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STABILITY OF LOCALIZED INTEGRAL OPERATORS ON
WEIGHTED [P SPACES

KYUNG SOO RIM, CHANG EON SHIN AND QIYU SUN

ABSTRACT. In this paper, we consider localized integral operators whose kernels
have mild singularity near the diagonal and certain Holder regularity and decay off
the diagonal. Our model example is the Bessel potential operator 7.,y > 0. We
show that if such a localized integral operator has stability on a weighted function
space LE for some p € [1,00) and Muckenhoupt A,-weight w, then it has stability

on weighted function spaces L’;j/, for all 1 < p’ < 0o and Muckenhoupt A,/ -weights

w'.

1. INTRODUCTION

Let K be a kernel function on R? x R%. Define the minimal radial function on R?
that is radially decreasing and dominates the off-diagonal decay of the kernel K by

(1.1) ri(z) = sup |K(yy)l.
ly—y'|=|=|
Here |x| := max{|zi|, -+, |xq4|} for 2 = (z1, - ,24) € R% In this paper, we
consider integral operators
(1.2) Tf):= | Kxy)f(y)dy
R

whose kernel K on R? x R? has its off-diagonal decay dominated by an integrable
radially decreasing function on R¢, i.e.,

(1.3) lrills == /d ri(x)dr < oco.
R
The model example of such an integral operator is the Bessel potential [16]
(1.4 Tt = [ Gl =) )y, 5 >0
R

where the Bessel kernel G, is defined with the help of Fourier transform by
Gr(&r ) = (L+ Gl + -+ &7,
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~

and the Fourier transform f of an integrable function f is defined by f(g) =
Jga fx)e e d.

For 1 < p < oo, we say that a weight w on the d-dimensional Euclidean space R?
(i.e., a positive locally-integrable function on R?) is an A,-weight if

p—1
1.5 / dx / - 1da: < A< oo forall cubes @
(g )@

when 1 < p < oo, and if

(1.6) Qi / y)dy < A 1nf w(z) for all cubes @

when p = 1 [7, 9, [I5]. Here |E| stands for the Lebesgue measure of a measurable
set £ C R% The A,-bound of an A,~weight w, to be denoted by A,(w), is the
smallest constant A for which (LT holds when 1 < p < oo (respectively (LLG) holds
when p = 1). Simple nontrivial example of A,-weights is the polynomial weight
Wo(x) := |z|¥, which is an A,-weight if the exponent « of the polynomial weight w,
satisfies —d <a <0forp=1,and —d < a < d(p—1) for 1 < p < 0.

Denote by I the identity operator, and by L2 := LP (R?) the space of all measur-
able functions f on R? with || f|lpw = (Jfpa |f(@)[Pw(z)dz)/? < co. A well-known
result about the integral operator 7" in (.2)) is that it is bounded on the weighted
function space L? for any p € [1,00) and A,-weight w. Furthermore there exists an
absolute constant C'; that depends on p and d only, such that

(1.7) 1T Fllpaw < C(A)) 7|l 1]l £l

for all A,-weights w and functions f € LP . see also Proposition 21l In this paper,
instead of establishing boundedness of the integral operator T on LP, we consider

w?

stability of integral operators z/ — T,z € C, on LP i.e., there exists a positive
constant C' such that
(1.8) |21 = T)fllpas = Cllfllps for all f € L,

We will show that the stability of integral operators zI =T,z € C, on L2 for different
p € [1,00) and A,-weights w are equivalent to each other, provided that the kernel K
of the integral operator T is assumed, in addition to its off-diagonal decay dominated
by an integrable radially decreasing function, to have certain Holder regularity off
the diagonal and mild singularity near the diagonal, i.e.,
(1.9) Irxclls + sup 0~ |lrusmlls + sup 0 ||lrex) <slly < oo

0<5<1 0<6<1
for some a € (0, 1]. Here for a kernel function K on R? x R?, its modified modulus
of continuity ws(K) is defined by

, , / N 3 _ >
(110) w(g(K)(:p,y) _ { (S)up|:c —zl|,ly’ —y|<d |K(I 7y) K(I,y)‘ if |LE y| = 457

otherwise.

Theorem 1.1. Let 2 € C, K be a kernel function on R? x R satisfying (L9) for
some a € (0,1], and let T be the integral operator in (L2) with kernel K. If zI —T
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has stability on LE for some 1 < p < oo and A,-weight w, then it has stability on
Lf,;, for all 1 <p' < oo and Ay -weights w'.

Denote by sp.,(T) the set of all complex numbers z such that zI — 7" does not
have stability on L? . and by s,(7") instead of s, ., (") for short when w is the trivial
weight wy = 1. Then Theorem [[.T] can be reformulated as follows:

(1.11) Spw(T) = so(T)

forall 1 < p < oo and A,-weights w, provided that the kernel of the integral operator
T satisfies (I.9). We remark that for the operator zI —T', it is established in [14] the
equivalence of its stability on unweighted function spaces L for different exponents
p € [1,00], ie.,

(1.12) sp(T) = s2(T)

for all 1 < p < oo. The assumption on the kernel K of the operator T" in the
above equivalence is that it has certain Holder regularity and its off-diagonal decay
dominated by a function in the Wiener amalgam space W, the space containing all

measurable functions b on R? with [|Ally, == >, cpa SUPue(_1/9.1/2)a |h(k + 2)| < o0.
More precisely, the kernel K satisfies the following condition:

(1.13)

sup |K(y, - +y IH + sup 6 ¢
yERd 0<6<1

sup ws (K)(y, - + y)” < o0
yERd Wi

for some « € (0, 1], where the module of continuity ws(K),0 > 0, of a kernel K on
R? x R? is defined by

ws(K)(z,y) = sup |K(2',y) — K(z,y)| forall z,y € R?
max(|a’—z|,|y'—y|) <6

c.f. the modified module of continuity ws(K') of a kernel K in (LI0). The assump-
tions (L9) and (IL.I3]) on kernels are not comparable. Kernels satisfying (L.9]) could
have certain blowup near the diagonal while kernels satisfying (LI3]) do not allow
any singularity (and even require certain regularity) near the diagonal. On the other
hand, kernels satisfying (LI3) have less requirement on the decay far away from the
diagonal than kernels satisfying (L9]) do.

We say that an integral operator T"in ([I.2]) is of convolution type (or a convolution
operator) if its kernel K can be written as K(x,y) = g(x — y) for some integrable
function g on R? [1, [I1], 12]. In this case, one may verify that sy(T) = {§(¢)| € €
R4} U {0}. This together with (LII]) implies that

spu(T) = {9(€)| € e R} U {0}
for all 1 < p < oo and A,-weight w, provided that T'f(x fRd g(x f(y)dy for
some integrable function g on R% and the kernel g(x — ) satisfies (EI]II) Thus for

the Bessel potentials 7,y > 0, we have that s,,,(J,) = [0,1] for all 1 < p < oo and
Ap-weight w, which is new up to our knowledge.

