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Abstract—The acquisition stage in GNSS receivers determines  Non-coherent acquisition methods take the squared magni-
Doppler shifts and code phases of visible satellites. Accgition  tude of the correlation coefficients as a decision metrio/&r-o
is thus a search in two continuous dimensions, where the digi 46 ynknown carrier phases and possible data modulation.
algorithms require a partitioning of the search space into ells. h thods. th tati fth . fi

We present analytic expressions for the acquisition perfor For t ese. me ,0 S, e. ComP” a |on. Of the receiver opgratin
mance depending on the partitioning of the Doppler frequeny ~Characteristics is a well-investigated field of researdte fter-
domain. In particular, the impact of the number and width of  ature provides detection and false alarm probabilitiesifogle
Doppler bins is analyzed. The presented results are verifietty cells [5], a serial search over all cells with threshold camp

simulations. ison [7], [8], a maximum search[[9], [10] and combinations
Index Terms—GNSS, acquisition, Doppler bin width, receiver thereof [11]. In [12], a comparison of the abovementioned
operating characteristics techniques is provided for an L1 GPS receiver. Detection

probabilities for an L5 GPS receiver with different algbrits
combining data and pilot signals are considered_ in [13Jnfro
which the comprehensive signal model was largely adopted in

In Global Navigation Satellite Systems (GNSS) every satghis work. In [12], both the number of Doppler bins and side
lite is transmitting a particular pseudo-random noise (PRNPbes resulting from adjacent Doppler bins are considetred;
code, which is known at the receiver. Satellites are acduirtatter are only obtained by means of simulations. Analytiea
by correlating the received signal and local code signats adults for the effect of residual Doppler shifts on the acitjois
comparing the results against a threshold. In practicdptted  performance have been presented.in [14]. There, also teeteff
replica of the transmitted code signal differs from the hee@ Of a single adjacent Doppler bin containing significant gger
code signal by a code phase shift (i.e., time lag) and a Dopp¥éas analyzed, however, a detection in either of these biiss wa
shift. Both have to be determined simultaneously in a twgonsidered correct and detection performance was evaluate
dimensional search. The results of this search, which iallysu only numerically. All these works, however, are lacking an
called acquisition, are required for presetting subsetgtages analysis of the influence of the Doppler bin width on detectio
of the GNSS receiver. performance in terms of closed-form expressions.

For this two-dimensional search, the continuous time- In this work, we fill this gap by deriving expressions for
frequency uncertainty region is divided into cells, each- cocell detection probabilities as a function of the Dopplen bi
responding to a particular Doppler frequency and a parti¢ddth. These cell probabilities are then used to compute
ular code phase. Typically, the number of considered coglpbal detection and false alarm probabilities, which Hert
phases is predetermined by the sampling rate and optiofgpend on the number of Doppler bins. With the help of
decimation/interpolation methods, whereas the width (ari@iis theoretical framework, a proper analysis and, mayle® ev
thus, the number) of Doppler bins is only limited by thénore importantly, a performance-oriented design of GNSS
effective bandwidth of subsequent signal processing stfije acquisition stages is possible. Moreover, while the foctis o
In many civil GNSS receivers exploiting the GPS L1 C/Ahis work is on GNSS receivers, the results can be applied to
code [2], the integration period of the correlator is sethe t other CDMA systems affected by large Doppler shifts.
code period of 1 ms. The corresponding Doppler bin widths The remainder of this article is organized as follows: In
range from 500 to 667 Hz (seel [3]-[5] as well &5 [6] and thgection[D) the signal model is introduced, while Section Il
references therein). Unsurprisingly, the choice of the [dep gives a detailed analysis of the acquisition process. The ma
bin width strongly influences the acquisition performari¢et  contribution of this work is concentrated in Sectign$ IV &fid
only that the Doppler bin width is inversely proportionatb@ The former is devoted to deriving global detection and false
number of cells to be searched, it also strongly influences talarm probabilities for generalized cell probabilitieshile
probability of signal detection. Aside from that, the prblidy in the latter the influence of the Doppler bin width on cell
of false positive detections at a Doppler bin adjacent to tigietection probabilities is discussed. The analytic resale
correct one increases for small Doppler bins. finally verified by extensive simulations in Section] VI.
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Il. SIGNAL MODEL
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a single satellite can be represented[as [12] rir[n] < rBn] rin] | Nil X[, k
N —
rir[n] = V2C y[n] cos [((m +0p)n— 19} Yol (D) % % =

whereC is the signal powerd;p = 2”]0& andfp = o @i +orr)n  c[n — ]

are the sampled angular equivalents of the intermeéiate qflkfi 2. Acquisition of a signal with unknown Doppler frequgnand code
Doppler frequenciesf;r and fp, respectively, and) is a phase.

