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ON p-COMPACT MAPPINGS AND p-APPROXIMATION

SILVIA LASSALLE AND PABLO TURCO

ABSTRACT. The notion of p-compact sets arises naturally from Grothendieck’s character-
ization of compact sets as those contained in the convex hull of a norm null sequence.
The definition, due to Sinha and Karn (2002), leads to the concepts of p-approximation
property and p-compact operators, which form a ideal with its ideal norm x,. This paper
examines the interaction between the p-approximation property and certain space of holo-
morphic functions, the p-compact analytic functions. In order to understand these functions
we define a p-compact radius of convergence which allow us to give a characterization of
the functions in the class. We show that p-compact holomorphic functions behave more
like nuclear than compact maps. We use the e-product of Schwartz, to characterize the p-
approximation property of a Banach space in terms of p-compact homogeneous polynomials
and in terms of p-compact holomorphic functions with range on the space. Finally, we show
that p-compact holomorphic functions fit into the framework of holomorphy types which
allows us to inspect the xp-approximation property. Our approach also allows us to solve

several questions posed by Aron, Maestre and Rueda in [2].

INTRODUCTION

In the Theory of Banach spaces (or more precisely, of infinite dimensional locally con-
vex spaces), three concepts appear systematically related since the foundational articles by
Grothendieck [21] and Schwartz [2§]. We are referring to compact sets, compact operators
and the approximation property. A Banach space E has the approximation property when-
ever the identity map can be uniformly approximated by finite rank operators on compact
sets. Equivalently, if £’ ® E, the subspace of finite rank operators, is dense in L.(F; E),
the space of continuous linear operators considered with the uniform convergence on com-
pact sets. The other classical reformulation states that E has the approximation property if
F'® E is dense in K(F'; E), the space of compact operators, for all Banach spaces F. It was
not until 1972 that Enflo provided us with the first example of a Banach space without the
approximation property [19]. In the quest to a better understanding of this property and
the delicate relationships inherit on different spaces of functions, important variants of the
approximation property have emerged and were intensively studied. For the main develop-
ments on the subject we quote the comprehensive survey [9] and the references therein.
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Inspired in Grothendieck’s result which characterize relatively compact sets as those con-
tained in the convex hull of a norm null sequence of vectors of the space, Sinha and Karn
[29] introduced the concept of relatively p-compact sets. Loosely speaking, these sets are
determined by norm p-summable sequences. Associated to relatively p-compact sets we have
naturally defined the notions of p-compact operators and the p-approximation property (see
definitions below). Since relatively p-compact sets are, in particular, relatively compact,
the p-approximation property can be seen as a way to weaken the approximation property.
These three concepts were first studied by Sinha and Karn [29,[30] and, more recently, several
authors continued the research on this subject [10] 12} 13} 4], 20].

This paper examines the interaction between the p-approximation property and the class
of p-compact holomorphic functions. The connection between the approximation property
and the space of holomorphic functions is not without precedent. The pioneer article on
this topic is due to Aron and Schottenloher [5], who prove that a Banach space E has the
approximation property if and only if (H(FE), 79), the space of the entire functions with the
compact open topology, has the approximation property. Since then, many authors studied
the approximation property for spaces of holomorphic functions in different contexts, see
for instance [0, [7, 17, 18, 24]. Recently, Aron, Maestre and Rueda [2] prove that F has the
p-approximation property if and only if (H(E), 7o,) has the approximation property, here 7,
denotes the topology of the uniform convergence on p-compact sets. The relation between
the approximation property and holomorphic mappings was studied in detail in [5], where
the class of compact holomorphic functions play a crucial role.

The article is organized as follows. In the first section we fix the notation and state some
basic results on p-compact mappings. In Section 2 we study the behavior of p-compact ho-
mogeneous polynomials which can be considered as a polynomial Banach ideal with a natural
norm denoted by x,. Following [10] we show that any p-compact homogeneous polynomial
factors through a quotient of ¢; and express the x,-norm in terms of an infimum of certain
norms of all such possible factorizations. This result slightly improves [I0, Theorem 3.1.].
We also show that the Aron-Berner extension preserves the class of p-compact polynomials
with the same norm. Finally we show that there is an isometric relationship between the
adjoint of p-compact polynomials and quasi p-nuclear operators, improving the analogous
result for operators [14].

Section 3 is devoted to the study of p-compact holomorphic mappings. Since p-compact
functions are compact, we pay special attention to the results obtained by Aron and Schot-
tenloher [5], where the authors prove that any holomorphic function is compact if and only
if each polynomial of its Taylor series expansion at 0 is compact, [5, Proposition 3.4]. Then,
Aron, Maestre and Rueda [2, Proposition 3.5] show that each component of the Taylor series
expansion of a p-compact holomorphic mapping has to be p-compact. We define a natural
p-compact radius of convergence and, in Proposition 3.4l we give a characterization of this
type of functions. Surprisingly, we found that p-compact holomorphic functions behave more
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like nuclear than compact mappings. We show this feature with two examples. Example [3.7]
shows that Proposition B.4] cannot be improved and also that it is possible to find an entire
function whose polynomials at 0 are p-compact but the function fails to be p-compact at 0,
which answers by the negative the question posed in [2, Problem 5.2]. In Example we
construct an entire function on #; which is p-compact on the open unit ball, but it fails to be
p-compact at the first element of the canonical basis of ¢, giving an answer to [2, Problem
5.1].

We apply the results of Section 2 and 3 to study the p-approximation property in Section 4.
We characterize the p-approximation property of a Banach space in terms of p-compact
homogeneous polynomials with range on the space. Our proof requires the notion of the
e-product of Schwartz [28]. We also show that a Banach space E has the p-approximation
property if and only if p-compact homogeneous polynomials with range on E can be uniformly
approximated by finite rank polynomials. Then, we give the analogous result for p-compact
holomorphic mappings endowed with the Nachbin topology, Proposition 4.7,

The final section is dedicated to the p-compact holomorphic mappings withing the frame-
work of holomorphy types, concept introduced by Nachbin [25] 26] . This allows us to inspect
the k,-approximation property introduced, in [I3], in the spirit of [5, Theorem 4.1].

For general background on the approximation property and its different variants we refer
the reader to [9, 22].

1. PRELIMINARIES

Throughout this paper E and F' will be Banach spaces. We denote by By the closed unit
ball of E, by E’ its topological dual, and by ¢,(E) the Banach space of the p-summable
sequences of elements of £, endowed with the natural norm. Also, ¢o(E) denotes the space
of null sequences of E endowed with the supremum norm. Following [29], we say that a
subset K C FE is relatively p-compact, 1 < p < oo, if there exists a sequence (x,,), C {,(E)
so that K is contained in the closure of {)  anz,: (on)n € By}, where By, denotes the
closed unit ball of ¢,, with % + % = 1. We denote this set by p-co{x,} and its closure by
p-co{z, }. Compact sets are considered oo-compact sets, which corresponds to ¢ = 1. When
p = 1, the 1-convex hull is obtained by considering coefficients in B,_ or, if necessary, with
some extra work by coefficients in B,,, see [14, Remark 3.3].

Since the sequence (x,), in the definition of a relatively p-compact set K converges to
zero, any p-compact set is compact. Such a sequence is not unique, then we may consider

mp(I E) = i {|[ ()l - K C p-co{wn}}

which measures the size of K as a p-compact set of E. For simplicity, along this work
we write m,(K) instead of m,(K; E). When K is relatively p-compact and (x,), C {,(E)
is a sequence so that K C p-co{z,}, any x € K has the form = = > a,z, with (a,),
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some sequence in By . By Hélder’s inequality, we have that |z|| < |/(zn)nlle,z) and in
consequence, ||z|| < m,(K), for all z € K. We will use without any further mention the

following equalities: m,(K) = m,(K) = m,(I'(K)), where I'(K) denotes the absolutely convex
hull of K, a relatively p-compact set.

The space of linear bounded operators from E to F will be denoted by L(E;F) and
E’' ® F will denote its subspace of finite rank operators. As in [29], we say that an operator
T € L(FE;F) is p-compact, 1 < p < oo, if T(Bg) is a relatively p-compact set in F'. The
space of p-compact operators from E to F' will be denoted by K,(E;F). If T belongs to
K,(E; F), we define

ip(T) = i0f {[|(Yn)ullp: (Un)n € 6,(F) and T(Bp) C p-co{ya}},

where K, coincides with the supremum norm. It is easy to see that x, is a norm on K,(E; F)
and following [27] (see also [14]) it is possible to show that the pair (K, x,) is a Banach
operator ideal.