Denote by 0,,,(T) the spectrum of the operator 7" on L? and by o,(T) instead of
Tpuw, (1) for short when w is the trivial weight wy = 1. Clearly we have that

(1.14) Spw(T) C 0pw(T)
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for all bounded operators 1" on L? . We are working on the problem whether or not
the above inclusion is indeed an equality when the kernel of the operator T satisfies
(L9). The reader may refer to [11 2} 5, 8, 11} 12} 13} [14] for spectra o, ,,(T") of various
integral operators 7', and [10] 17, 18, 19] for its connection to Wiener’s lemma for
infinite matrices.

The paper is organized as follows. In Section 2, we provide some preliminary re-
sults on the boundedness, approximation and discretization of the integral operator
T in (L.2) on weighted function spaces L2 | and also the boundedness on weighted se-
quence spaces and off-diagonal decay for the discretization of the integral operator T'
in (2]) at different levels. The main result of this paper is Theorem [[LT], whose proof
is given in Section Bl Some refinements of doubling measure property and reverse
Holder inequality for Muckenhoupt A,-weights are included in the appendix.

In this paper, we will use the following notation. Z, := NU{0}; £ = (F (A) is
the space of all weighted p-summable column vectors ¢ = (¢(\))aea With ||c||pw =
(X aen e Pw(X)P < oo, where 1 < p < 0o and w = (w(\))xea is a weight;
(91,92) = Jga 91(x)ga(2)dx provided that g;g. is integrable; A, 1 < p < oo, is the
set of all A,-weights; k@) stands for the cube with the center same as the one of
the given cube () and the radius k times the one of cube @Q); by is the function
on the positive axis such that bg (|x|) = rx(z) is the minimally radically decreasing
function in (II)) that dominates the off-diagonal decay of a kernel K on R? x R%; and
C denotes an absolute constant which could be different at different occurrences.

2. PRELIMINARY

We divide this section into two parts. In the first part of this section, we consider
the boundedness, approximation and discretization of an integral operator whose
kernel has certain off-diagonal decay and Holder regularity. In the first subsection
we recall that an integral operator, whose kernel has its off-diagonal decay dominated
by an integrable radially decreasing function, is a bounded operator on L? for any
1 <p < oo and Ap-weight w, see Proposition 2.1l Define P,,,n € Z, on L? by

(2.1) Pof= Y (fionaa)bnomn f €L,

xe2-nzd

where ¢, = 2"d/2x[_1/2,1/2)d(2" -—k), n € Z,k € Z%. For p = 2 and the trivial
weight w = 1, P,,n € Z, are projection operators onto V,, := P,L?, which form a
multiresolution analysis associated with the Haar wavelet system [6]. In the second
subsection, we prove that an integral operator T" with its kernel having certain off-
diagonal decay, mild singularity near the diagonal and Holder regularity can be
approximated by P,T,TP, and P,TF,,n € Z, in the operator norm on LP  see
Proposition As a consequence of the above approximation, we conclude that
zero is in the spectrum of a localized integral operator, see Corollary 2.3 We call
the operator P, TP, the discretization of the integral operator T at n-th level, as
they are closely related to infinite matrices

(2.2) Ay = (an(A, X)) nez

AN e2-nzd)
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where
an(A, X)) = 2™ / / Oronn () K (2, y)Pnony (y)dyda, N\, N € 2772,
R4 JR4

see Proposition of the third subsection. The same discretization has been used
in [14], 19 to establish Wiener’s lemma and stability for localized integral operators
on unweighted function spaces LP,1 < p < oo.

In the second part of this section, we consider the boundedness and off-diagonal
decay property of discretization matrices A,,n € Z. Given a locally integrable
positive function w, define its discretization at n-th level by

(2.3) Wy 1= (Wp(N)) rea-nzd,

where w,()\) = 2 f/\+2,n[_1/271/2)d w(x)dr, N € 27"7Z<. As shown in Proposition [A.5]
discretization of an A,-weight w at any level is a discrete A,-weight, see (2.15) and
(2.10) for the definition. In Proposition 2.6l of the fourth subsection, we show that for
every n € Z, the discretization matrix A, is bounded on the weighted sequence space
¢ for any 1 < p < oo and A,-weight w. The above proposition can be thought
as a discretized version of Proposition 2.1l As we always assume in the paper that
the integral operator T' in ([2)) has its kernel with certain off-diagonal decay, its
discretization matrices A,,n € Z, have similar off-diagonal decay, see Proposition
2.7 of the fifth subsection. For N > 1 and k € NZ?, define the localization matrix
U on a sequence space on 27"Z¢ by

(2.4) (W) (A) == Po((A = k) /N)e(A)  for ¢:= (¢(N))rea-nza,
where ¢(z) = max(min(2 — |z|,1),0). In the sixth subsection, we prove that the
commutators [A,, UN] := A, ¥Y — UN A, between the discretization matrices A,

and the localization matrices W2 have certain off-diagonal decay, see Proposition
The above off-diagonal decay property for the commutators [A,, Y] plays
crucial roles in the proof of Theorem [T We remark that similar off-diagonal
decay property for the commutator [A,, UX] has been used in [14] to establish the
equivalence of stability of a localized integral operator on unweighted function space
LP for different exponent 1 < p < oo.

2.1. Boundedness of localized integral operators.

Proposition 2.1. Let 1 < p < co and K be a kernel function on R x R whose off-
diagonal decay is dominated by an integrable radially decreasing function (i.e., (L3)
holds). Then the integral operator T in (L2) with kernel K is a bounded operator
on LP for any A,-weight w. Furthermore,

(2.5) 1T Fllpaw < C(A ()Pl il Fll

for all weights w € A, and functions f € LY, where C' is an absolute constant that
depends on p and d only.