phase shift introduced by the transmission and the noneaher

downconversion to IF. If the ideal front-end filter has a band

width equal to: with f, being the sampling frequency, thewith Ab; = 6; — 6p andX6; = 6; + 6p. The noise signal
noise signah|n] is assumed to be Gaussian with variance [15[n] is & zero-mean circular-symmetric complex Gaussian

pp. 556, Prop. 25.15.2] (ZMCSCG) signal with variancegg—’ for real and imaginary
5 Nofs parts. After downconversion the signal is multiplied witlet
In = Ty ) spreading code using an expected code phias&hus,
and with an autocorrelation function af [13] rln] = rg[njen — ) (8)
_ _ _ 52
Ry n[m] = E {n[n]nln — m]} = 07,6[m]. ®3) _ Qy[n]c[n — 1] (63(291F+29;€)n7ﬂ9 i egAe,;nﬂﬁ)
In these equations% is the two-sided noise power spectral 2~ A
density. The carrier is modulated by + 7[nle[n — ] )
y[n] = d[n]c[n) (4) wherec[n — 1] is the codec[n] circularly shifted bym. The

decision metricX [, l%] is obtained by averaging the signal

where d[n] is the data message angn] is the binary over one code period!
pers

PRN code, i.e.¢[n] = £1. For the sake of simplicity, this
work only considers the GPS L1 C/A code with a number R 1 N
of chips per code periodVe = 1023 and a code period Xl k] = & > rln] (10)
Tper = 1 ms [E]. Furthermore, it is assumed that no data is n=0
modulated on the PRN code, i.@fn] = 1. This assumption where the number of samples within one code period is given
is unproblematic for the GPS L1 C/A codes, since the 20 rby
duration of a data bit is significantly larger than the code N =Tper fs. (11)
period. If acquisition is performed twice for two consevati _ ) _ 2015450, )0
CIA code periods and by taking the result with the strongd? tis operation, the high-frequency ter i
correlation peak, it can be guaranteed that no bit tramsitig@nishes and the bounded sum over the low-frequency term
occurs within the considered code periad [3]. For modef#ft" Pe represented by a Dirichlet kernel:
codes, where the code period is equal to the bit duration L Nl sin (%N)
(e.g., the GPS L2 CM code) the effects of bit transitions can — Z pIAOn _ L aA6; N _\N2")
be mitigated using non-coherent integration|[16] or aided N ne0 Nsin(Agfc)

Following the reasoning in_[18], the influences of time lags

acquisition [17].
and Doppler frequencies can be separated on average. This
[1l. ACQUISITION SYSTEM argument is supported by extensive simulations showing tha

As stated in the introduction, the continuous time-frequyenthe error resulting from this approximation is well below
uncertainty region has to be partitioned into cells to makgaximum side lobe levels (-21 dB according o [5]) and can
acquisition tractable. Let us, for the remainder of this kyor thus be neglected. We therefore get for the decision metric:
assume that the partitioning of the frequency domain is uni- sin (%N)

2

form, and that each of th& resulting Doppler bins has a .7 _N-1 C . .
g bopp dX[m’ k] = e?80% 7 +90 . (A—H,;) W/ERym[m] + n[m)
Nsin (| =%

(12)

width W, as shown in Fig[]l. Given a maximum expecte
2

Doppler frequencyt fp max, the number of binsk, is given (13)

as 2 , where R, .[m] is the correlation function betweey[n] and
fD,max Y,

K= W () the local code[n| evaluated at lagh. The noise signah[ri)

In the acquisition process illustrated in Fig. 2, the reediv IS the average oV independent ZMCSCG samples, thus the
signalr;[n] is first downconverted using an expected Doppléfiances of the real and imaginary parts reduce \ith (11) to

frequencyd;. The obtained signatg[n] can be described o2 o2 Nofs No
utilizing (@) by 2 TIN T AN Al (14)
rp[n] = rpn)e/ i toron (6)

Note that the spreading cod¢n:] has to be upsampled to

= gy[n] (67(29”*29%)"*319 + ejAgénﬂﬁ) the sampling ratef, prior to correlation. Depending on the
2" implementation of the correlation (matched filter, pataltae
+ 7j[n] (7) phase search]3], etc.) samples of the decision metric ewljac
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Fig. 1. Partitioning of the continuous time-frequency utaiaty region. The correct code phase is denotedyhe correct Doppler bin b¥. The plus-sign
indicates the true Doppler frequengy,, the dot shows the Doppler estimatg minimizing the residual Doppler differenc&6;. Note that adjacent Doppler
bins can contain significant signal energy (indicated bfedéht shading; cf. Sectiofis IV aid V).

