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WAVELET ANALYSIS ON ADELES AND PSEUDO-DIFFERENTIAL
OPERATORS

A. YU. KHRENNIKOV, A. V. KOSYAK, AND V. M. SHELKOVICH

ABSTRACT. This paper is devoted to wavelet analysis on adele ring A and the theory of
pseudo-differential operators. We develop the technique which gives the possibility to
generalize finite-dimensional results of wavelet analysis to the case of adeles A by using
infinite tensor products of Hilbert spaces. The adele ring is roughly speaking a subring
of the direct product of all possible (p-adic and Archimedean) completions Q, of the
field of rational numbers Q with some conditions at infinity. Using our technique, we
prove that L*(A) = ® pe(c0,2,3,5,...1 L*(Qp) is the infinite tensor product of the spaces
L?(Q,) with a stabilization e = (ep),, where e,(z) = Q(|z|,) € L*(Q,), and Q is a
characteristic function of the unit interval [0, 1], Q, is the field of p-adic numbers, p =
2,3,5,...; Qs = R. This description allows us to construct an infinite family of Haar
wavelet bases on L?(A) which can be obtained by shifts and multi-delations. The adelic
multiresolution analysis (MRA) in L?(A) is also constructed. In the framework of this
MRA another infinite family of Haar wavelet bases is constructed. We introduce the
adelic Lizorkin spaces of test functions and distributions and give the characterization
of these spaces in terms of wavelet functions. One class of pseudo-differential operators
(including the fractional operator) is studied on the Lizorkin spaces. A criterion for
an adelic wavelet function to be an eigenfunction for a pseudo-differential operator
is derived. We prove that any wavelet function is an eigenfunction of the fractional
operator. These results allow one to create the necessary prerequisites for intensive
using of adelic wavelet bases and pseudo-differential operators in applications.

1. INTRODUCTION

1.1. p-Adic and adelic analysis. During a few hundred years theoretical physics has
been developed on the basis of real and, later, complex numbers. The p-adic numbers
were described by K. Hensel in 1897 to transfer the ideas and techniques of power
series methods to number theory. According to the well-known Ostrovsky theorem, any
nontrivial valuation on the field Q of rational numbers is equivalent either to the real
valuation | - | or to one of the p-adic valuations | - |,. The corresponding completions
of Q give the fields R or Q,. The theory of p-adic numbers has already penetrated
intensively into several areas of mathematics and its applications. In the last 20 years
the field of p-adic numbers Q, (as well as its algebraic extensions, including the field of
complex p-adic numbers C,) has been intensively used in theoretical and mathematical
physics, p-adic string theory, gravity and cosmology, the theory of stochastic differential
equations over the field of p-adic numbers, Feynman path integration over p-adics, the

Date:

2000 Mathematics Subject Classification. 11F85, 42C40, 47G30; Secondary 26A33, 46F10.

Key words and phrases. Adeles, wavelets, multiresolution analysis, pseudo-differential operators,
fractional operator.

The first and third authors (A. K. and V. S.) were supported by the grant of the Profile Mathematical
Modeling and System Collaboration of Vaxjo University (Sweden). The third author (V. S.) was
supported in part by Grant 09-01-00162 of Russian Foundation for Basic Research. The second (A. K.)
and third (V. S.) were supported by the DFG Projects.

1


http://arxiv.org/abs/1107.1700v1

2 A. YU. KHRENNIKOV, A. V. KOSYAK, AND V. M. SHELKOVICH

theory of p-adic valued probabilities and dynamical systems, in theory of disordered
systems (spin glasses) (see [8], [26], [27], [30], [38], [40], [64] and the references therein).
Applications were, however, not only restricted to physics. p-Adic models were also
proposed in psychology, cognitive and social sciences, and, e.g., in biology, image analysis
(see [27], [28]).

These applications induced and stimulated a development of new branches of p-adic
analysis, in particular, the theory of p-adic wavelets. Recall that nowadays wavelets are
applied in a lot of branches of modern mathematics and engineering area. The first real
wavelet basis ([3.5]), (3.6) was introduced by Haar in 1910. However, for almost a century
nobody could find another wavelet function (a function whose shifts and delations form
an orthogonal basis). Only in the early nineties a method for a more general construc-
tion of the wavelet functions appeared [46], [47], [50], [51]. This method is based on
the notion of multiresolution analysis (MRA in the sequel). In the p-adic setting the
situation was the following. In 2002 S. V. Kozyrev [39] constructed a compactly sup-
ported p-adic wavelet basis (3.21]) in L?(Q,), which is an analog of the real Haar basis
B3), (34). J. J. Benedetto and R. L. Benedetto [10], R. L. Benedetto [11] suggested a
method for constructing wavelet bases on locally compact abelian groups with compact
open subgroups. This method is applicable for the p-adic setting. It is based on a theory
of wavelet sets and only allows the construction of wavelet functions whose Fourier trans-
forms are the characteristic functions of some sets (see [L0, Proposition 5.1.]). Moreover,
these authors doubted that the development of the MRA approach is possible. In spite
of the above opinions and arguments [10], [11], in [57], the p-adic MRA theory in L*(Q,)
was developed and new p-adic wavelet bases were constructed. Some important results
in p-adic wavelet theory were obtained in [1], [2], [34], [35]. It turned out that the the-
ory of p-adic wavelets plays an important role in the study of p-adic pseudo-differential
operators and equations [3], [4], [5], [33], [39], [40], [57]. This theory gives a powerful
technique to deal with p-adic pseudo-differential equations. Recall that on complex-
valued functions defined on Q,, the operation of differentiation is not defined. As a
result, a large number of p-adic models use pseudo-differential equations instead of dif-
ferential equations. The p-adic multidimensional fractional operator D was introduced
by M. Taibleson [58] (see also [59]) in the space of distributions D'(Qp). The spectral
theory of this fractional operator was developed by V.S. Vladimirov in [62], in particular,
explicit formulas for the eigenfunctions of this operator were constructed (see also [64]).
In [63] (see also [64]) V.S. Vladimirov constructed the spectral theory of the Schrédinger-
type operator D* + V' (x), which was further developed by A.N. Kochubei [36], [37] (see
also [38]).

The adele ring A is some subring of the direct product of all possible (p-adic and
Archimedean) completions Q, of the field of rational numbers Q. The group of ideles
was introduced by Chevalley in 1936 [16] as a part of his program to formulate class
field theory so that it worked for infinite-degree extensions. The adeles were introduced
by Weil in the late 1930s as an additive analogue of ideles. The ring A is often used
in advanced parts of number theory (for example, see [13], [15], [17], [48], [49], [65]).
For example, Tate’s proof (see in [15, J. T. Tate, pp.305-347]) of the functional equa-
tion Z(s) = Z(1 — s), where Z(s) = n~%2I'(s/2)((s) for the Riemann zeta func-
tion ((s) = Y ,cn 75, R(s) > 1, is based on the Fourier analysis on adeles A and
ideles (see also [17, 4.7]). Recently the theory of adeles has been successfully ap-
plied in various parts of contemporary mathematical and theoretical physics. Namely,
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there are adelic constructions, e.g., in statistical mechanics, stochastics, string the-
ory, quantum cosmology, and quantum mechanics (see [9], [14], [19]- [21], [25], [38,
5.8] [26], [27], [60], [61], [64], [66], and the references therein).

However it should be noted that in contrast to the real and p-adic analysis, the
adelic analysis practically (in particular, the adelic wavelet theory and the theory of
adelic pseudo-differential operators and equations) has not been developed so far. In
particular, the necessity of the development the wavelet theory on adeles was mentioned
in [10].

1.2. Contents of the paper. In this paper some problems of the adelic harmonic
analysis are studied. The points to be considered are, first, the theory of adelic Haar
wavelets; and second, the theory of simplest adelic pseudo-differential operators in con-
nection with wavelets.

In Sec. 2l some facts from the p-adic and adelic analysis are given. In Sec. [3] we recall
definitions of the real MRA and present some results on p-adic MRA and wavelet bases
from the papers [35], [57].

In Sec. @], the theory of infinite tensor products of Hilbert spaces [52], [12] is used to
generalize finite-dimensional results to the case of adeles. We recall the constructions
of infinite tensor product of Hilbert spaces H, = ®e nenH,,, the complete von Neumann
product of infinitely many Hilbert spaces. The space H. can be obtained as the closure
of the union of some subspaces. We observe certain stability of the space H, with respect
to the variation of the corresponding subspaces (see Lemma [£2]). In Subsec. [14] using
Lemma for the special stabilizing sequence e = (e,),, €,(xp) = dp(z,) = Q(|zp]p)
(here (t) is the characteristic function of the segment [0,1] C R) we show that L?(A)
coincides with the infinite tensor product of the Hilbert spaces L?(Q,) over all possible
completions of the field Q: L*(A) = ®.,L*(Q,) (see Lemma 3.

In Sec. Bl we apply the above scheme to construct adelic wavelet bases (5.5]) on
L2(A, dz) generated by the tensor product of one-dimensional Haar wavelet bases (3.5),
B.22), (3.25). We would like to stress that to construct adelic wavelet bases, we need
the p-adic wavelet bases that contain functions ¢,(z,) = Q(|z,|,). Thus, instead of
the Haar wavelet basis (3.20) we will use modified Haar basis (3.22]). According to [1],
there are no orthogonal p-adis MRA based wavelet bases except for those described in
Theorem 3.1 and Corollary B.Il Thus, formula (5.5) gives all adelic Haar wavelet bases
generated by the tensor product of one-dimensional Haar wavelet bases. Here infinite
tensor product depends on the special stabilization e = (e,),, where e,(z,) = Q(|z,l,).
Recall that in [20, Sec.4, formula (4.1)], a basis in the space L*(A) associated with
eigenfunctions of harmonic oscillators was constructed (see Remark [B.1]). To construct
adelic wavelet bases, we use the standard Haar measures on Q, and on the adele ring A.
For measures on Q, different from Haar measure, see [3, Appendix D], based on [42].

In Sec. [6] using the idea of constructing separable multidimensional MRA by means
of the tensor product of one-dimensional MRAs suggested by Y. Meyer [50] and S. Mal-
lat [46], [47], we construct adelic wavelet bases in L?(A). In a general situation we show
how using some system of closed subspaces Vj(k), J € Z, in a Hilbert spaces H,, n € N,
with properties (a)—(c) of the MRA (see Definitions Bl B.2]) one can construct various
systems of subspaces with the same properties in the infinite tensor product of the spaces
H,. In Theorem adelic separable MRA is constructed. The refinable function of this
MRA given by (6.14) is an infinite product refinable functions of all one-dimensional



4 A. YU. KHRENNIKOV, A. V. KOSYAK, AND V. M. SHELKOVICH

MRAs. In the framework of this MRA an infinite family of adelic Haar wavelet bases
(6.25]) are constructed.

In Sec. [, we introduce the adelic Lizorkin spaces of test functions ®(A) and distri-
butions ®’(A). These spaces are constructed by using the original real Lizorkin spaces
introduced in [43]- [45] and the p-adic Lizorkin spaces introduced in [4] (see also [3]
Ch. 7]). A basic motivation for using Lizorkin spaces rather than the Schwartz and
Bruhat—Schwartz spaces of distributions S'(R) and D'(Q,) is due to the fact that the
latter spaces are not invariant under the fractional operators. Next, in Sec. ]|, the char-
acterization of the adelic Lizorkin spaces in terms of wavelets is given. Namely, it is
proved that any test function from ®(A) can be represented in the form of a finite
combination of adelic wavelet functions (5.6]), and any distribution from ®’(A) can be
represented as an infinite linear combination of adelic wavelet functions (5.6) (in [7],
assertions of these types were stated for ultrametric Lizorkin spaces).

In the framework of our constructions the following three facts seem to have the
same deep reason: (1) functions ¢®(z,) = Q(|z,|,) are stabilization functions in the
adelic Bruhat—Schwartz space (see Definition [23]), (2) we use the stabilization sequence
e = (e,), where e,(z,) = Q(|z,|,) in proving the fact that L?(A) = ®.,L*(Q,), (3) under
the projection of the space L*(Q,) onto L*(Z,) some elements of wavelet basis ([3.20) and
Kozyrev’s wavelet basis (3.21]) are transformed into functions which are proportional to
the same function €(|z,|,) (see Propositions B.IH3.3)).

In Sec. @ by Definition ([@.I7), (OI8) a class of pseudo-differential operators on the
adelic Lizorkin spaces is introduced. The fractional operators D7, 5 € C® (see Def-
inition (@Q.9)), (@.I0), (O13))), and D7, v € C (see Definition (Q.14)), ([@.I5)) belong to
this class. We prove that the Lizorkin spaces of test functions ®(A) and distributions
®’(A) are invariant under the above-mentioned pseudo-differential operators. More-
over, a family of fractional operators on the space of distributions ®'(A) forms an abelian
group. Thus the Lizorkin spaces constitute “natural” domains of definition for this class
of pseudo-differential operators. Note, that in [31] the fractional operator was considered
in L?(A). In Subsec. @4 the spectral theory of adelic pseudo-differential operators is
developed. By Theorem 0.1 we derive a criterion for an adelic wavelet function to be an
eigenfunction for a pseudo-differential operator. It is proved that any wavelet function
is an eigenfunction of a fractional operator. Thus the adelic wavelet analysis is closely
connected with the spectral analysis of pseudo-differential operators. Using results of
Sec. @ similarly to the p-adic case, one can develop the “variable separation method”
(an analog of the classical Fourier method) to reduce solving adelic pseudo-differential
equations to solving ordinary differential equations with respect to the real variable ¢
(for details, see [3, Ch. 10], [6]).