Proof. 1t is well known that the integral operator 7" in (.2)) is a bounded operator
on LP [7, 9, 15]. We include a sketch of the proof for the bound estimate in (2.5])
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and for the completeness of the paper. Note that
(2.6) |Tf(z)] < ZbK (2971 / |f(y)|dy for all z € R

ez 21 <|z—y|<2

(and hence |T'f(x)| is dominated by a constant multiple of the maximal function
M f(x), which is bounded on L2 for all 1 < p < oo and A,-weights w [7, 9, [15]).
Then for p =1,

Tllhw < b (277 1/ / dydx
1750 Z 27-1< |z — y|<2J )

JEZL
< M) (X b @259 il < O ()1
jez
This proves (23] for p = 1.
For 1 < p < oo, applying (2.8) and using Hélder inequality, we obtain

TP < Cawlndt™ S be@ 2 ([ wi)ay)

JEZ lz—y’| <27

Thus
ITFIE., < CA(w)llrelF™" D br (27127
jez
» w(z)
x| ke ( | | ) dy
21 -1< |z —y| <29 f|m y|<2jw(y) Y
< Ca el a2 [ 11w)Pul)
JEZ
w(z)
(X ) dy
ce{—1,0,1}d 7 lemy=eX <2 \y —y—e2/71]<2 rw(y)dy
< CA(w)llrx Tl w
This establishes (2] for 1 < p < oo and completes the proof. O

2.2. Approximation of localized integral operators.

Proposition 2.2. Let 1 < p < 0o, w be an A,-weight, K be a kernel function on
RY x R? satisfying [LI) for some o € (0,1], T be the integral operator in (L2) with
kernel K, and let P,,n € Z, be as in [2.1)). Then there exists an absolute constant
C' (depending on p and d only) such that

H(Tpn - T)f“p,w + ||<PnT - T)f“p,w + ||(PnTPn - T>f||p,w
(2.7) < CD27"(Ay(w)Y?|| fllpw for all n € Zy,w € A, and f € L2

where Dy = [|rg |1 + supgos<; 0|7 x X | <sll1 + SuPges<t 0~ ||Tws ) |l
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We remark that it is established in [14, Proof of Theorem 4.1] that a localized inte-
gral operator has the above approximation property on unweighted function spaces
LP,1 < p < oo. By Proposition 2.2 we see that T'P,, P,T, P,T P, approximate the

localized integral operator 7" in the operator norm || - ||z, on L%, as n tends to
infinity, i.e.,
(2.8) T (| BT =T gz + TPy = Tz + 15T P = Tllgrz) = 0.

As a consequence of the above limit, zero is in the spectrum of a localized integral
operator T"on LP c.f. [19, Theorem 2.2 (iv)].

Corollary 2.3. Let the integral operator T be as in Proposition [2.2. Then 0 €
Spw(T) C 0pu(T) for alll <p < oo and w € A,,.

Proof. Let g = max(1 — |z|,0) be the hat function and set g,, :== @g — P, n > 0.
Note that 0 # g, € LE, and P?> = P, for all n € Z,. Then for all 1 < p < co and
w € A,, we have that

179l [T gnllpw _ (T = TP0)gnllpw

lglow?0 || Gllpw = Ngnllpw Gl

(2.9) < TP, = T[srz) — 0

as n — oo by (2.8)). This proves the conclusion that 0 € s,,(T) C 0,.,(T). O
Now we prove Proposition 2.2]

Proof of Proposition[2.2. By (2.1]), P, is an integral operator with kernel

2ndif xoy € 27 (k + [—~1/2,1/2)9) for some k € Z¢,

Po(z,y) = { 0

otherwise,
and
1P fID, = 2" > [(f, Gnaea) w(z)de
Ac2—n7d A+2-n[-1/2,1/2)4
(2.10) < A(w) Y / |f(@)[Pw(z)de = Ap(w)| f]5 .,
Neznzd Y A2 =1/2,1/2)¢

for all f € LP. Thus TP, — T, P, T — T and P, TP, —T are bounded operators on
LP by (2.10) and Proposition 2.1
Denote by K, (x,y) the kernel of the integral operator P, TP, — T. Then

Kool = | [ [ (KG) = K@) Pl Pl pyie'ay

<ot [ G~ K gy
SC/—SC < —n yl_y < —n

< 22d7“w2,n(K)(37 =)
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for all z,y € R? with |z —y| > 6-27", and
Kool £ K@+ [ [ [P K@ )R )iy
R R

< rr(r—y)+ Q"d/ ri(t)dt

|t|<8-2-n

for all z,y € R? with | — y| < 6-27™. Thus the kernel K, (z,y) of the integral
operator P,TP, — T is dominated by h,(z — y), where h, is a radially decreasing
function defined by

() = ri(z) + 2™ f\t|§8v2*n rr(t)dt if |x| <6-27",
22d7‘w2in(K)(SL’) if |x\ >6-27".
Similarly we can show that kernels of the integral operators TP, —T and P,T — T
have their off-diagonal decay dominated by the same radially decreasing function
hy. Then the desired estimate (2.7)) for the integral operators TP, — T, P,T — T and

P,TP, —T,n € Z,, follows from (L.9), Proposition [21] and the above observation
about their kernels. U

Remark 2.4. Let 1 < p < oo, w be an A,-weight, and P,,n € Z, be as in (2.1]).
For n € 7Z, define

Vio={ 3 cWonam | () ey vz € 2,
Ae2-nzd
Then it follows from (2.1) and (2.10) that P,,n € Z, are bounded operators from L?
onto V*,, C L2 with their operator norm bounded by (A,(w))'/?; ie., VI, = P,LP,
and || 5 flpw < (Ap(w) 7| flpw for all f € LE,.

2.3. Discretization of localized integral operators and discretization ma-
trices.

Proposition 2.5. Let 1 < p < 0o, w be an A,-weight, K be a kernel function on
R? x RY satisfying (L3), T be the integral operator ([L2) with kernel K, and let P,
and A,,n € Z, be as in 2.1 and [22) respectively. Then

(2.11) do(f) = 27" Apen(f) for all f € LE,

;}here dn(f) = ((PnTPnfv ¢n,2">\>)>\€2—nzd and Cn(f) = ((Pnf7 ¢n,2")\>))\€27nzd fOT
eLr.

Proof. We mimic the argument in [14, Proof of Theorem 4.1]. Note that
P,TF, f(x) = / / ( Z ¢n72”A(I)¢n72"A(x/)>
REJRE D ) co-nza

K@) (Y (Pf dnan)Onznn (v) ) da'dy’

Ne2—nyzd

- Z (2_nd Z a’n()\>)\,)<Pn.fa¢n72”)\’>>¢n72n)\(1')

xe2—nzd MNe2—nzd
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for all f € L2. Then (2.I1)) follows. O

2.4. Boundedness of discretization matrices.

Proposition 2.6. Let 1 < p < 0o, w be an A,-weight, K be a kernel function on
R? x R? satisfying (L3), and let A, = (an (X, )‘/)),\,,vernzd and w,,n € Z, be as
in 2.2) and [2.3) respectively. Then A,,n € Z, are bounded operators on (%, with
operator norm bounded by a constant multiple of 2"4( A, (w))*/P|Irkl1, i-e.,
212) Al < €2 A (0) " fricllllenllp, for all € 82,

where C' is an absolute constant depending on p and d only.

