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Abstract

For a € (1,2) we consider the equation Oiu = A%y — b - Vu, where
b is a divergence free singular vector field not necessarily belonging to the
Kato class. We show that for sufficiently small » > 0 the fundamental
solution is globally in time comparable with the density of the isotropic
stable process.
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1 Introduction

Let d > 1 be a natural number and « € (1,2). We denote by p(t, z) the density
of the isotropic a-stable Lévy process, i.e.

p(t,z) = (2m) ¢ /]R em@Ee el %ge . >0, zeRY. (1)

For ¢ € C°(R?) we define the operator

oz +y) — o(x)

A2p(z) = Ago lim s

dy,

e—0t ly|>e
where Ag, > 0 is a constant depending only on a and d. A®/? is the in-
finitesimal generator of the isotropic a-stable process with the time and space
homogeneous transition density p(¢, z,y) = p(t,y — z), i.e.

A2g() =Tim ~ [ p(t,z,y)(6(y) — 6(z)) dy.

t—0 t Rd

The research was partially supported by ANR-09-BLAN-0084-01 and grants MNiSW N
N201 397137 and N N201 422539. Fellowship co-financed by European Union within European
Social Fund.


http://arxiv.org/abs/1107.3371v1

Let b(x) = (b1 (x),...,bs(x)) be a vector field satisfying the following condi-
tions

sup [ plt.nplbwldy < G/ e (0,00), @)
z€R? JR
divb = 0, (in the sense of distribution theory), (3)

for some constant C, > 0. We will study the equation
ou—AY?*u+7b-Vu=0, zeRLt>0. (4)

The condition (2]) allows for functions b not belonging to the usual Kato class
ICgfl, see (@ below). For example our results apply to d = 2 and

b(y) = (y2lyl™*, —yly| ™).

We note that divb = 0 in the sense of distributions, |[b(y)| = |y|'™® and b ¢
ICgfl. The main result of the paper is the following.

Theorem 1. There is a constant R = R(«, d, Cy) such that for all0 <r < R
there exists a function p(t,x,y) such that for ¢ € C*(R,R?), s € R and x € RY,

| [ s, @u( 21 A2 20 2 4rb(:) T ol )z = ~os,2).
6

and there is a constant C' > 0 depending only on d,a, b, R such that
C'p(t,a,y) < Pt a,y) < Cplt,xy), >0, 2,y € R (6)

According to (@), p is the integral kernel of the left inverse of —((% +AY? 4
rh - Vz). Put differently, since divb = 0, a function f: (u,z) — p(u — s,x, 2)
solves (0 — A2 4 b V.)f = 0(s,) in the sense of distributions. Thus, p is the
fundamental solution of ([@). As a corollary we obtain that p is the integral kernel
of the Markov semigroup with the (weak) generator A®/2 4+ b-V (Corollary [[4).

Equations similar to (@) were widely studied for the Laplacian and more
general elliptic operators (see e.g. [2], [19], [20], [I4]). The authors considered
also drifts b depending on time and satisfying various conditions similar to
(@ and called the generalized Kato conditions . In general, the comparability
of the fundamental solution with the Gaussian density holds only locally in
time (i.e. with constants depending on time). To obtain global estimates, the
additional assumption on divergence of b is necessary. For example in [I7] Osada
proved that the fundamental solution of dyu = Au+ b- Vu has upper and lower
Gaussian bounds, where A is a uniformly elliptic operator in divergence form, b
is the derivative of a bounded function and divb = 0. These results were later
obtained in [I5] for much more singular drifts (exceeding generalized Kato class)
with some smallness assumption on divergence.

Additive perturbations of the fractional Laplacian were intensely studied
in recent years (e.g. [9], [10], [5], [13], [, [7], [6], [I], [8]). In particular,



the equation (@) was considered in [5] for b € K5 ! but with no condition on
divergence. Recall that b € ng_l if

t

fim sup [ [ s, b dy s =0 ™)
t=0 peRrd R

(see also [12] and [13] for further developments). The authors obtained local in

time comparability of p and p for each » € R. The function p was constructed

as the perturbation series p = ZZO:O Pn, Where

po(t,x,y) = p(t, z,y), (8)
n(t, z,y) / /]Rd Pn-1(t — s,2,2)b(2) - V.p(s, z,y)dzds. (9)

The Kato conditions on b assures local in time smallness of p; with respect to
p, and in consequence the perturbation series converges. Similar methods was
used to study Schrodinger perturbations of transition densities ([3], [11]) and
the Green function of A®/2 +b(z) -V, ([]).