2. PRELIMINARY RESULTS

2.1. p-Adic numbers. We shall systematically use the notation and results from the
book [64]. Let N, Z, Q, R, C be the sets of positive integers, integers, rational, real, and
complex numbers, respectively.

According to the well-known Ostrovsky theorem, any nontrivial valuation on the field
of rational numbers Q is equivalent either to the real valuation |- | or to one of the p-
adic valuations | - |,. This p-adic norm |- |, is defined as follows: if an arbitrary rational
number x # 0 is represented as x = p?™, where 7 = y(x) € Z and the integers m, n are
not divisible by p, then

(2.1) 2l =p", x#0, |0, =0.
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The norm |- |, is non-Archimedean and satisfies the strong triangle inequality |x +y|, <
max(|z|,, |y|,). The completion of Q with respect to the usual absolute value | - | gives
the field of real numbers R. The field QQ, of p-adic numbers is defined as the completion
of the field of rational numbers Q with respect to the norm | - |,. Next we will denote
|20 = ||, Qoo = R and Z., = Z. By

(2.2) Vo ={0,2,3,5,...}

we denote the set of indices for all valuations on the field Q.
Any p-adic number x € Q,, x # 0, is represented in the canonical form

(2.3) r = Zxkpk,
k=

where v = vy(z) € Z, z, € F, ={0,1,...,p— 1}, &, # 0, v < k < oo. The series is
convergent in the p-adic norm |- |,, and one has |z|, = p~7. The fractional part of the
number z € Q, (given by (2.3))) is defined as follows

_ [0 3 (@) 20 or z=0,
(24) {x}p - { xﬂyp’y —|— oo + I—lp_l7 lf 7(3:) < O

The set Q) = Q, \ {0} is the multiplicative group of the field Q,. p-Adic numbers
Zy,={x € Q,: |x|, <1} are called integer p-adic numbers. In view of (2.3)), Z, consists
of p-adic numbers

k=0

Z, is a subring of the ring Q,. The multiplicative group of the ring Z, is the set
Z; :{:BGZP:|x|p:1}:{x€Zp:z:Zxkpk, :EO%O}.
k=0

Denote by B,(a) = {x € Q, : |x — a|, < p"} the ball of radius p” with the center
at the point a € Q, and by S,(a) = {z € Q, : |z —a|, = p"} = By(a) \ B,-1(a) the
corresponding sphere, v € Z. For a = 0 we set B, = B,(0) and S, = 5,(0).

2.2. p-Adic distributions. A complex-valued function f defined on Q, is called locally-
constant if for any = € Q, there exists an integer [(x) € Z such that

flx+y)=f(x), y€ D).

Let £(Q,) and D(Q,) be the linear spaces of locally-constant C-valued functions
on Q, and locally-constant C-valued compactly supported functions (so-called Bruhat—
Schwartz test functions), respectively [64, VI.1..2.]. If ¢ € D(Q,), then according to
Lemma 1 from [64, VI.1.], there exists [ € Z, such that

olx+y)=p(), yeB, zeQ,.

The largest of such numbers [ = [(y) is called the parameter of constancy of the function
¢. Let us denote by D% (Q,) the finite-dimensional space of test functions D} (Q,) from
D(Q,) having supports in the ball By and with parameters of constancy > [. The
following embedding holds:

DL(Q,) c DY, (Q,), N<N, 1>1.
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We have D(Q,) = A}l_I)IlOO ind Dy (Q,), where Dy (Q,) = IEEHOO ind D4 (Q,) (see [64, VI.2]).

These representations give us the inductive limit topology on the corresponding spaces.
Denote by D'(Q,) the set of all linear functionals (Bruhat—Schwartz distributions) on
D(Q,) [64, VI.3.].
The Fourier transform of ¢ € D(Q,) is defined by the formula

B(6) = Flol(€) = / wEr)p(z)dr,  £€Q,

p

where dx is the Haar measure on QQ, such that f‘x dr =1, and

p<1
(2.6) Xp(z) = e2ehe

is the additive character on Q) (see [64, IIL.1.]), {x}, is the fractional part ([2.4) of the
number z € Q,. The Fourier transform is a linear isomorphism D(Q,) onto D(Q,) [59,
I11,(3.2)], [64, VIL.2.]. Moreover,

(2.7) p € Dy(Q,) iff Fly] € DIV (Qy).

The Fourier transform of a distribution f € D’(Q,) is the distribution f= F[f] defined
by the relation

(Flfle) = (f Flel), Ve eD(Q).

Here and in the sequel (f, ¢) denotes the action of a distribution f on a test function .
If feD(Q,), acQf,beQ,, then [64, VIL(3.3)]:

b
(28) Fif(ax +8)€) = laly xo — 2€)FIF@)(2), weeq,
According to [64], IV,(3.1)],
(2.9) FIQp*| - |)I(@) = "0 al,), keZ, xeq,
where Q(t) is the characteristic function of the segment [0, 1] C R. In particular,
(2.10) FIQ(IE]p)) () = Q(|l,).

2.3. Adeles. We use the notation and results from [24, Ch. II1,§1,2] and [17].

Definition 2.1. The adeles of Q are
A=Ag = {(zp)pery € H Q, : @, € Z, for almost all p # oo},
PEVY
and the ideles of Q are
J=1Jg = {(z)per, € H Q) : x, € Z for almost all p # oo},
PEVy
where Vg = {00,2,3,5,...} is the set of indices.
The adele ring A is the restricted direct product of R and Q, for all p = 2,3, ... with
respect to the integer rings Z, (see [17]). If componentwise operations of addition and
multiplication are introduced, A is a ring of adeles and J is a multiplicative group. The

additive group of the ring A is called the adelic group.
There is a natural imbedding Q — A given by

Qor—=(rr,...,r,...) €A
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Indeed, any constant sequence (r,7,...,7,...) is an adele since r € Z, for any p not
dividing the denominator of r. The adeles (ideles) of the form (r,r,...,r,...), where
r € Q, are called principal adeles (respectively, ideles).

To define a topology on A, we show that A is a union of locally compact groups. Note
that the direct product HpeVQ Q, is not a locally compact group.

Definition 2.2. Let S be a finite subset of Vg such that co € § C Vg. Define the
S-adeles of QQ as

AS:AQ,S:H@P X HZP

peS PES

For an arbitrary S, the space Ag of S-adeles is locally compact (in the Tikhonov
product topology) as the product of a finite product of locally compact spaces Q,,
p € S by an infinite product of compact spaces Z,, p ¢ S. Since we have A = (JqAg
[T7, Theorem 2.15], the adele group A is locally compact (i.e. any neighborhood of a
point contains a compact neighborhood of this point). A fundamental system of open
neighborhoods of zero in A is the following set (see [17, Theorem 2.17])

(2.11) 11v < 12,
peS pgS

where S is a finite subset of V that contains co and U, is an open set in QQ, containing
0€Q,forpeS.

The non-Archimedean part A of the adele ring A is defined (see [31]) as the set of
infinite sequences
¥ = (x9,...7p,...), where z,€Q, p=23,...,
and there exists a prime number P = P(2) such that x, € Z, for p > P.
The sequence of adeles {#(™ n € N} converges to the adele z (™ — z, n — o0o0) if
(1) :1:},") — x,, n — 00, for any p € Vg, where Vj is defined by (2.2));

(2) there exists N such that zJ") — z, € Z, for all n. > N.
Since the adele group A is a locally compact commutative group, it possesses the

Haar measure which will be denoted by dz, where © = (2, 22, ...,Zp,...). The Haar
measure dx can be expressed in terms of the measures dx, on the groups Q, as follows:
(2.12) dr = droo dxg -+ -dxy - - -,

where

1
/ drs =1, / drz, =1, peVy.
0 Zp

Here formula (2.12) is understood in the following sense: if

() = foolToo) fo2) - -+ fi(p)

is a cylindrical function, then

[ f@yde = [ oo den [ pwdn [ gyt d,

Qv

Any additive character x(x) on the adelic ring has the form

X(g;) :XO(a,j(:)’ x:(a:oo,xg,...xp,...) GA,
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for some a = (a0, 2, ... ap,...) € A (see 24, Ch. II1,§1.5,(3)]). Here

(2.13) Xo(a) = H Xplap), a €A,
pGVQ
where Xoo(oo) = €™ and y,(a,) is defined by 2.6), p = 2,3,.... It is clear that

for any a € A there exists a prime number P = P(a) such that y,(a,) =1 for p > P,
i.e., in fact, the product (ZI3) is finite. In other words, xo(a) = exp (27io(a)), where

o(a) = ey, @ (mod1).

Definition 2.3. (see [24, Ch. I1[,§2.1]) Let S(R) be the real Schwartz space of tempered
test functions. The space of Bruhat-Schwartz adelic test functions S(A) consists of finite
linear combinations of elementary functions of the form

(2.14) p(z) = H op(Tp), T €A,

pGVQ

where the factors ¢, (z,) are such that:

(1) oo(o0) € S(R);

(i) pp(zp) € D(Qp), p=2,3, .. .;

(ili) there exists P = P(p) such that ¢,(x,) = Q(|z,|,) for all p > P (the number
P(yp) is called the parameter of finiteness of an elementary function ).

In view of condition (7ii) the space of test functions S(A) admits a natural represen-
tation

(2.15) S(A) = lim indS™(A),

meVg\oo

where S[™(A) is the subspace of all test functions with the parameter of finiteness m,
m € Vg \ 0o. The representation (2.I5) equips the space S(A) with the inductive limit

topology.

The Bruhat—Schwartz adelic test functions are continuous on A. The Bruhat—-Schwartz
space of adelic distributions S'(A) was studied in [31], [22].

The spaces of test functions and distributions connected with the non-Archimedean
part of adeles A we denote by S(A) and S’(A), correspondingly (see [31]).

The Fourier transform of ¢ € S(A) is defined by the formula

def

26 = FIPl© Y [aleo)sta)de,  geh,
where xo is defined by ([2.I3)). It is clear that F[S(A)] = S(A). If f € S'(A), then

(FIfl, o) € (f,Flel), VeS8

and F[f] € S'(A).
For f,g € L*(A) we have

(2.16) (f,9) = (FUfLFlgD, Al = [[ELA2

where
(F9) = [ @@

is the scalar product of the functions f and g in L?(A).
It is clear that the space S(A) is dense in L?(A).
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3. REAL AND p-ADIC MRAS AND WAVELET BASES

3.1. Real MRA.. Now we recall the definitions of the real and p-adic multiresolution
analysis.

Definition 3.1. (for example, see [53, 1.2]) A collection of closed spaces V; C L*(R),
J € Z, is called a multiresolution analysis (MRA) in L*(R) if the following axioms hold
(a) V; CVijoralleZ
b) U V; is dense in L*(R);

( JEZ
() N V; ={0}
JEZ
(d) f(-) € V; <= f(2') € V}4, for all j € Z;
(e) there exists a function ¢ € V, such that the system {¢(- — n),n € Z} is an
orthonormal basis for V.

The function ¢ from axiom (e) is called refinable or scaling. One also says that a
MRA s generated by its scaling function. The function ¢ is a solution of a special kind
of functional equations which are called refinement equations. Their solutions are called
refinable functions.

According to the standard MRA-scheme (see, e.g., [53 §1.3]) for each j, we define
(wavelet spaces)

(3.1) W;=V;n.0V;, jei.
It is easy to see that
feW, < f(2:) e W, foral jeZ
and W; L Wy, j # k. Taking into account axioms (b) and (c), we obtain
(32) 2(®) = DW= e (D).
jez j€Lt

where Z, = {0} UN.
It is well known that the Haar refinement equation has the following form

(3.3) o"(t) =" (2t) + ¢ (2t — 1), tER.
Its solution (the characteristic function x[oj(¢) of the unit interval [0, 1])

3.4 o0 =xoa®={ § 1l R

generates the Haar MRA. In the framework of the Haar MRA one can construct the
well-known Haar wavelet basis in L*(R)

(3.5) Vi) =22 (2t —n), teR, jE€Z neZ,
where
1, 0<t<g,
(3.6) Pl =9 -1 5<t<l =xp1) —xpyt), teR,
0, t&][0,1),

is called the Haar wavelet function (whose dyadic shifts and delations form the Haar

basis ([B.3])).
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Using the second decomposition (3.2)), instead of the Haar wavelet basis (3.3]) in L?(R),
one can consider the following wavelet basis

(3 7) ' (bH(t - n) S va ne Z,
‘ Bty =202pH (21t —n) eW;, j€ZineZ, teR,

jn
where the wavelet function ¥ is given by ([3.6)). Basis (3.7) will be called modified Haar
basis.

3.2. p-adic MRA... In the p-adic case a “natural” set of shifts for Q, is the following
(see [39] and [57]):
(3.8) fp:{aec@p;{a}p:a}:{a:%’*+m+%:aj €F, —v<j<-1}.
In [57], similarly to Definition 3.1} the following definition was introduced.
Definition 3.2. ([57]) A collection of closed spaces V; C L*(Q,), j € Z, is called a
multiresolution analysis (MRA) in L*(Q,) if the following axioms hold
(a) V; C Vigq for all j € Z;
(b) U V; is dense in L*(Q,);
jET
(c) N V; =10k
jez
(@) F() € V; == f(p) € Vi for all j € 7
(e) there exists a function ¢ € V4 such that the system {¢(- — a),a € I,} is an
orthonormal basis for V;.

