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Global Uniqueness for an Inverse Stochastic
Hyperbolic Equation with Three Unknowns*
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Abstract

This paper is addressed to an inverse stochastic hyperbolic equation with three unknowns, i.e.,
a source term, an initial displacement and an initial velocity. The global uniqueness is proved
by a new global Carleman estimate for the stochastic hyperbolic equation. It is found that both
the formulation of stochastic inverse problems and the tools to solve them differ considerably
from their deterministic counterpart.
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1 Introduction

Let T > 0, G C R" (n € N) be a given bounded domain with a C? boundary T, and let Ty be a

suitable chosen nonempty subset (to be given later) of I'. Put @ 2 (0,7) x G and X 2 (0,7) x I.
Fix a complete filtered probability space (2, F,{F:}+>0, P) on which a one dimensional standard
Brownian motion {B(t)};>0 is defined. For any Banach space H, denote by L%(0,T; H) the Banach
space consisting of all H-valued {F;}¢>o-adapted processes X (-) such that E(|X(:)[3, (0.T; H)) < 00,
by L¥(0,7; H) the Banach space consisting of all H-valued {F;};>o-adapted bounded processes,
and by L%(Q; C([0,T]; H)) the Banach space consisting of all H-valued {F; };>o-adapted processes
X (+) such that E(|X (')%([oﬂ; H)) < 00. All of these spaces are endowed with the canonical norm
(Similarly, one can define L%(Q; C*([0,T7; H)) for any positive integer k).

Throughout this paper, we assume that the functions b € CY(G) (i,5 = 1,2,--- ,n) satisfy
b = b/* and, for some constant sq > 0,

n

D I > slé?, V(2,6) € GXR™ (1.1)

i,j=1
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Consider the following stochastic hyperbolic equation:

dzy — Y (0 2g,)e,dt = (brzg + by - V2 + bgz) dt + (baz + g)dB(t) in Q,
i,j=1

z=0 on X,

2(0) = 20, 2(0) = 2 in G.

(1.2)

Here, 2z; = %, 2y, = g—;, and b; (1 <1 < 4) are some suitable (known) functions to be given later;

while (z0,21) € L*(Q, Fo, P; H}(G) x L*(G)) and g € L%(0,T; L*(G)) are unknown. Physically, g
stands for the intensity of a random force of the white noise type. Put

Hr £ L3(9Q:C([0,T); HY (G)) () L3(9: CH([0,T): L*(G)))- (1.3)

It is clear that Hrp is a Banach space with the canonical norm. Under suitable assumptions (the
assumptions in this paper are enough), for any given (2o, z1) and g, one can show that the equation
(1.2) admits one and only one solution z = z(zg, 21, g) (¢, z,w) € Hr (see [12]). We will also denote
by z(z0, 21,9) or z(zo, 21, 9)(t) the solution of (1.2).

In this article, the random force fot gdB is assumed to cause the random vibration starting
from some initial state (zg, 21). Roughly speaking, our aim is to determine the unknown random
force intensity ¢g and the unknown initial displacement zy and initial velocity z; from the (partial)
boundary observation %‘ (0.T)xT and the measurement on the terminal displacement z(T"), where
v = v(x) denotes the unit outer normal vector of G at x € I', and Iy is a suitable open subset
(to be specified later) of I'. More precisely, we are concerned with the following global uniqueness
problem: Do %(ZO’Zl’g)‘(O,T)XFO =0 and z(z0,21,9)(T) = 0 in G, P-a.s. imply that g =0 in Q
and zo =z =0 in G, P-a.s.7

In the deterministic setting, there exist numerous literatures addressing the inverse problem of
PDEs (See [5, 6] and the rich references cited therein). A typical (deterministic) inverse problem
close to the above one is as follows: Fix suitable (known) functions a(-,-) and fi(+,-) satisfying

(m)inQ |f1(t,x)| > 0, and consider the following hyperbolic equation:
t,x)e

2 — Az =a(t,x)z+ fi(t,z)fo(x) inQ,
z2=0 on X, (1.4)
2(0) =0, z(0) =2z in G.

