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The blow-up theorem of a discrete semilinear
wave equation

Keisuke Matsuya

1 Introduction

Consider the Cauchy problem for the semilinear wave equation

0*u »
o =Au+|ul’ (p > 1),
u(0, %) = f(), (1)

ou . .
% 0.5) = o(a),
where u := u(t, f) (t >0, 7:= (21, ,74) € R?) and A is the d-dimensional

Laplacian A := Z 927 When the initial condition f(#), ¢g(Z) are continuous

and unifomly bounded there is a smooth solution for ¢ > 0 and whenever the
solution is bounded. It is well known that the solutions of this problem is
not necessarily bounded. For instance, considering the spatially uniform initial
condition, f(Z) =0, g(&) = g > 0, this fact can be understood. In this case,
u(t, ) = u(t) and () becomes an ordinary differential equation,

d?u

il p
iz =

du

E(O) =9>0

Because of the initial condition, the solution of (2]) is non negative if it is bounded
so that |u|P = u? is obtained. Multiplying the both sides by 44 and integrating

dt
0 to t, we get
du 2
- p+1
(dt) P+ p+1" o

du >0 (t > 0) is derived. Therefore the

Owing to 2% > 0 and du(0) =g > 0, v

di?
differential inequality,
du 2
- _Z L, e+1)/2
> 3
dt p+1 “ (3)
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is obtained. Since there exists positive number € such that u(g) > 0, the solution

of @) is
(aC)_l/o‘

{(aC)_l u(e)~*+¢e— t}l/

where o = (p— 1)/2 and C = /2/(p+1). Now we see that the right side
diverges as t — a~1C " u(e) ™+ —0 so that the solution of (@) is not bounded
for all ¢ > 0. In general, if there exists a finite time T' € R<( and if the solution
of (M) in (¢,%) € [0,T) x RY satisfies

u(t) >

(t>e)

limsup [[u(t, )]~ = oo,
t—T-0
where

u(t, )|z~ = sup |u(t, Z)],
ZER

then we say that the solution of (Il) blows up at time T. If such T' does not
exist for the solution of (Il then we call it a global solution.

The critical exponent pe(d) = Hty 04T V(:f_t)wd_? (d > 2) which characterises
the blow up of the solutions for (I)) is studied by many researchers [2H8]. F.
John [2] proved small data blow up with 1 < p < p.(3) and small data global
existence with p.(3) < p. R.T. Glassey [3,14] proved small data blow up with
1 < p < pc(2) and small data global existence with p.(2) < p. J. Schaeffer [5]
proved small data blow up with p = p.(d) where d = 2,3. T. Sideris [6] proved
small data blow up with 1 < p < p.(d) where d > 4. V. Georgiev, H. Lindblad
and C. Sogge [7] proved small data global existence with p.(4) < p where d > 4.
B. Yordanov and Q.S. Zhang [§] proved small data blow up with p = p(qy where
d> 4.

Kato [I] proved the following theorem

Theorem 1.1 Let u be a generalized solution of
Pu D ) ) ; ﬂ L a

on a time interval 0 <t < T < oo, which is supported on a forward cone
Kr={(t,2);t>0, || <t+ R} (R>0).
Assume that [ satisfies

B blsPo (Is| < 1),
f(t,7,s) > {b|s|p (Is| > 1),

where b >0 and 1 <p <py=(d+1)/(d—1).

(If d = 1, po may be any number greater than or equal to p.)

Moreover, assume that, for w(t) = [p. u(t,Z)dZ, either (a) %2(0) > 0, or (b)
42.(0) = 0 and w(0) = 0.

Then one must have T' < oco.



From this theorem, we obtain the next corollary.

corollary 1.1 Let u be the solution of [Il). Assume that f and g in [)) satisfy
supp(f) U supp(g) € {Z € R% |2 < K} (K > 0) and [, gdZ > 0. Moreover,
assume 1 <p < (d+1)/(d—1) (d > 2).

(If d = 1, any assumptions for p but 1 < p are not needed.)

Then u blows up at some finite time.

In numerical computation of (), one has to discretize it and consider a
partial difference equation. A naive discretization would be to replace the t-
differential and the Laplacian with central differences such that () turns into

+1 -1 d _
ur = 2un +ul Z Uh, g — 2untup
5?2 N
k=1
where u(7,7)(=: uf) : Zso x Z% — R, for positive constants § and {Cand
where ¢, € Z% is the unit vector whose kth component is 1 and whose other
components are 0. Putting \ := §%/£2, we obtain

uT = 2dAM (uf) + (2 — 2d\)uf — w7t + 2 |ugP (p > 1). (4)
Here
R 1 ¢
M(Vi) = o > (Vare, + Vi) (5)
k=1

For a spatially uniform initial condition, @) becomes an ordinary difference
equation
uT+1 — 2UT _ uT*l + 5|u7|p'

The above equation is a discretization of (2]), but the features of its solutions
are quite different. In fact, ©” will never blow up at finite time steps. Hence,
@) does not preserve the global nature of the original semilinear wave equation
@a.