In the present paper we will also use the technique of perturbation series, but
in our case the conditions on b only assures the finiteness of p; (see Lemma []).
In addition, the integral in (@) is not absolutely convergent as the integral over
time and space, which makes the proofs much more complicated and delicate.
In particular, it is not obvious that the functions p,, are well defined. In order
to prove it we introduce functions P, (t,z,y,s,z) (see (20) for definition) and
integrate it separately over (R%)" and n-dimensional simplex S, (0,¢). Namely,
we consider

p|n(t, z,y) = / / Po(t,x,y, s, z)dz| ds,
Sn(0,t) (Re)n

the majorants of the functions p, (see 22) and (Bh)). To estimate |p|, for
n > 2 we split the integral over the simplex S, (0,¢) into suitable n + 1 parts.
As a consequence Motzkin numbers appear in the estimates of p,, (see [11] for
another connection of the perturbation series with combinatorics). In order to
assure the convergence of the perturbation series, smallness of p; is needed and
this is why we multiply b by small constant in Theorem [l We like to note that
Theorem [ should hold for R = oo, but such an extension calls for different
methods.

One of the tool used in this paper is so called 3P theorem (see [5], [12], [13]).
It allows to suitably split a ratio of three functions p, and in consequence to
estimate p,. Since for & = 2 (Gaussian case) 3P theorem does not hold, our
method cannot be applied to perturbations of the classical Laplacian. Similarly
as in previous papers we also exclude the case of @ < 1. Although Lemma
holds in this case, Lemma [§ does not seem to extend to o < 1 and consequently
our approach does not work for this case.

The paper is organized as follows. In Section 2 we collect basic properties of
the transition density p(t,z,y). In Section 3 we define and estimate functions
pn- In Section 4 we prove Theorem [T}



All the functions considered in the sequel are Borel measurable. When we
write f(z) ~ g(z), we mean that there is a number 0 < C' < oo independent
of x, i.e. a constant, such that for every x we have C~!f(x) < g(x) < Cf(z).
As usual we write a A b = min(a,b) and a V b = max(a,b). The notation
C = C(a,b,...,c) means that C is a constant which depends only on a,b,...,c.

2 Preliminaries

Throughout the paper d > 1, and unless stated otherwise, @ € (1,2). In Lemmas
@ 21 B we recall well-known results about the density p(t,x,y) of the isotropic
d-dimensional a-stable process (see [5] for details).

Lemma 1. There exist a constant Cq such that

t
|x|d+a

ot {td/a A } <p(t,z) < C {td/a A ] ., te(0,00), z € R

(10)

|x|d+a

Lemma 2 (3P). There exist a constant Cy such that
plt, 2, 2)p(s, 2, y) < Cop(t+s,z,y)lp(t,x, 2)+p(s,2,y)], 5.t €(0,00), x,y,2 € R
Let p™) be the a-stable density in dimension m.

Lemma 3. For allt > 0 and x € R?,

Vop' D (t,2) = —2mapdt2(t, &), (11)
where & € R™2 is such that |%| = |x|.
Applying ([IQ) to () we get
\V.p(t, )| < Cst=Yp(t, z), t € (0,00), x € R (12)

Our aim is to prove that functions p,, defined in [8) and (@) satisfy p, (¢, z,y) <
Cnp(t,z,y), where C,, are the constants such that >~  C, < co. Since the
condition (2]) does not guarantee convergence of the integral

/ /p@—aa@wwmvw@awwmw, (13)
0 Rd

we cannot follow the proofs from [5] and [I3]. However the inner integral of (I3))
is convergent. Indeed by (I2)), Lemma [2 and (@) we have

[ plt = 5. Va2, d

R

<o [ plt = s (s )b ds
Rd

S 025_1/ap(t7$7y)/ (p(t - S5,7, Z) —|—p(8, Z, ’y))|b(2)| dZ
Rd

< eaCys (- )7t 4 sM T p(t, 2, y) (14)



Therefore instead of ([I3]) we will consider

[

In order to estimate (IH]) we will use the following lemma.

ds. (15)

/ p(t—S,.I,Z)b(Z) ~Vzp(s,z,y)dz
Rd

Lemma 4. For all s,t >0 and z,y € R? we have

/ p(t,x, 2)b(2) - Vup(s, z,y)dz = —/ V.p(t,z,z) - b(2)p(s,z,y)dz. (16)
R4 Rd

Proof. Let g € C2°(R?) be such that

1 for|z| <1,
g(z)—{ i

0 for|z| >2.

