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ABsTrRACT. We deal with the question of whether or not the p-convexified
couple (X(gp)7 X{p)> is a Calderén couple under the assumption that (Xo, X1)

is a Calder6on couple of Banach lattices on some measure space. In this prelim-
inary version of the paper we find that the answer is affirmative in the simple
case where X and X; are sequence spaces and an additional “positivity” as-
sumption is imposed regarding (Xo, X1). We also prove a quantitative version
of the result with appropriate norm estimates. In future versions of this paper
we plan to deal with other and more general cases of these results. .

1. PRELIMINARIES, DEFINITIONS, NOTATIONS, CONVENTIONS, AND ONE
AUXILARY RESULT

Definition 1. A Banach lattice of measurable functions X is a Banach space
of (equivalence classes of) measurable functions defined on a certain measure space
(Q,%, 1) and taking values in R or C (in this paper, in R), with the following
property: if f,g:Q — R are two measurable functions, and if f € X and |g| < |f|
almost everywhere then we also have g € X and || g [|<|| f ||

In this paper we will usually use the shorter terminology “Banach lattice” al-
though in other settings this is used in a more abstract context (see e.g. [9] Defini-
tion l.a.1 p. 1).

Definition 2. For each Banach lattice X of measurable functions on a measure
space (Q,%, 1) and each p € (1,00) we recall that the p-convexification of X is
the set X(®) of all measurable functions f : Q — R for which |f|” € X. When

endowed with the norm || f[| vy = (|||f|p||1/p) it is also a Banach lattice.

Definition 3. Whenever Xy, X; are two Banach lattices with the same underlying
measure space (2, X, 1) we define Xo+ X7 to be the space of all measurable functions
f:Q — R for which there are a; € X; (j =0, 1) such that f = ap+ a1. Thisis a
Banach space (in fact a Banach lattice), when endowed with the following norm:

(1.1) £l xg+x, = inf {llaollx, + llasllx, laj € X;,j=0,1, f =ao+ a1}
Remark. Proofs that (II)) is a norm rather than merely a seminorm can be found,
e.g. in [5] Remark 1.41 pp. 34-35 or [8] Corollary 1, p. 42. This fact implies that
(X0, X1) is a Banach couple, i.e. that there exists some topological Hausdorff
vector space X such that Xy and X; are both continuously embedded in X" (clearly
one can choose X = X + X7).

Remark. In a more general context, whenever (X, X1) is a Banach couple, the space
Xy + X, aforementioned is a Banach space in which X, and X; are continuously
embedded (see e.g. [1I 2]).
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Definition 4. For each fixed ¢ > 0 the following functional

K(t,f;Xo,Xl) = inf{”aono —I—t”alel |CLJ' c Xj,j = O,l,f = ap —|—CL1}

is equivalent to the norm (L)) and is known as the Peetre K-functional (see e.g.

L 20).

Definition 5. The statement that “T : (Xg, X1) — (X, X1) is a bounded linear
operator” means that 7" is a linear operator from X+ X into itself such that the
restriction of T to X is a bounded operator from X into itself (for j = 0,1).

Remark. We remark that if T : (Xo, X;) — (X0, X1) is a bounded linear operator
then automatically T is also a bounded linear operator from Xy + X; into itself,
and the following inequality holds:

”THXoJerHXoJer < maX{HT||X0*>X07 HT”XI‘}XI} .

Definition 6. Whenever X, and X are two Banach spaces continuously embedded
in some topological Hausdorff vector space X, the statement “A is an interpo-
lation space with respect to (Xo, X1)” is a concise way to say the following:
A is a Banach space satisfying Xo N X; € A C Xy + X; where all the inclu-
sions are continuous, and the restriction to A of every bounded linear operator
T:(Xo,X1) = (Xo,X1) is a bounded operator from A into itself.