In this article, we propose and investigate a discrete analogue of ({Il) which
does keep the characteristic of corollary [T}
In section 2, we present a partial difference equation with a parameter p whose
continuous limit equals to ([Il), and state the main theorem which shows that
this difference equation has exactly the same properties as ({l) with respect to
p. This theorem is proved in section 3.

2 Discretization of the semilinear wave equation

We consider the following initial value problem for the partial difference equation

4qul
T+1 T—1 __ [0 = d
R e A ©



where p > 1 and 0 > 0 are parameters and v is defined by means of M @) as

vf = M(uf).
If there exists a smooth function u(t,¥) (t € Rsg, ¥ € RY) that satisfies
u(76, &7 = ul) with € := V/d§, we find

u(t +6,2) +u(t — 8,%) = v(t, ©)(2 + 6%v(t, ) |v(t, ©)|P~2) + O(6%),

with

d
=z :idz (t, 7+ &ex) + u(t, @ — &ex)),
k

or

u(t +0,%) — 2u(t, @) + u(t — 6, %) d u(t, @+ &ex) — 2u(t, Z) + u(t, & — £ek)
52 =>. 2

+ |u(t, 7) [P + O(6?).

k=1

Taking the limit 6 — +0, we obtain the semilinear wave equation ()

0%u
Thus (@) can be regarded as a discrete analogue of ().

Because of the term 2—§2v|v5 P2, if vZ — (2672)Y =1 then u ™ — +o0.
This behaviour may be regarded as an analogue of th blow up of solutions for
the semilinear wave equation. Thus we define a blow up of solution for (B) as
follow.

Definition 2.1 Let ul, be a solution of (@)).
When there exists 1o € Z>o such that v} < (20~ Y= for all T < 19 and
ii € Z2, and there exists iy € Z% such that v > (207 HU P then we say
that the solution ul blows up at time o + 1.

The example of blow-up solutions for (@) is as follow. Considering the spatially
uniform initial condition u% = 0, uk = g > 0, uZ = u” and (@) becomes an
ordinary difference equation,

qu”
T+1 T—1 _
u tu 92— 52u‘r|u7|p72
ult=9g>0

This is the discrete analogue of ([2). One can see that the solution of (7) blows
up as follow.
Let the solution of (III) does not blow up at any 7,
ie., u” < (2672)Y P~V (Y1 € Zs), then we get
26%|uT|P

'LLT+1 — 2uT —+ uT71 = > 0.
92— 52u7|u7|p—2



Hence, we obtained a difference inequality u” 1 — 2u™ 4+ 4" ! > 0. Solving this
inequality with the initial value, u™ > g7 is derived. This inequality means
that " is arbitrarily large for large 7 € Z-(. This statement contradicts to
u” < (2672)Y =1 (Y7 € Zs) so that the solution of (@) blows up at some
finite time.

Furthermore, (@) inherits quite similar properties to those of (). The fol-
lowing theorem is the main result in this article.

Theorem 2.1 Let ul, be the solution for [@). Assume that
(A1) {7 € Z4ul, £ 0y C {7 € 2% ||| < K}, (j =0,1 K > 0)

where |1 == |n1| + - + |na| (7@ = (n1,--- ,nq) € Z%).
Moreover assume 1 <p < (d+1)/(d—1) (d > 2).

(If d = 1, any assumptions for p but 1 < p are not needed.)
Then ul, blows up at some finite time.

Remark The summations in (A2) seem to be infinite series, but owing to
(A1), both summations are finite series.
The author believes that (Bl does keep the characteristic of the critical exponent

Pe(d)-

3 Proof of the theorem

The idea of the proof is similar to that adopted by Kato [I].
First, to make the equations simply we take the scaling (26~2)1/(P=DyT —
ul then (@) is changed to

-
2%

T7+1 T7—1
U + U = .
n n 1—vZl|vZ|p—2
n n

(8)

We shall deduce a contradiction by assuming that u’. does not blow up at any
finite time, i.e., vT <1 (Y(1,7) € Z>o x Z%).

Put
U .= Z urk. 9)

Because of (A1), {7 € Z%uy # 0} C {7 € Z% || < K + 7 — 1} so that the
summation of (@) is well-defined. Moreover, from {ii € Z%v] # 0} C {7 €
Z4 |7 < K + 7}, UT = - v7% and v} < 1, we obtain the inequality as follow

Ur <T7, (10)

where T™ := #{ii € Z%; ||7i|| < K + 7}. From (8), we get

_ 2|vZ]
T+1 T T—1\ __ 7
Z(Uﬁ — 2v5 +uy )—ZW (11)

n n



The left hand of () is same to U7t! — 2U7 + U7~ ! and the right hand is
nonnegative because that all terms of summation are nonnegative.