It follows immediately from axioms (d) and (e) that the functions p’/2¢(p~™ - —a),
a € I,, form an orthonormal basis for V}, j € Z.

According to the standard scheme (see, e.g., [53, §1.3]) for the construction of MRA-
based wavelets, for each j, we define a space W, (wavelet space) as the orthogonal
complement of V; in V4, ie.,

(39) ‘/}4.1 = VJ © Wj, Jj € 7.
It is not difficult to see that
(3.10) feEW; < flp') €Wy, forall jeZ

and W; L Wy, j # k. Taking into account axioms (b) and (c), we obtain
(3.11) 12Q,) =W =vow (B W).
jez jes
In view of (3.9) and axiom (a), we have
(3.12) Vj:VO@( D Wk> jeN.
0<k<j—1

If we now find a finite number of functions ¢, € Wy, v € A, such that the system
{y(x —a) : a € I,,v € A} forms an orthonormal basis for Wy, then, due to (3.10),
(B.110), the system

(PP, (p~7-—a): a€l, jEZL, ve A}
is an orthonormal basis for L*(Q,). Such functions ¢,, v € A, are called wavelet
functions and the corresponding basis is called a wavelet basis.
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In [32], the following conjecture was proposed: to construct a p-adic analog of the
real Haar MRA, we can use the following refinement equation

p—1

(3.13) (x——) z € Qp,

r=0

whose solution (a refinable function) ¢ is the characteristic function Q(|:E| p) of the unit
disc. The above refinement equation is natural and reflects the fact that the unit disc
= {z:|z|, <1} is the union of p mutually disjoint discs of radius p~*

p—1
By = U B_1(r), where B_i(r)= {:c e — T‘p < 1}7 r e,

This geometric fact is the result of the ultrametric structure of the p-adic field Q,.
The term p-adic Haar MRA is connected with the fact that for p = 2 the equation
B.I3) is a 2-adic refinement equation

o) = o(37) +o(5r—3), re,

which is a direct analog of the refinement equation ([B.3]) generating the Haar MRA and
the Haar wavelet basis (B.3]), (B.0]) in the real case.

In [57], using the above relation (3.I3]) as a refinement equation, the Haar MRA was
constructed for p = 2 (for the case p # 2, see [3] 8.4]). Here

(3.14) V; = span{pi’?¢p(p~7 - —a) :a € L,}, jE,

where ¢(z) = Q(|z[,). In contrast to the Haar MRA in L*(R) (which generates only
one wavelet basis (3.3), (3:4])), in the p-adic setting there exist infinity many different
Haar orthogonal bases for L?(Q,) generated by the same MRA. Explicit formulas for
generating p-adic wavelet functions were obtained in [57] for p = 2 and later in [35] for
p # 2. Let us recall these results.

Theorem 3.1. ( [35]) The set of all compactly supported wavelet functions is given by

p—1p°—1
(3.15) -y akwo@%n—» peF ={1,2,...,p—1},
v=1 k=0
(here supp 9, C B4(0), s > 0), where
v
(3.16) W) =x(Tr)0h), veFy,  req,
are Kozyrev’s wavelet functions, s =0,1,2,..., and
Oéllj;k =
_s 10S 1 —2m V+mk -
4 —0 € »° O pumUpys w="v,
(317) = s 1 omi V+mk _ezm'“*
p2 iy 2 %gumuw, pF# v,
l—e i 75

|0ym| = 1, wu, are entries of an arbitrary unitary (p—1) x (p—1) matriz U; p,v € F);
k=0,1,...,p°—1.
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Corollary 3.1. ( [57]) Let p=2. For every s =0,1,2,... the function

(3.18) Y(x) = 22_1 o © <x — %)

is a compactly supported wavelet function (supp » C Bs(0)) for the Haar MRA if and
only if

251

(3.19) a=27° Z ype ik,
r=0

where the wavelet function ¥© = ¢§°) is given by [B16)), v, € C is an arbitrary constant
such that |v,| =1; k,r=0,1,...,2° — 1.

According to the general wavelet theory, all dilations and shifts of wavelet functions

BI8), (319) or 3I5), (BI7) form a p-adic orthonormal Haar wavelet basis in L*(Q,):
(3.20) Yrja(T) = P (p e —a), ke FY,j€Z, acl,.

In particular, Kozyrev’s wavelet basis in L?(Q,) generated by wavelet functions (3.I6)
is the following

YO (2) = P2 (I — a)

(3.21) — 2y (( Jg;—a))gz(|p—j:c—a|p), keF, jeZ acl,

The wavelet functions (B.16) can be expressed in terms of the refinable function ¢(x) =

Q(|x\p):
I(CO)(x):Ze%ip'(ﬁ(—x—;), ]{JGIF;, z € Q,.

It was proved in [I] that there are no orthogonal MRA based wavelet bases except for
those described in Theorem [B.1] and Corollary [3.11

To construct adelic wavelet bases, we will need the p-adic wavelet bases that contain
the function ¢(x). Therefore, taking into account the second decomposition (B.11]),
instead of the p-adic wavelet basis (8:20) in L?(Q,), we consider the following wavelet
basis

' ¢z —a) €Vo, a€l,
Urja() = P20 (e —a) €W,,  kE€F), jE€ZLy, acl,
where the wavelet functions ¢y, k € F), are given by [B.I3)-(3.I7). In particular, we

have the following wavelet basis
(3.23)

(3.22)

¢(x —a) € Vj, a€l,,
7pk]a( ) pj/2 <p( ]LU—CL>>Q(|p_j;U—CL|p) EWJ’ kEF;MjEZ-HCLEIP'

The fact that bases (3.22) and (3.23) contain the refinable function ¢(z) = Q(|z|,) plays
a crucial role in our construction (see below Sec. [l). Bases (8.22)), (8.23) will be called
modified Haar type bases.

Taking into account the second decomposition (B.I1l), we obtain the following state-
ment.
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Proposition 3.1. The restriction of basis (3.23)) on Z,, constitutes an orthonormal basis
in L(Z,,dz%):
o) = Qlzl,),
(B29) o y ) o
Vo) = pPhp(pTr — a)Q(|p~z — a|p)}2p, kekF ,acl) jel,,
where dx) = dx,|, and Il = {a € I, : pla € Z,}.

Proof. 1t is easy to see that the restriction of Kozyrev’s wavelets (8.21)) is the following
0) .
30u@) =9 (7 - @)l )

PP (e — a)Qlp Yz —al,), k€T, jE€Zy,ael
)

= p]/2¢( ]S_laa_oa
0, j<—1,a#0.

For j € Z,., we have J,(Q?J)-a(x)}zp #0onlyif [pz—al, <1. Leta=a_,p 7+ +a_ip!

and x = Y ;7 x;p". Then we have
p_jx —a = (xop_j + e _|_ xj—lp_l) _ (a—'yp_ﬁ/ + e _|_ a_lp_1> _|_ Z xkpk_]

Since p~Jx — a € 7Z,, the latter relation implies that zop A+t xip Tt =ap 7+
-+ a_i;p~'. Hence pa € Z,.
Let us calculate the scalar product

(Jk ;ja? N](f(l)]’a )
/

=2 [ (L0 =)~ 07— )

xQ(|p~z —al,)QUp e — d|,) dv, kK €T, 5,5 € Zi,a,d €I,
Here (wkm,@bk,],a) # 0 only if [p~z —al, < 1 and |[p~7'z — d|, < 1. Just as above,
we conclude that a,a’ € I, are such that p’a € Z,, pld e Z,. Thus for a € II{,
a € ]3 , we have supp Q(|p_j£E — a|p) supp Q(|p‘j'x — a’|p) € Z,. Now, taking into
account orthonormality of wavelet functions @Dk as wg,);)j,a
(wk a k,]/a) = Ogk0;j70aa’, Where d5¢ is the Kronecker symbol. O

, in @Q,, one can conclude that

Using Proposition B.I] and Theorem [3.1l one can prove the following statement.

Proposition 3.2. The restriction of the basis 3.22) to Z, constitutes in L*(Z,, dz})
the orthonormal basis

¢(z) = Qlzlp),
Jk;ja($) = pj/ka(p—jx - a)‘zpu ke F;;, a € Ilgj)v j S Z-l—v

where the wavelet functions Py, k € F), are given by B.I5)-B.I7), and the set 15
defined in Remark B3I

(3.25)

Remark 3.1. We note that the set I,gj), for which the restricted functions Jk;ja(x),

a€ I,gj) are nonzero, is finite and its description is similar to the description of the set
17, though more complicated. For other wavelet bases, we will have a similar situation.
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Consider the orthogonal projection

(3.26) P L2(Qy, dzy) = L (Z,, d2b),
given by
(3.27) L*(Qp, dxy) 5 f(x) = (POf)(2) = f()Q(|2,) € L*(Zp, da?).

In our case, the projections of modified Haar bases ([3:22) and ([B.23)) to the subspace
L?(Zy, dx)) are also bases in L*(Z,, dz;), where dz) is the restriction of the Haar measure
dx, on Q, to Z,. We note that the projections of some basis elements become zeros.

Proposition 3.3. The restriction of the p-adic Haar MRA (given by formula (3.14))
to the space L*(Z,) consists of the spaces

(3.28) Vi = V|, =span{p/?6(p~7- —a), x €Z,:a€ L}, jELy,
where Vy|, = Vo =span{@()} for all j < =1, ¢(x) = Q(|],), and
VhCcWicVac- .
Here according to (3:9)—(B.I1),
(3.29) 12(z,) =@ (D W),

JELy
where -
Wi=VinoV;

= span{pj/zwk(p_j:v — a)‘Zp kel ae Ip}, jEZ,,

and the wavelet functions ¢y, k € F, are given by (B.I3)-(B.17). In particular, we can
use the wavelet functions (3.23).

4. BASIS IN THE SPACE L?(A, dz)

4.1. Infinite tensor product of Hilbert spaces. We recall [52] (see also [12, Ch.1,
§2.3]) the definition of infinite tensor product H, = @ H, of Hilbert spaces H,, n € N.

e,neN
Fix the sequence

(4.1) e= (e, e e, e, =1,

n=1y
called a stabilizing sequence. Denote by E the set of all stabilizing sequences. Fix an
orthonormal basis (0.n.b) (e,g"))keN in the Hilbert space H,, such that e(™ = e&"), n € N.
Let A be the set of multi-indices @ = (ay)nen, @n € N, n € N such that a,, = 1 for
sufficiently big n depending on «.
By definition, the o.n.b. of the space ®. ,enH,, with the stabilizing sequence e consists
of all vectors (e4)aca of the following form

(4.2) a=el)@ed® el acA

2 v

where «,, = 1 for sufficiently big n depending on .. An arbitrary element f of the space
H. has the following form:

(4.3) f =) fata, with [Ifll5, =D |flz < oo

a€A a€A
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and the scalar product (f, g)y, of two vectors f, g € H. has the following form:

(4.4) (fon = T

a€A
It will often be convenient for us (see [12 Ch.1,§ 2.3]) to represent the set A as the
union of disjoint sets, each consisting of “finite” sequences. Namely, for an o € A let
v(a) denote the minimal m = 1,2,... such that a,,11 = apyo =+ = 1. Let
(4.5) A, ={aeA:v(a)=n}, neN.
Obviously, A, Am =2 (n#m) and A =, A,

Example 4.1. ([I2, Ch.1, §2.3, example 1]) Let L*(Xj,ur), ¥ € N be the space of

square integrable complex functions on the measurable space X, with a probability

measure 1. Choose the stabilizing sequence e = (e®))° || where e (z) = 1, z € X},

k € N. In this case we have

Theorem 4.1. The following two spaces are isomorphic:

(4.6) &) L (X, ) = L2 ( 1T X ®keN,Uk)-

e, keEN keN

Example 4.2. If in the previous example the first m measures p; are not necessarily
probability, i.e., ux(Xx) = 0o, then we get following statement.

Theorem 4.2. The following two spaces are isomorphic:

(4.7) L2(ﬁXk,®$:1uk) @ ( é) 12X, 1)) 2= 22 ( T X @rcme)-
k=1 keN

e, k=m+1

Remark 4.1. Let us consider in the infinite tensor product space H, = & H, the
e,neN
infinite tensor product A = ®,ecnA, of bounded operators A, acting in the space

H,, n € N. By definition, an operator A acts on the total set of well-defined vectors
[ = ®nenfn in the space H, (see Lemma [T]) in the following way:

(48) Af = ®TL€NATLfn:A1f1®"'®Amfm®"' 5

if the latter expression is well-defined in H.. In the sequel we shall use the projections
P - H, — H™ where the subspaces H™ C H, are defined on the total family of
vectors f = Qpenfn as follows:

He > f = ®n€an = P[m}f = ®Z"b:1fn X 6(m+1) & €(m+2) ®---€ H[m},
and

M — ® H, ® M) g o(m+2) o .
n=1
We shall denote by A, the projections P AP of the operator A in H,. onto the
space HI™ ie. define Ay = PM AP Tt is clear that

Ay = @ An ® () I,
n=1 n>m
where Id, is the identity operator in H,. We have the strong convergence Ag,) —
A as m — oo on a suitable set of vectors f = ®,enfn. It is sufficient to estimate

(A — Agny) fll2.. For details, see [12, Ch. 1, §2.7.].
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As usual, we denote by A|x the restriction of an operator A acting in a Hilbert space
H to the invariant subspace X C H.