Proof. Take ¢, := (cp(A))rea-nza € €5, and set fr, = >\ 9-nza Cn(A)@p2nr. Then

PTPfu(e)= Y (2—nd S anl\ X)cn(X))%gn,\(x).
Ae2—nzd Ne2—nzd
This, together with Proposition 2.1} implies that
1Ancallpw, = 272 BT B, follpw < C22 PV ED (A (W) |l7 |1 Foll o
= C2"U( Ay (w))* |l enllp

and hence completes the proof. 0

2.5. Off-diagonal decay property of discretization matrices.

Proposition 2.7. Let 1 < p < 0o, w be an A,-weight, K be a kernel function on
R? x R? satisfying (L3), and let A, = (an(A, X)) n € Z, be as in ([2.2).

)\7>\/€277de7
Then
ond _arr(t)dt if A= N| <27
_ NOWYUIES t]<3.2-n = ’
(213 Janld, )l < { (= N)j2) A= X > 2

Proof. By (2.2), we obtain that

O V) < 2 | K e, y)ldyds
\x—M§2*"*1,\y—>\’IS2*”*1

< 22"d/ (/ rK(x—y)dy>d:1:
|z—A|<2—n—1 ly—z|<3-2—7

< 2 / ric(t)dt
jt|<3-2-n
if A, N € 27"Z¢ with |A — V| < 27"+, and
an(\N)| < 22 / ric (O — N /2)dyd
j2-Al<2n1 Jy-N|<2-n-1

< rr((A=X)/2)
for all A\, \' € 27"Z4 with |\ — X'| > 271, This proves [Z.I3). O
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2.6. Off-diagonal decay of commutators between discretization matrices
and localization matrices.

Proposition 2.8. Let 1 < p < oo, n € Z;,N € N, w be an A,-weight, K be a
kernel function on RY satisfying (L3)), and let discretization matrices A, weights
wy, and localization matrices WY be as in [22), 23) and Z4) respectively. Then

there exists an absolute constant C', depending on p and d only, such that for all
belt andk k' € NZ?,

IR Ay = AU OB s, < C(A(w)) P2 [B]|
d k=k'\ [ 2 a—k|<an Wn(N) )1/” . Y
N TK( 2 )<Z\>\’—k’\§2Nw7l(>‘l) if |k k‘ > 8N,
(NT2llrcll + fyoymja rc(t)dt) i |k — K| < 8N

(2.14)

A positive sequence w = (w(k))reza is said to be a discrete A,-weight if for all
a€Z%and N € N,

(2.15) (N‘d 3 w(k))(N‘d 3 (w(]f))_P_ll>p_l§A<oo
kea+[0,N—1]4 k€a+[0,N—1]¢

when 1 < p < oo, and

(2.16) N> wk) <A inf o w(k)

heat DN —1]d kea+[0,N—1]¢

when p = 1. The smallest constant A for which (2.I5]) holds when 1 < p < oo (for
which (2.16]) holds when p = 1 respectively) is the discrete A,-bound. We denote by
A,(w) the discrete A,-bound of a discrete A,-weight w. To prove Proposition 2.8
we recall the boundedness of an infinite matrix on a weighted sequence space.

Lemma 2.9. ([I8, Theorem 3.2]) Let 1 < p < oo, w = (w(k))peze be a dis-
crete Ap-weight, and A := (a(k, k")) peza be an infinite matriz with ||Allp =
Y meza (SUD > |m la(k, K')|) < oo. Then there exists an absolute constant C' (de-
pending on p and d only) such that || Ac||,.. < C(A,(w))YP||All5l|cllpw for all c € 2,

Proof of Proposition[2.8. Write (U} A, — A, U )02 = (¢(X\, X)) nea-nza. Then for
|k — K| <8N,
N

N = (vl
A= X N— K

< min(Tal)‘an()VX”%( N )

2MTINTE [ gy i (1)t if [A— | <27t
min(|A — X|/N, Drg((A = N)/2) if |A = N| > 27+

by the Lipschitz property for the function ¢y and the off-diagonal property for the
matrix A, in Proposition 2.7l Therefore

(2.17) le(A\,N)] < Cg(A—XN) forall \, N € 27Z%,

A=k N —k N —Fk

) Jan X )o(=——)

) = o(
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where (g(\))aea-nza is a radially decreasing sequence defined by

n(d—1) bK —-n N
g()\) = (2 ¥ Aggan ’/“K(t)dt + % + bK(\/Q—_)>X[_2n+172n+l]d()\)

1A VN
+<\/—NTK(§) 0 (F57) ) (YR Ao st e ()

A
+ric () (1= X yw v (V)

Note that

br (27"
Z gA) < C(Q"dN_l/Q/ ri(t)dt + x(27)
)\627”2‘1 |t‘S\/N/2 \/N

N

+2"de/2bK<£> +2"d/ rK(t)dt>
2 [t|>VN /4
(2.18) < C2“d<N‘1/2HrKH1+/ rK(t)dt>.
|t|>V/N /4

Then the conclusion (2.I4]) for |k — &'| < 8N follows from (2.17), (2.18)), Lemma 2.9
and Proposition [A.5]

For |k — k| > 8N,

e\, V)| = }wo()\];k)an(k,X)%()‘/;]k/)}

(2.19) < (k= K)/2)Xps—2n.2804 (M) Xar 1 —2v,28)4 (X))

by Proposition 2771 Write b = (b()\))xeg-nz¢. Then by (ZIH) and ([2.I9) we obtain
that

||(\IlkNAn - An\l]]kv)\pﬁbnp,wn
< k=K (Y wm)”

[A—k|<2N
X( 2 |b(X)|”wn(/\’)) > (wn(,\/))—l/(p—l))
|>‘/_k/‘S2N |>\/—I€’|S2N
E\A—Mswwn()\) )UprH
2 v—k<on Wn(N) brton

(r=1)/p

< 2N ((k - 1) /2) (Ap ()P

for 1 < p < oo, and similarly
||(\I]kNAn - An\l’év)\pchl,wn
Z\,\—Mgwwn()‘) )HbH
Z\X—k’|§2N wn(N) b
for p = 1. Hence the conclusion (2I4)) for |k — k| > 8N follows. O

< 2N ((k — k) /2)A1(w)(
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3. STABILITY OF LOCALIZED INTEGRAL OPERATORS

To prove Theorem [Tl we need several technical lemmas.