Let fn(2) = g(z/n)p(t, 2, 2)p(s, z,y) € C(R). Then V. f,(2) = V. (p(t, =, 2)p(s, 2, 9))
as n — oo. Furthermore

IVafn(2)] < eIV (p(t, 2, 2)p(s, 2, 9))| + p(t, 2, 2)p(s, 2,))

for some constant ¢ > 0. By (I2), Lemma 2 and (2))

V-0t ) 2ol 2] d < .

Therefore by (@) and Lebesgue theorem

0= lim Vofn(2) - b(z)dz = / V. (p(t,z,2)p(s, z,y)) - b(z) dz,

n—oo Rd Rd
which ends the proof. O
Similarly condition (@) yields that for all s, > 0 and £,y € R?

/ [B(E) - Vep(t, £, 2)]b(z) - Vp(s. z.y) dz
! a7)

= - / V.[b(E) - Vep(t, €. 2)] - b(2)p(s, 2, y) d=.

In the following lemma we will use (I6]) to show that the function p; introduced
in (@) is well defined. In a similar way we will apply ([7) to estimate other
functions p,.

Lemma 5. There exists a constant C such that for allt > 0, z,y € R?,

[

/ Pt — 5,2, 2)b(2) - Vap(s, z,y) dz| ds < Cp(t,z,).  (18)
Rd



Proof. By Lemma [ and ([I4]) we obtain

/Ot /de(t— s,2,2)b(2) - Vap(s, 2,y) dz

t/2
-
t
v
t/2
t/2
-
t
v
t/2

We will also need the following two auxiliary lemmas

ds

ds

/ p(t—S,.I,Z)b(Z)vzp(S,Z,y) dz
Rd

ds

/ p(t—S,.I,Z)b(Z)vzp(S,Z,y) dz
Rd

vzp(t - 5,7, Z) : b(Z)p(S, Z, y) dz| ds

Rd

/ p(t—S,.I,Z)b(Z)vzp(S,Z,y) dz
Rd

ds < cp(t,x,y)

Lemma 6. There exists a constant Cy such that for allt > 0 and z,w € R* we
have

b(2) - V. (b(w) - Vaop(t, 2, w))| < Calb(2)] () p(t, 7 w)t~/=

Proof. From (1) we get
VD (t, z,w) = 2n(z — w)p 2 (¢
VDL, 2, 3) = —2m(z — w)p(HD)

where Z = (2,0,0) € R¥*2 and 2 = (,0,0) € R4 (we use similar notation for
@ and ). Therefore,

b(z) - Va(b(w) - Vaup(t, z,w)) = 27b(2) - V. [b(w) - (z = w)p T2 (¢, 2, @)

= 2mb(2) - [p(w)p I (t, 2, @) — 2m(b(w) - (2 = w))(z — w)p' T (¢, 2, )]

= 21b(2) - b(w)p' T2 (t, 2, %) — 4n? (b(w) - (2 — w))b(2) - (z — w)p T (8, 2, )
Applying ([[0) we obtain the assertion of the lemma. O

Lemma 7. There ezists a constant Cs such that for allt >0
t/2 t 2 1 1 1 1
/ / (r—u) " a(t—r)at+(r—uwo H((t—uwe+us" ) drdu < Cs.
o Ji/2

Proof. First we note that a? + b? < 217P(a + b)P for a,b > 0 and 0 < p < 1.
Consequently a=? + b~P < 217P(a + b)P(ab)~P. Hence it suffices to show

t/z ¢ 1 1 1 1
/ / (r—u) o Yt —r)atua "0 drdu < c.
0o Ji/2



Splitting the second integral into intervals (t/2,3t/4) and (3t/4,t) we get
t/2

1 t/z ¢ 1 1 1 1 1
tia / / (r—u)" o Yt—r)atua " drdu < cl/ (t/2—u) " wus "t < cy.
0o Ji/2

0
O

We note that Lemma [H extends to o < 1, however the following lemma does
not and this is why we generally assume « € (1,2) in the paper. Lemma 8] will
allow us to estimate the functions p,, for n > 2.