The Banach ideal of p-compact operators is associated by duality with the ideal of quasi-
p-nuclear operators, introduced and studied by Persson and Pietsch [27]. A linear operator
T € L(E;F) is said to be quasi p-nuclear if jpT: E — (. (Bp/) is a p-nuclear operator,
where jp is the natural isometric embedding from F' into (. (Bpgs). It is known that an
operator 1" is quasi p-nuclear if and only if there exists a sequence (z,), C ¢,(E’), such that

7l < (3 Ihp).

for all x € F and the quasi p-nuclear norm of 7" is given by

v (T) = f{[[(2])ally: 1T2lP <) |2, (2)I", Vo € E}.

The space of quasi p-nuclear operators from E to F' will be denoted by QN ,(E; F). The
duality relationship is as follows. Given T" € L(E; F), T is p-compact if and only if its
adjoint is quasi p-nuclear. Also, T is is quasi p-nuclear if and only if its adjoint is p-compact,
see [I4, Corollary 3.4 | and [I4], Proposition 3.8].

A mapping P: E — F' is an m-homogeneous polynomial if there exists a (unique) sym-

V
metric m-linear form P: F x --- x E — F such that
——

for all z € E. The space of m-homogeneous continuous polynomials from E to F' will be
denoted by P(™E; F'), which is a Banach space considered with the supremum norm

I1P| = sup{[|[P(x)||: = € Bg}.
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Every P € P(™E,F) has associated two natural mappings: the linearization denoted
by Lp € LIQ] E; F), where @' I stands for the completion of the symmetric m-tensor
product endowed with the symmetric projective norm. Also we have the polynomial P &
P(ME", F"), which is the canonical extension of P from F to E” obtained by weak-star
density, known as the Aron-Berner extension of P [I]. While ||Lp| < Z1||P|, P is an
isometric extension of P [I1].

A mapping f: E — F is holomorphic at xy € F if there exists a sequence of polynomials

P,.f(xg) € P("E, F) such that
flz) = Z P f(20) (2 — 20),
m=0

uniformly for all z in some neighborhood of z,. We say that Y °_ P, f(x), is the Taylor
series expansion of f at xg and that P, f(xy) is the m-component of the series at zy. A
function is said to be holomorphic or entire if it is holomorphic at x for all x € E. The space
of entire functions from E to F' will be denote by H(E; F').

We refer the reader to [16], 23] for general background on polynomials and holomorphic

functions.

2. THE p-COMPACT POLYNOMIALS

We want to understand the behavior of of p-compact holomorphic mappings. The defini-
tion, due to Aron, Maestre and Rueda [2] was introduced as a natural extension of p-compact
operators to the non linear case. In [2] the authors show that for any p-compact holomorphic
function each m-homogeneous polynomial of its Taylor series expansion must be p-compact.
Motivated by this fact we devote this section to the study of polynomials.

Recall that P € P(™E; F) is said to be p-compact, 1 < p < oo, if there exists a sequence
Yn)n € Lp(F), (Yn)n € co if p = 00, such that P(Bg) C {> .~ anyn: (an)n € By, }, where
% + % = 1. In particular, any p-compact polynomial is compact. We denote by Pg, (™E; F')
the space of p-compact m-homogeneous polynomials and by Pk (" E; F') the space of compact
polynomials. Following [13], for P € Pk, (™ E; F') we may define

kip(P) = inf {[|(y)nllp: (Yn)a € 6(F) and P(Bp) C p-co{ya}}.

In other words, k,(P) = m,(P(Bg)). It is easy to see that &, is, in fact, a norm satisfying that
|P|| < kp(P), for any p-compact homogeneous polynomial P, and that (Pg,(™E; F), kp) is
a polynomial Banach ideal. Furthermore, we will see that any p-compact m-homogeneous
polynomial factors through a p-compact operator and a continuous m-homogeneous polyno-
mial. Also, the x,-norm satisfies the natural infimum condition.

Lemma 2.1. Let E and F be Banach spaces and let P € P(™E; F). The following state-
ments are equivalent.
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(i) P is p-compact.
(ii) Lp: @, E — F, the linearization of P, is a p-compact operator.

Moreover, we have k,(P) = k,(Lp).

Proof. To show the equivalence, we appeal to the familiar diagram, where A is a norm one
homogeneous polynomial (A(z) = 2™) and P = LpA:

%

Q. E

F

Note that the open unit ball of @' £ is the absolutely convex hull I'{z™: [|z| < 1}.
Then, we have that P(Bg) C I'({Lp(z™): ||z|| < 1}) = I'(P(Bg)). Now, the equality
Lp(I{z™: ||z|| < 1}) = I'(P(Bg)) shows that any sequence (y,), € ¢,(F) involved in the
definition of x,(P) is also involved in the definition of x,(Lp) and vice versa, which completes
the proof. O

Sinha and Karn [29, Theorem 3.2] show that a continuous operator is p-compact if and
only if it factorizes via a quotient of ¢, and some sequence y = (y,), € (,(F). Their
construction is as follows. Given y = (y,), € ¢,(F) there is a canonical continuous linear
operator 6,: {, — F associated to y such that on the unit basis of ¢, satisfies 6,(e,) = yn.
Then, 6, is extended by continuity and density. Associated to 6, there is a natural injective
operator 6,: £,/ker, — F such that 6,[(c,),] = 6,((an)n) with |8, = 6,1 < llylle,e-
Now, if we start with 7" belonging to K,(E; F), there exists ¥y = (yn)n € (,(F) so that
T(Bg) C p-co{y,} and, via 6,, it is possible to define an operator T,,: £ — ¢,/ker 6, by
T,(x) = [(on)n] where (), € £, is a sequence satisfying that T'(z) = > 7| a,¥y,, which
exists by the p-compactness of 7. Note that the operator T}, is well defined, ||7,|| <1 and T’
satisfies the factorization T' = @Ty, where 9; is p-compact and mp(gy) = ||ylle,(r)- It is clear
that, if an operator S admits such factorization, then .S is p-compact.

Given a sequence y = (Y, ), € ,(F'), Choi and Kim [I0, Theorem 3.1] factorize the operator
8, through ¢, as the composition of a compact and a p-compact operator, concluding that any
p-compact operator T' factors through a quotient space of ¢ as a composition of a compact
mapping with a p-compact operator.

The behavior of p-compact polynomials is similar to that described for p-compact opera-
tors. In the proposition below a slight improvement of [10, Theorem 3.1] is obtained. We
prove that the corresponding factorizations via a quotient of ¢; suffice to characterize k,(P)
for P a p-compact polynomial and therefore, for a p-compact operator. In order to do so,
we will use the following technical lemma. Although we believe it should be a known basic
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result, we have not found it mentioned in the literature as we need it. Thus, we also include
a proof.

First, we fix some notation: for ¢ C N a finite set, we write S,(r) = > . r". The
following fact has a direct proof. Let oy, 09, ... be a disjoint sequence of finite sets such that
its union, U,,0,, is infinite. Take 0 < r < ¢ < 1 and consider the sequence = (), defined
by 3, = ""(T , for all n. Then, § belongs to B,,.

Lemma 2.2. Let 1 < p < co. Given (x,), € £, and € > 0, there exists B = (Bn)n € B,
such that (32)n € €y and [|(52)nlly < [[(2a)nllp(1 +€).

Proof. 1t is enough to prove the lemma for (z,,), € ¢; with ||(x,),||1 = 1. Indeed, suppose the
result holds for this case. Fix (z,), € {,, a nonzero sequence and consider the sequence (z,),
defined by z, = G ) EmmE which is a norm one element of /1. Given € > 0, take (a,), € By,

such that ||(24),[l; <1+ ¢ and the conclusion follows with 3 = (a,l/p)n.

Now, suppose (z,), € {1 and ||(x,)s]l1 = 1, we also may assume that x, # 0 for all n.
Choose 6 > 0 such that %g < 1+ ¢e. We construct g inductively.

Since |z1| < 1, there exists my € N such that if oy = {1,2,...,my}, then |z1] < Sy, (3).
Let n; > 2 be the integer so that . _ |z, < S, (3) and 30" |:)3n| > Sy, (3). Then, there
exists 0 < t,, <1 such that

Z |Zn| + oy T, | = (%) and (1 — 1y, )|@n, | + Z |zn| = Z (%)n

n<ni n>ni n>mi

Now, since (1 — ty,)|@n,| + |Zn,11] < D, (3)", there exists my > my such that if oy =
{mi +1,...,mo} we have that (1 — tn,)|@n,| + |[Zny41] < Sop(3). Let na > ny + 1 be the
integer such that (1_tm)‘xm‘+223+} |z, | < 502( ) and (1—t,, )|, |+ 00 2n] > 502(%).