In (1.4), both z; and fy are unknown and one expects to determine them through the boundary

observation % ‘ (0.7)xTy" As shown in [11], by assuming suitable regularity on functions a(-,-), fi(-,-)

(i =1,2) and z1(-), and using the transformation

e -4 (74).

this inverse problem can be reduced to deriving the so-called observability for the following wave




equation with memory
[y — Ay = a1y + a2 - Vy + asy

+ /t [c1(t, s, x)y(s,x) + ca(t, s, x) - Vy(s,z)]ds inQ,
0

y=20 on X,

201 f1(0,z) :
y(0,x) = 0.0’ y(0,2) = fa(x) — Wzl(:n) in G,

where a;(+,-) (1 = 1,2,3) and ¢(+,,+) (i = 1,2) are suitable functions. Concerning this problem,
if z; is known and both functions a(-,-) and fi(-,-) are independent of the space variable z, i.e.,
there is only one unknown in (1.4), then the corresponding inverse problem is now well-understood
(e.g. [9, 10] and the references therein). The main tool in the later case is to use the Duhamel
principle, instead the transform (1.5), to reduce the problem to the observability estimate for some
wave equation (without memory).

Stochastic partial differential equations (PDEs for short) are used to describe a lot of random
phenomena appeared in physics, chemistry, biology, control theory and so on. In many situations,
stochastic PDEs are more realistic mathematical models than the deterministic ones. Nevertheless,
compared to the deterministic setting, there exist a very limited works addressing inverse problems
for stochastic PDEs (See [1, 2, 4], etc.). Especially, as far as we know, there is no paper considering
the inverse problem for stochastic hyperbolic equations.

One will meet substantially new difficulties in the study of inverse problems for stochastic
PDEs. For instance, unlike the deterministic PDEs, the solution of a stochastic PDE is usually
non-differentiable with respect to the variable with noise (say, the time variable considered in
this paper). Also, the usual compactness embedding result does not remain true for the solution
spaces related to stochastic PDEs. These new phenomenons lead that some useful methods for
solving inverse problems for deterministic PDEs (see [5, 9] for example) cannot be used to solve
the corresponding inverse problems in the stochastic setting. Especially, one can see that none of
the methods for solving the above inverse problem for the equation (1.4) can be easily adopted to
solve our inverse problem for the stochastic hyperbolic equation (1.2), even if g is assumed to be
of the form

z1(x)

g(t,z,w) = g1(t,w)ga(x), YV (t,x,w) € Q x Q, (1.6)

with a known stochastic process gi(-,) € L%(0,7) and an unknown function g»(-) € L*(G). For
these reasons, it is necessary to develop new methodology for treating inverse problems for stochastic
PDEs.

In this paper, we will use a suitable Carleman estimate to solve the above formulated inverse
problem for the equation (1.2). To the best of our knowledge, [12] is the only published reference
addressing the Carleman estimate for stochastic hyperbolic equations. In [12], under suitable
assumptions, the following estimate was proved for the solution z of (1.2):

%
ov

+19lez 012 @) | - (L.7)

(2(T), 2¢(T))| 2,77, PsHA (@) < 22(0)) < C
L%(0,T;L3(To))

(Here and henceforth, C' is a generic positive constant, depending only on T, G, I’y and sg, which
may be different from one place to another). Noting that g appears in the right hand side of
(1.7), and therefore, the estimate obtained in [12] does not apply to the inverse problem in this
paper. In order to solve our stochastic inverse problem, we need to establish a new Carleman
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estimate for (1.2) so that the source term g can be bounded above by the observed data. Hence,
we need to avoid employing the usual energy estimate because, when applying this estimate to
(1.2), the source term g would appear as a bad term. Meanwhile, noting that we are also expected
to identity the initial data, hence we need to bound above the initial data by the observed data,
too. Because of this, we need to obtain the estimate on the initial data and source term in the
Carleman inequality simultaneously. Therefore we cannot use the usual “Carleman estimate” +
“energy estimate” method (which works well for the deterministic wave equation, see [3]) to derive
the desired estimates. This is the main difficulty that we need to overcome in this paper.

The rest of this paper is organized as follows. In Section 2, we state the main result of this paper.
Some preliminary results are collected in Section 3. Finally, Section 4 is addressed to proving the
main result.