Lemma 8. There exists a constant C such that for all t > 0 and =,y € RY,

t/2 pt
/ / / / dw d€ dr du
0 t/2 JrRd JRd

p(uu Z, 5)‘v’w (b(é-) : Vgp(?“ - u, 67 ’U})) ’ b(’LU)‘p(t -rnw, y) < Cp(tu Z, y) . (19)
Proof. By Lemma [2 and (2)

/ p(s, 2z, 2)|b(2)|p(t, z,y) dz < ep(s + t, x,y) (sY/ 7 4+ ¢H/a1y,
Rd

Hence by Lemma [ we have
L L 29190 046) - Tenr = . €0) - b (e = ) o e
< [ [ plum OO~ )bl = & w)lb(wlple ) duds
Rd ]Rd

= / D) = )~/ p(u, 7, E)p(t — u, &, y) (= 1)/ 4 (r = w) /o) duw
<p(t,2,y)(r —w) "t =)V (= )T (= )T )

Now ([[3)) follows from Lemma [7l O

3 Perturbation series

In this section we introduce functions |p|, which will be majorants of the func-
tions p,, (see ([@)). For any a < b and n > 1 we denote

Sn(a,b) ={(s1,52,....8n) €ER":a <51 <3< ... < sy < b}
For any t > 0 and z,y € R? let

Pn(tv Zz, ya S, g) = p(S1, Zz, Zl)b(21)'vzlp(82—51, 21, 22) T b(zn)vznp(t_snv Zn; y) 9

(20)
where s = (s1,...,8,) € S,(0,) and z = (21,...,2,) € (RY)™. We recall
that the integrals in (@) may not be absolutely convergent as the integrals over
[0,] x RY, and the approach from the paper [5] cannot be used. Therefore we
separate integrals over time and space in the following definition.



Definition 9. For any t > 0 and x,y € R? we define

|p|0(t,x,y) :p(t,:l?,y) (21)

Pla(t, 2, y) = /
Sn(0,t)

We note that by Lemma 2 ) and (I2)

/ Po(t,x,y, s, z)dz| ds. (22)
(]Rd)n

/ |Po(t, x,y, s, 2)|dz < oo, (23)
(Re)™

hence the functions |p|, are well-defined (at most they are equal to infinity).
However the integral fSn(O,t) f(Rd)" |P.(t,z,y, s, z)| dzds may not be convergent
because singularities of the gradient of the functions p in (20) may be not inte-
grable in the whole simplex S,,(0,¢). Therefore in order to estimate ([22]) we use
the following representation

n—1

S,(0,1) = S,,(0,t/2) U (U Sn_1k(0,1/2) x Sk(t/2, t)) USn(t/2,t), (24)

k=1
Lemma [ and (I7) to move these singularities off the region of integration.

Lemma 10. Forany 1 <k<n—1,t>0, and z,y € R? we have

/ / P’n«(taxay7§7§)d§
Sn—1(0,6/2)x Sk (t/2,t) | J(RE)™

NN 2

|p|n—k—l uu :Eug ‘v’w( ) : vﬁp(r - u7§7 ’U})) ’ b(w)“p|k—1(t - vaay) drdu.

ds

Proof. By ([23)) and Fubini’s theorem we may change the order of integration in
integrals over (R?)"”. We note that

Pl — o, y) = /
S (7,t)

Changing the order of variables in the following way,

/ f(8)dsmdsm—1...ds1 = / f(8)dsm—1...ds1dsm ,
Sm (a,b) (a,b) X Sm—1(a,sm)

/ Po(t—r,2,y,s,2)dz| ds. (26)
(R)




using () and Fubini’s theorem we get

ds

/ / Pulty,y,5,€) dé
Shn_ k(O t/2 XSk(t/2 t)

t/2
/ / / / du duk d’l” d?”n Lk
Sn—t-1(0,rn_x) J/2 J Sk_1(ug,t)

’/ P 1 (Tn—, @, 21y 7, 2)0(2n—k) - Vaz, _ p(U1 — Tk, Zn—k, W1)
(Re)m

b(’LU1) . VIU1Pk—l(t — U, W1,Y,4, w) dﬂdwl dgdzn_k

t/2 t
= / / / / du dug, dr dr,—y
0 Sn,k,l(o,rn,k) t/2 Skfl(uk,t)

‘ / Pnfkfl('rnfk; Ty 2n—k,T, E)Pkfl(t — U, w1, Y, 4, w)
]Rd)n

b(wl) . le [b(znfk) : Vzn,kp(ul — Tn—k,”n—k, wl)] dﬂ d’LU1 dﬁ dznfk

)

where r = (Tlv ) Tnfkfl); u = (ulv s 7uk71)7 z = (Zlv R ankfl)v w
(wa, ..., wy). Now splitting integral over (R%)" into integrals over (R%)"—k-
(RY)F=1 and (R%)? and applying (28], we get (23]

Lemma 11. Forn >2,t> 0 and z,y € R? we have
t/2
it < [ [ Ilacs () - Vot = w,9) de
+ / 192002, 2) - b(=) [Pl (£ — . 2,y) dz du
t/2

Rd
n—2 .t/2 ot
—i—Z/ / / / dw dz dr dulp|k (u, x, 2) x
0’0o Jt/2 Jrd JRe

X ‘b(z) -V (b(w) - Vp(r — u, z,w))‘|p|n_2_;€(t —rw,y) .