Remark. A Banach space A satisfying Xo N X7 € A C Xy + X; where all the
inclusions are continuous is also called an intermediate space of (Xg, X1)

Definition 7. The statement “(Xo, X7) is a Calderéon couple” means that the
Banach couple (Xp, X1) has the following property: if f,g € Xo + X1 and if
K(t,g; X0, X1) < K(t, f; Xo,X1) for every ¢ > 0, then there exists a bounded
linear operator T : (Xo, X1) — (X0, X1) such that T'f = g.

The statement “(Xo, X1) is a C-Calderén couple” means that (X, X1) has
the above property, and furthermore the operator 7" with the above properties can
also be assumed to satisfy [Ty, x, < C for j=0,1.

Most of the definitions in this section appear extensively in the literature, but
the following one is perhaps new. It relates to a notion which has been considered
in a so far unpublished paper [4].

Definition 8. The statement “(X, X1) is a positive Calderén couple” means
that (Xo, X1) is a Banach couple of Banach lattices on the same underlying measure
space with the following property: If f,g € Xo 4+ X; and if K(¢,g; X0, X1) <
K(t, f; X0, X1) for every t > 0 and if also f,g > 0 then there exists a positive
bounded linear operator 7" : (X¢, X1) — (Xo, X1) such that T'f = g (positive in
the sense that if A > 0 a.e. then Th > 0 a.e.)

Analogously to before, the statement “(Xy, X;) is a positive C-Calderén
couple” means that (Xo, X7) is a positive Calderén couple and, furthermore the
operator T' with the above properties can also be assumed to satisfy [Ty _,x < C
for j =0,1.

Remark. Using the fact that pointwise multiplication by a unimodular measurable
function is a norm one linear operator on any Banach lattice, it is clear that if
(X0, X1) is a positive Calderon couple then it is also a Calderon couple in the usual
sense. Similarly a positive C-Calderén couple is a C-Calderén couple.
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Remark. Of course the interesting and well known property of Calderén couples is
that all their interpolation spaces can be characterized by a simple monotonicity
property in terms of the K-functional (see e.g. [1] or [2] or [5]).

We would also like to mention the following result, that we shall resort to later
on:

Proposition 9. Assume X is a Banach lattice defined on a measure space (2,3, 1)
and G : X — X s a positive linear operator. Then, for every 1 < p < oo and every
two measurable functions hi,hy : @ — R such that |hi|P,|haP € X we have the
pointwise almost everywhere inequality

1 1 1
(G(lh1 + h2|?))7 < (G(1ha[?))7 + (G(|h2|?))7
The proof of this proposition appears in [6, p. 59].
2. THE MAIN PART

For simplicity, in this preliminary version of the paper we explicitly deal only with
the case where the underlying measure space has a special property which means
that our Banach lattices are in fact sequence spaces. But the same ideas extend
readily to more general contexts. In subsequent versions we plan to present the same
result for a wider class of measure spaces and Banach lattices of functions defined
on them. For example, using the methods of [7] we can extend the following result
to the case of an arbitrary underlying measure space if all conditional expectation

operators are bounded on Xép ) and X 1(p ). Here, however, a different constant may

replace the constant 4C' » which appears below. Furthermore, some Hahn-Banach-
Kantorovich type theorems may be applied to prove similar results for other measure
spaces and Banach lattices.

It is clear that analogous results can be readily obtained in the context of relative
Calder6on couples, i.e. where the relevant operators map between two possibly
different couples (Xo, X1) and (Y, Y1). Here, again for simplicity, in this version
we have only considered the case where (Xo, X1) = (Yo, Y1).

Theorem 10. Suppose (Xo, X1) is a positive Calderon couple of Banach lattices
defined on an underlying measure space (Q, %, ). Suppose that the singleton set
{w} has a positive measure for every w € Q, and that the set Q is countable. Then,

(Xép),Xl(p)) is a Calderon couple for each p € (1,00).
If, in addition, (X, X1) is a positive C-Calderon couple then (Xép),Xl(p)) is a
4C'% -Calderon couple.