2 Statement of the main result

To begin with, we introduce the following conditions:

Condition 2.1 There exists a positive function d(-) € C?(G) satisfying the following:

1) For some constant puo > 0, it holds that

Z{ Z (267" (69 )y = 0 6 | bEE 2 g En: bgE,

1,7=1 ' j'=1 i,j=1 (2.1)

V(:E,&l,--' &M €G xR™;
2) There is no critical point of d(-) in G, i.e.,
min [Vd(x)| > 0. (2.2)
zeG

Remark 2.1 If (b")1<; j<n is the identity matriz, then, by taking d(x) = |x—zo|* with xo & G, one
sees that Condition 2.1 is satisfied. Condition 2.1 was introduced in [3] to show the observability
estimate for hyperbolic equations. We refer to [3] for more explanation on Condition 2.1 and further
nontrivial examples.

It is easy to see that if d(-) € C*(G) satisfies Condition 2.1, then for any given constants a > 1
and b € R, the function d = ad + b still satisfies Condition 2.1 with wo replaced by apg. Therefore
we may choose jio as large as we need in Condition 2.1. Now we choose 0 < ¢g < ¢1 < 1, pg > 4
and T satisfying the following condition:

Condition 2.2

1) po—4er —co >0,

n
Y Wy dy, > AT > Y bdyd,,.
(801 +co Z o “ Z T
4,j=1 i,7=1
n
Remark 2.2 Since Z b dy,dy; > 0, it is easy to see that one can always choose g in Condi-
ij=1
tion 2.1 large enough so that Condition 2.2 holds true. We put it here simply to emphasize the
relationship among 0 < cg < c1 <1, pg >4 and T.
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In the sequel, we choose

= {x el: zn: b dy, ()19 () > o}. (2.3)
ij=1

Also, we assume that
bi € LF(0,T; L>(G)), b2 € LF(0,T; L™ (G;R™)), (2.4
bs € LE(0,T; L(G)), by € LE(0,T; L°(G)). '

In what follows, we use the notation:

A
A= \bl‘%jg(o,T;Loo(G)) + ‘b2‘%;°(o,T;Loo(G;Rn)) + ’b3’%°f°(0,T;L"(G)) + ’64‘%;.0(0,T;L°°(G)) +1. (2.5
The main result of this paper can be stated as follows.
Theorem 2.1 Let b; (1 < i < 4) satisfy (2.4), and let Condition 2.1 and Condition 2.2 hold.

Assume that the solution z € Hr of (1.2) satisfies that % =00on (0,T) xT'g and 2(T) =0 in G,
P-a.s. Then g=01in Q and zg =z =0 in G, P-a.s.

Several remarks are in order.

Remark 2.3 Similar to the inverse problem for (1.4), and stimulated by Theorem 2.1, it seems
natural to expect a similar uniqueness result for the following equation

n

dzy — Y (0724,)0,dt = (brze + by - Va+bsz + f) dt + byzdB(t)  in Q,

i,j=1
z=0 on X,
2(0) = 20, z(0) = 21 in G,

(2.6)

in which zg, z1 and f are unknown and one expects to determine them through the boundary
observation %‘(0 T)xTo and the terminal measurement z(T). However the same conclusion as that
in Theorem 2.1 does not hold true even for the deterministic wave equation. Indeed, we choose any
y € C3°(Q) so that it does not vanish in some subdomain of Q. Putting f = uy — Au, it is obvious

that y solves the following wave equation

Yy — Ay = f in Q,
y =0, on X,
y(0) =0, 1(0) =0 inG.

One can show that y(T) = 0 in G and % = 0 on X. However, it is clear that f does not vanish
in Q. This counterexample shows that the formulation of the stochastic inverse problem may differ
considerably from its deterministic counterpart.

Remark 2.4 From the computational point of view, it is quite interesting to study the following
stability problem (for the inverse stochastic hyperbolic equation (1.2)): Is the map

0z
8—(20,21,9) x z(20,21,9)(T) — (20,21, 9)
v (0,T)xTg
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continuous in some suitable Hilbert spaces? Unfortunately, we are not able to prove this stability
result at this moment. Instead, from the proof of Theorem 2.1 (See Theorem /.1 in Section 4), it
is easy to show the following partial stability result, i.e., for any solution z € Hp of the equation
(1.2) satisfying z(T) = 0 in G, P-a.s., it holds that

0z

(20, 2|22 (.70, Ps12 ()% 22(@)) T IVT = tgl 12 0.1502(0)) < C o

L%(0,T3L2(T0)) .

