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Abstract

The Pareto distribution is a basic probability distribution which shows power-law be-
haviour and has various kinds of applications. In this paper, we introduce a class of
probability measures whose densities near infinity are the mixtures of Pareto distribu-
tions. This class can be characterized by the Fourier transform which has a power series
expansion including real powers, not only integer powers. This class includes stable dis-
tributions in probability and also non-commutative probability theories. We then present
simple proofs of limit theorems related to stable distributions by using that class. We also
characterize the class in terms of the Cauchy-Stieltjes transform.

If the stability index is greater than one, stable distributions in probability theory do
not belong to that class, while they do in non-commutative probability. Thus a difference
appears between probability theory and the non-commutative case.

Mathematics Subject Classification 2000: Primary 60E07; Secondary 30B10; 461.53; 46154

Keywords: Fourier transform; Cauchy-Stieltjes transform; stable distribution; non-commutative

probability; Diophantine approximation

1 Introduction

Probability measures with power-law behaviour have found their applications in a variety of
phenomena such as the energy spectrum of fluid [6 11}, the distribution of dark matters [1§]
and deformed Gaussian distributions in Tsallis statistics [23]. Readers interested in further
information on power laws can find reviews such as [19]. A basic power law in applications
is the Pareto distribution whose density is expressed as cx=*"! (x > R > 0) for a > 0. In
particular, a noise is called a 1/ f noise, or more precisely 1/ f**! noise, if the frequency f follows
a Pareto distribution with parameter a. The case —1 < o < 0 also appears in applications. In
this case, the integral [ ;O f~e~Ldf diverges. In practice, this does not cause a problem since
we usually focus on a finite interval [R, R’]. However, we only consider o > 0 in this paper for
mathematical simplicity. There are a large number of researches on the 1/ f noise. For instance,
an explanation of the origin of 1/f noise can be found in [3].

In probability theory, stable distributions, which show power-law behaviour, have been
intensively investigated [25]. The distribution g of a random variable X is said to be stable
if for any a,b > 0, there are ¢ > 0 and d € R such that aX + bX’ has the same distribution
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as ¢cX + d, where X’ is an independent copy of X. If d is 0 for any a,b, the distribution p
is said to be strictly stable. Except for the Gaussian case, the density of a stable distribution
shows a power-law tail cx=*! as * — oo, a € (0,2). The parameter « is called an index of
stability. A stable distribution has two important aspects: the distribution of a self-similar
Lévy process [20]; the limit distribution of the sum of i.i.d. random variables [7].

In this paper, we consider mixtures of Pareto distributions involving various parameters
a > 0 and characterize them in terms of the Fourier transform and Cauchy-Stieltjes transform.
Let us start from the observation on stable distributions. The Fourier transform of a probability
distribution g on the real line is defined by

Fulz) = /Rei“u(dx), z € R.

If p is supported on a finite interval [— A, A], then

Fu(z) = Z m;;("u)i"z", z € R, (1.1)
n=0 )
where my,(p) is the nth moment m,(n) = [, 2"u(dzr). These moments are bounded as

[ ()] <A™
A stable distribution p, with stability index « has a Fourier transform of the form

Fol2) = {exp (ivz — (1 —iBtan(%) - sign(z))[2]*) , a #1, (12)

exp (ivz — c(1 418 - 2(log |2])sign(2))|z]) , a =1,

where ¢ > 0,7 € R and § € [—1,1] [20]. We do not consider the case & = 1 and 8 # 0. Then
we can use a different parametrization: for z > 0,

Fou(2) = exp (72 + %02°) (1.3)

where b € C\{0} satisfies argb € [(1—a)m, 7] if0 < a < landargbe [0, 2—a)r]if 1 <a < 2.
It suffices to consider z > 0 since information on z < 0 can be recovered from the complex
conjugate. First, we can observe that F, (z) can be expanded in a double series as

Fuo(2) = Z ()™ (o) 2 2> 0.

m!n!
m,n=0

This is not the usual power series with respect to 2" for natural numbers n, but a generalized
power series of the form

> ’LﬂCﬁ
Fulz) = Z — 7P 2>, (1.4)
where S, = {m +na : m,n > 0} and I'(8) = [;” 27 ~'e~"dx is the Gamma function. The
factor % is introduced as an extension of % of (I.I). If the stability index o is not greater

than one, the coefficients ¢z are bounded as |cs| < A? for an A > 0.