in the code phase domain are not necessarily statistically IV. DETECTION PROBABILITIES
independent: The correlation function can, e.g., be coetput

for all lags 7 and a particular Doppler estimaiebased on  we define aglobal detectionas the event that the cell
the same set o input samples. In this case the correlatiogelected by the employed search strategy is the correct cell

sum runs over differently weighted moving average filtereige., the one with the correct code phage= m and with the
input samples, where the weights aré and the filter order correct Doppler index

is identical to the upsampling factg{;rvg [19]. This dependence

can be exploited to significantly reduce the computational i
complexity of the correlation process by means of averaging

correlation [[20], [21]. The result of this averaging coaten

is not only a decimation of the correlation function fronf a cell is chosen in the absence of a signal, we will call this
sampling rate to chip rate (i.ely = N¢), but also yields event aglobal false alarmIf the search algorithm chooses no
statistical independence of samples adjacent in the coasephcell at all or the wrong cell in the presence of a signal, regith

k = argmin {|0p — 05|} . (20)
k

domain. a false alarm nor a detection occurs. We will limit ourselies
The decision is finally based on the squared magnitude ¥ffarch strategies employing threshold comparison, i.eella
the decision metricX [, k], detection or cell false alarm is triggered whenever thedieci

.t o . tig metric | X [rn, k]|? for this cell exceeds a certain threshgldA
| X[, k] |° = R{X [, K]} + S{X[, K]}, (15)  gecision based on the ratio between the largest and thedecon
which follows for givenii andd;, a non-centraj 2-distribution 1argest value of X[rn, k]|* of a subset of cells was suggested

with two degrees of freedom and the non-centrality paramef® [23], [24] after the introduction of this ratio as a relikity
measure in[[17]. However, the performance of this method

E {éR{X[m, ;;.]}} E {C\‘Y{X[ﬁ% /;.]}}2 has been analyzed just recenfly|[25], and it was shown that a
L= — + — (16) decision based on threshold comparison outperforms tie rat
' -5 -5 detector [[26].
c sin2 (%N) On one hand, as it can be seen fréml (19), the non-centrality
= 2 per - RN > lml. (17) parameterL ; of the x*-distribution is maximized for the
No N2 gin? (Tk) correct code phaser and the correct Doppler bik. On the

) other hand, whenever the desired satellite PRN code sequenc
Note that the squared means have to be normalized by [0t contained in the received signal, whenever the diffee
corresponding variances, since tié-distribution is defined between the actual and the estimated Doppler frequencies is

as the sum of squares of Gaussian random variables with ygit large, or whenever the code phase is not corract(m)
variance[[22, pp. 940]. With the non-centrality parametdr . ; ~ 0, neglecting side lobe

Af- — 9 Afp 9 A Tper 18 and cross-correlation levels. Assuminhg, ; = 0 immediately
e fe mAf N’ (18) translates to the fact that the¢’-distribution changes from a
and due to the fact that the maximum Doppler differedgge non-cehtral to _a central @stnbgtmn. )
is in the order of a few kHz, even faN = No = 1023 the In this Section, we will derive general relations between
Dirichlet kernel can be well approximated by a sinc kernei"® cell and the global detection and false alarm probasilit
Using sinc(z) = sin(rz) pie finally leads to In particular, we consider not only the numb&rof Doppler
™ bins, but also take into account that cells with correct code
C . . _ .
L= 2TpeT_SinC2 (Af,;Tper) RZ . (19) phases, but wrong Doppler indices, may have a non-cemtralit

parameter. ; ; > 0.



A. Cell Detection Probabilities reduced by means of averaging correlation| [19]-[21]. Signa

Let us define thecell false alarmas the decision metric €n€rgy in adjacent Doppler bins, however, not only affects
| X[, k]|? exceeding a certain threshaldgiven thatl . ; — global detection probabilities, but also depends on thethwid

0. Then, the cell false alarm probability becomes of the Doppler bins. A proper analysis of this influence can
R not be found in the literature.
Pra(8) = Prob (X[ kPP > 8] L, =0) (1)

m,

C. Global Detection Probabilities — Refined Model

, In accordance with what has been said, Ig} ; be the
Pro(B) = e 207 (22) non-centrality parameter of the correct cell, and gt 41,
o ) L., k+2, etc. denote the non-centrality parameters of cells with
Conversely, whenever the decision metric exceeds thetthreg,q correct code phase, but for the first, second, etc. adjacent
old for a non-centraj?-distribution (., ; > 0), we will call Doppler bins. For all other code phases et ; = 0 (in the

this event acell detection Thus, the cell detection probability ;ysence of the desired PRN codellet ; = 0 for all cells). In
is ’

which for a centraly2-distribution is equivalent td [10]

other words, each Doppler bit contains at most one signal

Pyei(B, Ly, ;) = Prob (|X[ﬁ1, KP?>8|L, ;> 0) cell at the correct code phase (see Fig[lL) with an expected
’ ’ non-centrality parametel, ;. Again, acquisition is assumed
_ B to take place as a serial search with threshold comparison. |
= Ly i\l = (23) - . . o
' o2 is important to note that increased detection probatslifa

wrong Doppler bins are adverse in terms of global detection
probabilities.