Then, there exists 0 < ¢,, <1 such that
L=tu)zn |+ D> |zal + twgl2n,| = Sy (3)  and  (L—to,)|zn,|+ > fzal = Y (3™
nip<n<ng n>nog n>msa

Continuing this procedure, we can find nj,m; € N, n; +1 < nj4,m; < mjpq Vj, and
0 < t,, < 1such that, if o; = {m;_1 +1,...,m;}, then we obtain

(L —tn, Mon, o[+ Y 2l + to)lzn,| = So,(3), forall j > 2.

nj—1<n<n;

Now, with ny = 0, choose  such that

S 148 Sy, (19
o (=) 7j+1\"2 ; _
I T 2 o n=n;,
B =
S"j(lTH)

Soj(%) if nji—1 <n<n;.
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Sy . (19
Put ¢; = S]((f))
7j

we have

, as we mentioned above |¢;| > 1 and ¢; — oo, then (f8,), € B,,. Finally,

[N

Jalli = Zﬁ 1|xn|+6n11|a7n1|+z Z 57:1|In|+2ﬁ;]1|a7n3|

n<ni j>2 nj_1<n<n; 7>2

=G Z |Za| + tay 1@, | + (1 — tny ) c2|@n, |

n<ni

S Gl D taelan |+ (1=t )l

j>2 nj_1<n<n; j>2
= (Dl +tm|xm|) +Zc][ o, en o+ D ol o]
n<ny nj—1<n<n;
:ijl ng(%) < 1+€
Thus, the lemma is proved. (]

Proposition 2.3. Let E and F be Banach spaces, 1 < p < oo, and P € P("E;F). The
following statements are equivalent.

(i) P € Pk, ("E; F).
(ii) There exist a sequence (Yn)n € C,(F'), a polynomial () € P(™E;{,/ker0,) and an
operator T' € IC,, (¢, /ker 0,; F') such that P =T o (). In this case

kp(P) = inf{[|Ql|r,(T)},
where the infimum is taken over all the possible factorizations as above.
(iii) There exist a closed subspace M C {y, a polynomial Q € P(™E;l,/ker,) and op-
erators R € Ky({y/ker6,;0,/M) and S € K({1/M; F) such that P = SRQ. In this
case

rp(P) = nf{[| Q[ (R)|[ S]]},

where the infimum is taken over all the possible factorizations as above.

Proof. 1t is clear that either (ii) or (iii) implies (i).

Now, assume that P is a p-compact polynomial. By Lemma 2.1 we have that P = LpA,
where Lp is a p-compact operator and A is a norm one polynomial. Applying [29, Theorem
3.2] to L, we have that Lp = 0,(Lp), where y = (yn), € {,(F) is such that Lp(Bgm ) C
p-co{yn}, with k,(6,) = [lylle,cry and [[(Lp),]| < 1.

Then, P =TQ for T = Hy and @@ = (Lp),A, see the diagram below. Also, we have that
whenever P = T'Q as in (ii), k,(P) < k,(T7)|Q]]. Again by Lemma 211 ,(Lp) = k,(P)
and, since ||A]| = 1, the infimum is attained.

To show that (i) implies (iii), we again consider the p-compact operator Lp and the fac-
torization Lp = 6,(Lp),. Now we modify the proof in [I0, Theorem 3.1] to obtain the
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infimum equality. Fix € > 0 and suppose y = (yn )y is such that ||(yn)nlle,(r) < Kp(Lp) + €.
Using Lemma 2.2 choose (8,), € B, such that (%*), belongs to (,(F) with [[(£2)n]ls, <
1Y )nlley ) + &

For simplicity, we suppose that y, # 0 , for all n. Now, define the operator s: {; — F as
sS((W)n) = Do, %yn% which satisfies ||s|| < [|8]| < 1, and consider the closed subspace
M = kers C ¢;. Then, we may set R: {,/kerf, — (1/M the linear operator such that
R([(an)n]) = [(an”z—:”)n] and, with S the quotient map associated to s we get the following
diagram:

P
- =

| 2 N

®7rmsE meq/kerey ?El/M

Then, P = SRQ, with Q = (Lp),A and |[S||, |Q|| < 1. Since R(By,kers,) C p-co{[22le, ]},
by the choice of 5, R is p-compact and k,(R) < ||(%)n”p < [(Yn)nlle, @) + €

Finally,
kp(P) < ISNEp(BNQN < [ (yn)nlle,r) + & < rp(Lp) + 2¢.
By Lemma 2] the proof is complete. O

It was shown in [I4], that an operator T': £ — F'is p-compact if and only if its bitrans-
pose T": E" — F" is p-compact with ,(7") < k,(T"). In [20], it is shown that, in fact,
kyp(T") = ky(T') regardless T" is considered as an operator on F” or, thanks to the Gant-
macher theorem, as an operator on F'. This result, allows us to show that the Aron-Berner
extension is a k,-isometric extension which preserves the ideal of p-compact homogeneous
polynomials. Recall that P denotes the Aron-Berner extension of P.

Proposition 2.4. Let E and F' be Banach spaces, 1 < p < oo, and P € P("E; F). Then
P is p-compact if and only if P is p-compact. Moreover, k,(P) = k,(P).

Proof. Clearly, P is p-compact whenever P is and also #,(P) < r,(P). Now, suppose that
P is p-compact. By Lemma 2.1l we can factorize P via its linearization as P = LpA, with
|A| = 1 and Lp a p-compact operator. Since P = LA, by [14], P is p-compact with
kp(P) < k,(L%). Now, applying [20] and Lemma 21 x,(L7}) = k,(Lp) = k,(P), which
gives the reverse inequality. 0

We finish this section by relating the transpose of p-compact polynomials with quasi p-
nuclear operators. Given an homogeneous polynomial P its adjoint is defined as the linear
operator P': F' — P(™E) given by P'(y’) = y' o P. In [20], it is shown that the transpose
of a p-compact linear operator satisfies the equality r,(T) = v2(T"). Since P' = L), where
Lp is the linearization of P, using Lemma 2.1 we immediately have:



10 SILVIA LASSALLE AND PABLO TURCO

Corollary 2.5. An homogeneous polynomial P € P("E; F) is p-compact if and only if its
transpose P' € L(F'; P(™E)) is quasi p-nuclear, and r,(P) = v¥(P’).

When this manuscript was completed we learned that R. Aron and P. Rueda were also
been working on p-compact polynomials [3]. They obtained Lemma 2.1 and a non isometric
version of the corollary above.

3. THE p-COMPACT HOLOMORPHIC MAPPINGS

In this section we undertake a detailed study of p-compact holomorphic mappings, whose
definition recovers the notion of compact holomorphic mappings for p = oo, [2]. Recall that
for £ and F' Banach spaces, 1 < p < oo, a holomorphic function f: E — F'is said to be
p-compact at zg if there is a neighborhood V, of ¢, such that f(V,,) C F' is a relatively
p-compact set. Also, f € H(E;F) is said to be p-compact if it is p-compact at = for all
r € . We denote by Hg, (E; F) the space of p-compact entire functions and by Hg(E; F)
the space of compact holomorphic mappings. For homogeneous polynomials, it is equivalent
to be compact (p-compact) at some point of E or to be compact (p-compact) at every point
of the space [2| B]. The same property remains valid for compact holomorphic mappings [5,
Proposition 3.4]. We will see that the situation is very different for p-compact holomorphic
functions, 1 < p < oo. Furthermore, we will show that p-compact holomorphic mappings,
1 < p < 00, behave more like nuclear than compact holomorphic functions.

Having in mind that (Px, (™ E; F), kp) is a polynomial Banach ideal with ,(P) = m,(P(Bg)),
and that all polynomials in the Taylor series expansion of a p-compact holomorphic function
at zo are p-compact [2, Proposition 3.5], we propose to connect the concepts of p-compact
holomorphic mappings and the size of p-compact sets measured by m,. We start with a
simple but useful lemma.

Lemma 3.1. Let E be a Banach space and consider Ki, K, ... a sequence of relatively p-
compact sets in E, 1 <p < oo. If Y72 my(K;) < oo, then the series Y 2| x; is absolutely
convergent for any choice of x; € K; and the set K = {}>°°, ;1 x; € K;} is relatively
p-compact with my(K) < 3772 m,(K;) < oo.

Proof. Note that K is well defined since for z; € Kj, ||z;]| < my(K;), for all j and
D i mp(Kj) < oo

First, suppose that p > 1 and fix ¢ > 0. For each j € N, we may assume that K
is nonempty and we may choose (z7), € (,(E) such that K; C p-co{z/: n € N} with
(@) llpy < mp(EK)(1 + %mp(Kj)_l)l/p. Now, take A; = m,(K;)"/% where - + < =1 and

define the sequence (2;)x C E such that each term is of the form \;z? , following the standard
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order:
Az Ay —— Azl
)\25(7% )\25(7% )\25(7%
)\31'% )\31’% )\31’%
Then
ZHZka_ ZZ/\”W I
7j=1 n=1
= > ()P @)nll) g
j=1
<O mp(KG) T (K (14— 55 e (K )™
j=1
= ZmP(KJ)+5
j=1

Hence, (2z;)x belongs to £,(E£) and ||(2x)k|le,(2) < (Zj‘;l my(K;) + €)'/P.