4.2. Complete von Neumann product of infinitely many Hilbert spaces. The
complete von Neumann tensor product H = QrenHy of Hilbert spaces Hy, k € N is by
definition the orthogonal sum of the spaces H. ([52], see also [12, Ch.1,§2.10])

(19) M @D
eck,

over all possible equivalence classes E., of stabilizing sequences e.
To be more precise, fix the space H, = & H,. We define the vector f = ®,cnf",

e,neEN
where f™ € H,, as the week limit (if it exists) in H, of the vectors
(4.10) fiml=fVg. . @ fM g™ gemd g...

as m — oo. Since the set span{e, : a € A} is dense in H., the week limit of the
vectors f[m] exists if and only if: 1) the norms || f[m]||3. are uniformly bounded with
respect tom = 1,2,. .., and 2) lim,, . (f[m], €a )3, exists for each v € A. The following
statements are proved in [12, Ch.1,§2.10].

Lemma 4.1. The strong limit of vectors [A10Q) exists in He, as m — oo, if and only
if the product [[o2, | f™||m, and Hzozq(f("),e(”))Hn (q = 1,2,...) converge to finite
numbers, and we have [[°, | f™ ||z, = 0 when Hzozq(f("), ™)y =0 for each q.

Corollary 4.1. If f™ in (&I0) are taken to be unit vectors, then the strong limit
lim,,, o0 f[m] exists if and only if for some q = 1,2,... the product H;’O:q(f(”), ™)y,
converges to a finite nonzero number.

Definition 4.1. (see [12, Ch. I,§2.10, Theorem 2.9]) Consider the set E of all stabi-
lizing sequences e = (™), of the form ([I)). A stabilizing sequence [ € E is said to
be equivalent to a stabilizing sequence e € E (I ~ e), if each strong limit

l(l)/ ® 1(2)/ ® -+ = lim l(l)' R ® l(m)/ ® e(m+2) ® e(m+2) ® -,

m—o0
exists in H,, where (1()52, is the sequence (1), “diluted” by the vectors e i.e.
each [’ is equal either to [™ or to e™. The relation ~ is an equivalence relation and
we denote by E/. the set of all equivalent classes of E.

Theorem 4.3. Two infinite tensor products He = &Q H, and H; = @ H, cor-
e,neN l,neN

responding to two equivalent stabilizing sequences e = (e™)%, and | = (I™)>2, are

isomorphic. For e o4 1, the spaces H. and H; are orthogonal.

4.3. On some subspaces of the infinite tensor products. Let X, be some sub-
spaces in the Hilbert spaces H,,, n € N and let (e,(cn)) rez be an orthonormal basis in H,
such that the orthonormal basis in X, is (e,&"))keN, and let (e™),en be the stabilizing
sequence e = e&"), n € N. Note that
(4.11) e™ =" e X, CH, neN.
Consider two spaces H. and H.(X), | € N, where
H, = ® H=H®H® - QHQH 1 QH, & -,

e,neN
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1 00
(4.12) HX)=QRQHe Q) Xp=HOHe - @H X .
k=1 e,k=I+1

In the particular case X,, = Ce(™ we have
HX)=HoH,o - HeCMgC™g..., 1eN

Lemma 4.2. For arbitrary subspaces X,, in H,, and a stabilizing sequence (e™),en with
properties (A1), we have

(4.13) Mo = JHLUX).

Proof. The basis in the space H, is the following (see (£.2)):

67

414) =@ odlad Vg .., ach=|]A,

neN

where A, is defined by ([H), and the basis in the space H!(X) is
651 = 65111) ® ea22) R ® egl) ®eltD) g ... @ elth) g oltht]) o ... ’

Q41 Atk

(4.15) aeh= |J A
keNU{0}

where
Al’k:{OKGAlaiGZ,lgiSl, OéZEN,l—FlSZSZ—i—]{Z, al+k+i:17 ’L>1}

Obviously H, 2 HL(X) for all I € N, hence H, 2 o, HL(X).
We show that H. C (J;5; HL(X). It is sufficient to show that all vectors e, of the

form ([Z.I4) are contained in the family of vectors €', of the form (AI5). Indeed, if we
take in (@I5]) [ = n and k = 0, we obtain all vectors e, of the form (£14)). O

4.4. Infinite tensor product of Hilbert spaces L*(Q,,dx,). Using the results of
the previous section we can define the infinite tensor product

(4.16) He(Q) = Q) L*(Qy,dzy)

e,pEVp

of Hilbert spaces L*(Q,,dx,) with an arbitrary stabilizing sequence e = (e(p))pev@ eP) ¢
L*(Q,,dx,).

Let {e$Y, o and {eg;)}apeﬂp be arbitrary orthonormal bases in L*(Qu, dzs) and
L*(Q,,dx,), respectively, where I, and I, are the corresponding multi-indices. Then
the orthonormal basis in the space H.(Q) is the following:

(4.17) € = 6(()2) ® ®68’2 ® ®e(”), a = (oo, 2,3, ...) €A,
p<m m<p

where (e ))pe\/@, e®) € L2(Q,,dz,), is some stabilizing sequence and A is defined below.

Definition 4.2. Define A as the set of multi-indices o = (o )pevy,, ap € I, such that

eg’;) = e for sufficiently big p depending on .
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Fix the stabilizing sequence of the form
(4.18) €= (e(p)>p€V@ el (wp) = Pplap) = Q(|xp|p) € L*(Z,, dmg)v p € Vo

Using Lemma [.2] for the stabilizing sequence (4.I8]), we obtain the following descrip-
tion of the space L?(A,dx).

Lemma 4.3. We have
(4.19) L*(A, dx) = = Q) L*(Q,, dx,).

e,peVy

Proof. 1t is sufficient to use Lemma and set X, = L*(Z,), H, = L*(Q,), Ht =
L*AP, 1uP) = @ L*(Q,) ® @ L*(Z,), p € Vi, where AP = Qq, X [1<p Qo X [, Zp,

q<p q>p
p € Vo \ oo (see (A27)), uP is the restriction on AP of the Haar measure dz on A. [

4.5. Some remarks about the stabilizations. Consider the space (4.10])
(4.20) 1(Q) = K) L(Q,.dzy),
e,peEVy

where the stabilizing sequence e = (e!?)),cy, has the special form e®(z,) = ¢,(z,) €

L*(Q,, dz,). We show that the sequence e and M‘]}@e for j € Z are not equivalent (see
Definition [4.]), where

(4.21) M e := (Mj¢P)pev, and MW (z,) = p 7720 ().
Indeed, we have
j —J ] p_j/27 .] Z 07
@My = [ 6o iy = { T 2

Set coo = (¢, MI!*)) 12(@,00), then we get

—j/2
. (Myerpwr) » 320,
e, Mye)= [ % MjoP) g, = e if2 ,
pEVp\oo (HpGVQ\oo p) ) J= —1,

Thus in both cases the product is divergent, i.e., (e, M{}Qe) = 0 hence the sequences e

and M{}Qe are not equivalent!
A similar argument holds if we take as the stabilizing sequence some elements of
Kozurev’s basis w in the space L*(Q,), i.e., e = (wg’;’)p%. In this case we immediately

get ( ap,MJw ) = 0 for all j € Z. Hence the sequences e = (w&’;’)p% and

M{,@e = (Mp¢ap )pGVQ are not equivalent.
The above considerations force us to consider the following space

(4.22) Hez(Q) = Djeztlyy (@)

to be sure that the operator M‘j,@ is well-defined. Further we set

(4.23) Wie = Hag o(Q)

(4.24) Vi =@ Wi = @i:_oo"HM@Qe(@)-
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Theorem 4.4. The collection of closed spaces V; C H.z(Q), j € Z, defined by (4.24)
is a multiresolution analysis in H. z(Q), i.e., the following properties hold:
(a) V; C Vj4 for all j € Z;
(b) U Vj is dense in H.z(Q);
€T
() N V; ={0}
jEz ‘
(@) F() € V; = (M) € Vi for all j € Z
(e) there exists a basis (e;);e; in the space Wy such that (M\lj'@ei)iej is a basis in the
space Wy, k € Z.

4.6. Complete von Neumann product of Hilbert spaces L*(Q,,dz,). It is nat-
ural to consider also the complete von Neumann product (see ([£25)) of Hilbert spaces

L*(Qy, dxy), p € Vo
(4.25) HQ) = P H(Q),

eEE/N

where H.(Q) is defined by (£20). Perhaps this space could be useful in further devel-
opment of analysis on the adele space A. The space H. 7(Q) defined by (4.22]) certainly,
contains the space L?(A) and is roughly speaking an infinite direct sum of non isomor-
phic copies of the space similar to L*(A).

4.7. Basis on L?(A, dx). We can construct a basis in L?(A, dz) using description ([Z19)
of the space L*(A,dr) in Lemma Without using this description we can proceed as
follows.

We present A as the union of some subgroups AP: A = Uper AP (see (4.27)), then we

realize L?(AP, uP) as the infinite tensor product of Hilbert spaces (see (4.30)) and use
the following considerations.
Let (X, i) be some measurable space and let X be the union of the measurable sets

X, X = Upen Xn- Set pin = x5 Vo = ptlx\ x> # > 2, v = p and Xo = (. In
this case we have
(4'26) Lz(Xa ,U) = @nENLQ(Xn \ X1, Vn) = U L2(Xna ,Un)'

neN

For any prime p we denote by p_ and py the previous and the following primes.
Define the subgroup AP of the group A as follows:

(4.27) A" =Qux [[Q x [[Zr. peVa
p'<p p'>p
We have A = oy, A.
Let dx) be the restriction of the Haar measure dz, on Q, to the subgroup Z,, let
dpP be the restriction to the subgroup A” of the measure dz on A, and let dv, be the
restriction of the measure dx to the subset AP \ AP-. Then we have

(4.28) A = g @ @y diy ) @ (@ dal ).
and using (£206]) we get.

Lemma 4.4. For an arbitrary prime p we have the following description:

(4.29) L2(A, dz) = L2(A, 4P) & (@ L2(A” \ AP-, yp,)) = | L2(aw, ).

p'>p PEVY
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To construct a basis in the space L?(A, dx) using the latter description, it is sufficient
to construct a basis in the space L?(AP, uP). The latter space L*(AP, uP) is the infinite
tensor product of the spaces L*(Q,, dz,) and L*(Zy, dz)):

(4.30)  L2(A?, 4?) = L*(Que, dooc) ® <®L2 Qy, dz,y )@( 0% Lz(Zp/,d:cg,)).

p'<p e,p'>p
Remark 4.2. Since the measures d:vp on 7Z, are probability measures, decomposition
([4.30) allows us to use an explicit description of the basis in the infinite tensor product
RrenL?(Xy, ux) of Hilbert spaces L?( Xy, ux) with probability measures yuy, k € N (for
example, see [12]) in order to construct a basis in the spaces L*(AP, u?) and L?(A, dz).

Suppose that {6%0 }asel.,, and {e }ape]lp are arbitrary orthonormal bases in the
spaces L?(Q.) and L*(Q,), respectlvely, I and I, are the corresponding indices. Fix

the stabilizing sequence (e® ))pEVQ, where e is some element of the basis {e((l’;)}apeﬂp
for all p € Vg such that e (x) € L*(Z,, dx)). We can construct a basis in the space

L*(AP, uP) for all p € Vg using decomposition (E30). In such a way we can construct a
basis in L?*(A, dz) using (£29). As it was mentioned before, using Lemma 3] and the
basis in the infinite tensor product we obtain.

Theorem 4.5. The vectors

(4.31) €a = ‘3((10;) ® ®e,(f2 ® ®e(q), aelN= U A,

q<m m<gq meVyp

form the orthonormal basis in the space L?(A, dx), where A is the set of multi-indices

a = (ap)pevy, such that e((l’;) = ) for sufficiently big p depending on o (see ([E2)),

A, ={a € A:y(a) =p}, p e Vy, and v, (o) denote the minimal p € Vg such that
e,(f; = e for q > p.
Corollary 4.2. The vectors

(4.32) =RV 2@, ach,

qg<m m<q
form an orthonormal basis in the space LQ(A, dx), where A is the set of multi-indices

o = (Qp)pevip\{oc} Such that w(p = e® for sufficiently big p depending on ., i.e.,
(4.33) A= |J An and A, ={ael:vy(a)=m}, melp)\ oo

5. ADELIC WAVELET BASES GENERATED BY TENSOR PRODUCT OF
ONE-DIMENSIONAL WAVELET BASES

To construct an adelic wavelet basis, we apply the above scheme from Subsec. [4.7]
to the one-dimensional bases ([B.5]), (3.22), (8.25). In particular, one can use the Haar

wavelet bases (B.5), [3.:23), (3.24). Let

(51) wt(xo:;)( ) wjooaoo( ) ]Iiaoo (xOO>7 Ooo = (jooaaoo) € I[OO = (272)7
be the real Haar wavelet basis (3.5) in L?(R),

Ve (zp) = wk,,,]pap< v 0y = (ks dps ap) €17 = (B, Ly, 1),

52) w(gf;)(xp) = wap (2p) = ¢P(xp —ap), @, =(0,0,a,) = a, € I;
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be the p-adic modified Haar wavelet basis (3.22) in L?(Q,), where I, is defined by (8.8,
and let

ID&’;)(xp) = wkp ]pap( p) o= (kp, Jp,ap) € IF = (F)X, 7, 1),
W) = Wn) = oWz, ay=(0.0.0)=0
be the p-adic Haar wavelet basis [3.25) in L?(Z,), which is the restriction of the basis

(52) to Z,. We recall that the restrictions of some basis elements (5.2) are equal to
zero (see Remark Bl and Proposition B1l). Here and in what follows, for a stabilizing

sequence we take ([EIS).
Hence we have the following bases in L*(Q,) and in L?*(Z,), respectively,

(5.4) O, e el =1Ly 9P, o, eIV =17 J{0} CL,

where {¢®)} 0 is the projection of {wg;)}apeﬂp on L*(Z,). Now, using Lemma 3]
ApSip

(5.3)

we obtain the following orthonormal wavelet basis in the space L?(A, dz) (see (&31])):
(5.5) Vo =Vi-a (@) =9 0 @vY 0@ o, aeh= ] An

q<m m<q meVg

and the orthonormal wavelet basis in the space L2(A, dz) (see (32))
(5.6) Vo=Vg5a(0) = @ v 0@, ach,

2<q<m m<q

with the stabilization ¢ = (¢),er\00. Here k= (kp)ps 7= (Gp)p @ = (a,), (see (52)).