In Section 2 we prove that a probability measure enjoys the Fourier transform of the
form (L4) with the estimate |cg| < AP if and only if it is the sum of Pareto distributions
with parameters in the set S,. This generalizes a result of [9] which corresponds to the case
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a = 1. A difficulty is that a logarithmic term 2° log z may appear in the Fourier transform. To
cancel such a term, we will consider Pareto distributions on the negative real line, not only on
the positive real line. However, sometimes we do not have to consider the negative part. We
clarify when Pareto distributions on the negative real line are not required, using a Diophantine
approximation of «.

Since the coefficient ¢g in (I.4)) has an analogy with a moment of a probability measure, we
call cg a B-complex moment. This is why we avoid a logarithmic term in the Fourier transform:
the concept of S-complex moment can be defined thanks to the absence of a logarithmic term.
As an application of the (3-) complex moments, we prove that the sum of i.i.d. random variables
converges to a stable distribution if each random variable has the Fourier transform of the form
(I4)). This theorem is known to be true for more general random variables [7]; however, the
proof in this paper is quite simple.

We also investigate stable distributions in non-commutative probability, or more specifically,
in free, monotone and Boolean probability theories [24] [16, 21]. a-stable distributions in non-
commutative probability also show power-law behaviour. We prove that these distributions also
satisfy (I4]). However, a remarkable difference arises between probability and non-commutative
probability theories: for a € (1,2], the estimate |cs| < A in (L4)) does not hold in probability
theory, while it does in free, monotone and Boolean probability theories. This means that
asymptotic behaviour of a-stable distributions in probability theory differs from that in the
non-commutative case for a € (1,2].

In non-commutative probability, the Cauchy-Stieltjes transform (or sometimes Stieltjes
transform or Cauchy transform) is more useful than the Fourier transform. The Stieltjes trans-
form of a probability measure p is defined by

Gu(2) :/Ru(dx), z € C\R.

zZ—XT

If 41 is supported on an interval [—A, A, G, can be written as

My
Gulz) = Zni’f), 2] > A
n=0

We consider G, on C_ := {z € C: Imz < 0} rather than on the upper half-plane. This is
because the lower half-plane for G, plays the role that the positive real line (0, c0) does for F,,.
This correspondence is clarified more in Section [3]

In Section B, we prove that a probability measure p has the Fourier transform of the form
(L) with the estimate |cs| < A? if and only if G, has the expansion

dg
G“(z) - Z ZB+1

Bes

for z € C_ with large |z|, where the coefficients dj satisfy the estimate |dg| < A®. A remarkable
result is that cg and dg coincide. This fact clarifies a relation between the Fourier and Stieltjes
transforms. As applications of this characterization, we present simple proofs of limit theorems
for free and Boolean i.i.d. random variables, similarly to the case of probability theory. These
results were proved in [4] in full generality. Unfortunately, the author has not been able to
prove a similar limit theorem for monotone independence because of a technical difficulty.



2 Generalized power series expansions

2.1 Generalized power series expansions of the densities of proba-
bility measures

In this paper, N denotes the set of natural numbers {0,1,2,3,---}. 2% := e®l¢* for 3 € R
denotes an analytic function in C\(—o0, 0], where log z is defined so that —7 < Im(log 2z) < 7.

Remark 2.1. (1) The following calculations are correct for z € C\[0, 00):
(i) 2228 = 22*P for a, B € R,
(i) 2" = (z*)" fora € R, n € Z.

However, (wz)® # w2z and 2% # (2%)? in general.
(2) It is sometimes useful to denote the expansion (L4 as

rm-no
¢ Cm,n m-+nao

Fulz)= > O z> 0. (2.1)

m,neN

However, the coefficients ¢, , may not be unique. This is because m; + nja = my + ngav can

occur for distinct (mq,ny) and (mg, ng). To avoid this non-uniqueness, we introduce summations
e . . .

over a set such as ) 5 F(B—fl)zﬁ. Then coefficients cg are unique. Moreover, we will extend

the set S, to a more general set S.

Let S be an additive sub-semigroup of [0, c0) such that:

(S1) N C S,

(S2) there is a constant ¢ > 0 such that #(.S N [n,n + 1)) < ™! for any n € N.
In this paper, S denotes a set satisfying the above conditions.

Definition 2.2. A series of the form

> b2 (b, €C)

yeS
is called a generalized power series.

Example 2.3. (1) Let « > 0 and S, := {m +na : m,n € N}. Then S, satisfies (S1)
and (S2). The condition (S2) can be checked as follows. If & < m + na < k + 1, then

E—m < na < k—m+1. For each m € N, the number of possible n’s is at most [é] + 1.
Therefore, |S, N[k, k+ 1) < ([5] + 1)k.