Since there is now more than a single signal cell, the
direction of the serial search has an influence on the global
detection probability. In other words, searching all cotlages
B. Global Detection Probabilities — Naive Assumption for each Doppler bin and searching all Doppler bins for each

Let us now assume that the acquisition is implemented a§@fle phase leads to different performance results. Note tha
serial search over the two-dimensional uncertainty regam- Poth methods can be efficiently implemented using the FFT:
prised of N K cells, and the search is stopped whatir, k][> In this case, the former option is called parallel code phase
exceeds the threshold for the first time. Furthermore, it S€arch, while the latter is often referred to as parallejusncy
is assumed that there is only one cell containing significadarchl[8]. Following the reasoning in [12], the probapitf
signal energy, i.e., there is only ong(k)-pair for which the d_etection for a search over all code phases for each Doppler
decision metric|X 17, k]|2 is non-centrallyy-distributed — Pin can be calculated as
name_ly the pairi, k). We will call the event of a threshold  Puet(B, Long) 1 - F]f\;(ﬁ)
crossing a global false alarm whenever the desired PRN coderr(8) =

whereQ; (-, -) is the Marcum Q-functior [27][[28]. Note that
in fact Py,(53) is a special case QPy.:(3, L,;, ;.), namely for
Ly =0 ’

is not contained in the received signal. A global detectam, KNK_l Pra(8)
already mentioned, denotes the event when the first thréshol —=n(N-1) W
crossing in the serial search occurs at the correct codeephas Sl Zl Pra (8) ll_[lpdet(ﬁ’Lm’kl)l
m and the correct Doppler bik. Following [12], the global " a (26)
false alarm probability’=4(3) therefore calculates to o o
NE where Pyo(8) = 1 — Pro(B) and Paet(8,L,, ;) = 1 —
Pra(B) =1~ (1~ Pr(8)" ", (24) Pyet(B, L,, 1,)- The probability of detection for a search over
whereas the global detection probabilif§ypz(8) can be all Doppler bins for each code phase calculates to
calculated as Pact(B, Lo 1) K-1n
1 1-(1-Pr@)™" Pper(B) = % (1 + Z HPdet(ﬁ,Lm,k—1)>
PDET(/B) = Pdet(ﬂ7 Lm,k) (25) n=1[1=1
NK Pra(B) 1_FKN(B)
For very small values of’;,(3) the above equations can be _7f; (27)
approximated byPr4(3) ~ NKP;.(8) and Pppr(8) ~ 1= Pg(B)
Pyer(8) [12]. Although theoretically different, for small cell false ata

The assumption of a single signal cell (i.e., a cell for WhiCBrobabilitiest (3) we can Writeﬁj;f ~1— MPra(8) ~ 1

Ly, > 0) is clearly a strong one, since the side lobe anghq thys obtain as an approximation for both search direstio
cross-correlation levels of the correlation function, a+1zero

width of the correlation main lobe foN > N,, and signal Paet (B, L i K

energy in Doppler bins adjacent to the correct one will leahipET () = (K ) (1 + Z HPdet(ﬁ’Lmvk—1)>
oL, ;>0 for more than one cell. Effects of side lobes and n=hi=l 28)
cross-correlations in the code phase search can be nablecte
in medium SNR levels or mitigated by appropriate thresholdepending on the acquisition strategy, this approximatiam
settings, and the effects due to the correlation main lohéea be shown to hold for a wide range of SNR. This is due to



setting the threshold to obtain a constant false alarm Ejte [ 1

- 7
which can be done efficiently by continuously measuring the o 7\1”2(2;?:2’) |
noise floor [26]. 0sl ‘ 4 O w=500Hz ||
It is worth mentioning that the global false alarm probapili X W=700Hz

is the same for the naive and the refined model, i.e., it it °7f ‘ : 1
always given by [(24). Further, when the naive assumptiol _ os} 1
holds, i.e.,L, ; = 0 for /i # m andk # k, both [28) & | |
and [2T) reduce td_(25), while the same does not hold fo Jﬁ» '
the approximatior[{28). Finally, both the naive and the esfin 0.4r 1
model assume that the correct cell is uniformly distributec o3} 1
over the two-dimensional search space. While this assompti | |
can be justified for the code phase domain, depending ¢
the approximate time and position of the receiver, an esti 1| 1
mated Doppler frequency can be computed, from which th 0 X ‘ :

500 1000 1500 2000 2500

search should be initiated][1]. Since the Doppler frequenc ° Doppler shift in Hz

is likely close to its estimate if the estimation process was

successful, the uniformity assumption is too restrictivel a Fig- 3. Squared sinc function fGF,e, = 1 ms. Markers indicate Doppler
the obtained results underestimate the detection perfayena®" Poundaries for designated bin widtHs.

of the receiver.

