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Abstract

In the first part of the article using a direct calculation two-dimensional motion of a particle
sliding on an inclined plane is investigated for general values of friction coefficient (1). A parametric
equation for the trajectory of the particle is also obtained. In the second part of the article the
motion of a sphere on the inclined plane is studied. It is shown that the evolution equation for
the contact point of a sliding sphere is similar to that of a point particle sliding on an inclined
plane whose friction coefficient is % w. If g > %tan 0, for any arbitrary initial velocity and angular
velocity the sphere will roll on the inclined plane after some finite time. In other cases, it will slip
on the inclined plane. In the case of rolling center of the sphere moves on a parabola. Finally the

velocity and angular velocity of the sphere are exactly computed.
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I. INTRODUCTION

One of the standard problems in elementary mechanics is a particle sliding on an inclined
plane. Usually it is assumed that the motion is one-dimensional',?2. However there are also
some textbooks?,%in which two-dimensional motion of a particle sliding on an inclined plane
for special choice of friction coefficient is considered. In a recent article® it is shown that
there is an analogy between curvilinear motion on an inclined plane and the pursuit problem.

In this article using a direct calculation two-dimensional motion of a particle on an
inclined plane of angle 6 is studied. In section II sliding of a particle on an inclined plane
is investigated for general values of friction coefficient, u. We obtain particle’s velocity in
terms of ¢, the slope of particle’s trajectory. At first general behavior of the particle’s
velocity at large times has been considered. It is shown that for p > tan6 after a finite
time the particle’s velocity will vanish, and at this time ¢ is also equal to zero. For p > 1,
at large times the particle moves in a straight line. An exact calculation is also done and
a relation between time, ¢, and ¢ is obtained. In section III, the motion of a sphere on
the inclined plane is studied. Depending on the friction coefficient and initial velocity and
angular velocity of the sphere, it may roll or slide on the inclined plane. The evolution
equation for the contact point of a sliding sphere is obtained and it is shown that it is
similar to that of a point particle sliding on an inclined plane whose friction coefficient is
% . For p > %tan@ depending on initial velocity, sphere may initially slip but it will roll
after some finite time. For pu < %tané’ it will slip forever. It is shown that when the sphere
rolls on an inclined plane generally the center of sphere moves on a parabola. Finally the

velocity and angular velocity of the sphere are exactly computed.

II. SLIDING A PARTICLE ON AN INCLINED PLANE

Let’s consider an inclined plane of angle #. We want to study sliding a particle of mass
m on this plane. Here it is assumed that friction coefficient,j, is constant and the problem

is solved for general values of . Newton’s equation of motion is
mi = mgsinf i — pmgcosf e,, (1)

where e, is the unit vector in the direction of particle’s velocity. See Fig. (1). Let’s define

A := pcot B, where ¢ is the slope of particle’s trajectory at the point (z,y). Then equation
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FIG. 1:

A particle sliding on an inclined plane

(1) recasts to

m& = mgsinf(1 — Acosyp),

my = —Amgsinfsin g (2)
Newton’s equation of motion of the particle tangential to its trajectory is
m§ = mgsinf(cosp — \), (3)

where s is the length parameter along the particle’s trajectory. Let’s solve the problem for

different values of X\. Note that \ is a nonnegative parameter.

A. A=0

This case corresponds to a frictionless plane. The particle has a constant acceleration
gsin @, and the component of velocity along y axis, v,, remains constant. Then the trajectory

of the particle is generally a parabola.