Remark 5.1. We note that in [20] Sec.4, formula (4.1)] the basis in the space L*(A, dx)
is constructed as follows

Yap = V0(T0) [ Yaps, (@),

p=2,3,...

where Y0 (To) and Vo, g, (1) are orthonormal eigenfunctions (of harmonic oscillators)
in the real and p-adic cases, respectively, where g, g, (%)) = Q(|:Ep|p) for almost all p .

Let us introduce the adelic set of shifts I, and dilations Zy:

Iy = {a: (Goo, Qs ooy py ... ) 2 Gog € 1o =L, ay € 1y,
(5.7) there exists n depending on @ such thata, = Ofor allp > n}.
Zn = {7 = (joorJor- s Jps---) 1 Joo €L, jp € Z,

(5.8) there exists n depending on j such that Jp = Ofor allp > n}

Set m(@) = min{p : a, = Ofor allg > p} and m(j ) = min{p : j, = Ofor allg > p}.
On the space L?*(A) we define the operators of shifts Tz, @ € Zy, and multi-dilation
M7, j € Z, which are defined as the infinite tensor product of one-dimensional operators

@210
(5.9) M =M= Q) Mite &) 1d,

2<q<m g>m
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where m = m(j) and Id, is the identity operator on L*(Q,). We suppose that the
operators MJ, and M in the spaces L*(Qu) and L*(Q,) (on the functions f(>)
L*(Qu) and f® € L2(Q,)) act as follows

(MLS ) (o) = 27920 (@), (M) () = p 120 ).

Let f(:l?) = ®q6\/@fq(zq) € L2(A)a where f(oo) € L2(Qoo)a f(q) € L2(@q)> q > 2, and
@ = ¢@ for almost all ¢ > m. Then

(5.10)  (Taf)(@) < fla =) = fulve — ) @ Q) fulwy — a,).
(M f) ) & 27 @)@
(5.11) o ( @ a2 ,)) o (@) ).

L A e

(5.12) ® ( Q) a7 g, — aq)) ® ((X)f(q’(:cq)).

2<q<m m<q

In the latter relation, we assume that m = m(j) = m(a).
Now one can obtain the adelic wavelet basis functions W, given in (B.5]) by all adelic
shifts and dilations of wavelet functions

(5.13) U i00 = Yiog (o) @ QU 1) (wg) @ (R 6 (x,).

q<m m<q
Namely,
Vo(z) = ‘I’(E,j,a)( T) = (M Ts \Ij(kOO)>( x),

where k = (0,k2, ... km,0,0,...), kg € F5 @ = (oo, a2, -+, 0, 0,0,...), G € Z,
ag € 1,; j= (Joos J25 -+ -5 Jms0,0,...), joo € Z, jq € Zy; m € Vi \ 0o. We stress that here
m(a) =m(j) = m(k) = m.

The wavelet systems (5.5) described above is of considerable interest and can be
useful in various situations. Nevertheless, they do not possess all the advantages of
one-dimensional wavelet bases, in particular, the localization property, which is of great
value for applications. In the one-dimensional case, the real Haar basis functions with
large indices jo, € Z and the p-adic Haar basis functions with large indices j, € Zy, p =
2,3, ..., have small supports. Thus the support of the multidimensional basis function
may be large along one or several directions and small along some other directions. To
avoid these drawbacks, we shall use a different approach. Its main idea is using the
tensor product of the MRAs generating these bases instead of the tensor product of
available wavelet bases.
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6. SEPARABLE ADELIC MRA GENERATED BY TENSOR PRODUCT OF
ONE-DIMENSIONAL MRAS

Using the idea of constructing separable multidimensional MRA by means of the ten-
sor product of one-dimensional MRAs (suggested by Y. Meyer [50] and S. Mallat [46], [47]
(see, e.g., [63], §2.1]), we construct wavelet bases for the space L*(A,dx).

We start with some general facts. Let we have a collection of closed subspaces Vj(k),
Jj € Z, in a Hilbert space Hk, k=1,2,...,m, having the properties (a), (b) and (c) of

the DeﬁmtlonB:[l (a) VIV ¢ V](fl forall j € Z, k=1,2,...,m; (b) Hy = U,z V;.(k),
() N V] = {0}. We use the following notations for the ﬁmte tensor product:
jez

©) B =@H, VE=vPew®, jez k=12..m

J J J J
k=1 k=1
where
[m] _ (k) [m] _
vt=QVv©tY, o W= b Wiis oy imis):
k=1 (114825 im;7 ) €{1,23™\{1,1,..., 1}
(62) W(i17i2 ----- im3j) — Zn J ® Zzz \J Q- ZZ(::L]’
and
k k k k
(6.3) z=v® 2 =w" k=12...m
For the infinite tensor product we keep the similar notations:
H=H.= Q) H, H" = Qe Veem™?g. .. meN
e,neN
VJ[Tll ® +1 & M) @ oM+ g ...

® ® e(m+1) ® e(m+2) Q- = Vj[m} ® Wj[m]’

k=1
where
(6.4) V[m] ® VP e gemd g ...

k=1
V[/t][m} = @ W(ihiz ----- im?j)
(i1,i9y-im ) €{1,2}™\{1,1,...,1}

(65)  Wisiaewsini) = Zinj ® Ziy © - ® Z @ ™V @ P -

Define the space V; as an appropriate limit of the spaces Vj[m}

(6.6) V= span(Vj[m} :m € N).
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Theorem 6.1. Let subspaces {Vj(")}jez of the space H,, n € N satisfy the following
properties:

(a) Vj(") C Vj(_ﬁ forall j € Z and n € N;

(b) U]EZV ") is dense in Hy;

(¢) Njez Vi = {0} in H,.

Then the subspaces V;,j € Z of the space He = @enenHy defined by (6.9) satisfy the
following properties:

(aH) V; C Vjqq for all j € Z;

(bH) Ujez Vj is dense in He = Qe penHy;

(cH) Mjez V5 = {0}
Proof. (aH) Since V(" C VJrl for all n € N, we conclude that V VJ[_Tl], m € N (see
(6.4)), hence V; = span(V[ mm e N) C span(V;[H] m € N) Vj+1.

(bH) It is clear that for any fixed m € N the space J;

iz V; 1s dense in the space

HM — ® H, ® ™D @ emtd) g ...

k=1

hence all vectors e,, a € A, of the basis (LI4) are contained in Ujezvj[m}. To finish
the proof, we note that all elements of the basis e,,a € A in H, = ®¢ nenH,, are given

by ([EI4), where A = Uen/Ayy,.
(cH) 1. Let us suppose that for any m € N, we have

(6.7) Njez V™ = {0}

2. In this case we get

(6.8) Njez V; = ﬂjezspan(‘/j[m} :m e N) C span(ﬂjeZV[m] :m € N) = {0}.

1. To prove (6.1), we shall use (c). We set Wj( V(nl S) V ) for j € Z and n € N.
Then we get

(6.9) H, = @ezW”, and V" = Wi,

k——oo
Let (ean) el (™ be an orthonormal basis in W}, then by construction, (e&"} ), 1 18 an

orthonormal basis in H,, where I™ = {J,_, [(" Define A(I) (see Definition (4.2)) as

the set of multi-indices o = (v, )nen, v € I™ such that ean = e for sufficiently big
n depending on «a, here e = (e{™),cy is a stabilizing sequence. Using (69) and (6.4),

we get
m

<®V >®€m+1)®e(m+2)® .

J
k=1

:é( @ Wik )®e(m+1 e ...

k=1 n=—c

so the basis in the space Vj[m} can be chosen as e,, o € A, (1), where

€y = ‘3&11) ® 6((32) R R 6( m) ® €(m+1) @,
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As(1) = (@ € MDY s @ = (nduers (@, am) € L_J IO O ™).

k——oo k=—o0

Note that [z Am,; (1) = hmj_> o (Uk__oo LU ) &, this imply (6.7)
(compare also with Lemma [6.1] below, where ALJ( )= (— OO,] — 1] N Z). Indeed, for

fe Vj[m} we have

f= > caa with [[f|7= D |ef® <o

a€lm,; (1) a€lAm,;(1)

If fe€Nez Vj[m] then

IFIF = lim Y. lalP=) lal=0.

@€l ;(I) aeg
2. To prove (6.8), using (64) we get
Vj[m] _ ®?:1V;‘(k) Qe e g ... meN,
VI v 9@ g g™ g g. ..
Vj@] _ Vj(l) ® Vj(2) @ e ® et & . 7
VI _ v g v@ g v g ) g

Denote by Vj(k)(e) = span (e, Vj(k)) for Kk — 1 € N, then we get
span(ij, ij) — Vj(l) ® ‘/}(2)(6) e @ . @emMgemg. ..
span(VI VL VE) V0 0 V@ () 0 V() @ - @ e @ ™D ..
span(V9 k=2,...m) =V e VP e v e eV (oM. ..
Since Vj(n)(e) = span(e™, V-(n)) C VO(") for j <0, we conclude that

Vj:span(v ckeN) = ®®V V(1®®v(n CV ®V0".
emn=2 en>2 en>2
So
ﬂ Vi = ﬂspan(Vj[k] tkeN) C
JEL JEZ
cNVPe W) =N01") e @ W = {0
JEZL e,n>2 JEZ e,n>2

O

Remark 6.1. We can give another definition of the spaces V;, j € Z, namely, for fixed
n € N denote by V;(n), j € Z the following family of spaces

(6.10) Vi(n) = span(Vj[m} :m €N, m >n).

For this system of spaces, an analog of Theorem holds. Moreover, in the proof of
(cH) we have the following formula (see the end of the proof of the Theorem [G.]):

v cN(@VY) e @ v = (o).

JEZ JEZ k=1 e,k>n
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We would like to present the following elementary lemma.

Lemma 6.1. Let we have the decomposition of the Hilbert space H = e Wy and let
(€a)acr, be an orthonormal basis in the space Wy. Set V; := @k_ Wi, then

{0}.

Proof. By construction, (es)aes is an orthonormal basis in H, where J = [,y Ji. We
have for any f € H

(6.11) F=) cata=)_ (anea> and | > = (Z@) < 00

acJ keZ acJy keZ acJy

Wy, for all n € Z, using (6.11]), we conclude that

n—1
et 8 ()

k=—o00 a€Jy

]EZ

If feV,=a}!

—00

O

Let {Vj(”)}jez be one-dimensional MRA (see Definitions B.1, B.2)), and let ¢) be its
refinable function, v € V. We introduce the spaces (see (6.4))

6120 V"= & V7e¢m e CcLAdr), melVy jEL

J
ve{o0,2,3,...,m}

Now we introduce in L?(A,dz) the delation operator M7, which is defined by its
projection M(’m) on any subspace Vj[m] (for details, see Remark [£.T]):

(6.13) M =MI® Q) Mje@Q)Id, meVy\ o,

2<q<m q>m
where Id, is the identity operator in L*(Q,). For f € L*(A) we define M o  and
(M(_nz)Ta) f similarly to (BI1)) and (5.12)), respectively, where I, is given by GB:'_ZI) As

before, we assume that m = m(a).

Theorem 6.2. Let {Vj(u) }iez be the one-dimensional MRA (see Definitions 3.1, B.2)),
and let ) be its refinable function, v € Vy. Let

(6.14) ®(2) = ¢ (20) ® P (22) @ - @ 3P (2,) @ -+, @ €A,

and

V= span(Vj[m} :m € Vp)

(6.15) = span{ (M) T5®) () : @ € Io, m(@) =m € Vg}, jeZ
Then
(6.16) Vi= Q) V" c XA, dx), jeEZy,

e;veVy

(where e = (¢")),ev\00 @5 the stabilization sequence ([LI8) and the subspaces (G.15)
satisfy the following properties:

(a) V; C Vi forall j € Z;

(b) UjezV; is dense in L*(A, dx);

(¢) yezV) = {0};



WAVELET ANALYSIS ON ADELES AND PSEUDO-DIFFERENTIAL OPERATORS 27

(d) f(-) € Vj[m} = (M( W) € VJrl for all j € Z, for any m € Vy;
(e) the function ® € Vj is such that the system {®(x—a) : a € Ip} is an orthonormal
basis for Vy.