Further, due to the symmetry of tkenc, for the & + [-th bin

V. INFLUENCE OFDOPPLERBIN WIDTH ON THE DECISION the residual Doppler difference is distributed accordimg t

METRIC
We have defined the non-centrality parameter of ffe Afjrs ~U <(21 _ 1)K’ (20 + 1)K> (32)
distribution modeling the decision metri& [, £]|? in (19), 2 2

which sho_vvs that it is proportional to the squatgnk of the \yith 1 ¢ N. Since nowA f; is a random variable (RV), alsb
Doppler differenced f; = f; — fp, as well as to the squaredpecomes an RV with probability density function (PDEY1).

correlation functionRg_’C[m].. Usi.ng proper decimation r.neth--|-he detection probability thus calculates to

ods [19][21] and neglecting side lobes and cross-coroglat o e

levels we assume that there exists only one single code phase _

m for which the correlation function is non-zero, and that for Faet(8, L) = //3 /_oo fY‘L(y”)fL(l)dldy (33)
this phase we hav&? .[m] = 1. In the literature (e.g.[]9], . T

[13]), however, even the squarathc is often approximated Where fy|(y[l) is the PDF of|X s, k]| for the cell con-
by unity for the correct Doppler bin, and by zero for all othef@ining the desired signal conditioned on the non-cemyrali

bins such that parameterL. This expression is difficult to compute since
C the PDF of L is not readily available and also the resulting
Lk = Linax = 2TpeTF (29) integrals might not have convenient closed-form solutions
R 0 Instead, assuming that the Doppler bins are sufficientlyllsma
L,i=0 Yk 7 k. (30) it is possible to approximate the PDF &f to be linearily

As Fig.[3 shows, this simplification is too optimistic: Foraiin dependent ol and we get

Doppler bins, such ad” = 200 Hz, the Doppler bin adjacent oo

to the correct one (the area between the two leftmost dot- Paet(B, L) = / fyip(y, E{L})dy, (34)
markers) has a significant non-centrality paraméigy.. A

Moreover, for large Doppler bins (e.d}; = 700 Hz) the non- as shown in the Appendix. Exploiting the method for com-
centrality parametek.,,, ;. of the correct Doppler bin might be puting the expected value of a function of a random variable
as low as indicated by the leftmost cross-marker. This 8ectifrom [29, pp. 142] and using the uniform distributidn 32), i
is thus devoted to a more in-depth analysis of the influentsestraightforward to computé, ; = Ly, -+

of Doppler bin widths, which will lead to a more realistic

o o @+n%
characterization of the acquisition performance. 1 C / 2 .9
) . ) . ... Ly =2Tper—— 3 AfiTper) d(Af;
As stated in Sectiofilll (see Figl 1), in the acquisition” ™" "W No Ja—nyw sine® (Af; Tyer) d(Af7)
process the whole Doppler domain is divided into bins of équa (35)

width W, which are searched in a serial fashion. The center
frequency of a bin represents the Doppler estimfate- 6; 4= Substitutings = Af; Ty, We getdz = Tpe,d(Af;) and
with which the received signal is demodulated. In the Dopple

bin_c_orres_ponding to the co_rrect Dopple_zr freque_nc_y, the re- Lo bt = 2 C /flTper sinc? (z) dz. (36)
maining differenceA f;, is uniformly distributed within that W Ny £, Tper
bin, i.e., _
A U w W (31) wheref, = (20— 1)% and f, = (20 +1)% denote the lower
fr~ T 99 and upper frequency bounds of thekt [-th Doppler bin. We



obtain assumed, however, that during decimation the correct code
2 C1r.. - ) phasem corresponding ta?, .[m] = 1 is preserved.
L k1 = WFO;[SIQszTpeT)_Sl(QWLTper) The Doppler frequency was assumed to be uniformly
2 T .9, = distributed over the whole Doppler range, i.efp ~
st (n/, Tper) _ (_WflT””)} (37) U (—fDmax, [D,max), Wherefp max = 5000 Hz [1]. To make
mf Tper 7 f1Tper both simulation and analytic comparison tractable, onlg tw
whereSi(+) is the sine integral [22, pp. 231]. Fﬂz7l _ w Doppler bins adjacent to the correct bin contained signal

(i.e., for the bink containing the correct Doppler frequencyfNerdY: i-€.Lim k41 = 0 for I =3,4,..., which leads to
this yields Piet(By Ly k1) = Pra (B) VI=3,4,... (39)
Lk = 2C1 2Si(W Tper) — 4sin® (75 Tper) (38) This simplification holds well for bin widths greater than
"E W N per TW Tper 300 Hz, as shown in Fid.l3. The Doppler bin widths were

. . . . varied within W € {200,500, 700,1000}. The signals were
The sine integral increases monotonously in the interva . .