1
(2) More generally, let 0 < oy < -+ < a; and Sa, .., = {N0 + a1 + -+ + npay, -
no, -+ ,np € N}. Then Sy, .. o, satisfies (S1) and (S2): it can be proved that a constant ¢ > 0

exists such that [Sq, .. o, N [k, &+ 1)] < ckP.
We prove a basic property on convergence of generalized power series.

Proposition 2.4. Let (a,),es be a sequence of non-negative real numbers. Then the generalized
power series 2765 a,z" converges in (0,€) for an € > 0 if and only if there is an A > 0 such
that a, < A7



Proof. We assume that the generalized power series Z«/es a,2" converges in (0,e) with ¢ €
(0,1). We note that the estimate

Zayz“’ Z Z %ZWZi Z Q. P

~ES n=0 yeSN[n,n+1) n=0 \~eSN[n,n+1)

holds. This implies, from the usual theory of series, that a C' > 7! exists such that >
C™*! for any n € N. In particular, a, < C"*t < C" fory € SN[n,n+1).
Conversely, let us assume that there is an A > 0 such that a, < A7, We can moreover
assume that A > 1. Then 37 _ca,27 < 32030 cgrnni A7+1z7 < cA?Y 0 (cAz)™ s
convergent in (0, (cA)™"), where ¢ > 0 is a constant such that [S N [n,n+ 1)] < c"Jrl O

vesnmnt1) Gy =

Let us introduce a class of probability measures which can be written as the sum of Pareto
distributions.

Definition 2.5. A probability measure g is said to be in Pg if the following condition is
satisfied: there exist {ag}pess>0 C C and r, R > 0 such that

plizizr(dr) = ) Im <a5 (1)ﬁ+1> da, (2.2)

BeS, >0
lag| <77, (2.3)
r<c 'R,

where ¢ is the constant in the condition (S2). The function (1) is understood to be
!B+ | 3| =A=1 for # < —R. Under the conditions (Z3) and (2.4)), the generalized power series
in (2.2) is absolutely convergent from the proof of Proposition 2.4]

The class Pg extends a class P; of probability measures introduced in [9]. Indeed, P,
coincides with Py. In particular, Pgs includes any probability measure with a compact support.
However, a probability measure with all finite moments may not be contained in Psg.

The main motivation for Pg derives from stable distributions in probability theory and also
from non-commutative probability theory as shown below.

Example 2.6. (1) A Pareto distribution with the density cz=®! on x > R > 0 belongs to
Ps, for « > 0, a ¢ N, where S, := {m + na : m,n € N}. Indeed, we can take a, =
Sin(ail)ﬂei(““)’r and ag = 0 for 8 # « in (Z2). If @ € N, a logarithmic term appears in the
Fourier transform and the Pareto distribution does not belong to Pg, (see Proposition 2.7]
and Theorem [28). In addition, a Pareto distribution is infinitely divisible since its density is
completely monotone [20)].

(2) Any a-stable distribution with 0 < o < 1 belongs to Pg, and Cauchy distributions also

belong to Py. Under the notation of (L3)), the density can be written as

1 T 1 1 m+na+1
D R (m + T )Im (b” (—) ) . w0 (2.5)
m:m! €T

s
(m,n)eN\{(0,0)}

In the case 1 < a < 2, however, an a-stable distribution does not belong to Pg_ since the double
series (Z.3]) is not convergent (the series (Z.5) is still true as an asymptotic expansion [20, 25]).
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By contrast, a-stable distributions in non-commutative probability belong to Pg, for any a €
(0,2].

(3) Stable distributions for free, Boolean and monotone independences were defined respec-
tively in [5], [21, 2] and [8]. These distributions with any stability index o € (0, 2] belong to
Ps.., except for free and Boolean stable laws with index one which are not Cauchy distributions.
These examples are investigated more in Section [3; see Theorems [3.3]

(4) Probability distributions yj, defined by the Stieltjes transforms

1yayi/r\ /e
bar(z) = rl/e (1 —a _bb(;) ) / ) (zeC.)

were investigated in [1]. ., 1s a probability measure if either of the following conditions is
satisfied:

()l1<r<oo,0<a<land (1—a)r <arghb<m;

(i) 1<r<oo,l<a<2and0<argh<(2—a)m.
pg, € Ps, since Gf,(2) enjoys a convergent series of the form 13> ¢, (a,b,7) (1 )" for large
|z|, z € C_; the reader is referred to Theorem B.3l