Now, if K = {372, =;: 2; € K}, we claim that K C (3 72 L mp(K;))Y9p-co{z}. Indeed,
if v € K, then x = 7%, x; with z; € Kj. Fix j € N, there exists (o), € By, such that
xj =y oy oda). Then, v = 7% 7% aja), and the series converges absolutely as the
partial sums of |aZ |||z ]| are clearly convergent with the order given above. We may write
= m,(K;)"%d \;z), with

oo
o i = 303 o 85) < 3 1
j=1

7j=1 n=1
Then K C (3_72, my(K;))Y9p-co{z;}. Tt follows that K is p-compact and

f:mp /qH (21)klle, () f:mp l/q Z ) +¢€) 1/p
j=1 7j=1

Letting e — 0, we conclude that m,(K) < > 72, m,(K;).

With the usual modifications, the case p = 1 follows from the above construction consid-
ering \; = 1, for all j. OJ

Aron, Maestre and Rueda [2 Proposition 3.5] prove that if f is a p-compact holomorphic
mapping at some xg € E, every homogeneous polynomial of the Taylor series expansion of
f at xg is p-compact. At the light of the existent characterization for compact holomorphic
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mappings [5], they also wonder if the converse is true |2, Problem 5.2]. To tackle this question
we need to define the p-compact radius of convergence of a function f at xg € F.

Definition 3.2. Let E and F' be Banach spaces, f € H(E; F) andxg € E. If > °_y P f (o)
1s the Taylor series expansion of f at xg, we say that

rp(f,z0) = 1/limsup Hp(me(SL’o))l/m

1s the radius of p-compact convergence of f at xg, for 1 < p < 0.

As usual, we understand that whenever limsup ki, (P, f ()™

= 0, the radius of p-
compact convergence is infinite. Also, if Py, f(xo) fails to be p-compact for some m, f fails

to be p-compact and ry(f,z) = 0.

The following lemma is obtained by a slight modification of the generalized Cauchy formula
given in the proof of [2) Proposition 3.5, which asserts that if f € H(E; F') and xy € F, fixed
e > 0 we have that P, f(z0)(B:(0)) C €o{ f(B:(z0))}, where B.(x) stands for the open ball
of center xy and radius €. We state the result as it will be used in Section 4, also we are
interested in measuring the m,-size of P, f(xo)(V) in terms of the m,-size of f(xy+ V) for
certain absolutely convex open sets V' C E.

Lemma 3.3. Let E and F be Banach spaces, let xg € E and let V C E be an abso-
lutely convexr open set. Let f € H(E; F) whose Taylor series expansion at xq is given by

ano:() me(l’o). Then

(a) Ppf(xo)(V) Ccco{f(xo+V)}, for all m.
(b) If f(xo + V) is relatively p-compact then my( P, f(z0)(V)) < my(f(zo +V)), for all
m.

Now we are ready to give a characterization of p-compact functions in terms of the poly-
nomials in its Taylor series expansion and the p-compact radius of convergence.

Proposition 3.4. Let E and F be Banach spaces and let f € H(E; F) whose Taylor series
expansion at o is given by >~ _ P, f(xg). For 1 < p < oo, the following statements are
equivalent.

(i) f is p-compact at xy.
(i) Pnf(z0) € Px,(™E; F), for allm and limsup k,( P f(20))"™ < oc.

Proof. To prove that (i) implies (ii), take € > 0 such that f(B.(x¢)) is relatively p-compact
and f(z) = > Pnf(xo)(x — x0), with uniform convergence in B.(x). By [2, Proposi-
tion 3.5], P, f(z0)(eBg) C cof{f(B:(x))} and P, f(x¢) is p-compact, for all m. Moreover,
by the lemma above,

(P 20)) = (P (20) (Bi)) = (P f 20) (€ Bi) < —my(e0{ (B (z)) )
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It follows that limsup k, (P, f(20))"/™ < 1, as we wanted to prove.

Conversely, suppose that limsup #,(B,, f (7)™ = C > 0 and choose 0 < & < 7,(f,z¢)
such that, for all © € B.(xo), f(x) = >~ Pnf(zo)(x — x0), with uniform convergence.
Now we have

F(Be(x0)) €D @m: T € Pruf(0)(eBp)}.
m=1

By Lemma 3] we obtain the result if we prove that Y >°_| m,(Pp, f(z0)(eBg)) < 0o, which
follows from the equality

o0

m(mfl’() EBE 28 KprZL'Q)

m=1

and the choice of . O

Remark 3.5. Let f be a p-compact holomorphic mapping at xo and let Y °_ P, f(xo) be
its Taylor series expansion at zg. Then, if ¢ < r,(f, zo),

MMy Zmp mf LL’O 8BE))
m=1
where the right hand series is convergent.

The p-compact radius has the following natural property.

Proposition 3.6. Let E and F' be Banach spaces, 1 < p < oo, and f € H(FE; F). Suppose
that f is p-compact at xy with positive p-compact radius r = r,(f, o). Then f is p-compact
for all © € B,(xg). Also, if f is p-compact at xo with infinite p-compact radius, then f is
p-compact at x, for all x € E.

Proof. Without loss of generality, we can assume that 2o = 0. For r = r,(f,0), take
x € E,||z|| < r. By [25 Proposition 1, p.26], there exists ¢ > 0 such that f(y) =
> Pnf(0)(y) converges uniformly for all y € B.(x). We also may assume that ||z|+& < 7.

m=1"m

As in Proposition B4 we have that f(B:(x)) C {D ~_ Tp: &y € P f(0)(B:(x))}. Now,
if we prove that >~ m,(P,f(0)(B:(x))) < oo, the result will follow from Lemma Bl
Indeed,

NE

S (Pt O)NB-(2) = S (lall + &)y (P F(O) (B (0)) )

<

3
I}

WE

(1l + &)™ mp (P f (0)(Br))

3
Il

[
WE

(2l + 2)mp (P f0)) )

3
Il

Since (||z]| +€)r~! < 1, the last series is convergent and the claim is proved. O



14 SILVIA LASSALLE AND PABLO TURCO

We recently learnt that R. Aron and P. Rueda defined, in the context of ideals of holomor-
phic functions [4], a radius of Z-boundedness which for p-compact holomorphic functions
coincides with Definition .21 With the radius of Z-boundedness they obtained a partial
version of Proposition B.4]

Thanks to the Josefson-Nissenzweig theorem we have, for any Banach spaces E and F, a
p-compact holomorphic mapping, f € Hg, (E; F'), whose p-compact radius of convergence at
the origin is finite. It is enough to consider a sequence (x7,),, C E' with ||z} || =1Vm € N,
and (z,),, point-wise convergent to 0. Then, f(z) = Y ° ! ()™ belongs to H(E), is
1-compact (hence, p-compact for p > 1) and r,(f,0) = 1 since r,((2),)™) = ||z,|| = 1.
The example can be modified to obtain a vector valued holomorphic function with similar
properties.

There are two main questions related to p-compact holomorphic functions which where
stated as Problem 5.1 and Problem 5.2 by Aron, Maestre and Rueda [2]. Both arise from
properties that compact holomorphic functions satisfy. Recall that we may consider compact
sets as oo-compact sets and compact mappings as oo-compact functions, where ko (P) =
| P||, for any compact m-homogeneous polynomial P. Let us consider f € H(E;F), by [5,
Proposition 3.4] it is known that if f is compact at one point, say at the origin, then f is
compact at z for all x € E. Also, if >~ *_, P,,f(0) is the Taylor series expansion of f at 0,
and for each m the homogeneous polynomial P, f(0): E — F'is compact, then f is compact.
With Example B.7] we show that this later result is no longer true for 1 < p < oco. Note
that limsup || P,||"/™ < oo is fulfilled by the Cauchy’s inequalities whenever f is compact.
Example BT also shows that, in PropositionB.4] the hypothesis lim sup , (P, f (20))™ < o0
cannot be ruled out. For our purposes, we adapt [I5, Example 10].

Example 3.7. For every 1 < p < oo, there exists a holomorphic function f € H({y;(,) such
that for allm € N, P,, f(0) are p-compact, but f is not p-compact at 0.

Furthermore, every polynomial Py, f(y) in the Taylor series expansion of f at any y € {4
s 1-compact, and therefore p-compact for all 1 < p < oo, but f is not p-compact at any y.