B. =1

This case has been partially studied in Refs. 3, and 4. Setting A = 1, (2) and (3) recast
to

mE = mgsinf(1 — cos @),
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my = —mgsinfsiny,

ms = mgsinf(cosp — 1) (4)

it is seen that

§+& =0, (5)

Then $ + & should be constant. Assuming initial velocity to be vq (see fig. 1), then

$+ & =wvp(1l 4 cosgyp). (6)
Then using
T = §COS ¢,
Y = §cos p, (7)

one arrives at

s vo(1 + cos o)
~ 14cosp

. g cosp(l+ cospg)
Tr =
1+ cosp

Y

~ wosin (1 4 cos pp)

: (8)

1+ cosep
As o o , _dy g
s ¢ is the slope of particle’s trajectory at the point (z,y), then tanp = Er and
x T
(p(l + tan2 (,0) = yx72y (9>

Using (4) and (9), ¢ can be obtained

__gsind sinp(l + cosy)
B vo(1 + cos ¢p)

. (10)

It is seen that for any 0 < ¢ < 7, ¢ is negative. So ¢ is a decreasing function of time. Let’s
consider its behavior at large times,

2gtsin 6
2gsinf

S N _vo(l—l—cosgpo). 11
? vo(1 + cos o) & P e (11)

At large times @ goes to zero, the particle’s trajectory is a straight line and it’s velocity will

be

lim 4 — Tim 4 — 2oL+ cos o)

t—o0 t—o0 2 ’



lim 5 = 0. (12)

t—o00

There is a maximum value for y,

/‘ymax d B Ug(l + cos ¢0>2 /‘SDO dgp
0 v= gsind o (14 cosp)?

2 1 2 ©o
— U (1 + €0s o) / dp ((1 + tan? g) + tan? £(1 + tan? £))
0

4gsinf 2 2
visingo (1o o0, (13)
max — T .. S tan —),
4 gsin 6 3 2
C. \£1

Combining (2) and (3) gives

i+ s =gsinf(1 — \?), (14)
or

@+ A = gsinO(1 — A\?)t + vo(\ + cos ¢y), (15)

where we have used of boundary condition. Similar to the preceding case, one may obtain

i gsinf(1 — Xt + vg(\ + cos o)

A+ cos p ’
~ (gsin@(1 — X*)t 4 vo(A + cos pg)) cos ¢
T A+ cos ’
inf(1— \?)t A i
j— (gsin( ))\—I— vo(A + cos <p0))sm<p7 (16)
+ cosy
from which we obtain
) gsin @(\ + cos p) sin
L (\+ cos ) an

gsinf(1 — A2)t + vo(A + cos @)
1. 0<A<1

For special choice of initial conditions the particle’s velocity may become zero but the
friction is not large enough to keep it at rest. At large times ¢ goes to zero. Let’s consider

its behavior at large times, or small ¢’s
1

= gooct_l—A. (18)




In both cases (A = 1, and A < 1) at large times ¢ — 0. In the previous case it approaches to
zero exponentially, and in the latter case in the form of power law. However in both cases
at large times the particle’s trajectory is a straight line. So, at large times for 4 < tan, the

particle goes down the inclined plane with a constant acceleration.

lim § ~ gsin (1 — \)t,

t—00
tliglox ~ gsinf(1 — \)t,
tlgc{loy =9, (19)

2. A>1

In this case friction coefficient is larger than previous cases and the particle will be finally

at rest. It is seen from (16), that $ will be zero at the time T,

_ UQ(')\ + cos ¢g) . (20)
gsinf@(A\? — 1)

When the particle’s velocity vanishes because of friction it will remain at rest. At the time

t=T—¢

(21)

gsin@(\ + cos @) sin <p}
gsinf(A\? — 1)

So ¢ decreases rapidly until it reaches zero, and when the particle’s velocity approaches zero

P |
L € [ t:T—e.

its velocity is in the x direction.