(5) Let v be a probability measure on [0, 00) and 0 < a < 1. Then the function [;° e~ *I"*1(dx)
is the Fourier transform of an infinitely divisible distribution u (see Corollary 10.6 of [22]). The
probability measure p is a mixture of symmetric a-stable distributions. If, moreover, v is
compactly supported, p belongs to Pg, . Indeed, we have

Fu(z) = Z —<—1)nmn<y) 2" 2> 0,

n!
n=0

and from Lévy’s inversion formula, the density of pu is

1 & . I(an+1) ey (1N
- ;(—1) mn(y)TIm (e (E) ) , = #0.

This implies that @ € Psg,.

We do not treat stable distributions with index one which are not Cauchy distributions.
Such a probability measure has a logarithm function in its density, so that it is not in the scope

of (2.2).

2.2 A characterization in terms of Fourier transforms

Let [f] denote the integer part of 3, that is, [§] is the largest integer which is not larger than
B. First we calculate the Fourier transform of a Pareto distribution.

Proposition 2.7. (1) For f > 1, 2> 0 and R > 0, the following expansion holds.

o0
R’ / e By
R

A1~ (iRz)k1 iRz i¥1=1e1(B) 5
:kz B+1—k‘)e NEERCETETAE (26)
+ ) st (1) = (R ! + f5(2)

Kk—=p+[p-1) B---(B-1[8]+2)

keN\{1,2}



where ¢1(8) := [~ e®a=FBI2dx. f4(2) is defined as follows:

! 9 (B2 = (R2)P P (Re)H — (R2)?

falz) =4 P 1 1 +2) ( p-ld +.[5]21 (R )%]:1[6] (_Rl)ﬁ e
—iP(R2)? 1o p [ z — (Rz |

B (B— B +2) (R2)"log(R2) + — A1 )7 BeN

If [B] = 1, the first summation of (2.4) is understood to be 0 and - - - (8 —[B]+2) is understood
to be 1. If B ¢ N, fz(2) can be included in the second summation of (2.8); however fz(z) is

still exceptional for ¢ N since it may contain a logarithmic term under the limit § — oo.
(2) For 0 < B <1, 2> 0 and R > 0, the following expansion holds.

¥o] > ixz,,—p—1 _ B - k
R/R e x dr = co(f +kz%l k:' (2.7)

ik

where ¢(B) = [~ e®a P e + Y07 RO—B) "

Proof. (1) Let us assume that 8 > 2. For z > 0 and R > 0, we have

Rﬁf ei”x_ﬁ_ldx:(Rz)B/ e r P dg, (2.8)
R Rz

With integration by parts, [ ¢“z~~'dz can be computed more.

m .
/ e r B g
Rz

(Rz) P g 0 [

= Te + B eixl'_ﬁdx
_ . — 1 ] o]
_ (R;) BeiRz+ Zé](%;) ﬁ:) iRz 1 5(; 1)/ ol =B+ ] (2.9)
- - Rz

(Rz k 1-5 iRz i1 - iz, .—B+[8]—-2
2/3 B—k+D" +6-~-</3—[ﬁ]+2>/3f ! e

To expand the last integral in terms of powers of 2z, we decompose it into two parts:

o) o) 1
/ ei:vxwaL[ﬁ]f?dx _ / ei:vxwaL[ﬁ]*?dx + / eimxfﬁﬂL[ﬁ]*?dx
Rz 1 Rz

e zdxﬂ/ BB g,
Y 2.10)

k>0k#1

B z_ 1 — (Rz)k-p+I-1
=ald)+ o B R = B[ 1

+ g5(2),

where gg(z) = iw if 5 ¢ N and gs(2) = —ilog(Rz) if § € N. (2.6)) follows from the

above relations QEI) m



Let us consider the case 1 < 8 < 2, or equivalently, [5] = 1. Using the same method, one
can check that

® R Rk)* >0
Rﬁ/ e P e = (R2)Pe (B) + Z %( Z)k (£k) + i(Rz)B/ z Pdx.
R E>0k#1 — 8 Rz
Therefore, the relation (2.6]) is still true.
(2) If 0 < 5 < 1, the same method is applicable and then (2.7)) follows. O

Therefore, a logarithmic term appears in the Fourier transform of = #~', 2 > R if 8 € N.
Even in the case ¢ N, a singularity can appear if we consider asymptotic behavior as f — co.
We remove this singularity by taking an appropriate function supported on the negative real
line. Then we can characterize the Fourier transforms which can be expanded by 2 for v € S.

