410iQiq1 + 8i418i8n—i—1 @ Ai11Aibp_i—1
+ Sit1Sn—iSit1 @ it10n—iGit1 + Si+18n—iSn—i—1 @ Aix10n_ibp_i—1
+ Sn—i—18iSi41 @ bn_i_10;0i41 + Sp—i—18iSn—i—1 @ bp_j_1a;bp_;_1
+ 801808 @ bn i 1bn—i0; + Sn—i 18— iSpn—i-1 @ bp_i_1bp_ibp i 1.
Since by (I all products between a;’s and b;’s are zero, all the middle terms on both sides are
equal to 0. Thus we obtain
8i8i4+18i @ AiAi410; + Sp—iSn—i—18n—; @ bp_ibp_j_1bp_;
= 8i415i8i+1 ® Qi110iQi41 + Sn—i—15n—iSn—i—1 @ bp_j_1bp_ibp_;_1.

We have explicitly ruled out the possibility ¢ = %, SO $;Si+1Si # Sn—iSn—i—15n—i in all cases except
when ¢ + 1 = n — ¢, which means that n = 2p + 1 and ¢ = p. Therefore, by linear independence of
group elements inside C[S,], we obtain

Q410 = Qit10;0i41 and bn—ibp—i—1bpn—i = bp_i_1bn_ibn ;1.
when i # an
In the case n = 2p + 1, ¢ = p we obtain a seemingly weaker relation
aplp+1ap + bp1bpbpi1 = apr1apap1 + bpbp by, (2.29)

but applying to both sides the antipode yields

apapi10p + bpbpi1bp = apy1apapi1 + bpi1bpbpir. (2.30)
Comparing (2:29) and ([230) we obtain
ApQp+10p = Ap4+10apap+1 and bp41bpbpi1 = bpbpr10p.

The last case to consider is the case n = 2p and ¢ = p — 1 or ¢ = p. This we easily obtain from
220) by putting in ¢ = a, + b, and using the fact that products between a;’s and b;’s are zero.

The commutativity of a; and a; (as well as b; with b;) for | — j| > 1 follows from (2.IT]).

Ad @) and @). Take any 4,5 € {1,...,n —1}. We have

aj = aj(a; +b?) = a;a? and  a; = (a +b})a; = ala;. (2.31)
Since a; clearly commutes with all b;’s we see that a? is central for all i. Since b7 = 1 — a?, the
elements b? are also central. Putting j = i in (Z31) we get a; = a3, so a? is a projection (and

77
thus so is b?). This proves (2.
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Using (2.31)) once for (4, 7) and once for (j,7) we find that

2_ 22 _ 2
aj = aja; = a;

which finishes the proof of (3. O

Equipped with the conclusion of Theorem 2.5 we easily see that the subalgebra of &7 generated
by the entries of u is a quotient of the direct sum C[S,] & C[S,]. Let a: C[S,] — C[S,]® (C[Sn] ®
C[S,]) be given by

a(s;) =8 ® 0 + $n—i ® Tn—i, (2.32)

where o1, ...,0,-1 are the generators si, ..., s,—1 in the first copy of C[S,] inside C[S,,| ® C[S,]
and by 71,...,7,—1 are the same generators in the second copy. Then « is a coaction of

K = (C[Sn] ® C[Sn], A) (2.33)

with
Alo;)) =0, Q0; +Ti ® Tri,
A1) =0 @Ti +Ti ® Op—i
on C[S,]. We will show in Subsection that this coaction is isometric in the sense described in
Subsection [Tl Moreover, by Theorem 25 for any isometric « of G = (A4, A,4) there is a unique
®: C[S,] ® C[S,] — A such that
(I)(ai)ZO'i and (I)(bl)ZTl, 1 Szgn—l
Finally @ is easily seen to be a quantum group morphism and to satisfy
a=(id® P)oa. (2.34)

It follows that K is the universal compact quantum group coacting isometrically on the spectral
triple (C[Sy,],¢*(S,), D).