Before proving the theorem, a few remarks:
For every f € Xy + X; we define the following counterpart of the K-functional:

D(t,f;Xo,Xl) = inf{”aoHXO +t Halﬂxl |aj € X;,7=0, 1,f=ap+a1,a0 a1 = 0} .
It is well known that for every t > 0, f,g € Xo + X3 the inequality
(21) K(tvf;XOaxl) S D(tvf;X()le) S 2K(ta f;X()le)

holds.
The straightforward proof of (2) appears essentially as part of the proof of
Lemma 4.3 on p. 310 of [10] and is also given on pp. 280-281 of [3]. (The additional
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assumptions made in the context of Lemma 4.3 of [10] do not effect the validity of
the argument in a more general setting.)

Claim 11. For a measurable function f : Q — R, f € Xép)—l—Xl(p) iff | f|” € Xo+X;.
In addition, for every 1 < p < oo the following inequality is valid

1

(D(t, |7 Xo, X1))¥ < D(ts, f; X, X)) < 2175 (D(t, | I 5 Xo, X1)) 7 .

Remark. It has been mentioned without proof in [3, p. 289] that the functionals
P

K(t,|f]P; X0, X1) and (K(t%,f;Xép),Xl(p)D are equivalent. In fact, combining

Claim [I1] with (1) immediately gives us

(22) K611 X0, X1) <2 (K(t5, £ X, X)) < 2% K (1,17 Xo, Xa)

The proof of Claim [l and thus of the equivalence ([2Z.2)) is indeed quite simple,
but we present it here for completeness.
Proof. Fix t,e > 0 and assume [ € Xép) + Xl(p). There exist elements a; € Xj(p)
(j =0,1) such that f =ap+a; and ap-a; =0 and

1 1
laoll xo + ¢ llarll i < D(t7, 5 %67, X)) + €

that is

1 1 1
(laol”llx,) + (tllar"llx,) " < D(tv, £ X7, X[P) + e
Since f = ag + a1 and ag - a; = 0, it is also true that |f|” = |ao|” + |a1|” and
lao|-]a1| = 0 (and of course |a;[” € X;). From this we conclude that |f|” € Xo+ X;.
In addition, because (a + b)% < av + b for all a,b >0 and every 1 < p < o0, we
have

=

1
(laol”llx, + tlllarl”lly,)* < D(Ew, f: X5, X{7) + ¢

and so
1
(Dt IfI X0, X1))7 < D(t7, f; X§P, X (7)) + €
for every t,e > 0, hence
1 1
(Dt /1 X0, X1))" < D(t7, f; X7, X{P).

On the other hand, assuming |f|” € Xo + X1, then there are a; € X; such that
|fI” = ap+ a1 and ag - a; = 0 and

laoll x, +tllaxllx, < Dt [fI"; Xo, X1) 4.

Clearly ap and a1 must both be non-negative. Now we can define b; = sgn(f)- |aj|%
for j = 0,1 (sgn(f) = f/|f| whenever f # 0 and 0 otherwise). One readily checks

that b; € X" and that f = by + by and b - by = 0. Hence f € X§” + X" and
D(tv, £ X¢", X1™) < 1boll 0 + 17 bl o -
Some manipulations yield
1

1 1
boll 0 + 27 b1l = (llbolllx,) ™ + (Nballlx,)”

1 1
= (laollx,)” + (tllasllx,)” -
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Since for every 1 < p < co and every a,b > 0 it is true that (a + b)" < 2P~1(aP +bP)
we gather that

((laollx,)

T =
Bl=

A

p
)< 27 (llaoll, + tllaallx,)
2L (D(t, |17 Xo, X1) + )

+ (tllallx,)

IN

hence
1 p _
(D5, £ X X)) < 2771 (D173 X0, X1) + )

for every t,e > 0, and so

=

D(t7, f; XV, X{P) < 27 (D |17 Xo, X1)

O
We now turn to the proof of Theorem

Proof. We start by assuming that f,g € Xép) —i—Xl(p) and that K (¢, g; Xép), Xl(p)) <
K(t, f; Xép), Xl(p)) for every t > 0. We wish to prove there exists a linear operator
L:(xP, xPy 5 (X%, xP)) such that Lf = g.
It follows from (Z2]) that
K(t7 |g|p; Xo, Xl) < K(tv 22p|f|p; Xo, Xl)

for all ¢t > 0.