Proof. Consider the partition of the natural numbers given by {o,,}n, where each o, is a
finite set of m! consecutive elements determined as follows:

01:{1}7 02:{273 }7 03:{47576777879}7 04:{}7
~—~— N———— ~~~
2! 3! 4!

Let (e;); be the canonical basis of £, and denote by (€}); the sequence of coordinate
functionals on ¢;. Fixed m > 1, consider the polynomial P, € P(™¢y;¢,), defined by

)Py ey

JjEOTm

mm/2

Pale) = (o



15
Then

m m/2
m 1
1Pall = (F i sup |37 @) eslly, < (50 sup flalh” = (

1 jE€om . Z‘EBel

mm/2

1/p
m! ).

First, note that P,, is p-compact since it is of finite rank. Now, as limsup || P,|["/™ <
1/2

lim(ﬂl/m)l/p = 0, we may define f as the series ) °_, P,,, obtaining that f € H({y;£,).

In order to show that f fails to be p-compact at 0, by Proposition B.4], it is enough
to prove that limsup k,(P,)"/™ = oo. Fix m € N and take (z,), € £,(f,), such that
P, (By,) C p-co{w,}. Each z, may be written by z, = >~ z}'e,. For each j € o,,, there
is a sequence (&), € By, such that

mm/2 0 0 -
Polej) = (=) e; = Y _ g = 3 adate = 33 adape
’ n=1 n=1 k=1 k=1 n=1

Therefore, we have that (L_/Z)l/ P=3 0 ada?, for each j € op,. Then

/2 <
D S Do

JjEoTmM ’ j€om n=1

IA
I
SANE
K.
—=

JjE€om n:l

SO WD wET
j€om n=1

< Z Z 2717 < [[(20) ||zp(zp
j€om n=1

We have shown that for any sequence (z,,), € ¢,(¢,) such that P, (B, ) C p-co{z,}, the
inequality ||(zn)nlle,c,) > m™? holds. Then, k,(P,) > m™? for all m € N. Hence, we

1/m

conclude that lim sup ,(P,,)"/™ = oo and, by Proposition B.4] f cannot be p-compact at 0,

which proves the first statement of the example.

To show the second assertion, take any nonzero element y € ¢; and fix mg € N. For all
T € Bgl,

P f(3)(x) = i( )fvjm“’”” ")
- (1) m;”) > &) )™

m=my JEom
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mo m!

m/z\ Y
We claim that the sequence (( ™) (m_/2> " e (y)m_m‘)ej) belongs to ¢1(¢,). In fact,

JjEOTmM

m>m

S () () S s 2 () ()l < e

m>mg J€Eom m>myg

Then, since (€;(2)™) jeq,, belongs to B, the set P, f(y)(By,) is included in the 1-convex

m>mg

m m/2 1/p . . .
hull of (mo) (m ) e (y)™™e;m > myg, j € 0y, o, which proves that P, f(y) is 1-

m! J
compact and, therefore, p-compact for every 1 < p, for any my.

To show that f is not p-compact at y, note that fixed m, it is enough to choose j € o,,,
m/2

to obtain that P, f(y)(e;) = <—m

/p
— ) e;. Now, we can proceed as in the first part of the

example to show that lim sup x, (P, f(y))"/™ = co. And, again by Proposition B4, we have
that f cannot be p-compact at y. 0

The following example gives a negative answer to [2, Problem 5.1]. We show an entire func-
tion which is p-compact at 0, but this property does not extend beyond the ball B, 70)(0).
Example proves, in addition, that Proposition cannot be improved. We base our
construction in [I5, Example 11].

Example 3.8. For every 1 < p < oo, there exists a holomorphic function f € H({ly;(,) such
that f is p-compact at 0, with limsup r,( P, f(0))Y™ = 1, but f is not p-compact at e;.

Proof. Consider {0y, },, the partition of the natural numbers, as in Example B.7. Let (e;);

be the canonical basis of £, and denote (¢}); the sequence of coordinate functionals on ;.

Fixed m > 2, define P, € P(™{1;{,), the m-homogeneous polynomial
1

Pule) = (—) ey (@)™ Y &j(a)%e;.
’ JETmM
Then
1 .
IPall = ()7 sup (3 Jel (@)™ 2 (a)?F) 7
]_. IEBll JEom
()" 5w (3 I @)Pr) e < (- e

rePy JETmM

Since lim || P, [|'/™ < lim(-%)'P™ = 0, we may define f as f(x) = Y,y Pn(x), which
belongs to H(¢;¢,) and Em22 P,, is its Taylor series expansion at 0.

Note that each P, is p-compact, as it is of finite rank, for all m > 2. Moreover, when

computing || P,,||, we showed that «(z) = (e’l(x)m_Qe;»(x)z)j € By, for all x € By,. Then

Pu(Be) C (G5)VPp-cofe;: j € o} and since ||(e))jeonllw) = (e, VY7 = (mh)H7,
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we have that r,(P,) < (£)Y?(m!)"/? = 1. Then, limsup x,(P,)"™ < 1 and, by Proposi-
tion [3.4] we have that f is p-compact at 0.

To show that r,(f,0) =1, fix m > 2 and € > 0. Take z; € By, such that €{(z;) =1—¢,
e;(xj) = ¢ and e (z;) =0 for j € 0, and k # j.

Now, fix any sequence (y,), € ¢,(¢y) such that P, (B,) C p-co{y,} and write vy, =
D ket Vi€

Then, for each j € o, there exists (o), € By, so that

1 m
Pulz) = (—)V7(1 - &2 Zanyn

Thus, for each j € 0, the equality (-1)?(1 — &)™ 2e? = 3> ady™ holds.

In consequence

(1=eym2ep = 37 (1 -2y

= Y I e ey

J€Eom

B Z |Zany3

j€om n=1

< (O gl

j€om n=1

<>y Z 717 < N (wn)nllf 0,

j€om n=1

Finally, we get that x,(P,) > (1 — &)™ 22 which implies that limsup x,(P,,)"/™ > 1 —¢.
Since € > 0 was arbitrary, we obtain that r,(f,0) = 1.

Now, we want to prove that f is not p-compact at e;. By Proposition B.4] it is enough to
show, for instance, that the 2-homogeneous polynomial P f(e1): ¢4 — ¢, is not p-compact.
We have

) Puf(en() =3 () Puter 2.

m=2

\
where P, is the symmetric m-linear mapping associated to P,,.

By the definition of P, we easily obtain a multilinear mapping A,, € L(™{;;{,) satisfying
Po(x) = Ay (z, ..., x), defined by

Ly/rel (1) €, (tm2) 3 € (m1)es (@mes.

m)!

An(21, ) = (

JjEOTm
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Let S, be the symmetric group on {1,...,m} and denote, for each ¢ € S,,, the multilinear

mapping AS, given by A, (z1,...,2m) = An(Teq), - - -, Teom))- Then we have

v B 1 .

Pm(el 2>$2) = W Z Afn(el 2,!13'2)-

ges’m
Since A, (1, .., Tm_o,€1,Tm_1) = An(x1,...,2pm_1,e1) =0, for all xy,..., 2,1 € {1, and
A (e, 2%) = (%)1/;: > ico,, €(x)%e;, we obtain
y m—2 2 1 1 1/p / 2
2) (el %) = —2(m = 2P 7 i(a)’e;.
JETm

Combining (1)) and (2]) we get that
1 /
Pyf(er)(x) = Z(ﬁ)l/p Z ¢;(x)%;.
m>2 JEOTm

Suppose that P f(e;) is p-compact. Hence, there exists a sequence (y,)n € Cp(Ly), Yn =
> ney ypey such that Pof(er)(By,) C p-co{y,}. For each j € oy, there exists (o), € By,
such that P f(e1)(e;) = ()YPe; = 307 ody,. As in the Example B7] we conclude that

(#)1/;) =5 ozZLy;‘, if j € 0,,.

Hence

ZZ m| )y ZZ|Z%%

m>2 jEom m>2 j€Eoym n=1

SZZZWMZW

m>2jEom n=1

< >N Zlyil”

m>2 jEom n=1
< |la)ally () < OO

which is a contradiction since o, > eUm((m,)l/ P)P is not convergent. Therefore, f cannot

be p-compact at e;, and the result is proved. O

4. THE p-APPROXIMATION PROPERTY AND p-COMPACT MAPPINGS

The concept of p-compact sets leads naturally to that of p-approximation property. A
Banach space E has the p-approximation property if the identity can be uniformly approxi-
mated by finite rank operators on p-compact sets. Since p-compact sets are compact, every
space with the approximation property has the p-approximation property. Then, this prop-
erty can be seen as a way to weaken the classical approximation property.