Lemma 3.1. Let 1 <p < oo, z € C, w be an A,-weight, and let the kernel K and
the integral operator T with kernel K be as in Theorem[1.1. Set

(3.1) dp = min(re/(24,(w)), o/ (3d))

where a € (0,1] and o € (0,1) are given in (I.9) and Proposition [A.]] respectively.
If 21 =T has Li,--stability for some v € (0,1], then it has LY ., -stability for all
S € [—(50,(50] with 0 < 7’(1 + S) <1.

Lemma 3.2. Let 1 <p < oo, z € C, w be an A,-weight, and let the kernel K and
the integral operator T with kernel K be as in Theorem[I.1. Set

(3.2) & =min ((pIn2+2In A, (w)) "Dy, (2(2°+ 1) +2d + 42"+ 1) In A, (w)) ')

where o € (0,1] and Dy € (0,1) are given in (L9) and Proposition[A 1] respectively.
If 21 =T has Ly, -stability for some r € [0,61], then it has L' ,-stability for all
r e [0, 51]

Lemma 3.3. Let1 < p < oo, z € C, and let the kernel K and the integral operator
T with kernel K be as in Theorem [I1. Set 05 = a/(3d) with o € (0,1] given in
@3). If zI —T has LP-stability, then it has LPO+3)-stability for all s € [0, 2] with
p(l+s) > 1.

We assume that the conclusions in the above three lemmas hold and proceed to
prove Theorem [L.1] by the bootstrap technique.

Proof of Theorem[I 1. We start from assuming that zI — T has the LF -stability for
some z € C,p € [1,00) and w € A,, and we want to prove that zI — T has the
Li,,—stability for any p’ € [1,00) and w' € A,. Let dy and ; be as in (B.I) and
([3.2) respectively, and select an integer Iy sufficiently large such that (1 —dg)% < §;.
Iteratively applying Lemma BT with s = —6y and 7 = (1—4g)! for [ = 0,1,...,lp—1,
we obtain that zI — T has L O)l—stability for all [ = 1,...,lp. Then applying

w(1=3
Lemma 3.2 with r = (1 — dp)% and 7" = 0 leads to the LP-stability of 21 —T.
Select an integer ¢, € N and s € [—ds, 8] such that (1 + s) = p//p. Then
iteratively applying Lemma [3.3] with p replaced by p(1 + s),,1 = 0,1,...,1; — 1,
yields the L¥ -stability of 21 — T
Let ) and ¢] be as in Lemmas [B.1] and with p replaced by p’ and w by w’,
and select an integer I3 € N such that (1 + &))" < §]. Applying Lemma with

p replaced by p/, w by w’, 7 by 0 and ' by (1 + ;)7 leads to the 74

(w)(1+56) 713
stability of zI — T. We then reach the desired L? -stability of the operator zI — T
by iteratively applying Lemma [B.1] with p replaced by p', w by w’, s by §{ and r by
(146" 1=0,1,--- 13— 1. O
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3.1. Proof of Lemma [B.1l Let zI — T have the L% ,-stability. Then there exists a
positive constant C; such that

(3.3) |(zI = T)fllpawr = Cil| fllpwr forall f e Lb,.
From Proposition it follows that
(T = P.TR) fllpar < CaDo2 ™ (Ap(w")"? || f lp,ur

(3.4) < CyDo2 " (Ap(w)) 7| fllpwr for all f € L,
where Dy = |[[rg|l1 4+ supgos<; 0|7 xX[=s0)ll1 + SUPgos<s 07|7ws ()|l and Cy is

an absolute constant in Proposition Let ng be a positive integer such that
CyDy272m0 (A, (w))/P < C1 /2. Then for all n > ng and f € LE

C
(3.5) 121 = P, TPy fllpwr = 71||f!|p,wf
by B3) and ([B.4]). Define

3.6 ", = (2™ d
(3.6) (") ( /A+2n[—1/2,1/2)d(w(x)) x>)\62*”Zd

and
61 Vh={ X W] X @) < oof.

Note that for any f, := >\ co-ngza C(N)@nanr € (V7 )n,

1/p
fallowr = (27 32 el [ w(z) dr)
Neznzd A2-n[—1/2,1/2)¢
(3.8) = 2nd(1/2_1/p)HCHIL(wT)n
and
(3.9) 1(z] = BT P,) fullpwr = Qw(l/z_l/p)H(Z[ - 2_NdAn)CHp7(w")n

by Proposition 2.5, where A,, is defined in (2.2)). Then applying ([B.3) to f, € (V"),,
and using (3.8) and (3.9), we obtain a discretized version of the LP,-stability of
2l =T

&
2
To prove the L’:U a4 -stability of 21 —T', we need the following claim, a weak version

(3.10)  |I(zI —27™A,)ellp.wry. > —=llellp.r), forall c € oy, and = ng.

of the above stability with weight w" replaced by wr (),
Claim 1: There exists a positive constant C' such that

(3.11) (21 = 27" An )l qwraton,, = C272 ]|, (uraro,

for all c € £ZT(1+S) and n > ng.

We assume that Claim 1 holds and proceed our proof. Applying (3.8) and (3.9)
with f, replaced by P,f and w" by w"0**) and using (3.11)), we have

(3.12) Co2 2" N P f e < (21 = PaT ) Pafllp wriieo
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for all f € LP .., and n > ng. As noted in Remark 2.4}

1Engllpwroen + 11 = Pa)gllpuwraen
(1+ 24, (W) gllpurass forallge LP ...

||ng,wT(1+S) <
(3.13) <

Let integer n; be so chosen that C272M%0 < |z| and C'Dy(A,(w))/P2-™e/3 < C/2
where C' is the positive constant in Proposition 2.1l Recall that 6y < «/(3d) by

assumption and z # 0 by (Z9) and (3.3)). Then applying (B12) and (BI3) and
letting n = max(ng, nq), we obtain that

11 =T)fllpwraso

> (14 24 (w)) " (1PazL = T)fllpriso + (1 = Pu)(zL = T)frrin)

> (14 24, () (I1Palz] = T)Poufllyrasor + [T = Pa) s
PueL = T)(I = P)fllprcsnr = (I = P)Tf i)

> (14 24, () (C2 2 Pof o + 2T = P) flly s

—CDy(Ap(w) P27 f | riio)
(3.14) > (1 +24,(w)) 1C272 0| f||,, riss

forall f € L ., with s € [=dy, do], where C' is the positive constant in Proposition
2.1l This establishes the desired L’:U -4+ -Stability for the operator zI — T when
|S| S 50.

Now it remains to prove Claim 1. Let N be a sufficiently large integer chosen later
and WY k € NZ¢ be given in ([Z4). Define &y = (ZkeNZd(\If,iV)Q)_l. Then @y
is a diagonal matrix with diagonal entries being positive and less than one, which

implies that
(3.15) [ @l oy, < lellpory, forall ce 2, .