: - correlated with PRN codes 1 and 5 for the detection and
[-m, 7] and oscillates around the constarjsfor positive

: : . false alarm probabilities, respectively. For each Dopblier
and around-7 for negative arguments in a decaying manner. P P Y pid

Thus, the difference of the sine integrals[inl(37) will cdmite width W' and each value Oﬁ a set of10° correlations was

significantly whenever at least one of the arguments fal?serformed.
g ¢ 9 A serial search is implemented: Starting from the first

within [, ], i.e., for low values of = |k — k|. Thus, one Doppler bin, all possible code phases are searched segjlenti

can expect that Doppler bins close to the correct bin have, on..." . , . ;

average. large non-centrality parameters. while lar ee(rff, until either the threshold is crossed or until the whole Depp
ge, 'arg yp ! g bin is searched. Then, the next Doppler bin is taken into con-

lead _to sm_all non-c_ent_rallty_param_e_ters. These mathemm'gideration. If the first threshold crossing occurs at theemir
considerations are in line with intuition, which suggestatt

. . code phase in the correct Doppler bin, the signal is assumed
the correct Doppler bin contains most of the energy. Moreov? . L
. . : 0 be detected, while any threshold crossing in the abseince o
since for small values of¥/ more bin boundaries may fall

in the interval[ ], the correct Doppler birk on average a signal triggers a false alarm. For the analytic resultgter
—T, |, . i~ N
contains more energy if the bin is small. For large bins ti%!;bal detection probability, the accurate expressiol) (s

correct Doppler frequency may be far from the bin centeur, ed.
compared to the former case.

While all this reasoning suggests that smaller Doppler bifs Influence of Doppler Bin Width on Cell Probabilities
are preferable, another aspect has to be taken into account:
Given a fixed Doppler search range #ffp ,.x, according 10°
to () K bins have to be searched. Siné¢ is inversely
proportional to the bin widthiV, smaller widths lead to a
higher number of bins, which increases the probability of
false alarms according tb (24) and, consequently, decsehse
probability of detection (se€(R5) arid [28)). Moreover,as&s
wherelV is small, bins adjacent to the correct Doppler bin may
contain significant signal energy (lar@g, x+1, Ly, x+2, €tC.),
which can trigger a false detection and thus degrade receiv
performance. As a consequence, depending on the threshc
and the SNR, there will be an optimal Doppler bin width
maximizing the global detection probabiliyp g7 (5).

T T
—8— W =200 Hz
— © — W =500 Hz
—x—- W =700 Hz|

I'm k)

- 10-1 L

Pdet(B

VI. SIMULATIONS AND RESULTS 102 i i L i
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To verify the analytic results, a series of simulations was Threshold

conducted. To this end, a set of satellite signals was gtatkra _ . , _
Fig. 4. Cell Detection ProbabilityPs.. (8, Ly, 1) for different Doppler bin

For simplicity, it was assumed that jUSt a Single Satelm@ﬁ widths. Simulated (bold markers) and analytic (lines) ltssare shown for
L1 C/A PRN code 1,Nc = 1023, T,er = 1 ms) was the correct Doppler bin. The thick solid line indicat®.; (8, Lmax)-

visible with random Doppler frequencfp and code phase:

(see below). The carrier-over-noise spectral density r%}i Figs.[4[®, an@l6 show a comparison between the simulated
was set to 40 dBHz unless stated otherwise. After samplingd analytic cell detection probabilities for the correttie

the signal with a high sampling frequency, it was assumdidst, and the second adjacent Doppler bins for different bin
that prior to detection the signal was decimated to the codedths. It can be seen that there is a good match between
chipping rate by means of averaging correlation (Cf. [20lhe analytic and the simulated results, except for the cése o
[21]). Thus, N = N¢ = 1023. This simplification does not the Doppler bin directly adjacent to the correct one. In this
affect the validity of the analysis, since with this methbe t particular case, a separate analysis showed that ferk + 1
statistical properties of the cells do not changel [19]. Iswand for larger the Doppler bin widths, {34) is not a good
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Fig. 5. Cell Detection Probability?;..(5, Ly, x+1) for different Doppler Fig. 7. Global False Alarm Probability’~ 4 (3) for different Doppler bin
bin widths. Simulated (bold markers) and analytic (lines3ults are shown widths. Simulated (bold markers) and analytic (lines) ltesare shown.
for the Doppler bin adjacent to the correct one. The thickdslate indicates