The p-approximation property has been studied in [10, 12] related with p-compact linear
operators and in [2] related with non linear mappings. The relation between the approxi-
mation property and compact holomorphic mappings was first addressed in [5]. Here, we
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are concern with the study of the p-approximation property and its relation with p-compact
polynomials and holomorphic functions in the spirit of [2] and [5].

We start characterizing the notion of a homogeneous polynomial P being p-compact in
terms of different conditions of continuity satisfied by P’ the transpose of P. The first
proposition gives an answer to [2, Problem 5.8] and should be compared with [5 Proposition
3.2].

Before going on, some words are needed on the topologies which we will use. We denote
by P.(™E) the space P(™E) considered with the uniform convergence on compact sets of
E, if m = 1 we simply write £.. When compact sets are replaced by p-compact sets we use
the notation P, ("FE) and E,. By the Ascoli theorem, any set L C P.(™FE) is relatively
compact if and only if suppc; || P|| is finite. Also, if L C P, ("FE) is relatively compact we
have that L is point-wise bounded and then, by the Principle of uniform boundedness, L is
relatively compact in P.(™FE). Now we have:

Proposition 4.1. Let E and F be Banach spaces, 1 < p < oo, and P € P("E;F). The

following statements are equivalent.

(i) P e PKP(E; F)

(ii) P F., — P(™E) is continuous.
(iii) P': F}, — P.("FE) is compact.
(iv) P2 F), = Peg(ME) is compact for any q, 1 < q < oo.

(v) P': F, — Py(™E) is compact for some q, 1 < q < 00.

Proof. Suppose (i) holds, then P(Bg) = K is p-compact and its polar set K° is a neighbor-
hood in F/,. For y' € K° we have that ||P'(y')|| = sup,cp, [v'(Pz)| < 1, and P": F/, —
P(™E) is continuous.

Now suppose (ii) holds, then there exists a p-compact set K C F such that P/(K°) is
equicontinuous in P(™E). By the Ascoli theorem, P'(K°) is relatively compact in P.(™FE)
and P': F) — P.("E) is compact.

The continuity of the identity map P.("™E) < P.,(™E) gives that (iii) implies (iv), for all
1 < g < co. Obviously, (iv) implies (v). To complete the proof, suppose (v) holds. Then,
there exist an absolutely convex p-compact set K C F and a compact set L C P, (™E) such
that P'(K°) C L and therefore, there exists ¢ > 0 such that sup,,c . [[P'(y')|| < c¢. Note that
for any z € ¢ » By and y/ € K° we have that |P'(y/)(z)| = |y/(Pz)| < 1. Then P(z) € K,
for all z € ¢ » B and P is p-compact. O

Now, we characterize the p-approximation property on a Banach space in terms of the
p-compact homogeneous polynomials with values on it. In order to do so we appeal to the
notion of the e-product introduced by Schwartz [2§]. Recall that for E and F' two locally
convex spaces, F'eFE is defined as the space of all linear continuous operators from E’ to F,
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endowed with the topology of uniform convergence on all equicontinuous sets of E’. The
space F'eFE is also denoted by L (E.; F'). In [5, Proposition 3.3] its shown, for all Banach
spaces £ and F, that (P(™F),|.|)eE = LAEL (P(™F),|.l)) = (Px(™F; E),|.||), where
the isomorphism is given by the transposition P <> P’. As a consequence, it is proved that
P(™F) has the approximation property if and only if P("F) ® E' is ||.||-dense in Px (" F; E)
for all Banach spaces E and all m € N. We have the following result.

Proposition 4.2. Let £ and F' be Banach spaces. Then (Pk,("F; E), ||.||) is isometrically
isomorphic to L (E, ; (P("F), ||.]|))-

As a consequence, E has the p-approxzimation property if and only if P("™F)QFE is ||.||-dense
in Pg,("F; E) for all Banach spaces F and all m € N.

Proof. Note that [(i) implies (ii)] of Proposition ], says that the transposition operator
maps a p-compact polynomial into a linear map in Lc(E;, ; P(™F),|.][)). Now, take T an
operator in L(E ;P("F),|.|)). Since the identity map ¢: E|, — Ej, is continuous, T
belongs to L(ELP(™F),|.|])). By [5, Proposition 3.3], we have that 7" = P’ for some
P € Pg(™F; E). In particular, P': B/, — P(™F') is continuous and by [(ii) implies (i)] of
Proposition .1l P is p-compact.

For the second statement, if E has the p-approximation property, G ® E is dense in
L(E, ;G), for every locally convex space G, [20]. In particular we may consider G' =
(P(™F),|.||). Conversely, with m = 1 we have that F' @ E is ||.||-dense in IC,(F; E) for
every Banach space F. Now, an application of [12] Theorem 2.1] completes the proof. [

At the light of [5l Proposition 3.3], we expected to obtain a result of the type P(™E) has
the p-approzimation property if and only if P("E) ® F is ||.||-dense in Pg, (" E; F) for all
Banach spaces F and all m € N. Unfortunately, our characterization is not as direct as we
wanted and requires the following notion.

Definition 4.3. Let E be a Banach space, A an operator ideal and o a norm on A . We
say that E has the (A, «)-approzimation property if F' @ E is a-dense in A(F, E), for all
Banach spaces F'.

The relation between an ideal A with the ideal of those operators whose transpose belongs
to A leads us to work with the ideal of quasi p-nuclear operators QN

Proposition 4.4. Let E be a Banach space and fizr m € N. Then,

(a) P("E)®F is||.|-dense in Pk, (™ E; F), for all Banach spaces F if and only if P("E)
has the (QNp, ||.1])-approzimation property.

(b) P(™E) has the p-approximation property if and only if P("E) ® F is ||.|-dense in
{PeP(E;F): L,c QN (X E; F)}, for all Banach spaces F.
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Proof. The space P(™E), or equivalently (@7 E)" , has the (QN,, ||.||)-approximation prop-
erty if and only if (®"E) @ F is ||.||-dense in K,(®7 £; F') for all Banach spaces F, see
[20]. In virtue of Lemma 211 it is equivalent to have that P(™E) ® F is ||.||-dense in
Pk, ("E; F). Then, statement (a) is proved. Note that (a) can be reformulated saying that
P(™E) has the (QN, ||.||)-approximation property if and only if P(™E)® F is ||.||-dense in
{PeP(E;F): L, € Ky(®7 E; F)}, for all Banach spaces F.

For the proof of (b), we use that the p-approximation property corresponds to the (A, ||.||)-
approximation property for the ideal A = K, of p-compact operators. The result follows
proceeding as before if the ideal I, and its dual ideal QN are interchanged. O

Now, we change our study to that of p-compact holomorphic mappings. Aron and Schot-
tenloher described the space of compact holomorphic functions considered with 7,,, the Nach-
bin topology [25], via the e-product. Namely, they show that (Hx(E; F), 1,) = L (FLH(E), 1),
where the isomorphism is given by the transposition map f + f’ [5, Theorem 4.1]. The
authors use this equivalence to obtain, in presence of the approximation property, results
on density similar to that of Proposition 4.2l Recall that f': F' — H(E) denotes the linear
operator given by f'(y') = ¢’ o f. With the next proposition we try to clarify the relationship
between p-compact holomorphic mappings and the e-product. The result obtained gives,
somehow, a partial answer to [2, Problem 5.6].

Proposition 4.5. Let E and F' be Banach spaces. Then,

(a) (Hr,(E; F),7,) is topologically isomorphic to a subspace of L (F,; (H(E),7.)).
(b) L(FL; (H(E), 7)) is topologically isomorphic to a subspace of { f € H(E; F): P, f(x) €

Pk, ("E; F), Yo € E, VYm € N}, considered with the Nachbin topology, T,,.

Proof. To prove (a), fix f in Hg,(E; F') and consider ¢ any 7,,-continuous seminorm on H(E).
By [16l Proposition 3.47], we may consider only the seminorms such that, for g € H(E),

9(9) =D I1Png(0)llx +amse
m=0

with K C E an absolutely convex compact set and (a,,),, a sequence in ¢j. There exists

V C E, an open set such that 2K C V and f(V) C F is p-compact. Fix my € N such
that 2K + 2a,,Bg C V, for all m > my. Now, choose ¢ > 0 such that ¢(2K + 2a,,Bg) C
2K +2am,,Bp C V, for all m < mqg. The polar set of f(V'), f(V)°, is a neighborhood in F,.
By the Cauchy inequalities for entire functions, we have for all ¢’ € f(V)°,
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a(F@)) = D NPn ¥ o f) (O)licranse

- ZLHP (¥ o f) (0) |2k +2am B

m=0 2m

= > 2—m||Pm (W © f) (0) 242085 + —||P y' o ) (0)[l2x+20,5
m<mg 1 m>mo

< > oy [ Fm (¥ © f) (0)lleers2amBe) T Y —||P y' o f) (0)ll2x+20,B5
m<mg ( ) m>mo

< Z 2 ) ) T Z Hy o fllox+2am B
m<mq m>mo

<> o ol o v
m<mg 1 1 m>m0

< — < 00.