Define

(316) (= 3 (@)a()) =2 / w(z)dz, k€ NZ%.

A—K|<2N k+[-2N—2-n—12N42-n-1)d
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By (8.10), (B.13), (316]) and Proposition 2.8, we get
Crlliellpwnn (1= 27" An) W ellg, @)

2 ((o/’)k)l/P - ((oﬂ“)k)l/p
UV (21 — 2_"‘1An)c||p,(wr)n
- ((am)g) /e
pa 3 LA A U el
k‘/ENZd ((Oé )k)
W3 (21 = 27"A,)ellp ) 1
s n C A r /p
- (@) T Caldp(w?))
- [N TP ellp wr)
X (N V2|l +/ rK(t)dt> DA Jn
k’;sN ' [t|I>VN/4 ((ar)wl/p
k' eNzd
[Nyl wr)
+C3( A, (w") /PN ri((k—k)/2) o,
3(Ap k;w (COMEL
k' eNzd

for any bounded sequence ¢, where C} is an absolute constant depending on p and
d only. Thus

195 €llp. ) 1R (21 — 27" A )ellp, ),

(e = (@)1
o 1N el
(3.17) +Ca(Ap(w))" k,EZNngN(k_k)W

for any bounded sequence ¢, where C} is an absolute constant depending on p and
d only, and the sequence (gn(k))renza is defined by

o) = (Nl [ ) xg s
[t|>VN/4

+ N (k/2) X vz —snsnye (), k € NZ2.

Let B contain all sequences a := (a(k))yeze With [[alls == Y, cza SUD k(5 my [a(K)] <
oo ([4]), and denote by a * b the convolution of two summable sequences a and b on
Z%. Recall that there exists a positive constant D such that ||a * b||z < D||a||5||b||5
forall a,b € B [2,13,[4,[18]. Then (B, ||-||z/D) is a Banach algebra under convolution.
Note that (gn(Nk))reza is a radially decreasing sequence, we then have

(g (NF)kezells = Y gn(k) < Cs(N"2|riclh +/ rg(t)dt) — 0
k)ENZd ‘t|2\/ﬁ/4

as N — oo, where C5 is an absolute constant depending on p and d. Now we select
a sufficiently large integer N so that

C4C5(Ap(w))1/p(N_1/2||7"K||1 + />ﬁ/4
t|>

1
rK(t)dt) <55
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Applying (3.I7) iteratively and using the Banach algebra property for B, we obtain
that

R cllp, ), W (2] — 2_ndAn)CHp(wT)
(3.18) < Oy V(k—K) o
Tann =G 2V (COMEC
hold for all bounded sequence ¢, where
(3.19) V (k) = 8(k) + 3 (CulAp(w) ™) g + -+ g (k)
l times
and §(0) = 1 and §(k) = 0 for all nonzero integer k € NZ?. One may verify that

(3.20) Z sup V() < oo.

Set Qy = A +27[—1/2,1/2)4, X € 27Z% and L, = k + [-2N — 27"1 2N +
27 hd ke NZ?. Then applying (A) with replacing @ by Ly and f by the
characteristic function on @), and w by w", we have

Jo, w(@) dx

S > (A (w)) 2P (AN 4 1)
ka w(z)rd P
for all A € 27"Z% and k € NZ* with [A\—k| < 2N. For k € NZ*and c € 7, ,Nl>,
we obtain from (B.I8), (321 and Proposition [A.4] that !

(3.21) 1

||\IIIZQVC||p,(w"(1+5))n

((ar(l—i-s))k)l/p
1s 10 ellp,wr)
< nds [ 7k Cllp, (wr)n
< C(Ap(w)) > 2 (o)) /P
1ts ||\If£f(zl—2_"dAn)c|| (wr)
< C(A,(w))» 2mds Vik—k P
( p( )) kIE;Zd ( ) ((ar>k,)1/p

||\Ifg(,2] - 2_ndAn>CHp7(wr(l+s))n
((ar(l—i-s))k/)l/p

(3.22) < C(Ay(w))*r2® N~ V(k—Fk)

k'eNZ4

for all s € [0,dp], where C' is an absolute constant. Similarly for all s € [—dy, 0] we
have

H \Il]kvc||p,(wr(1+s))n
((ar(l-l-s))k)l/p

< C(A(w) P2

H\I/]k\f(zf —27"A )CHp (wr(+9)),,
(3.23) x Y V(k—Fk) (@Y, Yo ,

k' €NZd
where k € NZ% and ¢ € * e N¢>. By Proposition A5 with w replaced by w"(1+2),
vy = ((@"0F9)) ) penza is a discrete A -weight with A, (vy) < A, (w"39)) < A (w).
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This, together with (3.20), (3:22), (3:23) and Lemma [2.9] implies that

||\II{CVCHP @+ \P 1/p
c L (1+e) L S < < s n) aT( +S) )
lellp, @raon, Zd CEDPEA )

keENZ
S 0622nd|8‘ || (Z[ - 2_ndAn)C||p7(wr'(1+s))n

for all ¢ € E’(’wr(l +9) N¢>° and n > ng, where Cy is an absolute constant independent

of n > ng and r € (0,1] and s € [—dy, dp]. Then Claim 1 follows and Lemma BT is
proved.

3.2. Proof of Lemma B.2l Let zI — T have the L ,-stability. From the argument
used in the proof of Lemma [B.I] there exist a sufficiently large integer N and a
sequence V satisfying (3.20) such that

||\I]{€VC||p (w™) ||\II{€Y(ZI - 2_ndAn)C||p (w™)
—— " < (O V(k— /{:/) o
G <O 2 (@)

hold for all bounded sequence ¢ and k € NZ¢, where U and ("), k € NZ? are
given in (2.4) and (3.16) respectively. Note that L;, C 2""NQ, and 2""'NQ, C 2L
when k € NZ4 and \ € 27"Z% with |\ — k| < 2N. Then by Proposition [A1]

(3.24)

nd r
2 fA+2*n[—1/2,1/2}dw(5”) dx

< Cy(2° (A (w))?) &+

3.25) (27— <
(825) G }w(x)’“dx -

B f[—2N—2*"*1,2N+2*"*1
for all r € [0,6,],k € NZ and XA € 27"Z% with |A — k| < 2N, where C; and Cs
are absolute constants. Therefore for ' € [0,01],k € NZ? and X\ € 27"Z% with
A — k| < 2N, we get from ([3.24) and (3.25]) that

H\Il]kVCHp,(w”"’)n —nd/p(op 2\(2441)r"n/p N
W S 02 (2 (Ap(w)) ) H\I]k CHP

|| \I];CVCpr(wr)n

2\(2%+1)r'n/pod(p—1)rn
< C(2P(Ay(w)) )( )r'n/pod(p—1) /pW
< O (Ap(w)) it imie TV (ke — k)
k' eNZd
1R (2 = 27" An)ellp, ).
(@) )'/?
< C(Qp(Ap(w))2)(2d+1)(r+r’)n/p2d(p—1)(r+r’)n/p Z Vik— k)

K ENTZ
103 (21 = 27" Ay )ell, oy,
(G
This together with (3:220) and Lemma 2.9 implies that
(3.26)
d r+r')n —1)(r+r")n -n
lelly, oy, < C(2P(Ap(w))?)EHDEHIn/pode= VOB (o — 277 A el )

n
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for all bounded sequences c¢ in E’(’wr,) . Therefore the desired L’:U ~stability for the

operator zI — T follows by using the argument to establish (3.I4]) with applying
(3:20) instead of (3.11).