Especially, if g is of the form (1.6) (with g1(-,-) € L%(0,T) and g2(-) € L*(G)), then the following
estimate holds

0z
(20, 21) | L2 (0, 70, Py1d (@) x L2(0)) T+ |92]22(6) < C o

LZ(0,T;L2(Io)) '

Remark 2.5 The inverse problem considered in this work is a sort of inverse source problem,
which is a linear inverse problem. It would be quite interesting to study some nonlinear inverse
problem, say inverse coefficient problem for stochastic PDEs but this remains to be done, and it
seems to be a very difficult problem.

Remark 2.6 It is also interesting to study the same inverse problems but for other stochastic
PDEs, say the stochastic parabolic equation, the stochastic Schodinger equation, the stochastic plate
equation and so on. Howewver, it seems that the technique developed in this paper cannot be applied
to these equations.

3 Some preliminaries

In this section, we collect some preliminaries which will be useful later.
First, we show the following hidden regularity result for the solution z to the equation (1.2) (This
result means that the observation of the normal derivative of z makes sense, i.e., \% ] L2(0,T;L2(Tg)) <

+00).

Proposition 3.1 Letb; (1 < i <4) satisfy (2.4). Then, for any solution of equation (1.2), it holds

that
0z

£ < (20, 21) L2070, sa (@) x L2()) + 19122 (OTLQ(G))] (3.1)

L%(0,T5L*(T))

Remark 3.1 In [12], the author proved Proposition 3.1 when (b")1<; j<n is an identity matriz.
The proof of Proposition 3.1 for the general coefficient matriz (b Ji<i,j<n is similar, and therefore
we give below only a sketch of the proof.

Proof of Proposition 3.1: Since I' € C?, one can find a vector field h = (h!,--- A") €
CY(R™;R"™) such that h = v on I' (see [7]). A direct computation shows that

—Z[ (h-Vz) Zbijzmj AC En: bz20, )| dt

.
7j=1 i,j=1 ¢

- 2{ [dzt - gzjl(bijzmi)xj} h-Vz—d(zh-Vz)— Py b9 20, 2 }dt (3.2)

—zfdivhdt + Y 220, div (b7,
ij=1
6



Integrating the identity (3.2) in @, taking expectation in © and using integration by parts, we
obtain the inequality (3.1) immediately. O

Next, we recall the following known result, which will play an important role in the proof of
Theorem 2.1.

Lemma 3.1 ([12, Theorem 4.1]) Let p € C1((0,T) x R") satisfy
pw:pﬂa Z7‘7:1727 , 1, (33)
I, f, ¥ € C*((0,T) x R"). Assume that u is an HZ,(R™)-valued {F;}t>0-adapted process such that

uy is an L2(R™)-valued semimartingale. Set @ = e' and v = Ou. Then, for a.e. x € R™ and P-a.s.
w € €,

9( — 2l + 2 z": pijlmivmj + \va> [dut - z": (pijuwi)mjdt]
i,j=1 hj=1

n n
+ [ > (207" Ly v vay, — P Lnvay v, ) = 207 00,00 + UL
ij=1 i,j'=1

S Upy, 0 — (Az%. n i) p%ﬂ dt
J

2

+d[ Z P vz, vy, — 2 Z P70z v + ltvt2 — Wy + (Alt + _t)vz}

ij=1 ij=1 2 (34)
= {[ltt + > 0 - ‘I’] v =2 [(071e,)e + s vg,vr
i,j=1 4j=1
4 Z [(pijlt)t + Z (Qpij/(pi/jlw )it — (pijpi/j’lxi, )j/) + \I/pij]uxivxj
i,j=1 i j'=1
+Bv? + < — 2l + 2 Z P v, + \va> }dt + 621, (duy)?,
i,j=1
where (dug)? denotes the quadratic variation process of us, A and B are stated as follows:
A= (lt2 - ltt) - Z (p”lxilmj _pgg]jlxi - p”lwimj) - \ij
i,j=1
. . (3.5)
A . 1 .
B = AV + (Al) = D (Ap7la)x, + 5 [\I'tt - (p“Ifxi)xj]
i,j=1 6j=1

4 Proof of the main result

This section is devoted to proving Theorem 2.1. As mentioned before, we will prove Theorem 2.1
by establishing a new Carleman estimate for the equation (1.2).
The desired Carleman estimate for (1.2) is as follows.