Proof. By [24) we get

.=l

Ph(t) = [ [ Patrysg dé‘ s (27)
Sn(0,t/2) | J(RE)™
+/ / Po(t,z,y,s,§) dé‘dg (28)
Sn(t/2,t) (]Rd)n - =

+
UrZ) Sn—1(0,t/2)x Sk (t/2,t)

L Palto s defds (20)



The integral ([27)) is estimated as follows,

/ / Pn(t,x,y,é,é)dﬁ‘dé
S,(0,t/2) | J (Rd)» -
t/2
/0 /Snl(o,sn)
t/2
< / / / d&, ds™ ds, x
0 Sn—1(0,sn) R4

X |b(€n)v§np(t_5n7§n7y)|‘/(Rd) . Pnfl(snvxvgnaﬁ*aé*)dé*

ds

‘/(Rd)n Pn—1(3n7 x, fnaﬁ*,é*)b(fn) . V£np(t — Sn, 67“ y) d§

t/2
S/O /Rd Pln—1(Sn, 2, E)B(En) - Ve, p(t — S, &ns y)| dén ds

where s* = (s1,...8,-1) and é* =(&,...&,—1). Applying Lemma [] and using
similar method we estimate ([28]). Next, we split ([29) into n — 1 integrals over
the sets S, —x(0,t/2) x Sk(t/2,t) and apply Lemma [I0 to each integral. O

By the lemmas from the previous section and induction we will obtain that
all functions |p|, are finite and in consequence the functions p,, are well defined.
Detailed estimates will we given in the next section.

4 Proof of Theorem 1

Before we pass to the proofs of the main theorem we briefly introduce the
Motzkin numbers. In combinatorics Motzkin number M,, represents the number
of different ways of drawing non-intersecting chords on a circle between n points
([16]). Their generating function is (see [18])

- 1—2—+1-2z—322
M(z) = Mpx™ = , 30
(©) =3 Mo — (30)
and the following recurrence relation holds,
n—2
My =M, 1+Y MMy 5, My=DM=1. (31)
k=0

We may now prove the main estimates of this paper

Lemma 12. There is a constant C' such that for allt >0, z,y € R andn > 1,

Ipln(t, =, y) < M, C"p(t,z,y). (32)

10



Proof. Let ¢; be the constant such that (see the proof of Lemma [

t/2
/ / p(s, 2, 2)[b(2) - Vap(t — 5, 2,9)| dz ds
0 Rd
t
+ / IV.p(s,2,2) - b(=)|p(t — 5,2, y) dzds < erplt,e,y).  (33)
t/2 JRE

Let C = ¢ V \/cz, where c; is the constant from Lemma [
We use induction. For n = 1 we apply Lemma Bl Suppose (32)) holds for
n=1,...k — 1. By Lemma [II] we get

t/2
pli(t, e y) < O M, / / p(t 2, 2)[b(z) - Vaplt — u, 2,y)| dz du
0 Rd

t

+ Oy [ Vb, 2) 0 lple — wp) dzd
t/2 Jra

k=2 ‘ t/2 ot
+ZOJMjO’€—2—JMk,2,j/ / / / dw dz dr du
pary 0 t/2 JRd JRA

p(u, @, 2)|b(z) - Vo (b(w) - Vup(r —u, z,w))| x p(t —r,w,y).

Now by ([B3), Lemma B and 3I]) we obtain

k—2
pl(t,zy) < [ CFleiMiy + > CTM;C* 2T My 5 _jea | p(t,z,y)
=0
k—2
S Ck Mkfl +ZMij72fj p(t,-f,y) = OkMkp(tvxvy)'
j=0

For all n € N let p,, be functions satisfying (8)) and ([@)).