< > (2c)m + om =
m<mg m>mg

Then f' € L(F],; (H(E), 7,)). Again, we use the continuity of the identity map ¢: F), — F7,

now, [5 Theorem 4.1] implies the result.
To prove that (b) holds, take T" € L(F! ; (H(FE),,)) which, in particular, is an operator

in L(F!;(H(E),1,)). By [5, Theorem 4.1?, T = f" for some f € Hi(E; F). By virtue of
Proposition BCTJ, it is enough to show that (P, f(z)) : F., — (P(™E),||.|) is continuous, for
each m € N. Consider DI": (H(E),1,) — (P(™E),|.]|) the continuous projection given by
D™(g) = Png(x), for all g € H(E). Note that (P, f(x)) and D™ o f’ coincide as linear

operators. Hence, we obtain the result. ]

Example [3.7] shows that there exists an entire function f: ¢; — ¢,, so that every homo-
geneous polynomial in its Taylor series expansion at y is g-compact for any y € ¢, for all
1 < g < oo, but f fails to be g-compact at y, for every y and every ¢ < p. However, we have
the following result.

Lemma 4.6. Let E and F' be Banach spaces. Then,
Hi, (E; F) is 7,-dense in {f € H(E; F): Py f(x) € Px,("E; F), Vo € E, Vm € N}.

Proof. Fix f € H(E; F) so that P, f(z) € Pg,("E; F) for all z € E and for all m. Let ¢ > 0
and let ¢ be any 7,-continuous seminorm on H(E; F') of the form

Z Hng ||K+amBE7

with K C E absolutely convex and compact and (a,,)., € ¢f. Consider mg € N such that

> sy 1P f (O)|| K vampy < & Now, let fo = > _  P,f(0), which is p-compact. Note
that ¢(f — fo) < € and the lemma follows. O
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Proposition 4.7. Let E be a Banach space. Then, the following statements are equivalent.

(i) E has the p-approzimation property.
(ii) H(F) ® E is 7,-dense in Hg,(F; E) for all Banach spaces F'.

Proof. If E has the p-approximation property, F®G is dense in £6(Eép; @) for all locally con-
vex space G [20], in particular if we consider G = (H(F'),7,). Applying Proposition {1 (a),
we have the first assertion.

For the converse, put Ho = {f € H(F, E): P, f(z) € Pk, ("F; E), Vo € E, Ym € N}.
By Lemma (1.6 H(F) ® E is 7,-dense in Hy. Now, take T' € K, (F; E) and € > 0. Since
T € Ho and q(f) = ||P1f(0)] is a 7,-continuous seminorm, there exists g € H(F') ® E such
that ¢(T'— g) <e. But ¢(T' — g) = ||T' — P1g(0)|| and since P;g(0) € I’ ® E, we have shown
that F' ® E is ||.|-dense in IC,(F; E). By [12, Theorem 2.1], E has the p-approximation
property. (]

5. HOLOMORPHY TYPES AND TOPOLOGIES

In this section we show that p-compact holomorphic functions fit into the framework
of holomorphy types. Our notation and terminology follow that given in [I5]. Since,
Pk, ("E; F) is a subspace of P(™E; F) and Pk, (°E; F) = F, the first two conditions in
the definition of a holomorphy type are fulfilled. Therefore, we only need to corroborate
that the sequence (Pg,(™E; F'), k,)m satisfies the third condition. Indeed, this last condi-
tion will be also fulfilled if we show

(3) kp(PI(P)(a)) < (2€)"5p(P) ",

for every P € Py, ("E; F), for all I = 1,...,m and for all m, where P(P)(a) denotes the
[-component in the expansion of P at a.

A function f € H(E; F) is said to be of holomorphic type x,, at a, if there exist ¢y, co > 0
such that each component of its Taylor series expansion, at a, is a p-compact polynomial
satisfying that x,(P,f(a)) < cich".

To give a simple proof of the fact that (Px,(™E; F), kp)n, satisfy the inequalities given in
@) we use the following notation. Let P € P("E; F) and fix a € E, we denote by P, the
(m — 1)-homogeneous polynomial defined as

V
Pu(z): = P(al,:cm_l),

for all x € F and [ < m. Note that, for any j < [ < m, we have that P; = (P,-j),; and that
P(P)(a) = (,",) Pan—1. We appeal to the description of P, given in [8, Corollary 1.8, b)]:

m—Il

v 1 1

(4) P,(z) = P(a, 2™ ") = — T mz_lP((m — rix + a).
m2 (m —1) :
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where r € C is such that r™ =1 and 77 # 1 for j < m.

Theorem 5.1. For any Banach spaces E and F', the sequence (Pg,("E; F), kp)m s a holo-
morphy type from E to F.

Proof. If P € Pk, (™E; F') by [2, Proposition 3.5] or Proposition 3.4 we have that P;(P)(a) €
Pk,('E; F) for all a € E, for all j < m. To prove the holomorphy type structure, we will
show that ,(P;(P)(a)) < 2me™||a||™ 7 k,(P), for all j < m.

Fix a € E. If we show that k,(F,) < ellal]|k,(P) then the proof is complete using a
generalized inductive reasoning. Indeed, suppose that for any p-compact homogeneous poly-
nomial @, of degree less than m, the inequality ,(Q.) < el|a|lr,(Q) holds. Then, since
Py = (Py-1), and Pj(P)(a) = ( ™ ) Pym-j, we obtain

() ip(FPam=s) = ("5 pl((Fam-s-1)a)
(g ellallp((Pam=s-1))
(e ) " lal ™ iy (P)
2" mHa||m Tkip(P).

kp(P;(P

VANRVANRVAN

Now, take P € Pk, ("E; F). Then
\ \
(5) kip(Pa) = my(Pa, By ™) = [lallmy(P (587, BE ™).

Using (@) and Lemma [3.1] we have

m—1
(6) laflmy (P <” 1 B5) < llall G gy X mpl(P((m = D' Be + ip)).
7j=1
Since sup{||z||: = € (m — 1)r'Bg + ﬁ} =m,
V
lallm(P(geg BE™)) < gty 12’” = ' B + o)
(7) lal = m
= sy ) m"my (P (o ((m = 1)1 Be + )))
j=1
< lallGEp)™ i (P) < ellallip(P)

Combining ([Bl), (@) and (7)) we get that x,(F,) < e||a||x,(P), as we wanted to show. [

As a consequence we have the following result.

Corollary 5.2. Let f be a function in H(E; F), then f € H,(E; F) if and only if f is of
kp-holomorphy type.

Proof. 1t follows from Theorem [5.1] and [2], Proposition 3.5] or Proposition 3.4 O
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Remark 5.3. Theorem [5.I] can be improved. Indeed, the same proof of Theorem [5.1] shows
that the sequence (Pg,(™E;F)), is a coherent sequence associated to the operator ideal
IC,(E; F) (see [§] for definitions).

Since Hg,(E, F) is a holomorphy type, following [26] we have a natural topology defined
on Hg, (£, F') denoted by 7,,,, . This topology may be generated by different families of
continuous seminorms. The original set of seminorms used to define 7, ,,, corresponds to the
family of seminorms given below in Theorem [5.3] item (c¢). Our aim is to to characterize the
Ky-approximation property of a Banach space E in an analogous way to [0, Theorem 4.1].
In order to do so, we will give different descriptions of 7, ,,. First, we need the following

result.

Proposition 5.4. Let E and F' be Banach spaces. Then, f € Hy, (E;F) if and only if,
for all m, P, f(0) € Pg,("E; F) and for any absolutely convex compact set K, there exists
e >0 such that Y~ 7 my(Pnf(0)(K + eBg)) < cc.

Proof. Take f € Hg,(E;F) and K an absolutely convex compact set. Then, 2K is also
absolutely convex and compact. For each x € 2K, there exist £, > 0 such that f(zx+e,Bg)
is p-compact. Now, we choose 1, ...,z, € 2K such that K C |J;_,(z; + €,;Bp) and with
V = Uj_ (z; + &, Br) we have that f(V) is p-compact. Let d = dist(2K,CV)) > 0, where
CV denotes the complement of V. Let us consider W = 2K + dBg, then W is an absolutely
convex open set and 2K C W C V. Then, applying Proposition we have

[e.9] [e.9]

> mp(Puf(O)(K +d/2Bg) =Y (1/2)"my( P f(0)(W)) < 2m,(f(W)) < 00,

which proves the first claim.