D. exact solution

We studied large time behavior of the particle’s motion for different cases. Now let’s do

an exact calculation. using (17), one may arrive at

—(1=XM)sinpdp gsinf(1 — \?)dt (22)
(A+cosp)(l —cos?2 ) gsin@(1 — A2)t 4+ vg(A + cos @)’
which can be written as
cose 1 (1—=X) (1+X)
d ! — _
/Cowo o8y [A + cos ¢’ + 2(1 —cos¢’)  2(1+ cosgo’)]
/t gsinf(1 — \?)dt/ (23)
o gsinf(l — A2)t + vy(A + cospp)
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FIG. 2:

¢ in terms of time ¢ for five different values of g, a) for A = 2, ¢ goes to zero rapidly, b) for

A = 0.5 it goes to zero asymptotically

Integrations can be done easily and gives

4 Vo(A +cos o) {(A + cos @) sin g ( tan(p/2) )A - 1} (24)

~gsinf(1 — )2) | (A +cosp)sing  \ tan(ypg/2)

In the limiting case A = 1 changes to
1 t 2 1 1
‘o vo —l—'COS ©o) o an(p/2) N B (25)
gsind tan(pg/2) 1+cose 1+ cosgy

In fig. 2, ¢ is drawn in terms of time ¢, for two values of A, and five different value of (.

For A = 2, ¢ goes to zero rapidly, but for A = 0.5 it goes to zero asymptotically.

Using (16) and (24), one can obtain velocity components

t 2)\*
i':vosingoocotg0< an(p/ )) ,

tan(yo/2)
, _ tan(p/2) ))‘
Yy =1vpsinpy | ————=~ | , 26
s (e 2
Now a parametric equation for the trajectory of the particle can be obtained. It is easy
to obtain
dz v2 sin® g (tan(¢/2))* cot ¢
de  gsinf(tan(p/2))? sin? ¢ ’
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FIG. 3:
Trajectory of three projectile with the same velocity vo = —i + 2j (m/s) on an inclined plane of

angle 6 = 7/3, from time ¢ = 0 s till 0.5 s for different value of A

dy wdsinfgy  (tan(ip/2)?

dp — gsinf(tan(py/2))?  sinop

(27)

which can be integrated and leads to a parametric equation for the trajectory of the particle,

L using H(tan(so/m))”-? (tan(so/Q))”“] -,

~ 4gsin O(tan(py/2))2 2A—2  2M+2

_ v2 sin? g (tan(p/2))1  (tan(p/2))*!
Y7 Tagsinb(tan(p0/2))2 H -1 oA+l } —le— ‘PO]}' (28)

The equation of the trajectory of the particle in the case A =1 is

T = Ug(l + cos po)° {tan‘lg — tan® LA 41n ( tan(e/2) )]

16gsin 6 2 tan((¢o/2)
2 2
g (1 + cos o) [ %o 3 %0 ' 3 80}
= 3tan — +t — —3tan— —t —. 29
y 6g 50 an - + tan 5 an o — tan” o (29)

In fig. 3 trajectory of three projectile with the same velocity is drawn from time ¢t = 0 s till
0.5 s for different value of A. It is based on numerical calculation. All three have the same

initial velocity vo = —i + 2j (m/s), and the angle of inclined plane is § = 7/3.



III. THE MOTION OF A SPHERE ON AN INCLINED PLANE

In this section we want to study the motion of a sphere with the radius R, and mass
m on an inclined plane. Depending on friction coefficient and initial velocity and angular
velocity the sphere it may roll or slide on the inclined plane. Newton’s equation of motion

for the sphere is

Mmie, = mgsinfi+ f

IQ=Rxf, (30)

where R = —Rk, and I = 2mR?/5 is the moment of inertia of the sphere with respect to
its center, r., is radius vector from the origin to the center of mass, and 2 is the angular

velocity of the sphere. Let’s first consider the rolling of sphere.

A. rolling a sphere on an inclined plane

Rolling constraint demands the velocity of contact point of the sphere with the inclined
plane, A, to be zero. Then
VA =T+ Q2 XxR=0. (31)
Differentiating the above equation with respect to time and using (30), one obtains

I

and
5gsinf,
'em = 1,
9 )
- —Lg;mei. (33)

The sphere rolls on the inclined plane if f < pumgcosf. Then the rolling occurs if u > % tané6.
If sphere rolls on the inclined plane, friction will be a constant force. Then for arbitrary

initial velocity and angular velocity, trajectory of sphere’s center is generally a parabola.