Corollary 13. Functions p, are well defined and there is a constant C' such
that for allt >0, z,y € R andn > 1

Proof. We simultaneously prove the estimates of p, and that they are well
defined. It suffices to show that for n > 1

pn(t,x,y) = / / P,(t,x,y,s,2)dzds, t>0, x,y€ RY. (35)
Sn(0,t) J (RE)™

We use induction. For n = 1 (B5]) matches the definition of p;. Suppose (B3]

11



holds for n € N. By Lemmas [12] 2] and [B] be have

~/]Rd /Sn (0,t—u)

< C/Rd p(t — u, 2, €)|b(E) |u™ “p(u, & y)|dE
<e((t—w) Tt u/ T p(t ). (36)

/(Rd)n Pu(t —u,2,€,5,2) dz| [b(E)|[Vep(u, &, y)|dsdg

Therefore by Fubini’s theorem and (B0)

pn-i—l t xz y)

/ /de" — u,2,8)b(8) - Vep(u, &, y)dédu

:/ / / / Pt —u,2,€,5,2) dz dsb(€) - Vep(u, €, y)dEdu
0 JRI JS,(0,t—u) J(RI)"
t
:/ / / / Pn(t o ’U/,.’Ii,f,ﬁ, z)b(g) : vfp(uvguy) dzdﬁdgdu
0 JS,(0,t—u) JRE J(Rd)n

S |p|n+1(t7 Zz, y) ’
which ends the proof o

Proof of Theorem [l Let C be the constant from Corollary Let r be such
that rC < (v/5 — 1)/4. Then

[pn(t, 2, y)] < My (rC)"p(t, z,y) - (37)

Denote n = rC. We define p(t, z,y) as

pt,x,y) = ant:vy (38)

By (7)) and ([B0), the series converges, and

1—-n—+/1-2n—-3n2

212

pt,z,y) < p(t,z,y).

Furthermore,

4772—1+77+\/1—277—3772
lel t,z,y)

21?2

Ptz y) > p(t,z,y) — p(t, z,y)

We next prove that for ¢ € C°(R,R?), s € R and = € R?,

/ /]Rd — 5,2, 2)(8ud(u, 2) + A2 P(u, 2) +b(2) - Vad(u, 2))dzdu = —¢(s, ).

12



By (B8) we get

Bt z,y) = plt, 2, y) + Y palt,z,y)

n=1

0 at
- p(ta xz, y) + Z/ /Rd p'n,fl(t - 5,7, Z)b(Z) ! Vzp(sa 2 y)dZdS

p(t,z,y) / /Rd —8,2,2)b(2) - V.p(s, 2,y)dzds (39)

Here Fubini theorem is justified by similar arguments as in the proof of (3.
The rest of the proof is the same as in [I3, Theorem 1] O

Corollary 14. The function p satisfies the Chapman-Kolmogorov equation
[ o020t 2 de = (e 4 s,m). st 0wy eRL (0
Rd

and a family of operators
Puf@) = [ e sy

forms a Markov semigroup with a (weak) generator A%/2 4 b(x) - V.

Proof. For the proof of {@Q) see [I3] Lemmas 15, 16]. By (39), (6) and Fubini
theorem

/}Rdﬁ(t,x,y)dy = /Rd <p(t,3:,y) + /Ot /Rdﬁ(t —s,2,2)b(2) - Vzp(s,z,y)dzds> dy
= 1+/Ot/Rdﬁ(t— 5,@,2)b(2) - V. (/de(s,z,y)dy) dzds = 1.

Now, let f,g € C°(R?). We will show that

i Pif(z) — f(x)
t—0 Jpa t

By (29)
Pif(z) — f(x)

_ / / p(t,x,y)(f(y) — f(‘r)) g(x) dy dr
Rd Rd

/Rd /R/ /R —5,2,2)b(2) - Vap(s, 2,9) [ (y)g(z) dz ds dy du

=0(t)+ Lx(t

ola)da = [ (A™2f(@) +b(a) - VS (a)gla)de (1)
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The first summand converges to [, A2 f(x)g(x)dr. By careful use of the
Fubini theorem

0= [ [ [ ] 5= sl 200002) - 9y gl s dsdy

If we denote by p(® the function p perturbed by b then p(t,x,y) = p® (t,z,y) =
p(=0)(t,y, x). Hence Jga D(t,x,y)dz =1 for t > 0 and y € R%. Therefore by (@)

Sc/Rd/Rd/Rd/otp(t—vavf)p(saz,y)w(zﬂx

< [Vyf(y)g(x) = V. f(2)g(2)| dzds dy du,

and the last expression converges to 0 as t — 0 (for details see the proof of [5]
Theoreml]). O

B(t) = [ b:)-VHE) gl
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