Pdet(ﬁvo) = Pfa(B)
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Fig. 8. Global Detection Probability’r g1 (3) for different Doppler bin
widths. Simulated (bold markers) and analytic (lines) lssare shown.
Fig. 6. Cell Detection Probability’;.. (8, Ly, k+2) for different Doppler

bin widths. Simulated (bold markers) and analytic (lines3uits are shown

for the Doppler bin second adjacent to the correct one. Tk tolid line

indicates Py (8, 0) = Prq(B). a greater number of noise cells becomes apparent, showing
that smaller Doppler bins do not necessarily lead to impiove

o _ ~ performance. For example, Fi{d. 7 shows that the global false
approximation ofl(38), which consequently leads to largé-de gjarm probability increases for smaller Doppler bins, ifer

ations. This is related to the fact that the linear approfina 5, jncreasing numbé of bins — this is intuitively understood
of the condm_onal PDFfy 1 (y,1) is not sufﬂmeptly accurate py |ooking at [24). Conversely, Fig] 8 shows the probability
for these choices of parameters (see Appendix). Neveebielgjetecting the correct cell in a serial search which, espgcia
it can be seen that smaller Doppler bins lead to increasgl small Doppler bins and low thresholds, suffers from
cell detection probabilities, both for the correct and a€f# pigh false alarm rates. The additional bend in the curve for
Doppler b|n§. Ir_l addition to that, itis shown (thick lineBpat 17 — 200 Hz near the maximum is due to significant energy
by not considering Doppler bin widths at all, the results Wlou of the adjacent Doppler bins, which increases the prolgbili
be too optimistic, leading to an overestimation of the globgs triggering a false alarm. As shown, low thresholds benefit
detection probability (see Sectibn VI-B). from larger Doppler bins (smalk, little energy in adjacent

The cell false alarm probability does not depend on the NOBins), whereas the opposite is true for larger values3of
centrality parametef., thus it is not affected by the DopplerThere’ small Doppler bins lead to a high,, 1, i.e., a high
bin width. cell detection probability for the correct cell, whereatsda

alarms are unlikely due to the large threshold.

Combining these probabilities to global detection andefalvalidated by the simulations, despite the fact that the addete

alarm probabilities shows another picture: Here, the efééc tion probability for the Doppler bin with index + 1 was



underestimated by the theoretical approximation.
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Fig. 9. Global Detection Probability’p g7 (3) for different Doppler bin  to L,, , = Lmax, L ; =0forall k +# k.

widths as a function ofN%. Analytic results are shown for a fixed cell false ’

alarm probability ofPy,(8) ~ 10~% (B = 0.0225). Thick lines correspond

0 Ly g = Limax, L, = 0 for all k # k.
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Here, we want to stress that a general statement about the
. . . __optimal width W and the corresponding numbéf of the
ﬁlgfllg shlows the g"l’)t.’l‘?" det((ajctéqfrf\ probab||l|ty for a |f|xe oppler bins is not possible. The naive assumption of a sing|
cell false alarm probability and different values &f. 't signal cell only considers the numbéf of bins, and thus
can be seen that for low values of all Doppler bin g,qqests that few large bins outperform many small ones.
widths perform almost identically with smaller bins slight This effect of the Doppler bin counk is outweighed by
in favor. Differences only become apparent for medium tg,nsidering the non-centrality parameters of adjacens bin
high values. Fixing the threshold relative to the noise flo@ it ine pins are too small, false alarms at adjacent Doppies bi

the effect of increasing the probability of a false alarm @t &, opipit high detection probabilities. As it turns out, tds
adjacent Doppler bin for large SNR. The detection probigbili; Doppler bin widthIV optimizing the trade-off. A general

asymptotically approaches the probability ;[hat the sesalch  satement about this optimum is not possible, since it dépen
is started at the correct bin, i.p p7 () = % Thus, for high ot only on the SNR (cf. Fig10), but also on the chosen cell

SNR and a fixed cell false alarm probability, large Dopplggse alarm probability which influences the thresholdisgtt
bins perform better than smaller ones.

As one can expect, by neglecting the influence of the
Doppler bin width on the cell probabilities, i.e., assuming. Receiver Operating Characteristics
that there is just one signal cell in the two-dimensional
uncertainty region, this behavior cannot be observed. As th
thick solid lines in Figl® show, the global detection proitigh 05 ‘ ‘ ‘
just depends on the SNR and on the total number of cells  o.4s}
NK. Thus, for IargeN%, neglecting adjacent Doppler bins
leads to optimistic results for the global detection pralitgtb
Pper(5).

Fig.[10 depicts the global detection probability as a fuorcti
of the Doppler bin widthiV/, again for a fixed cell false alarm
probability. It can be seen that small Doppler bins are ifav
for low values OI‘NQ0 (see Fig[®). If the bins are large, too
much energy is lost for the correct bin, while the energy fromr
adjacent bins is buried under the noise floor anyway. For hig
SNR regions and smalli’, however, false alarms are likely
at adjacent Doppler bins. Again, by neglecting the influenct
of W on the cell detection probabilities, too optimistic result 01 02 03 04
are obtained. As the thick lines in Fifg.]10 show, one may

be falsely led to the conclusion that the effect of Doppler . . - .
Fig. 11. Receiver Operating Characteristics ggg = 40 dBHz. Simulated

bin W'_dths 1S negllglble_, and that regardless of th_e SNR t}?éd bold markers) and analytic (marked lines) results ampared to the
detection performance is better for large Doppler bins,({®® naive assumption of.,, , = Lumax and L, ; = 0 for all k # k (thick

small K). marked line)