Proof. 1. For each v € Vg, the system of functions {¢")(- — a,)}a,ez, is an orthonormal
basis of the space VO(V) (see axioms (e) in Definitions 3.1l B.2). Using the construction of
Sec. [l and taking into account that any shift @ = (a0, a2, ..., ap,...) € Iy is finite and
oW e V") c L2(Q,,dx,) is a stabilization sequence (ZI8) in L*(A,dxz), we conclude
that the system {®(z — @) : @ € I,} is an orthonormal basis in V; and

= V¥ ¢ LA, da).
e;veVy
Using definition (5.I12) we get for m(a) = m.
(M Ta®) () = 2201 (V0 — a00)®

(6.17) @ (R 120 a, — a,)) @ 6" (e, ) @ € VI C V,
v=2

for any @ € In, m € Vg.
Since {17/2¢W)(v7z, —a,) : a, € 1} is the basis in Vj(y) and ¢ € V") C Vj(”) for
j € N, using (6.I5) and (6.I7), we conclude that

Vi= Q V) c L*(A,dx), jeN.
e veVy
Taking into account axioms (d) in Definitions B.I] B.2] one can see that Definitions
6I5), EI3) imply that f € V™ if and only if M(nj)f() € Vj[m}, jeN, me V.
Thus representation (6.16) and properties (e) and (d) hold.

2. Due to [12, Ch. I, §2.2, Theorem 2.2], we immediately obtain that property (a)
holds for 7 € N. For any j € Z the property (a) holds by Theorem Here we
give an independent proof. According to (6.13), Vo = span{(I)(x — a) s a € I}, where
Dz — @) = ¢ (T = o) ® 0P (29 — a2) @ -+ ® §P (7, — ) ® PP (2,) ® - -~
Applying the refinement equation (B13) to any factor of the above product and taking
into account that the numbers % % + = € [, for all a, € [, and r = 1,2,...,v — 1,
v = 2,3,..., we conclude that Vi, C V;. By Definition (6.13]) of the spaces V; and
property (d), this yields property (a).

3. The property (b) holds by Theorem [6.1l Here we give an independent proof. It is
clear that any element g € L?(A, dx) can be approx1mated by a finite linear combination
of the basis elements Vo (z) = V¥ ¢= 5 (x) of L2(A,dz) given by (5.5). At the same time
any element W, (2) = W5 5 (2) is a finite product of the one-dimensional basis elements

G.1)-(65.4):

P (o) = UI°)_(200) € LH(Quo), € (Z,7),
wé‘?(%) ¢(( i]qaq)(xq) € L*(Q,), op €1, = (F),Z4, 1, U]pv
VD () = U 0 () € L2 (Zy), ap € I = <FX Zy, 1) | J{0}.

In turn, it follows from the completeness property for each MRA {Vj(y }jez (see axioms
(b) in Definitions B.I] B.2) that any element f., € L*(Qs) and f, € L*(Q,) can be
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approximated by a finite linear combination of the functions 2//2¢(*)(27 - —a,.), as €
I, and v//2¢")(v™7 - —a,), a, € I,, respectively, for sufficiently large j (j € Z,),
v € {2,3,...,p}. Hence any basis element Vo(z) = Vg4 (2) € L?(A,dx) can be
approximated by an element of the space V; for some sufficiently large j (j € Zy). This
implies that the element g can be also approximated by an element of the space V; for
some 7, i.e., the collection of all the spaces V;, j € Z, is dense in L*(A, dz).

4. The property (c¢) holds by Theorem Here we give an independent proof. Let
us prove that the intersection of all V; does not contain a nonzero element. Assume
that there exists an element g € L*(A, dz) such that g € V; for all j € Z and ||g]| # 0.
According to Sec. B, the wavelet functions Wo = V=5 € L*(A, dz) given by (5.5) form
an orthonormal basis in L?(A, dz), then g can be represented as g = > 5 ca¥q € V for

all j € Z, where the coefficients ¢, are 1ndependent of j. Here a = (ap)pev, = (k;7 a),
€ (2.2), apel, = (B}, 2., 1) U,
Consider a basis element Vo =V55a,J= (joo,jg, oy Jm»0,0,...). Let us take the

-~

index j, = min(0, joo, J2, 73, - - -, jm ). For any wavelet function given by the first formula
in (2), we have ) = o L VP j, € Zy, and VP c VP, p=23,.... In

view of B1), B2) we have ) = @bj(»::) 1 Vj(oo) for j < js. Consequently, the basis
element ¥, = \If@g a) LV, j<Jja ie, gLl ¥, Insucha way we prove that g L ¥,
for all indices o € A. The fact that the system {¥, : « € A} is an orthonormal basis in
L*(A, dx) contradicts the assumption ||g|| # 0. O

The collection of the spaces V;, j € Z, satistying conditions (a)-(e) of Theorem
will be called the adelic separable MRA in the space L*(A). The function (6.14) is a
refinable function of this MRA.

Next, following the standard finite-dimensional scheme (see [18, Ch. 10.1], [53], §2.1]),
we define the wavelet space WW; as the orthogonal complement of V; in V4:

(6.18) Wy =Vin oV, JjeL
It follows from properties (a) and (b) of Theorem [6.2 that (cf. (B.2) and (B3.I1I))
=Voo P w;
JELy

Let us present some evident formulas in ®}_, H;. Namely, we have

(6.19) (CL11 D CL12) - (anl D ang) = @ a1y XX Qps,,
(il 7777 i7l)e{172}n

and similarly,

(6.20) (@Briiow) ® - @ (BfLam) = B @, @ D ang,,

Since according to GBI, B2), BI)-@B1I), we have Vj(j:l = V}(”) ® Wj(y), setting
Z];V V(V and 2 F W( , using (6.19), (6.20), and taking into account (6.17), we
obtain

J+1 ®V;(:1—® EBW )

IJGVQ_) VEVQ

=V, ® (@ @ Wiins o, z'p),j>, JE Ly,

PEVQ (icoyiz,nip)€{1,2HPIFI\{1,1,...,1}
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where we set #(p) = #{2,3,...,p} (£(A) is the number of elements of the set A), and
(6.21) W?[p]j =wk 7 970 o . @7P @) ...

(f00+824--Tp) loo,J 12,J ip,J
ip = (foos G2, - - -, 1p) € {1, 2}5P)F1 \ {1,1,...,1}. Thus the space W; given by (6.I8) is a
direct sum of infinite number of subspaces (6.21).
Thus we have

5 B o [p]
(6.22) L) =vie Pw - P (P b W),
JEZy JE€L+  PEVQI,e{1,2H@)+1\{1,1,...,1}
It is clear that an orthonormal basis for the space
B ]
WO — @ @ W(iooviZ ----- ip)vo
pEVQ/i\p:(ioo’iQ ,,,,, ip)e{1,2H®+1\{1,1,....1}

where

WP = WE G ino=Zab @ Zon ® - © Zh @ ¢V ©---

is formed by the shifts (with respect to @ € I) of the functlons
00 2
(6.23) Vi =T o =00 @ @il @ e

00+125+-4,0p)
where all factors in this product starting from a certain prime p constitute a stabilization
sequence (60),np; 95 = P, 95 = 1 (see BF), @A)); 0 = v, k, € F,
) = ¢, (sce B, BZ) or G2, EZD), v = 23,0 p = 23,5 iy =
(ioos Gy - - - 5 ip) € {1, 2T\ LT 1, 1},
According to (6.22), an orthonormal Haar wavelet basis in L?*(A) is formed by all
shifts @ € I, of the refinable function (6.14))

¢(°°)(l’oo)¢(2) (z3) - - .¢(p7)(xp7)¢(p) (xp>¢(p+)($p+) .
and all shifts @ € I, and dilations j € Z, of wavelet functions (6.23):

VO (oo )t (22) -+ U (YD ()P () -+
VO (o) (w2) - 2 (0, )P ()30 () -

(6.24) 6 (a2 (22) -2 (0 ) () Oy, ) -

00 (w00)9 P (2) - 67 (Ui () 0P () -+
where p = 2,3,...; the real Haar wavelet function ¢(*)(z,,) and refinable function
# ) (25) = Qo) are given by [B.6) and [B4), 7o € Qu; the r-adic Haar wavelet
functions w,i’;)(xr), k. € F* are given by formulas (B.I5)—(3.I7), the refinable function
o(z,) = |z ), 2, € Q r=2,3,....

Thus, this wavelet basis has the form
(6.25) T;®, Wps o= (2-2-3--p)? (M ]Ts) Vy5 |

kipija (»)
where &y = (ivo, iz, ... dp) € {1, 2HOFN\ {11, 1}, k = (ky, ... k), ks € FX, 5 =
2,)3,...,p;J €EZ4;0 = (s, A2, . ..,0p) € Iy, p € V. We stress that here p(a) = p(j ):
p(k) =p.
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Due to Theorem B.1] and [I], by formula (6.25]) all Haar bases generated by adelic
Haar MRA are described.

Corollary 6.1. Let (see (6.23))

(6.26) Vs () = Vg, =00 @@ @)@

The vectors (see (6.20]))

(6.27) To®, CI?%].E, = (2-3- P (M ITs) Wy

form the orthonormal basis in the space L2(1& , where 21/0 = (lg,...,1,) € {1, Q=D+

)
(1,1 k= (kay... k), ks €FX, s =23,....m; j € Zy: @ = (as,...,a,) € Iy,
p € Vg \ 0o. We stress that here p(a’) = p(j) = p(k') = p.

7. LIZORKIN SPACES ON ADELES
7.1. Real and p-adic Lizorkin spaces. Recall some facts from [43]- [45], [54} 2.], [55]
§25.1]. Consider the following space

U(R) = {1(€) € S(R) : 9 (0) =0, j =0,1,2,...},.

where S(R) is the real Schwartz space of tempered test functions. The space of functions

O(R) ={¢: ¢ = Fl¢], ¥ € ¥(R)}.

is called the real Lizorkin space of test functions. The Lizorkin space can be equipped
with the topology of the space S(R), which makes ® a complete space [54], 2.2.], [55]
§25.1.]. Since the Fourier transform is a linear isomorphism S(R) onto S(R), this space
admits the following characterization: ¢ € ®(R) if and only if ¢ € S(R) is orthogonal
to polynomials, i.e.,

(7.1) /x"¢(x) dr=0, n=0,1,2,....
R

The space ®'(R) is called the real Lizorkin space of distributions.
According to [4], [3l Ch. 7] the p-adic Lizorkin space of test functions is defined as

2(Qy) ={9: ¢ =F[Y], ¥ € ¥(Qp)}, where ¥(Q,) = {¥(£) € D(Q,) : ¥(0) = 0}. The
space ®(Q,) equipped with the topology of the space D(Q,) is a complete space.

Lemma 7.1. ( [4]) We have (a) ¢ € ®(Q,) iff » € D(Q,) and

(7.2) ¢(x) dx = 0;
Qp

(b) ¢ € Dy(Q,) NO(Qy) ff v =F'[¢] € DI (Q,) N T(Q,).

The topological dual of the space ®(Q,) is the space of p-adic Lizorkin distributions
®'(Qp,). The space '(Q,) can be obtained from D'(Q,) by “sifting out” constants
(see [4]).
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7.2. Adelic Lizorkin spaces. Consider the subspace W(A) of the space of test func-
tions S(A) (see Subsec. [2.3)) consisting of finite linear combinations of elementary func-

tions 2.14) n(§) = [I,ev, (&) (Where Vg is defined by (2.2)) with properties (i) — (i)
of Definition 2.3 where 7,(&,) = Q(|¢,|,) for all p > P) and such that

S

(i )d‘és Moor €650 &1 Er by s Erpy )| =0, 5=01,2,0,

forall r € {0,2,3,..., P}, where P = P(n) is the parameter of finiteness of an elemen-
tary function 7.

Let W(A) be the space of test functions S(A) connected with the non-Archimedean
part of adeles A (see Subsec. [23]) consisting of finite linear combinations of elemen-
tary functions 7(¢’) = [ ey, o0 (&) With properties (i) — (i) of Definition 23] (here
(&) = Q(|&p],) for all p > P) and such that

(Z'U*) 77(52763)'-'>€T’7a§ragr+>'"a§P>€P+>---)}§T:0 :O, re {2,3,...,P},

where P = P(n) is the parameter of finiteness of an elementary function 7.

Definition 7.1. The spaces
={C:¢=Fllne¥(A)} and ®(A)={C:(=Fl, neV(A)}

are called the adelic Lizorkin spaces of test functzons.

®(A) can be equipped with the topology of the space S(A) (see (2.I5))). Since the
Fourier transform is a linear isomorphism S(A) onto S(A) (see [24, Ch. II1,§2.2]), we
have ®(A) C S(A).

The Lizorkin spaces ®(A) and ®(A) admit the following characterizations.

Lemma 7.2. (1) Any elementary function
(@) = Coo(@0) H Cplap) € ©(A)
pEVp\oo

(here (y(z,) = Q|x|p) for all p > P) if and only if ( € S(A) and

(7.3) / T3 (Tog, T2, T3,y - o Ty, Ty, Ty y ., Tp, Tp,, ... ) da, =0,

where if r = 0o, then s =0,1,2,..., and if r =2,3,..., P, then s = 0.
(2) Any elementary function

H Cplzp) € ®(A>

pEVp\oo

if and only if ¢ € 8(,&) and

(7.4) Z(@,xg,...,xh,xr,x”,...,:cp,:cp+,...)d:cr:0, r=273,..., P
Qr

Remark 7.1. In view of condition (iii), similarly to (2.I5), the spaces ®(A) and ®(A)
admit a representation in the form

(7.5) ®(A)= lim ind®™(A),  ®A)= lim indd"(A),

meVg\oo meVg\oo
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where ®™(A) C ®(A) and ®™(A) C ®(A) are subspaces of the corresponding test
functions with the parameter of finiteness m, m € V. The representation (7.5) equip
the spaces ®(A) and ®(A) with the inductive limit topology.