3.3. Proof of Lemma (3.3l Let 2/ —T has the LP-stability. Similar to the argument
to establish (B.I8]), there exist a sufficiently large integer N and a sequence V =

(V(K))genza satistying (B.20) such that

(3.27) 1Well, <C Y V(k—=K)U (2] 27" A)e]],
k'eNZA

for all bounded sequence c¢. Note that for 1 < ¢, g2 < 00,

1% cllq,

(2n+2N>max(1/q1—1/q2,0) H\Il;gVCHqQ

(2d<n+2)Nd)_ max(1/g2—1/¢1,0) H \Il;gVCHqg
(3.28)

Combining (3.27) and (3:28) leads to
W ellpgesy < C22" 0N 7 V(k = KU (21 = 27 An)elpass)

k'eNZ4

<
<

for all bounded sequences ¢ and s € [—dy, d]. Hence
(3.29) lellpss) < C22 (21 = 27" Ay )ellpre

for all ¢ € P0+5) Therefore the desired LPU+9)-stability of the operator zI — T
follows by using the argument to establish ([B.I4]) with applying (8:29) instead of

B.110.

APPENDIX A. DOUBLING PROPERTY AND REVERSE HOLDER INEQUALITY FOR
MucKENHOUPT WEIGHTS

In this appendix, we provide some refinements of doubling property and reverse
Holder inequality for Muckenhoupt A,-weights. Those refinements are important
for the validation of the bootstrap technique used in the proof of Theorem [I.1l

A.1l. Doubling property of Muckenhoupt A,-weights. An alternative way of
defining Muckenhoupt A,-weights is

(A1) (a1, If(x)ldx)pém [ 1@t

for all locally integrable functions f and cubes @ C R?. The smallest constant A for
which (A.I]) holds is the same as the A,-bound A,(w),1 < p < co. Applying (A1)
with @ replaced by 2"Q) and f by the characteristic function on @) gives that wdx
(or w for short) is a doubling measure; i.e.,

(A.2) ﬁ /2 an(x)dxgznd@—UAp(w)(ﬁ /Q w(z)ds)

for all positive integers n and cubes @ [7, 9]. In this subsection, we consider the
doubling measure property of weights w” with sufficiently small r > 0.
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Proposition A.1. Let 1 < p < 0o and w be an Ay-weight. Then there exist absolute
constants Cy and Dy (that depend on p and d only) such that

L wix sz 2d+1 ™m
o fn(cg(fl)();))”d:c < Co(2(Ap(w))?)

for all integers n € N, cubes Q and numbers r € [0,D1/(pIn2+ 21n A,(w))].

(A3)  (Ay(w) 20 <

We say that a locally integrable function f has bounded mean oscillation, or BMO

for sho?t', if [|f]lBMO = SUDeubes @ Wl\ Jo | f(z) — Wl\ Jo f(y‘)dy“ dr < oo. To prove
Proposition [A.T], we recall that Inw has bounded mean oscillation whenever w is an
A,-weight for some 1 < p < oo [7, [15].

Lemma A.2. Let 1 <p < oo andw € A,. Then Inw has bounded mean oscillation
and

(A.4) |Inw|pmo < pln2+2InA,(w).

Proof. We follow the arguments in [7, p. 151] and [I5, p.197], and include a proof
for the BMO bound estimate in ([A.4]) that will be used for our establishment of
Proposition [A. Tl Let w be an A,-weight with 1 < p < co. Take an arbitrary cube
@ C R? and denote by cg = Wl\ /. 0 In w(y)dy the average of the function Inw on the
cube . As w is an A,-weight,

L[ nw@—cq 1 / —(nw(z)—cg)/-1) 7.\~
. — — < .
(A.5) <|Q\ /Qe d:c) <\Q| Qe d:c) < A,y (w)
Note that

(A6) (L / elnw(w)—chx) >1 and (L / 6—(1nw<w>—cQ>/<p—1>dx> > 1
1Ql Jqg Qf Jq

by applying Jensen’s inequality

(A.7) exp (ﬁ/@f(x)d:c) < ﬁ/@eﬂm)dm
with f replaced by (Inw(z) — ¢g) and —(lnw(z) — ¢g)/(p — 1) respectively. Thus

combining (AH) and (AG), we have
(A.8)

1 / U)oy < A () and — / e~ we)=ca)/ =D gyr < (A ()M,
Qf Jq Ql Jo

Using the estimates in (A.8]) and applying Jensen’s inequality (A.7) with f replaced
by max(lnw(x) — ¢g,0) and max(cg — Inw(z),0)/(p — 1) respectively, we get

1 1
_ _ < max(Inw(z)—cg,0)
exp <|Q\ /Qmax(lnw(x) CQ,O)dZL’) S 10 /Qe dx

1 1
< Inw(xz)—cq 0 < <
(A9) < ] /Qe dx + 1l g edr < A,(w)+1<24,(w)
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and
exp / max CQ lnw( ) O>d$> S L emax(CQ—lnw(x),O)/(p—l)dx
1Ql p—1 Q] Jq
1
(A10) < — / elca=mw@/G=N gy 4 | Oy < 2(A,(w))Y/ .
1@l Jqg 1@ Jg

The desired BMO bound estimate (A.4)) then follows from ([A.9) and (A.10).

The desired conclusion ([A.4]) for p = 1 follows from the established result for
1 < p < oo and the fact that any A;-weight w is an A,-weight with A,(w) < A;(w)
forall 1 < p < 0. U

Lemma A.3. Let 1 < p < oo and w € A,. Then there exist absolute positive
constants C and Dy (that depend on p and d only) such that

(A.11) exp | /lnw d:c |Q| / )dx < Cexp | /lnw d:c)
hold for all cubes Q and all r € [O, D;/(pln2+2In A, (w))].