0.4r
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Fig. 13 finally plots the global detection probability as dhat
function of the global false alarm probability. Again, itrca vy, 1) = (kl +d) fy (y, E{L}). (40)
be seen that analysis and simulation match quite well. ASé"EJ
was expected, neither very small nor very large Doppler bifs
perform well; In the former case, the false alarm probapilit A
is increased, while in the latter the detection probabiiity Paci (8, L) = /ﬁ /,Oo Py Dfe(bdidy (41)
decreased. On the other hand, medium Doppler bin widths oo oo
in the order of 500 to 700 Hz turn out to perform optimally ~ / / (KL + d) fy (y, E{L}) fL(1)dld442)
in terms of receiver operating characteristics, at leastHis 500 - 0o
particular value ofN%. = / fy(y,E{L})/ (kl + d) fr,(1)dld{A3)
By neglecting the influence of Doppler bin widths, one again /300 -
can see that the obtained results are overly optimistickimap _ / fyr(y, E{LY)(KE{L} + d)dy (44)
at the thick lines in Figl_d1, which consider the number of 8
bins, K, but not the influence on the non-centrality parameters o
L, ; one is tempted to conclude that large Doppler bins out- - /ﬁ Friz(y, E{L})dy, (45)

perform smaller ones. This result, however, is based dyntire . his [3). H in thi i ds t K
on the assumption that there is just one signal cell, and tP{%{E'C IS )- However, in this equation one needs to make

the energy contained in this cell is independent of the D@pplSure thatfy (y,E{L}) depends on the expected value bf

bstituting this into[{33) leads to

bin width such that
As Fig.[11 shows, despite model inaccuracies pointed out /OO fy (W, E{LH(KE{L} + d)dy = 1 (46)
in Section[VI-A and in the Appendix, our theoretical frame- —0

work matches the simulations quite well. In addition to thag, g E{L}. In Fig.[12 this linearity assumption is illus-
compared to the naive assumption of a single signal cell, Ogated. The range between the rightmost marker and the value
model leads to dramatically improved estimates of reCeVEr , . /L. represents the correct Doppler bin. The range

operating characteristics. between the two rightmost (leftmost) markers indicate trs fi
(second) adjacent Doppler bik ¢ 1 andk + 2, respectively;
VIlI. CONCLUSION compare to Fig.]3). As it can be seen, both the range between

In this article, the influence of Doppler bin widths on GNS&he two leftmost markers and the range between the rightmost
acquisition performance is analyzed. Analytic expression@rker and the boundary can be well approximated by a
linking the Doppler bin width to the detection probabilitie ine. Thus, [3#) approximatess (33) well and the correspogdi
are derived and evaluated. These expressions replace dgection probabilities are matching simulations (sees
conventionally used detection and false alarm probasijti and[6). The range between the two leftmost markers, on the
which assume that the search region is populated by noigéler hand, is only approximately linear féF" = 200 Hz.
only cells except for a single signal cell. This assumptioffor bin widths of W' = 500 Hz and W = 700 Hz the
specifically, is shown to be overly optimistic. linearity assumption _c_learly d_oes not hold. As a conseqeienc

Three different effects of the Doppler bin width are considhe detection probability obtained for the adjacent Doppie
ered: First, the number of bins influencing the total numbé valid only for W' = 200 Hz (see FigLB).
of cells over which a serial search is conducted. Here it is

shown that a large number of bins increases the false alar  *

)
probability and decreases the detection probability. 8eco 0.45 : . \,Y\,lL:zoo Hz
the influence of the bin width on the detection probability of 04l (3 W =500 Hz

W =700 Hz

the correct cell was analyzed. It turned out that smalletthgd
improve detection performance significantly. And finallyet
influence of the bin widths on the false alarm probability, 03f : : R
especially for cells in the close vicinity of the correctlicel g 025/ i
where significant signal energy can leak to adjacent Dopple <
bins was discussed. It was shown that smaller bin width
increase the probability of stopping the search at a wron 0151 ‘ R
Doppler bin, and thus have adverse effects on the detectic o3| ,
probability. As a consequence, extreme cases of very small (
very large Doppler bins should be avoided when designing th

acquisition stage. All these analyses are validated by meal % o1 o0z 03 04 05 o8 o7 o8 o9 1
of simulations. L ke Lmaae

0.35[ B

APPENDIX Fig. 12.  Conditional probabilityfy |z, (y,!) evaluated forlpe, = 1 ms,
NQ = 40 dBHz, andy = 0.0225. Markers indicate Doppler bin boundaries

In this appendix, we show that under a linearity assump)? designated bin width$V'.
tion (33) can be approximated Hy {34). Thus, let us first agsum
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