In the next section we will describe a different way to obtain the quantum group

QISO™(C[Sn], £2(Sn), D) = K = (C[S,] @ C[S,], A)
from C[S,].
2.5. The coaction «. In this subsection we quickly verify that the coaction o of (2Z33]) defined
in ([Z32)) is isometric. Let 6 be the automorphism of C[S,] mapping s; to s,—1 and let 8 be the
automorphism of C[S,] @ C[S,] given by
Bloi) =on—i,  B(T) =T

(so B is the automorphism 6 acting in both copies of C[S,] simultaneously). Moreover let ¢ be
the algebra homomorphism

: C[Sy] = C[Sy] ® (C[Sn] @ C[Sy])
given on generators by
’lﬁ(Si) =5, @ 0;.
Then
a(z) = ¥(z) + (0 ® B)(¥(x)) (2.35)
for all z € C[S,]. If D is the Dirac operator of the spectral triple (C[Sn], £3(Sn), D) considered as
a map C[S,] — C[S,] (cf. Subsection [[I)) then we easily see that
oD = (13 ® 1)o.
Also, we clearly have Dofl = §oD, so by 238) we get
aoD = (13 ®Loa.
Recall that in order to derive conditions on the matrix elements of w in Section [2] we only
assumed that the considered coaction preserves the subspace of elements of length 1 (Eq. (Z2])) and

the canonical trace 7 is preserved under o on elements of length 0 and 2 (eq. ([23))). Nevertheless,
the conclusion was that « is related to a via formula (234]). Since e is isometric, it follows that
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the weaker conditions on « assumed in the beginning of Section [2] actually imply the stronger
condition of being an isometric coaction.

3. DOUBLING PROCEDURE

In this section we will describe a simple procedure which out of a regular multiplier Hopf algebra
with invariant functionals endowed with an order two automorphism produces a new regular
multiplier Hopf algebra with invariant functionals. This will be called the doubling procedure. The
name will be justified by the example presented in Subsection

We refer to the standard sources [21] 22] for the theory of multiplier Hopf algebras and their
duality. For an algebra &7 (always over C) with non-degenerate product the symbol .Z (<) will
denote the algebraic multiplier algebra of < (cf. [21]).

3.1. The procedure. Let (&7, A) be a regular multiplier Hopf algebra with invariant functionals
(cf. [22] for the definition of such objects) and let §: &/ — & be an automorphism of (&, A),
i.e. an automorphism of &7 such that

(0 ®0)oA = Aol
(while it is quite easy to show that 6(«/) = &/, on the left hand side one needs to consider the
unique extension of (f ® 6) to a homomorphism 4 (o @ o7 ) — M (o @ <7)). The first important

fact is that the adjoint of the map € on the linear dual of & restricts to a map &/ — &/. Indeed,
this follows from the fact that if ¢ is a non-zero left invariant functional on o7 then so is, ¢of. By
the uniqueness of invariant functionals ¢of = cp for some non zero constant c. It follows that for
any a € o
pla-)ob = p(ch(a) ).

This way we define the dual of § which is in fact an automorphism of (.QZ 3) We will denote this
automorphism by 9.

Now let us consider the special case when 6 is an order-two automorphism. Let % be the
crossed product o X5 Z3. The algebra % can be identified with the algebra of matrices

x y |
~ ~ x,y € of }

{[9@) 0(z))
(see e.g. [20, Part I, Example 2.11] and [I1, Remark before Proposition 7.5]). Note that the
mapping

— T 0
1.9 Dx— 0 @(m)} c A

is a non-degenerate homomorphismﬂ Moreover there is a multiplier U of % such that U? = 1 and

Ur(z)U = z(@(m))

for all 2 € o7 Indeed, U = (]? %). If € is another algebra with non-degenerate product equipped
with a non-degenerate mapping j: o7 — A (€) and an element V € .# (%) such that V2 = 1 and

Vi)V =5(0x))
for all # € o/ then there exists a unique non-degenerate map A: B — # (%) such that
A(u()) = y(x)

for all z € & and A(U) = V. Indeed, uniqueness of A is immediate, since any element of & is a

sum of elements of the form u(z) with = € o and 1(y)U with y € /. On the other hand if 7 and
V are as above then the algebra generated inside .# (%) by the image of j and by V is clearly an
image of the matrix algebra #. Non-degeneracy of A follows from the non-degeneracy of j (the
image of A contains the image of 7).