Theorem 4.1 There exists a constant X\ > 0 such that for any A > X and any solution z € Hr of
the equation (1.2) satisfying z(T) = 0 in G, P-a.s., it holds that

IE/ 92(>\|z1|2—|—>\|Vzo|2+/\3|z0|2)d:n+)\E/(T—t)9292dxdt
G Q

T 2
< C’)\E/ / 02‘@‘ drdt.

0 To 81/

Proof of Theorem 4.1: We borrow some idea from [8] and [12]. In what follows, we shall apply
Lemma 3.1 to the equation (1.2) with

(4.1)

u=z, p?=b7 I=Adx)-ca(t-1)°, VT=I+ Z(bijlwi)mj—/\co,

1,7=1

and then estimate the terms in (3.4) one by one.
In the sequel, for A € R, we use O(\") to denote a function of order A" for large A. The proof
is divided into three steps.

Step 1. In this step, we analyze the terms which stand for the “energy” of the solution of (1.2).
As the Carleman estimate for deterministic partial differential equation, the point is to compute
the order of A in the coefficients of |v;|?, [Vv|? and |v|?2. Since the computation is very close to that
in the proof of [8, Theorem 1.2.1], we give here only a sketch.

First, it is clear that the coefficient of |v|? reads:

e+ Y (b91,)a; — ¥ = Aco. (4.2)
i,j=1
Further, noting that % (1 <4, < n) are independent of ¢ and ltz; = lz;+ = 0, we find that

n

> (91,1 + 0 g v0,00 = 0. (4.3)

1,7=1

Further, by Condition 2.1, we see that

Zn: {®71); + Zn: (267 (690, )y = (B8 1y )y | + W7 J,

ij=1 it j'=1
’ . (4.4)
> Mpo — 4e1 — ) Z bijvxivxj.
ij=1
Further, in order to compute the coefficient B of |v|?, recalling (3.5), we find that
A=) [4c§(t Y b"ﬂ'dmid%} +ON). (4.5)
ij=1
Hence, by the definition of B (in (3.5)), we conclude that
B =(der+co) Y b9dayde N> 0 dy, (V' dy dy )y AP
ij=1 0j ilj=1 (4.6)

—4(8¢3 + cocd)(t — T)2XN3 + O(\2).
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Recall the following estimate in [8]:

m Zn: bidy,dy; < zn: zn: b dy, (b7 oyl ), (4.7)
1

h,j=1 1,j=14j'=

Therefore, by Condition 2.2, we obtain that

B > (dex+co) Y b9da,da N+ 1 Y 6Vdy,dy N

ij=1 ij=1
—4(8c; +co)A(t —T)*X3 + O(\?) (4.8)
= (de1+co) Y bdy,dy AP+ O(N?).
i,j=1

Hence, there exists a A\g > 0 such that for any A > )g, it holds that
Bv? > CX3%2. (4.9)

Step 2. In this step, we analyze the terms corresponding to ¢t = 0 and ¢t = T. For the time
t =0, we have

n n
g 3 1

' E 1bUlt’Umiij -2 | E : bl']l:piijvt + ltvf — Pyv + <Alt + §\Ift>’u2

1,)= )=

=2c; T\ 2": bijvmivmj —2A z": bijdxivmjvt — )\< —2c1 + En: (bijdxi)mj — co) )

i,j=1 i,j=1 i,j=1
n
+2e1 T2 + [2C1T<4C§T2 = > dydy, )N+ O(Az)} v? (4.10)
ij=1
n n 1 n n 1
>26TA Y W, — )\( 3 bijdxidxj> 23 Vg v, - A( 3 bijdxidxj> “o?
ij=1 ij=1 ij=1 ij=1

120 TI? — v + [2C1T(4C%T2 -3 z)ijczgciczxj)A3 + O(Aﬂ V2.
ij=1
By Condition (2.2), it follows that

n
43T = > bdy,dy, > 0
ij=1

and that

N

20,7~ ( Zn: bidy,dy, )" > 0.

ij=1
Hence there exists a Ay > 0 such that for any A > A\; and when t = 0, it holds that

n n
g g 1
E b 10y, v — 2 E by, v 01 + ltvf — Vo + (Alt + §\I/t>fu2
ij=1 ij=1 (4.11)

> C[)\(vg + |Vu]?) + )\302}.