Conversely, let f € H(E; F) satisfy the conditions in the proposition. We have to show
that f is p-compact at x for any fixed x € E. Consider the absolutely convex compact set
K, given by K = {Az: |A\| < 1}. Then, there exists £; > 0 such that >~ m,(Pp, f(0)(K +
e1Bg)) < oo. Since f is an entire function, by [25] Proposition 1, p.26], there exists €5 > 0
such that f(y) = >.0° | Pf(0)(y) uniformly for y € B.,(z). Let ¢ = min{e;;e2}, then
F(BL2)) € {30 Tm T € Puf(0)(B.(2))}.

Also
S (P f O)(Bl)) < 3 my(Puf (O)(K + 1Bp)) < oo,

Now, applying Lemma 3.1l we obtain that f is p-compact at x, and the proof is complete. [

The next characterization of the topology 7, ., associated to the holomorphy type Hr, (£; F')
follows that of [15] and [25].

Theorem 5.5. Let E and F' be Banach spaces and consider the space Hg,(E; F). Any of
the following families of seminorms generate the topology 7., -
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(a) The seminorms p satisfying that there exists a compact set K such that for every
open set VO K there exists Cyy > 0 so that

p(f) < Cymp(f(V)) Vf € Hi, (B F).

In this case, we say that p is my,-ported by compact sets.
(b) The seminorms p satisfying that there exists an absolutely conver compact set K such
that for every absolutely convex open set VO K there exists Cy > 0 so that

p(f) < Cymp(f(V)) Vf € Hi, (B F).

In this case, we say that p is AC-mp,-ported by absolutely convexr compact sets.
(¢) The seminorms p satisfying that there exists an absolutely convex compact set K such
that, for all e > 0 exists C(g) > 0 so that

o0

p(f) < C(e) Y emsup rp(Pnf(x)) Vf € Hi, (B F).

m—=0 zeK

(d) The seminorms p satisfying that there exists an absolutely convex compact set K such
that, for all e > 0 ezists C(g) > 0 so that

oo

p(f) <C€) D mp(Puf(0)(K +eBr) Vf € Hy,(E;F).

m=0

(e) The seminorms of the form

p(f) = mp(Puf(0)(K + a,,Br)),

m=0

where K ranges over all the absolutely convex compact sets and (am)m € g -

Proof. First note that if f is p-compact and K is a compact set, there exists a open set
V D K such that f(V') is p-compact. Then, seminorms in (a) and (b) are well defined on
Hr,(E; F). Also, in virtue of Proposition 5.4 seminorms in (d) and (e) are well defined.
Standard arguments show that seminorms in (a) and (b) define the same topology.

Now we show that seminorms in (b) and (c) coincide. Let p be a seminorm and let K be an
absolutely convex compact set satisfying the conditions in (c¢). Let V' D K be any absolutely
convex open set and take d = dist(K,CV’) > 0. By Proposition B3] since K + dBg C V', we
get

mp(Prn f(2)(dBp)) < my(f(x + dBp)) < my(f(V)),
for all f € Hg,(E; F). Thus,
@ sup (P (2)) < my(F(V))
Te

for each m. Hence
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o0

p(f) < CE)Y (D)™ sup,e e kip(Prf () < 20(4)my(f(V)),

m=0

which shows that p is AC-m,-ported by K

Conversely, let p be a seminorm, let K be an absolutely convex compact set satisfying the
conditions in (b). Fixe > 0 and take 21, ..., x, in K such that K C V with V' = |J]_, B.(z;).
As we did before, we may find an absolutely convex open set W so that K C W C V. Let
[ € Hg,, without loss of generality we may assume that ¢ < r,(f,z) for all z € K. By
Remark B.5] we obtain

my( f ZE Kp( P f(x5)) ZE sup k(P f()).
m=0

zeK

As pis AC-my,-ported by K, we have that p(f) < Cym,(f(W)) < Cym,(f(V)) and therefore

p(f) sowzmpr .
<CWZZ€ sup 5, (Po f ()

= 1m 0 zeK
—nC’WZ&t sup fip (P f ().
m—0 reK

Thus p belongs to the family in (c). If € > r,(f, z), then Y €™ sup,cx rip(Pnf (7)) =
and the inequality follows.

By the proof of [I5 Proposition 4], we have that seminorms in (d) and (e) generate the
same topology. Finally, we show that seminorms in (d) and (b) are equivalent. The proof of
Proposition[(.4lshows that seminorms in (d) are AC-m,-ported by absolutely convex compact
sets.

To conclude the proof, consider a seminorm p and an absolutely convex compact set K
satisfying conditions in (b). We borrow some ideas of [16, Chapter 3]. For each m, let W,
be the absolutely convex open set defined by W,, = K + (%)mBE. Since p is AC-m,-ported
by K, for each m € N, there exists a constant C,, = Cy,, such that p(f) < Cym,(f(Wy)),
every p-compact function f.

For m = 1, there exists n; € N, such that for all n > nq, Cll/" < 2. Take Vi = 2W;. Now,
if n >ny and Q € Pk, ("E; F),

P(Q) < Cimy(Q(W1)) = my(Q(CY"W1)) < my(Q(V2)).
For m = 2, there exists ny > ny such that C’l/" < 2, for all n > ny. Now, take Vo = 21,

and, as before, we have for any @ € Pg,("E; F), with n > na,

P(Q) < Comy(Q(Wa)) = my(Q(Cy" W) < my(Q(V2)).
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Repeating this procedure we obtain a sequence of absolutely convex open sets V; satisfying

p(f) <D p(Puf(0) =D p(PufO)+> . DY p(Puf(0)

m>0 m<ni j21 n;<m<njiq

<Cw Y mp(Puf OV + DY Y mp(Puf(0)(V)))

m<ni jzl nj§m<nj+1

<O X mPufOOA)+Y >, ml(PafO)(V7)
m<ni j21 ny;<m<n;ii
where C' = min{1, Cy, } and the result follows since V; = 2K + (3)’ ' B and the seminorm p

is bounded above by a seminorm of the family of the form (e). Now, the proof is complete. [

We finish this section by inspecting the k,-approximation property introduced in [I3]. We
will show that p-compact homogeneous polynomials from F' to E can be r,-approximated
by polynomials in P(™F) ® E whenever E has the k,-approximation property. We then
obtain a similar result for p-compact holomorphic functions. What follows keeps the spirit
of [B, Theorem 4.1]. Recall that a Banach space E has the k,-approximation property if for
every Banach space F', I’ @ E is k,-dense in K,(F; E).

Theorem 5.6. Let E be a Banach space. The following statements are equivalent.

(i) E has the k,-approxzimation property.
(ii) For allm € N, P("F) ® E is k,-dense in Pk, ("F, E), for every Banach space F.
(iii) H(F) @ E is 7., -dense in Hg,(F; E) for all Banach spaces F.

Proof. First, suppose that E has the r,-approximation property and fix m € N. Then,
(X F)®Eis ky-dense in K,(Q) F'; E) which, by Proposition21], coincides with (Pg, (" F, E), k),
via the isomorphism given by P+ Lp. Thus, (ii) is satisfied.

Now, assume (ii) holds. Take f € Hg,(F,E), € > 0. By Theorem 5.3, we may con-
sider a 7, -continuous seminorm of the form ¢(f) = >-*_ m,(P, f(0)(K + a,,Br)), where
K C F is an absolutely convex compact set and (a,,)m € ci. Let mg € N be such that
> msmy Mp(Pm f(0)(K + @, Br)) < 5 and let C' > 0 be such that &(K + a,Br) C By, for
all m < mg. Given 6 > 0, to be chosen later, by hypothesis, we may find @, € P("F)® E
such that r,(P,f(0) — Q) < 6, for all m < mg. Define g = Y ""° | Q,,,, which belongs to

H(F) ® E, then

mo

o(f—g) = Z mp (P f(0) — Q) (K + anBr)) + Z my(Pr f(0)(K + amBr))

m=0 m>mg
mo

<3Oy ((Puf (0) = Qu)) + 5.

m=0

Thus, q(f — g) < € for a suitable choice of §, which proves (iii).
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Finally, suppose we have (iii). Take T" € K,(F, E), € > 0 and the seminorm on Hg, (F; E)
defined by q(f) = rp(P1f(0)). Since ¢ is 7, -continuous, by assumption, there exist
fiooos fo € H(F) and 2y, ..., @, € E, such that ¢(T — 377, f; ® 7;) < &. In other words,
kp(T =277 Prfi(0) ® 2;) < e which proves that F' @ E is k,-dense in K,(F, E). Whence,
the proof is complete. O
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