liFor this one should use the local units of o/, cf. [8, Proposition 2.6].
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Now consider ¢ = #® % with j: PEY (z®z)ﬁ(m) and V =U ®U. Let the corresponding
unique map B — M (B @ B) be denoted by Ag. It is straightforward that Ag is a comultipli-
cation which makes £ into a regular multiplier Hopf algebra. The counit and antipode of &% are

given by
(lat atal) =7 5 (la Aiy@D:l@(éfy))) 5(853»]’

where € and S are counit and antipode of (Jz/{\, 3)
The regular multiplier Hopf algebra (%, Ag) is easily seen to admit invariant functionals: if @
and ¢ are left and right invariant functionals on &7 then

W(% oA(iJ):@“) and W([@& aé)])=$<w>

define invariant functionals on (%, Ag).
The doubling (o7, A) of (&7, A, 0) is by definition the multiplier Hopf algebra dual to (%, Ag).
One can easily see that (&7, A) is a quotient of (o, A). In fact, the construction of the doubling

is fully analogous to the operation of semidirect product by Z5 in group theory. In particular it
does not lead out of the class of commutative multiplier Hopf algebras.

3.2. Example. Now let us apply the construction discussed above to the case of a group algebra
C[G] of a discrete group G with an order two automorphism 6. The dual & of & is then the algebra
of finitely supported functions on GG with comultiplication A coming from group multiplication:

A(f) () = f ()
for f € o and x,y € G. The delta functions {0;}ze¢ for a basis of o and

INCE PR
ab=x
where the possibly infinite sum clearly defines a multiplier of ¢ ®.;z/[ Note that the multiplication
in </ is the usual pointwise multiplication of functions on G, so §, multiplied by d, is non-zero if
and only if z = y and then the product is J,.
The functional

g5 flo)
rcG
is both left and right invariant. The crossed product algebra % defined in Subsection B.] is

isomorphic as an algebra with o @ o/ with multiplication
(£,9)(u,v) = (fu+ g0(v), fv+ gb(u)),

where é(u) = yof for any u € /. The inclusion ¢: & < M (A) is given by f +— (f,0), while the
multiplier U is (0,1). Suppressing ¢ we can treat d, and §,U as an elements (d,,0) and (0, d,) of
2. With this notation we have for any z,y € G

Ap(0:) =Y 0.®0,  Az(d,U)=> 6.U®5U.

ab=x ab=y

The set {0z }zec U {6,U}yeq is a basis of A.
Let h be the left and right invariant functional on %

h((f.9) =Y f(@).
zeG
Now consider the functionals {{; }zcc and {n, },yec defined by

1Ty see that e and Sg satisfy the desired properties one must use the simple fact that €00 = €and Sof =
foS =S.
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By construction they belong to o = % and one immediately sees that they span this space.
Moreover it is easy to see that

@(6»—{1 P= nysz)—{l P=Y

0 otherwise, 0 otherwise

and
&(Ud2) =0 =mny(d2)

for all x,y,z € G. .

Multiplication in & is dual to comultiplication in A. It follows from a simple computation that

fmfy = gzyv €zny = Wyfm =0, NaeMy = Nay-
Therefore o is, as an algebra, isomorphic to the direct sum of two copies of the group algebra of
G:
o = C[G] & C[G]

with {£;}zcq corresponding to the canonical basis of the first copy of C[G] and {n,},cq corre-
sponding to the canonical basis of the second copy. Let us note that, in particular, &/ is unital.

We shall now describe the comultiplica/tion on /. This is very simple, since the remark after
[22, Definition 4.4] says that for any £ € & = % we have
A (E®0) =¢(=E0).
for all 2,0 € #. Since
1 z=y=z2
0 otherwise,

E(ﬁﬂc)((sy ® 5Z) = h(5y6z5m) = {

A(&:) (8, ® 8.U) = h(5,8.U6,) = 0,

A(6,)(5,U @ 6.U) = h(5,U8.U8,) = h(3,00(2)02) = {1 v=y=00)
0 otherwise
and
A(n2)(6, ®6.) = h(6,8.U8,) =0,
A(:)(8, ® 8.U) = h(0,6.0,) = {1 eV A
0 otherwise,
Ana)(0,U @6.) = h(8,U8.U8,) = h(5,69()6,) = {1 =y 0(2),
0 otherwise
A1) (6,U @ 6.U) = h(8,U8.6,) = 0
we have

8(51) =& Q&G+ ® No(z)»
Ae) =& ®@nNe + 10 ® o (a)-

If we still denote by 6 the canonical extension of 6 to an automorphism of & = C|G] @ C[G] then
we can write

Al&) = & ® & + 1, ®0(n,),
Ane) = & @1 + 10 ® 0(E).