Proof. The first inequality in (A.TT]) follows by applying Jensen’s inequality (A7)
with f replaced by rInw.
Forp=land 0<r < Dl/(pln2—|—2lnA (w ))

ﬁ /Q weyd < (& / 2)dr) < (Ay(w)" inf (w(e)
< eD1/2exp @/anw(x)dx> for all cubes @,

which leads to the second inequality in ([A.11]) for p = 1. Now we prove the second in-
equality in ([A.11]) provided that 1 < p < oco. By LemmalA.2land the John-Nirenberg
inequality for functions with bounded mean oscillation, there exist absolute positive
constants D and D, such that

Hz € Q:|Inw(z) — cgl > a}| < Dyexp(—2Dia/|| Inw|smo)|Q)

2D10&
< D -
- gexp( pln2—|—2lnAp(w)>|Q|

for all cubes @, where o > 0 and ¢¢ := ﬁ fQ Inw(y)dy is the average of the function
Inw on the cube (). Therefore

1 o
rilnw(@)—colgy — 1 4 — e{r € Q: |Inw(x) —col > t/r}|dt
|Q|/ o ) N [Inw(x) = ol > t/r}]

2D,
< 14D <14+D
= 0T 2/0 exp (11 r(pIn2+ 21n A, (w )))dt— +

for all r € [0, Dl/(pln2+21nA( ))]. Thus

)dx < / rimw@=calgy < (14 Dy) exp / Inw(x dx)
QI / |Q| Q|
and the second inequality in (A1) for 1 < p < oo follows. O
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Now we prove Proposition [Al

Proof of Proposition[A.1. Let 1 < p < oo and w be an A,-weight. Then for 0 < r <
L, w" € Aiypp—1) with its A;,,p—1)-bound dominated by (A,(w))". Then applying
(A.2)) with w replaced by w" and p by 1+ r(p — 1), we obtain

Jow(@)) dx 1o rnd(p— ey —rnd(p—
‘Q‘ Q ))de > (Al—l—r(p—l)(wr)) 2 rnd(p—1) > (Aq(w)) r9 rnd(p—1)

IQ”Q\ f2"Q

for all positive integer n and cubes (). This establishes the first inequality in (A.3]).
By Lemmas [A.2] and [A.3] we get

IQI fQ 1 /
lnwatdzv—— In w(x)dx
|2”Q| f2”Q |2"Q| nQ ( |Q| ( ) D

n—1
1 1
< —_— 1 — 1
< Cexp (r ,;:0 ‘ DIE=Tel /2k+1Q nw(x)dx Be] /ng nw(:)s)de

< Cexp (2'+ Dol Inw|smo) < Cexp ((2*+ 1)rn(pIn2 +2In Ay(w))).

)'dx
))de < Cexp (r’

This proves the second inequality in (A3]). O

A.2. Reverse Holder inequality for Muckenhoupt A,-weights. One of key
results for Muckenhoupt A,-weights is the reverse Holder inequality, which states
that for any A,-weight w,1 < p < oo, there exist constants C' and € > 0 (depending
on p,d and A,(w) only) such that (|Q| Joul 1+Edz)1/ (149 < C| Jow(z)dz for any

cube @ [7, [15]. In this subsection, we consider the reverse Hélder inequality for
weights w”, r € [0, 1].

Proposition A.4. Let1 < p < oo andw € A,. Then there exist a positive constant
ro (depending on p and d only) such that

(2p+2Ap(w))_l<|T.12‘/Qw(x)(“”;)rd:c)l/(l”) < ﬁ/ w(z) dz

A. p+2A
(4-12) =2 (g /

)0 1/(1—6)

hold for all cubes Q) and positive numbers r € (0,1] and § € (0,79/A,(w)].

Proof. We follow the argument in [I5, pp. 202-203]. Let r € (0,1] and w € A,
for some 1 < p < co. Then w" € Ay ypp-1) C Ap and Ap(w") < Ay (w”) <
(Ap(w))" < Ap(w). Therefore taking the characteristic function on a subset E of a
cube @ in (A leads to




22 KYUNG SOO RIM, CHANG EON SHIN AND QIYU SUN

for any subset £ C (). This implies that for all cubes () and subsets £ C () with
|E| < |Ql/2,

[ w(x) dx 1 |Q — E|\? _ 2PA,(w)—1
Fotoras <1 ( Q| ) = 20 A, (w)

fQ x)rdx A, (w)
Let 6; = (2°73(d + 1)Ap(w))_l. Then 22d+1%1 (1 — m) <(1- m) and for
any 9 € (0,4], following the steps in [15, pp.202-203] we get

1/(1+6) & 1 kN 1/(146)
r(1+9) da: < (1 i o(d+1)(k+1)3 (1 _ ) )
|Q\ / - Z 2pAp(w)

(g [ v ) 2w (g [ v

and
1 r S (d+1)(k+1)5/(1-5) 1 b
@/Qw(x)dx§<l+kz:02 (1—m))
x(i/w(x)r(l_é)dx)l/(l_é) 2p+2A / T(l 0y 1/(1—6)'
QI Jo |Q|
This establishes (A.12)) and completes the proof. O

A.3. Discrete Muckenhoupt weights. Muckenhoupt A,-weights and discrete
A,-weights are closely related. Given a discrete A ,-weight w = (w(k))geza, one may
verify that @ := Y, ;o w(k)X[_1/2,1/2)4(- — k) is an A,-weight with its A,-bound
comparable to the A,-bound of the discrete weight w. Conversely, dlscretlzatlon of
an A,-weight at any level is a discrete A,-weight.

Proposition A.5. Let 1 <p < oo and w be an A,-weight, and define
wp(k) = Q"d/ w(x)dz, n€Z ke
2= (k+4[—1/2,1/2)4)

Then for any n € Z, wy, := (wn(k))reze is a discrete A,-weight with its A,-bound
dominated by the A,-bound of the weight w, i.e., Ay(w,) < A,(w).

Proof. Let 1 < p < oo and n € Z. Given a € Z¢ and N € N,

(v X w®)(a X )

kea+[0,N—1]d kea+[0,N—1]¢

1
- (7/ w(a:)da:)
271N Jynaqo-ni-1/2,N-1/2)d

1 / Vo-1g,)"
. (7 w(z) M )dx) < Ap(w)
27N Jynapaoni1/2,n-1/2)a p

—1
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where the first inequality follows from

1< (2 / w(z)de)
2-7k42-7[—1/2,1/2)d
p—1
«(2 / w(@) e Vde )" forall k € 27,
2-nk+2-"[—1/2,1/2)4

and the second inequality holds as [27"a + 27"[-1/2, N — 1/2)¢| = 27" N4,
The conclusion for p = 1 can be proved by similar argument. 0
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