On the other hand, since I;(T") = 0, for ¢ = T', it holds that

n n
y g 1
| E 1 bwltvmivmj -2 | E 1b”lmivmﬂt + ltvf — Yy + (Alt + 5\11,5) v2
1,]= )=

(4.12)
n ..
= -2 Z b 10200 — Yoo,

i,j=1

Noting that z(T) = 0 in G, P-a.s., we have v(T) = 0 and v,;(T) =0in G (j = 1,2,--- ,n), P-as.
Thus, from the equality (4.12), we end up with

oo oo 1
Z b 10y, v — 2 Z b1y 0001 + ltvf — Yo + (Alt + §\I/t> v? =0, P-a.s. (4.13)
i,5=1 i,5=1 7

Step 3. Integrating (3.4) in @, taking expectation in Q and by the argument above, for
A > max{ Ao, A1}, we obtain that

n

E /Q of (- 20w +2 Zn: Bl 0p, + W) [d2e = 3 (092,)0,dt) e

i,j=1 4j=1
+)\E/ Z Z (2bijbiljldxi//vxivl‘j/ - bijbiljldxivxi/vxj/)yjdg
B =14 j=1 (4.14)
2 2 2 3.2 - ij 2
> C’{E/ [9 (Azt PV 4 A3z ) + (— v +2 Y bl v, + \va) ]dxdt
Q@ ij=1

+E/ 02 [A(\Vzol2+121\2)+)\3120\2]dx+E/ 921t(dzt)2}.
G Q

For the boundary term, noting that z = 0 on 3, it is easy to show that

n n
E / SN (2 v e, — B e, Yy

X =14 =1
n i - (4.15)
_ iy, . A _”‘ ,
IE/E (Z-;lb szl/]> (jz;lb Ao, v; )(ay s
From inequality (4.14) and equality (4.15), we obtain that
E /Q of (- 2uw + 2%;1 bl 0, + Do) [ dug — i;I(bwuxi)xj at] bda
+AE / ( Y bijumuj)( En: biljldxi,vj’> ?‘zdz
2 =1 i"j'=1 Y (4.16)
> C’{E/Q [92 (,\zf +AVz)? + ,\3;;2) + <_ 2oy + zigl b 1y, va; + \va) 2] dxdt

HE/ e [A(|VZ0|2+|z1|2)+A3|z0|2]dx+AE/(T—t)92(b4z+g)2d:ndt}.
G Q
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By means of

(baz +g)* > g% — 26222,

N |

we get
_ g2 2 1 _ \p2,2 _ 2;2 2
AE [ (T —t)0%(byz + g)“dzxdt > 2)\E (T —t)0“g°dxdt — 2A\TE [ 0°biz*dzdt. (4.17)
Q Q Q

On the other hand, by equation (1.2), it is clear that

e [ o (-2 +2 oLy, + o) [de — él(bw%dt] Vo

< E/é ( - 2ltvt + Z bwlmi’umj + \P'U> dxdt + C{|b1|%}0(07T7Loo(G))E/Q szgdxdt

1,j=1

+[|b2|%}°(O,T;L°°(G,R”)) + |b3|%}°(O,T;L”(G))}E/Q02|vz|2d$dt

(4.18)

+)\2‘b3 ‘%%@(07T;L7L(G))]E /Q 922’2d£dt} .

Finally, taking A = max {CA, X, \1 }, combining (2.3), (4.16), (4.17) and (4.18), for any A > A,
we conclude the desired estimate (4.1). O

We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1: Since % = 0 on Xg, P-a.s., we know the right hand side of inequality

(4.1) is zero. Therefore, it follows that

E/ 62 (|21 |2 + AV 20 + A|z0[2)dz = 0 (4.19)
G
and that

E / (T — t)0?¢*dxdt = 0. (4.20)

Q

From the equality (4.19), we find zp = z; = 0 in G, P-a.s. By means of the equality (4.20), we see
g=0in @, P-as. .
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