Let us specify the situation further and take G = S,,. As in previous sections let us denote by
01,...,0n—1 the transpositions si, ..., s,—1 in the first copy of C[S,] inside C[S,] ® C[S,] and by
Ti,...,Tn—1 the same transpositions in the second copy. Let 6 be the automorphism of S, given
by conjugation with the unique word of maximal length (on the considered generators). Then

(3.1)
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0(o;) = on—; and 0(1;) = 7,—; for all 4. In particular the formula (BI]) gives the comultiplication
A on C[S,] @ C[S,] obtained via the doubling procedure for 6 as

A(o;) =0, 0 + Ty @ Tr—i,
A(Ti) =0, T + 7 Q Op—j-
This means that the matrix

01 1
02 T2

Tn—2 On—2
Tn—1 On—1

(in case n is even, the middle element of the matrix is o» +7n) is a corepresentation of the finite
quantum group K = (C[S,,] ® C[Sy],A). This completes the proof of Theorem [l

4. THE QUANTUM ISOMETRY GROUPS FOR S3 WITH DIFFERENT SETS OF GENERATORS

In [6, Section 4] quantum isometry groups of spectral triples on S3 were discussed. The two
spectral triples were related to two different sets of generators used to define the length function
on S3 and the corresponding Dirac operator.

In order to formulate the precise result of the work of Bhowmick and Skalski let us denote by
A the C*-algebra C[S5] @ C[S5] and let 01,02 and 71, 72 denote the transpositions s; and s3 in the
first and second copy of C[Ss5] inside A respectively (just as in Sections [IH3]).

Then we have

(1) The quantum isometry group of S5 with the generating set {s1, s2} is
Ky = (4,Aq),
wherd™

Ai(o1) =01 ®01+T1 @72, Ai(n1) =71 ®02+01® T,
Ai(o2) =02 Q@02+ ®@T1, Ai(r)=T2®01+ 02 T2.

The coaction of Ky on C[S3] is given on generators by

ai(s1) =51 ® o1+ 52 ® 7o,

ai(s2) =51 ® o2+ 51 @71

(This is in full analogy to the cases n > 3 discussed in previous sections.)
(2) The quantum isometry group of S3 with the generating set {s1, $152, s281} is

Ko = (4, Ag),
where
As(oy) =01 @01 + 71 @ 71, As(m) =711 ®0o1 +01 @11,
As(02) =02 ® 02 +T1ToT1 @ T2, A2(T2) = T ® 02 + 010201 @ Ta.
The coaction of Ky on C[S3] is given on generators by
as(s1) =51 ® (o1 +71),
a(82) = 89 ® 09 + 518281 ® To
(the elements so and s1s2s1 are, in this case, of length two).

VPlease note that the formulas for comultiplication in this and the next case hinted upon in [6] are slightly
incorrect.
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In both cases we obtain a non-commutative and non-cocommutative Hopf algebra of dimension
12. By the results of [9] there are only two such Hopf algebras up to isomorphism. Our aim in
this section is to show that K; is not isomorphic to Ko. This, in particular, shows that the Hopf
algebras constructed by Fukuda in [9] have a (non-commutative) geometric origin. We will prove
that K; is not isomorphic to K2 by assuming that indeed there is an automorphism ¢ of A such
that

(p®p)oA; = Agogp (4.1)
and then showing that this leads to a contradiction.

Let p be the multiplication map A ® A — A and define two linear maps T7,T5: A — A as

Ti = /J,OAZ', 1= 1, 2. (42)

Denote by e, and e, the neutral elements of S sitting in the first and second copy of C[S3] inside
A. The set
{60’7 01,02,0102,0201,010201,€+,T1,72,T172, 7271, T1T2Tl} (43)

is a basis of A. We have

Ti(es) = € + €7, Tr(es) = € + €1,
T1(01) = €5 + T172, T>(01) = ey + T172,
T1(02) = ey + ToT1, Ta(02) = ey + ToT1,
Ty (o102) = 0201 + €, Ty(o102) = 0201 + e,
Ti(0901) = 0102 + €, Ty(0201) = 0102 + e,
T1(010201) = e, + €7, Ty(010201) = €5 + T1T2

and the values of T and T, on the remaining vectors of the basis (43]) are zero.
As the map ¢ is multiplicative (i.e. pou = po(p ® ¢)), from ([@I) and ({2) we infer that

poTy =Thoep. (4.4)