The spaces ®'(A) and @ (A) are called the adelic Lizorkin spaces of distributions.
We define the Fourier transform of distributions f € ®'(A) and g € V/(A) by the
relations

(FUfl,m) = (f, Flnl),  Vne A,
(Flgl,¢) = (g, F[c]), V(e BA)

By definition, F[®(A)] = V(A), F[¥(A)] = CI)(A), , (L) give well defined objects.
Moreover, we have F[®'(A)] = W'(A), F[V'(A)] = (A)

[R—}

(7.6)

7.3. Adelic Lizorkin spaces and wavelets. It is well known that p-adic Haar wavelet
functions (B20) from L?(Q,) satisfy the condition (see [3, Ch. 8])

(7.7) Urja(z)de =0, keF), jeZ, acl,
Q

where ¢yjq(2) = p2p(p~7x — a) and wavelet functions ¢, k € FY, are given by
Theorem [B.11
In view of the formula (see [3, Ch. 8] or [39])

/2 e
(Q(|x|p),wk;ja(x)):{gf, a=0,7<—1,

otherwise,

p-adic Haar wavelet functions ([3.24) from L?(Z,) satisfy the following condition:
78 [ S0 de = (@ely)dusae) =0, kEF i€ ac

where II{ is defined in Proposition 3.1l It is easy to see that for the p-adic Haar wavelet
functions (B28) from L?(Z,) we also have

(79) {Zk;ja(x) dr = 07 k € ]F;;v j € Z+7 a € ]Z(Jj)u
Zp

where I is described in Remark Bl
Thus, taking into account relations (Z0)—(7.9), f@ x)dx = 1, and Lemma [T.2] we
conclude that the adelic wavelet functions (B.5]) and (m belong to the Lizorkin space

®(A) only if products (5.0) and B27) do not contain the functions ¢® (xp, — ap) as
factors for p < m.

8. CHARACTERIZATION OF THE ADELIC LIZORKIN SPACES IN TERMS OF WAVELETS

To construct adelic wavelet bases in L*(A), we used the real Haar basis (3.5) in L?(R),
for which we have [, ¥ (t)dt = 0. Since [, t"/I (t) dt = 0 does not hold for n € N, it
is clear that ¢} ¢ ®(R). Therefore, in contrast to the p-adic case (see [3, 8.14]), the
characterization of the adelic Lizorkin spaces in terms of wavelets is possible only for
the space ®(A).

For simplicity here and in what follows we will suppose that the adelic wavelets (5.6])
are constructed by using the one-dimensional wavelet basis (8:23)) and its restriction

B.24) to Z,.
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Lemma 8.1. Any test function ZE CI)(A) can be represented in the form of a finite sum

(8.1) (@) =D calal(a’), o' =(2,23,...) €A,

aEA

where A is the set of indices (E33); cq are constants; Vo (x') are wavelet functions (5.0)
Vo =Vi50 = Q vl @@Qe?, ach,

2<q<m m<q

which do not contain the factors 1/1((;{1) (z4) = 9D (z, — a,), a, € I, (see (52, B3)) for
qg<m.
Proof. By definition of the space ®(A) (see Subsec. [T.2)), it is sufficient to prove this
lemma for the case of an elementary function ¢(z') = [ e\ 00 Gp(2p), Where (p(z,) =
oP (x,) = Q|z,|,) for all p > P, and P = P(C) is the parameter of finiteness of an
clementary function ¢. It is clear that ¢ € L2(A). Then (BI) holds. We will prove that
only the finite number of ¢, # 0. N

According to Subsec. [[3] ¥, (z') € ®(A) only if the product (5.6]) does not contain
functions ¢ (x, — a,) as factors for p < m. Now we need to calculate the coefficients

(8.2) Ca = Crja) = (Z(SL’/), @a(x/)) = H (Cq(xq)a w&?(xq)),

pGVQ\OO

where one-dimensional wavelet functions ¥ = 1/1,(63),jqaq (zq), ag = (kg» Jgr aq) € If =

(Fx,Zy,1,), are given by [B3.23), 324), (52), (5.3), and among them there are no

wavelet functions ¢@(z, — a,).
1. Suppose that m > P. Then we have

Ca =CGja) = (E(:)s'), \Tfa(x')) = H (Cq(xq)> @/)((1?(%)) X

2<g<P
X H (Cb(Q) (:ltq), @Z)&?("Eq)) H (¢(q)(xq)> Cb(q)(xq))'
P<g<m m<q

According to (1) and (Z8), (C9), we have
/ @Z)((l‘i)(xq) dey =0, for P<q<m,

ie., c, =0.
2. Let m < P. Consider the part of product (8.2])

H (Cq(xq)u ¢(q)(xq)) = H (Cg($q)a¢(q)($q))a

where (0(z,) = (o(z,) } 2, € ®(Z,) and ®(Z,) is the Lizorkin space of test functions with
support in Z, (see Sec. IE[I) Using the Parseval-Steklov theorem, we obtain

H (Cq(xq>v ¢(q)(xq)) = H (F[Cg](gq)a F[Qb(q)(xq)](fq))-

m<q<P m<q<P

It is clear that () (z4) € ®(Z,) belongs to one of the spaces Dé{}q (Zg),1l; < Ny <0, and sat-
isfies condition (Z.2). Then in view of (2.7) and Lemma [T}, F[()] € ¥(Q,) DD:IJZ“(Z,}),
and supp F[(]] € B_;,\ B_y,, 0 < =N, < —l,. At the same time, F[pD](&,) = ¢ D(&,).
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Thus supp F[¢J] Nsupp ¢ = @ and, consequently, (F[¢J](&,), F[6'?(x,)](&,)) = 0,
m < q < P. That is in this case ¢, = 0.

3. Let m = P. In this case, using the Parseval-Steklov theorem, one can rewrite the
product (82) in the form

=5 0 = (@) Ta(a)

= I (&), v@()) = T[ (FIGIE), FIe@1&,).

2<g<m 2<g<m
Let ¢, € ®(Q,) for 2 < g < p. According to Definition [(.T, Lemma [7.]] and relation
(27), any function (,(z,) € ®(Q,) belongs to one of the spaces D%q((@q) and satisfies
condition (7.2), i.e., F[(,] € \If((@q)ﬂD:l]Zq(@q), and supp F[¢,] C B, \B-n,,2 < q < p.
For the wavelet function (5.2,

PO (zg) =0 ()

k . .
(8-3) q]q/2X <Eq(q quq - aq)>Q(|q quq - aq|q>a Ty € @q’
we have
» . k . ‘
84)  Fl)E) = (00|70 ) e

Taking into account that supp F[(,] C B_;, \ B_y, and using formula (84), one can
conclude that

(8.5) (FGI(&), FIul)(E,)) #0,
only if ¢7N < |&,|, < ¢l and %‘1 + ¢¢, = n, € Z, for any 2 < g < p. Since

& =q9 (g — %‘1) and |€,]q = ¢%1|n, — %}q = ¢/s!, one can see that the product (8.5])
is nonzero only for finite number of indices j, such that

gV < lg =T < gl 2<q<p.

Now we consider the scalar product (F[(,](&,), F[wt(x?](gq)), where (, € ®(Z,) and

koo »
@Dg{;)(xq) = wl(cz);jqaq( ) = ng/2X <Eq(q Mg — aq))Q(|q Mg — aq|q)> Tq € Ly,
is a wavelet function given by (5.3), p < ¢ < m. Using the identity [64, VIL.1], [39]
(8.6) Q(|pja7p - ap|p)Q(|pjlxp - a;7|p) = Q(|pja7p - ap|p)Q(|pjl_jap - a;;|p)> J<7,
by explicit calculation we obtain

87 FREL)E) = a0 ) (o) Q|7+ a6 ). dee 2

Next, using (8.7) and repeating the above calculation almost word for word, we find
that

(8.8) (FIC(&), FIvi2[, 1(€0) #0,

only for finite number of indices j,, p < ¢ < m.
Thus ¢, = €G3 a) ;é 0 for finite number of indices j,, 2 < q < m. Moreover, for all

wavelet functions W,(2’), in the product (82) we have m = P.

+ qjq gq
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Now we consider the product (8.2) again
Ca = Ckja) = (Z(x/)7 Cfla(x/)) - H (gq(xq)a ¢¢(in) (%))a
2<g<m

where according to the above calculation, m = P. Now let calculate the expression
(o), w,(;ffz) (z4)). Here the function (4(z4) € ®(Q,) belongs to one of the spaces

D%q(@q) and i (z,) is given by (B3). Using identity (86) we have

Q(‘q_jqxq - aq|q)Q(|qN+jqaq|q)v —Jq < Ng,
Q(‘qu$q|q>Q(‘aq|q)v —Jqg > Ny

This relation implies that ({,(z), o (zq)) # 0 at least for ¢"ea, € Z, (—j, < N,) or

ag =0 (—j, > N,). Since the set of indices j, is finite, the set of the above indices a, is
also finite. Thus products (83), (8.8)) are nonzero only for finite number of a, € 1,. O

Q(|q_jqxq - aq‘q)Q(|quxq‘q) = {

Corollary 8.1. Any test function ( € ®(A) can be represented in the form of a finite
sum

(8.9) C(2) =) alr00)Wa(7), 7= (100,7)) € A,

a€A

where A is the set of indices @33); caltos) € D(R) are some Lizorkin test functions;
Uo(2') =V 55 4(2') are wavelet functions (B.6) which do not contain factors zp&? (xq) =
¢ (zg — ay), ap € I, (see B.2), E3)) for g <m.

Using standard results from the book [56], we obtain the following assertion.

Proposition 8.1. Any distribution f € ®'(A) can be realized in the form of an infinite
sum:

(8.10) F@) = ba(ze)Va(z), o= (700,7) €A,
aeh

where by(z) € D' (R) are some real Lizorkin distributions; U, (z') are wavelet functions
B.6).

Here any distribution f € ®'(A) is associated with representation (8.I0), where the
coefficients

(8.11) ba(2o0) E ([ (200, '), Uo(a)), €A

And vice versa, taking into account Corollary [ and the orthonormality of the wavelet
basis (5.0]), any infinite sum (810) is associated with the distribution f € ®'(A), whose
action on a test function ((x) € ®(A) is defined as

(£.0) = (D balaa) Faa'), D calwoe)Tala'))

BeA acl

(8.12) = (ba(To0), Calr0)),

a€A

where the latter sum is finite.
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Proposition 8.2. Any distribution f € @’(1&) can be realized as an infinite sum of the
form

(8.13) F@) =" baUa(r), o' €A,

P aeh
where b, are constants; V,(z') are wavelet functions (5.0).

It is clear that in Lemma [B1 Corollary R, and Propositions [R.1], one can use
wavelet functions (6.27) instead of wavelet functions (5.6]).

9. PSEUDO-DIFFERENTIAL OPERATORS ON ADELES

9.1. Real and p-adic fractional operators. Let us introduce a distribution from
S'(R) (we keep the notation |- | = |- |x.)

a—1
(9.1) &P (z) = 12 L a# 25, a#1+2s, s=0,1,2,..., z€R,
m(a)
called the Riesz kernel, where |z|* is a homogeneous distribution of degree o defined
in [54, Lemma 2.9.], [55, (25.19)], [23, Ch.I,§3.9.], and v (o) = 2?2)%) The Riesz
2

kernel is an entire function of the complex variable «.
One can define the Riesz kernel (O.1) in the real Lizorkin space of distributions ®'(R)
(see [45], [54, Lemma 2.13.], [55 Lemma 25.2.]):

T el
3 ) _ . a#-2s, a#£1+2s,
20/70(5) 2I'(av) cos(%5Y)
(02)  wX(@) = 4 [z log e
—1)® =1+2
\ (—1)%6®) (), a=—2s,5€Z,.
According to [23, Ch.I1,§3.3.,(2)], [54, Lemma 2.13.], [55, Lemma 25.2.],
(9-3) Flk3¥ (2))(€) = |2, z€R.

Define the real Riesz fractional operator DS, on the Lizorkin space ®(R) as a convo-
lution

(9-4) (D) (2) = (x5 % 0) (1) = (s0(), 02 =), € O(R),
where x5 is given by (@2). It is clear that [55, (25.2)]
(9.5) (D5p) (z) = FHIEIFll(©))(z), ¢ € R(R).

Lemma 9.1. The Lizorkin spaces of test functions ®(R) and distributions ®'(R) are
invariant under the Riesz fractional operator (O.H) and DL (P (R)) = ¢'(R).

The p-adic fractional operator Dy was introduced on the space of distributions D'(Q,)
in [58], [59, II.4.]. In [4], the fractional operator Dy was defined in the Lizorkin space
of distributions ®'(Q,) for all & € C by the following relations:

(9.6) (Dpf) (@) = |- [RFIAO)] (@), f€P(Q), acC.