Hence we get U™t —2U™ + U7~ > 0. From this inequality, there exists some
positive number Cy which satisfies the inequality as follow

U’ 2 C()T (12)

for sufficiently large 7 € Z~g.
Note that U™ > 0 for sufficiently large 7 € Z~.

To get another inequality about U™, we need the next lemma.
Lemma 3.1 Put
2P
1 —z|xfp2
Let0<z9g <1, zjo1<zj (j=1,---,5) and A\; >0 (j=0,---,s), Ao+---+
As = 1.
If Nozg + -+ - + Aszs > 0 then the inequality as follow

h(z) (z <1).

Aoh(xo) + -+ + Ash(xs) > h(doxo + -+ + Ass)
1s satisfied.

Proof We get

d
%(th(zo) —+ -+ )\Sh(.IS) — h()\o.fo —+ -4 /\SIS))
0
= Xo(h'(20) — h( Moo + - + As4)), (13)
dh

where h'(z) := T (x).

Since h(x) is convex on the interval [0,1), h'(x) increases monotonically on the
interval [0,1). On the other hand, 0 < XAozg + -+ + Asxs < 29 < 1 by the
definitions.

Then we get that [I3]) is nonnegative and

Aoh(xo) + -+ + Ash(xs) — h(Aoxo + -+ + Ass)
> Moh(—(Mx1 4+ - Ass) /o) + Arh(z1) + - + Ash(zs) — h(0)
>0
is obtained.
Now the proof of lemma is completed. B
Since {71 € Z4;v% # 0} C {it € Z% ||7i]| < K+7}and U™ = 3_ - v7 is nonnegative

for sufficiently large 7 € Z>o, this lemma is adopted to right hand of () as
follow,

2zl A&
T T N Y B SiA
2T7) (U7
1— (T‘r)l—p(UT)p—l :




Here we put A\; =1/T7 (j=1,---,T7).
We note that there exists positive number Cy which satisfies T7 < Cp7¢ for
sufficiently large 7 € Z~. Considering this statement and U™ < T7, we get
U‘r+1 —UT + UT—l 2 20%*;07_—11(;0—1)([]7)1)

with sufficiently large 7 € Z~.
Sincel<p<(d+1)/(d—1),ie,—dlp—1)>—(p+1), we get

U™ U + UL > Cor (TP, (14)
where Cy := 2C:1F_p.
Moreover, using (3]),

U™ —2Um + U > G0y P

with sufficiently large 7 € Z~.
Solving this difference inequality, it is found that U7 increases monotonically
and there exists some positive number C] which satisfies inequality

U™ > CitlogT, (15)

with sufficiently large 7 € Z~o.
Now we consider about

Ca D) (Pt
p+1
Since ([[4]) and U™ is monotonically increasing, we get

ET+1 —ET

_ {(Ur-i-l _ U‘r)2 _ (U‘r _ UT—1)2}

Cs

p+1

> 27_—(p+1) (UT)p(UT-‘rl _ UT_l) _

ET .= (UTJrl _ U‘r)2 _

{T—(p-i-l)(UT)p-i-l —(r— 1)—(p+1)(UT—1)p+l}
G
p+1

utt1 1 (uT—h\"*!
> Cor~PHU(UTPFL ] — - :
=2 @) 0 p+l  pri\ T

U - Uy

It is known that p—_lH)\p“ - A+1- p% >0 (0 < A < 1) so that we get

ETt! — E™ > 0 with sufficiently large 7 € Z~.
Due to U™ /7 > CflogT by (I3), there exists some positive number C3 which
satisfies
(UT+1 _ UT)2 > C3T—(p+1)(UT);D+1
with sufficiently large 7 € Z~.
Owing to (&), we get
T (P*l)/z T
U U
UT+1 _yUT Z 03 <_) =

T T

> Cgc{(Pfl)/Q(log 7_)(;17—1)/2 U_7
.



with sufficiently large 7 € Z~.
Since (log7)P~1/2 is arbitrarily large for large 7 € Zsq, the following linear
difference inequality

UT+1 —UT > CU_

T

with any positive number C' and 7 > 779 where 75 depends on C is held.
Solving this difference inequality, we get

7—1
> 1] S“;CUTO (r > 70+ 1).

S=T0

Let C > d+ 1, then

d
Ur>um H
k=0

T+ k
70+ k

(tr>m0+1).

This inequality means that there exists some positive number C” which satisfies
inequality U™ > C’'79*! with sufficiently large 7 € Zq but this statement
contradicts to U™ < T7.

Now the contradiction is deduced and the proof of the theorem is completed.
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