Since e, + e, = 1 (the unit of A) we have go(Tl (010201)) =1 and by (&4) T (cp(olagol)) =1.
This means that ¢(o10907) differs from e, by an element of ker Ty. It is easy to check that

ker Ty = span{ag — 010201, €r,T1, 72,7'172,7'2,71,717'271}.
Therefore
p(o10201) = €5 + AMoa — 0102071) + comb(e,, 11, To, T1 T2, T2, T1, T1 T2T1), (4.5)
where comb(- - - ) represents some linear combination of elements in parentheses. Furthermore
(010201)2 = €o,
so that
p(010201)* = ¢((010201)%) = p(es). (4.6)
But T3 (e,) =1 as well, so T2 (¢(es)) = ¢(Ti(es)) = 1. This means that also
o(es) = ey + N(og — 010201) + comb’ (e, 71, T2, T1 T2, T2, T1, TI T2T1)- (4.7)
Inserting (43) and (1) into (AE) we get
eo +2X\2e, — N2(0109 + 0901) + No1 — 010201) + (COIHb(eT,Tl,TQ,TlTQ,TQ, T1, 7'17'27'1))2
= e, + N (09 — 010201) + comb'(e,, 71, T2, T1 T2, To, T1, T1T2T1).

Using linear independence of the group elements in the group algebra we find that A = 0 and in
consequence X' = 0. This reduces (@3] and [@.7) to

p(o10201) = e, + comb(er, 71, T2, TiT2, T2, T1, TIT2T1),

li
p(es) = e, + comb' (e, Ty, Ta, T1 T2, T2, T1, TIT2T1 ).
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Clearly (e, ) is a projection and so must be comb’(e,, 71, T2, 172, T2, T1, 17271 ). However, the
image of e, under an automorphism cannot be a projection strictly bigger than e,. In order to
see this we can realize A concretely as a multi-matrix algebra

A=Ca® My(C)®CaCaM(C)aC C M(C)

and use the fact that in an automorphism of a multi-matrix algebra leaves invariant the rank of a
matrix. It follows that comb/(eT, T1, T2, T1T2, T2, T1, T1T2T1) = 0 and

wles) = e,
The same argument, that the rank of the matrices 010201 and ¢(010201) must be equal to 4
(both o10207 and e, are invertible in the first summand C[S3] in A), shows that the rank of
comb(e,, T1, T2, T1T2, T2, T1, T1T2T1) 18 zero, so that
p(010201) = €,.
This means that 010901 — e, belongs to the kernel of ¢, so that ¢ cannot be an automorphism of
A.

In the paper [9] the list of all 12-dimensional semisimple Hopf algebras over algebraically closed
fields of characteristic different from 2 and 3 was given. Apart from commutative and cocommu-
tative ones there are only two non-commutative and non-commutative Hopf algebras in this class.
These two are denoted by A, and A_ respectively. As algebras they are both isomorphic to our

algebra A. The presentation of Ay used in [9] is the following: Ay is the algebra generated by
three elements a, b and ¢ such that

A=c, a®=0b>=1, bab=d% ac=ca, bec=ch.
The comultiplications of AL are
Ai(a)=ac®a+a(l—c)®ad®, A_(a)=A(a),
AL(b)=bRDb, A_(D)=bc®@b+b(l—c)®c(2c—1),
Ar(e)=c®@c+(Ll—-—c)®@ (L —c), A_(c)=A4(c).
Consider the identification of A, with A defined by
a < 0102 + T T2, b<— o1+ 71, Cc+— e,

This isomorphism of algebras is easily seen to be an anti-isomorphism of coalgebra between A,
and (A, Ay). This means that Ky is isomorphic to the Hopf algebra co-opposite to Ay. Since the
isomorphism classes of Ay and A_ are determined by their groups of group-like elements of the
respective Hopf algebras ([9]), we see that Ay is isomorphic to its co-opposite Hopf algebra. In
particular Ky is isomorphic to A4 and consequently K; is isomorphic to A_.

Acknowledgment. The authors would like to thank Adam Skalski for helpful discussions and
suggestions.
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