B. sliding a sphere on an inclined plane

If the sphere slips then the velocity of contact point A is not zero, and friction is

f = —umgcosfey



= —pumg cos 0(cos @i + sin pj) (34)

v

where ey = “4 is the unit vector along velocity of contact point, and ¢ is the angle between
VA

v4 and i. Using (30) time evolution equation of v, is

7
mva = mgsin i — 5 fmg cos Oe . (35)

As it is seen the evolution equation for the velocity of contact point of a sliding sphere with
friction coefficient pu is exactly the same evolution equation of velocity of a point particle
sliding on an inclined plane whose friction coefficient is 2 y. Compare (35) with (1). So it
does not need to solve the equation for v 4, and all the previous results can be used only by
replacing A with A, := £ picot 6, e.g. v4 can be obtained through (26)

tan(p/2) )AS
tan(po/2) )

tan(p/2) )As |

tan(po/2)

where vp4, and vga, are components of initial velocity of contact point. It should be noted

VAz = VgAg SIN Qg COL (

Vay = Vpay S g ( (36)

that this is not enough to know v, and €2.

Similar to sliding particle three cases may occur:

1. As>1(pu> %tan@)

if Ag > 1(u> %tan 0), As it was shown in the previous section after a finite time, 7T},

~ va0(As + cos @p)
~ gsind(\2—1) "’

(37)

v, will become equal to zero. When the rolling constraint holds true, the sphere will roll.
At the time T,., friction is along the x direction, and is a constant force. So the sphere rolls

down the inclined plane, and its center moves on a parabola.

2. As=1(p= %tanH)

Using our previous results on sliding particle, at large times v 4 approaches to a constant

value
vao(1 + cos ) .
2

Va (38)
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so sphere slides forever on the plane. At large times friction is along the = direction, and is
a constant force. In this case at large times ¥4 = 0. Then at large times the acceleration of

center of mass is
5gsin 6

Vem —i (39)

3. As<1l(p< %tan@)

This case corresponds to A < 1, of the previous section. Sphere slides forever on the
plane and at large times v, is along the z direction. So at large times friction is along the

x direction, and is a constant force. Then the acceleration of center of mass is

Fen = gsin (1 — pcot 0)i. (40)

C. exact solution

Let’s solve exactly the Newton’s equation. Integrating (30) gives

1 t
vcm:Vocm+igsin«9t+—/ dt £
m Jo
t
Q:QO—#%x/dtf. (41)
0

To know vy, and Q, f = —umgcos@(icosp + jsing) should be integrated. Two main

integrals should be calculated,

t

t
/ dt sinp = —sin g
0 0

Y

B VoA SIN g /¢ dy (tan(p/2))*
gsinO(tan(wo/2))* /., sin

_ voasingy | [ tan(p/2) A
~ Agsind [1 (tan(goo/Q))] (42)

Y

/t &t cosw = — VoA Sin g /“’ de cos p(tan(p/2))*
0 7 gsinf(tan(pg/2))> sin? ¢

_ UpA SIn g { [(tan(@/Q))/\—l - (tan(p/2) M1
2¢sin f(tan(pg/2))*

¥o

A—1 A+1
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— e = o) } (43)

Substituting both integrals v.,, and €2 can be obtained. Let’s consider the case A\, > 1 as
an example and compute the velocity and angular velocity of sphere when it starts to roll.
At that time v4 and ¢ are equal to zero. It can be easily shown that

T, .
. VpA SH1 Yo

dt sinp = ———

/0 7 Asg sin 6

T,
" ~ vap(Ascospp + 1)
lA dt cosp == na0e — 1)

(Ascosgo+1) . singy
N1 TN,

T
/ dt f = —mugapcot@ |i
0

After the time T, the sphere will roll and it’s center moves on a parabola.
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