Representation (9.6]) can be rewritten as a convolution

(9.7) (D2 f)(z) = (5% f)(x) = (520), fz =), feP(Q,), aeC,
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where (see [4])

||
®) Fpp(a) ) « 7é 07 ]-7
9.5) wO() = { (), a0, ccQ,
]
—llogp log |z],, a=1,

is the p-adic I'-function (see [59, III, Theorem (4.2)], [64, VIIL,(4.4)]).

Lemma 9.2. ([4]) The Lizorkin spaces of test functions ®(Q,) and distributions ®'(Q,)
are invariant under the fractional operator ([Q.8) and Dy(®'(Q,)) = ®'(Q,).

9.2. Adelic fractional operators on the Lizorkin spaces. Let us introduce on the
space ®(A) the adelic fractional operator D7 of order ¥ = (Yoo, Y25+ -+ Vp,---) € C=,
which is defined by its projection on any subspace of test functions ®"(A) C ®(A) (for
details, see Remark [A.1):

~ def ~
(9.9) Doy = Doy = Q) Dy @Q1d,, meVy,
pe{00,2,3,...,m} p>m
where D)= and D,? are defined by (@4), (@5) and (@.6), (@7), respectively, Id, is

the identity operator in ®(Q,). Here the fractional operator D?m) is an infinite tensor

product of one-dimensional operators.
If

(@) = Coo(0) H Gplzp) € (I)[m}(A)

pEVQ\OO

is an elementary function, i.e., ,(z,) = 6P (&,) = Q(|x,|,) for all p > m(¢), then taking
into account Definition (9.9]) and (@.5), (9.6]), we obtain

(9.10) (D] gy ) @) = (D7) (@) = F[| - 1, FICIO)] (),

where

011) .= JI 16l J16P6) €= (o gn...) €A,
pe{00,2,3,...,m} p>m

is a symbol of the operator D?m), m € Vp.
It is clear that |§|?m) for all ¥ = (Yoo, Y2, s Yps - - - ) € C* such that for all p > m,
7, = 0 is a multiplier in the space of test functions ¥™(Q,), m € Vy.

According to (Q.4), (@1), (210), relation ([@O.I0) can be rewritten as
(9.12) (Do) (@) = (K-gsm) * Q) (2) = (Kgsm) () (@ =), ¢ € B(A),

where

Kaym) (§) = H “Syf,) (&) H ¢(p) (&)

pe{00,2,3,...,m} p>m
is the adelic Riesz kernel, and /{S,Z:) and KJS,’;) are given by (0.2) and (9.8]), respectively.
For f € ®'(A) we define the distribution D7 f by the relation

(9.13) (D7f,0) E (£.D],0),  YCe®m™(A), meVy\ .
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It is easy to see that Lemmas [0.1] imply the following statements.

Lemma 9.3. The Lizorkin spaces of test functions ®(A) and distributions ®'(A) are
invariant under the fractional operator D ) and DV ( '(A)) = D'(A).

Proposition 9.1. The family of operators {D“’ 17 € C®} on the space of distributions
O’ (A) forms an abelian group: if f € ®'(A) then

DWDEf — DBDaf:DaJrﬁf,
DIDTf = f, 7, BeC>

For the case ¥ = (Yoo, Y2y -3 Ypy---) € C® such that Yoo = Yo = -+ =7, = -+ =
v € C we shall write D7 instead of D7. Similarly to (3.9), the adelic fractional operator
D7 of order v € C* is defined by its projection on any subspace ®™(A) C ®(A) (see

@5)):
(9.14) D

def my
sy = D= & Dy @ QI mely,

pe{0,2,3,...,m} p>m
where D7, and D) are defined by ([@.4), (0.5) and ([@.8), (9.7), respectively, Id, is the
identity operator in ®(Q,). If
((2) = Coo(To0) H Colzp) € (I)[m}(A)
pEVQ\OO

is an elementary function, i.e., (,(z,) = ¢®(&,) = Q(|z,|,) for all p > m((), then taking
into account Definition (9.I4]) and (@.5), (9.6]), we obtain

(9.15) (D] g 6) (@) = (DY) (@) = F7H| - 1, FICI ()] (),

where

(9.16) o= T  1&h]][¢P%), €=t &) €A
p€{00,2,3,...,m} p>m

is the symbol of the operator DZm)’ m € V.

9.3. One class of adelic pseudo-differential operators. On the adelic Lizorkin
space of distributions ®'(A) we introduce a pseudo-differential operators A with the
symbol

= I A&). €ea,
peVy
where Ay (éx) € C°(R\ {0}) and ‘dgs so(Es0)| < My|ésc|™™ (ms > 0) in a neighbor-
hood of £, = 0; A, (&) € E(Q,\ {0}), p=2,3,....

The adelic pseudo-differential operator A is defined by its projection on any subspace
of test functions ®™(A) C ®(A) (see (TH)):

(9.17) A gimia) Y Ay = F A F, m € Vg,
where
(9.18) Am(©) =Ax(é) [T A& [ 27 (&), €A,

p€{2,3,....,m} p>m
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is the symbol of the pseudo-differential operator A,,. If
((2) = Coo(To0) H Colzp) € (I)[m}(A)

pEVg\oo

is an elementary function, i.e., (,(z,) = ¢®(&,) = Q(|z,|,) for all p > m((), then taking
into account Definition (3.I7), (O.I8)), we obtain

(919) A <I)["”](A)C = A(m)c = (F_l A(m) F>C7

where the symbol Ay, is defined by ([@I8). For any test function ¢ = >, (" €
®Im(A), where (" are elementary functions, the operator A is defined by the relation

T

o0 (@) = (A @) = 3 (A ().

k=1

(A

Now we define a conjugate pseudo-differential operator AT on ®(A). For any function
¢ € ®M(A):

def

(AT g () (@) = (Al Q) (@) = F~ [ Ay (=€) FICI(E)] ().

Then the operator A in the Lizorkin space of distributions ®’(A) is defined in the usual
way: for f € ®'(A) we have

(9.20) (Af.Q) = (£, AL, V(e(A), meVy\ oo
It follows from the latter relation and (28] that
(9.21) Af = (FYAF)f,  fed(A).

Lemma 9.4. The Lizorkin spaces ®(A) and ®'(A) are invariant under the operator
@.21).

Proof. It is sufficient to prove this lemma for elementary functions. Let ¢ € ®I™(A) be
an elementary function. Since the function A,,)(§) defined by (9.18)) is a multiplier in the
space U™ (Q,), m € Vg, both functions F[¢](£) and A,y (&) F[¢](€) belong to WM (A)
and, consequently, AC € ®™(A), m € V. Thus the pseudo-differential operator A (see
(@17), ([@19)) is well defined and the Lizorkin space ®(A) is invariant under its action.
Therefore, if f € ®(A), then according to (@.20), [@21), Af = (F*AF)f € & (A),
i.e., the Lizorkin space of distributions ®'(A) is invariant under A. O

The fractional operators (O.10) and (O.15) are particular cases of operator (0.19).
Similarly to the above constructions, we introduce the corresponding operators on the

Lizorkin spaces ®(A) and ®’'(A) : the pseudo-differential operator

(9.22) Ao = (F A F)¢, ¢ € B(A),

with the symbol

(9.23) A= ] 4&) &=(%...& . ..)eh
pEVg\oo

the fractional operator

(9.24) (D3¢) (') = F| - RFIC()] (@), ¢ € D(A),



40 A. YU. KHRENNIKOV, A. V. KOSYAK, AND V. M. SHELKOVICH

with the symbol
(9.25) €= T1 16, €=(...&....) €A
pEV\oo

and the fractional operator

(9.26) (D3O) (@) = F7M|- RFII()] (@), ¢ € B(A),

with the symbol

(9:27) €= TI 16l ¢=(%. & ) eA
pEVp\oo

9.4. On the eigenfunctions of adelic pseudo-differential operators.

Theorem 9.1. Let Ay be a pseudo-differential operator (Q.22)) with symbol (0.23), and
Va(a') = Vs o (@) = Q) v (z) @ Q' (x,), ach, o €A,

2<q<m m<q

be wavelet functions (5.6]) which do not contain factors @Daq (z4) = (v, —a,), a, € I,

(see (5:2), (3)) for ¢ < m; A is the indexzes set @33). Then U, is an eigenfunction
of the operator Ag if and only if

(9.28) H A, (q_jq(_q_lkq + nq)) = H Aq( - q_jq_lkq)a Jq € Ly,
q€{2,3,....,m} q€{2,3,...,m}
holds for all n, € Zq, ¢ = 2,3,...,m. The corresponding eigenvalue is the following
A= Hq€{23 ..... m} A ( - q]q_lkq); i.€. s
Aol g gy V(@) = Aoom Wala')
= ( H Ag(— qjq_lkq)>\ifa(z'), a€l, = €A.

q€{2,3,...,m}

Proof. In view of (0.23]) and (2.I0)), we have
Aol iy Ba@) S Aoy Fa(a') = F~ [Aggu (€) FIWa()]] (@)

= [ FAFRE @) TT FHAFWE] () [T 6 (w0,

2<q<p p<g<m q>m

where waq (zg) = wkq ]qaq(xq> = qjq/2Xq(lz_q(q_jqxq - aq))Q(‘q_jqu - aq|q) (see (B.2),
B3)), and 2, € Qp, 2 < g < p; g € Ly, p < g <.
If condition (O.28)) holds, then using formulas (84), (8.7)), we obtain

AO}@[m](g)‘I’a(I/) = Ao(m) Va(2)

= 2<1;[<p g lPF! [Aq(gq)Xq (qjqang)9< % q>] (q) X

« H q_jQ/2F_1 [Aq(fq)Q(|qjqaq|q)Xq(qjqang)g( lj]

p<g<m

+ qquq
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Making the change of variables £, = ¢~77(n, — ¢~ 'k,) and using formulas ([2.3), [210),
we have for 2 < ¢ <p
)| @)
q

a2 A€ (i) 9
= A~ qjq‘lkq)qjq/2/ Xa (=0 g +1g) (a4 + ag) ) |ngl) dng
q = .Aq( — qjq_lkq)d}g? (xg), g€ Q.
In the same way, we obtain for p < g <m
e

a2 A€ a7aglo) o (7a48) 2
= Aq( - qjq_lkq)Q(‘qjqaq|q>¢é? (7q)

o . . k. . »
= Aq( — g lkq)Q(|q]qaq‘q)qJQ/2Xq(Eq(q M, — aq))Q(|q Mz, — aq‘q)‘
The latter expression is nonzero only if ¢ea, € Z, and |z, — ¢2a,|, < ¢~72. This implies
that z, € Z,. Thus,
a2 F A€ QAN aq )X (077a,0) 2 By

= Aq( - qjq‘lkq)wﬁéf} (zq), w4 €Zy
Consequently, AgW,(z') = Ao(m)‘?ffa(a:’ ) = AU, (2/), where
A= I Ad-d"'k), €A
q€{2,3,...,m}

U, () = Ao(m)\ffa(x’) — AU, (2'), then taking the Fourier trans-

k .
=+ qquq
q

k .
-q + qﬂng
q

k )
=+ q]ng
q

Conversely, if Ag ‘ Bl (R)

form of both left- and right-hand sides of this identity and using formulas (8.4]), (8.7]),
we obtain "
(€)= IT (|7 +ea| ) =0 €<

2<q<m

If now %‘1 + 7€y = 1y, 1g € Zg, then & = (g — %‘l)q_jq for 2 < ¢ < m. Thus,
A= Ajm) ((772 — 2_1k2)2_j2, ceey (nm — m_lk‘m)m_jm), Vi, €2Zg, 2<q<m.
In particular, A = Aoy (2727 ks, ..., m™'k,,) and consequently ([@28) holds. O

According to (0.24), (©.2%]), the adelic fractional operator Dg(m) has the symbol

A ©) = 1€y = Tepsm 165 T 09(6). € = (€0reb) € A Tt
is easy to see that the symbol Agm)(£') = [£]g,, satisfies condition ([.28):

. . Ya
H .Aq(q_jq(_q_lkq + 77(1)) = H ‘q_jq( - q_lkq + nq)
a€{2.,3,....m} a€{2,3,...m} e
= H qjq‘ — q—lkq + Uq‘ﬁ/q - H q“/q(jq'f‘l)
q€{2,3,...,m} ! q€{2,3,....,m}

- H A= g7 k), Yy €Zy, 2<g<m.

q€{2,3,...,m}
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Thus according to Theorem 0.1, we have
Corollary 9.1. The wavelet function (5.0)

Vo(r) = Vs (@) = @ ¢(x) @ Qe (x,), 2'€h, ach= ] An

2<q<m m<q meVy\oco

which does not contain the factors w&‘lj(zq) = ¢£q)(:cq —a,), ap € I, for ¢ < m, is an
eigenfunction of the adelic fractional operator D] :

(9.29) Dg\w]@\ia(x'):Dj(m)\ia(x'):( I1 qw<ﬂ'q+l>)\ia(x’), 7 €A
q€{2,3,...,m}

Corollary 9.2. The wavelet function (5.0)
Uo(r) = Vg5 (@) = @ W () @ Qe (x,), 2/€h, ach= |J A

2<q<m m<gq meVg\oo

which does not contain the factors @Dgfz)(:)sq) = ¢ (v, — a,), a, € I, for ¢ < m, is an
eigenfunction of the adelic fractional operator D] :

~ ~ . Y~ ~
930) Do) Vaa) = Dy Vals') = ( I1 q]q'H) U, (7), o' €A.
qe{27377m}
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