According to our assumption, since (X, X1) is a positive Calderon couple, there
exists a bounded linear positive operator T : (Xp, X1) — (Xo, X1) such that
T(22%7|f|P) = |g|P. If, furthermore, (X, X1) is a positive C-Calderén couple then
we can also assert that

(2.3) 1T x,-x, < Cfor j=0,1.
Let us now define
H:xP +xP 5 x{ + x
by setting
H(h) = (T(2*|h]"))”
for every h € X + X (Since T is positive and |h[P > 0, the expression
(T(227|A|7))? is meaningful).
According to Claim [TT] it is obvious that H(h) € Xép) + Xl(p).
Then we notice that
H(f) = (TE>|)?
= g
= lgl.
It is easy to check that H is sublinear, that is:
e For every A € R we have
(2.4) HOR) = |\H(h).
e For every hi, ho € Xép) + Xl(p) we have
(2.5) H(hy 4+ ha) < H(hy) + H(hs) .
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We do so with the intent to apply the Hahn-Banach theorem to the function H
later on.

24) is immediate and (23] follows from Proposition [@ and the fact that T is
positive and linear.

The equality (24) and inequality (23] should be regarded as valid almost ev-
erywhere, but since we assume {w} has a positive measure for every w € ), these
last two assertions are actually valid everywhere.

Hence, for every fixed w € Q we can define a (clearly sublinear) functional

Hy,: XV + X 5 R by setting
H,(h) = H(h)(w) for every h € Xép) + Xl(p) .
We now define [, : Span {f} — R by

lo(Af) = Ag(w) for every A € R.

Since for every A € R,

(AN = [Ag(w)]
Al H(f)(w)
H(Af)(w)
Hu (M),
the classical Hahn-Banach theorem implies there exists a linear functional L, :
Xép) + X{p) — R which extends [, such that |L,(h)] < H,(h) for every h €
Xép) +X1(p)_
We now define L : X + X — x{" 4 x) by

L(h)(w) = Ly, (h) for each w € Q and each h € X" + X7,

We first note that L(h) is a measurable function, since our assumptions regarding
(Q, %, 1) imply that every function f: € — R is measurable.

Secondly, the linearity of L, for each w immediately implies the linearity of L.

Furthermore, Lf = g, as this simple verification confirms:

L(f)w) = Lu(f)
= L (f )
= g(w).
Finally, to complete the proof, we will show that the restriction of L to X J(p ) (for
j =0,1) is a bounded linear operator into X and estimate its norm.

j
Let us therefore assume h € XJ(-p). Then, for each w € ,

[L(h)(w)] | Lo (R)]
He(h)
H(h)(w)

= (TE*P) ).

VAN
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Since h € X§p), it is also true that |h|P? € X, and thus T(2?|h|P) € X,;. Tt
follows from the definition of Xj(p) that (T(22p|h|p))% € Xj(p), and so, from the
lattice property, L(h) € XJ(-p).

Furthermore,
1
IEW) o < |@Erm)7| .,
’ 1
1P P
- (Jlmr]
X
1
= (lre@mmy,)’
1
< (I, - 2100, )
) :
= 4 (ITlxx)7 - (IR
1
= 4(ITlx,~x,)" Hh||X]<m
which proves that L : (X", XP) = (X, X)) is bounded. In addition, if

(X

0,X1) is a positive C- Calder(’)n couple, the preceding estimates and ([23]) show

that ||L||X<p) x@® < 4C'% and therefore that (X, x® Xl(p)) is a 4C'7-Calderon couple.

Thi

is completes the proof of Theorem I O

The author would like to thank Professor Michael Cwikel for his useful advice
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