Theorem 2.8. Let pu be a probability measure. Then p € Ps if and only if there exist c, € C
and A > 0 such that:
(1) |ey| < AV forany vy € S,v>0 and co = 1;
(2) Fulz) =3 cs F(%l)ﬂzﬁ for z > 0.
oo mn(i)

Remark 2.9. To generalize the expansion F,(z) = >, ™ (iz)" for a compactly supported
1, we use the factor for ;1 € Pg. In Subsection B.2] this generalization turns out to be

1
L(y+1)
relevant.

Proof. We prepare a notation for global behaviour of functions. For complex-valued functions
fygon S x N x[0,00), f < g means that there is a constant C' > 0, independent of (5, n, z),
such that |f(8,n, z)| < Clg(B,n, z)| for any (5, n, 2).

Let us assume that j1 € Pg. By definition, ji|j,>r can be written as

plazr(de) = ) Im <a5 (1)5H> dz, (2.11)

BES, >0

where |ag| < 7P for an 7 € (0,c'R). Let us decompose p into three parts: p = p_ + g +
Py Where pi_ i= pilp<_g, fto = p|jzj<r and py = pl;>g. Since pg is compactly supported,
the Fourier transform of j can be expanded in a series >, WZ 2" with the estimate
[mn (o) < R

(Step 1) We start from the cancellation of singular terms of 7, and F,,_. Let us calculate
the contribution of the Fourier transform of y_. From Proposition 2.7, we observe that

—R 00
Rﬁ/ @ p=B=1 40 (—1)5+1(Rz)5/ e~ B=1 1y

0o Rz

with the convention (—1)#+1 = ¢{#+V7 Therefore, R=°Im((—1)**1as) f5(2) is the singular term
contributed by p_. Altogether, the singular part of F,, is R? <(Im ag) fs(z) + Im((—1)5+1a5)m>.
For 5 ¢ N, we have
(Imag) fo(2) + Im((=1)""'as) f(2)
_ (=) < (=D — (—1)/3) B _ (p.)\8
SFee-Een Y amp ) (TR
B+t 1= <_1)/3—[/3]—1) (R2)PIHL — (Rz)P
+ﬁ-~-(ﬁ—[ﬁ]+2)1m<aﬁ F-[B-1 2




If g E N, the first term is 0. Therefore, the singular terms of F,(z) can be bounded as
S8 4 L1841 B
< g (P + ) +
(Step 2) The estimation of F,,_ follows from the complex conjugate of F,,, , so that we only
have to estimate the coefficient of each 27 appearing in » 55,550 rf / ;o e**x P 1dz, excluding

the singular terms. For each g > 1, first let us focus on

(iRz)*1 - (iRz)k+1AI- 1
h ()Zg B-k+1D)" _<) Z kl(k — 5+[5]—1)'6---(6—[ﬁ]+2)

which appears in (Z6) with additional factor (%)?. The coefficient of 2" in I;(f) can be

calculated as

oV

Coef(Ii(B), 2") := (iR)" ("’

where

0, otherwise.

d(ﬁ):{l’ Bl=n+1lor[f]<n-—2

1 1 T(B—K)T(k+1) n 1
We note that R R < i () i BB+ 1,k+1)- (C=aI k),k,, where

B(p + 1,k + 1) is the beta functlon fo 2%(1 — z)¥dz. The last expression can be bounded by
just n! n! To estimate the coefﬁment of z™ in the Fourier transform of u,, we have to

" k)
sum Coef(I1(B),2") over € S. The summation s (iRR)" (%)B Zi%{"’[m_Q} m
can be estimated as
min{n,[8]—2}
r\f R" n! (2R)"
=< =) = < :
Z(R) n! Z kl(n — k)! n!
Bes k=0
Since 5= [B]+2) @ 5)(n1 A £ W’ the summation of the last term of Coef(11(3), 2")
over 8 € S can be estimated as < %
(Step 3) To estimate the Coefﬁment of 27, we focus on
(r/R)° [18]—1 k4[] —1 (R2)"
I,(0) := a(B)iPY(Rz)? + ;18] :
)= Gy | O 2 RIGE— 3+ 18]~ 1)

keN\{1,2}

which comes from (2.6). For v € S, the coefﬁcient of 27 in I5(f3) is nonzero only if § = v and,
in that case, it can be estimated as < & 1)
Through the above steps, the desn"e generahzed power series of F, has been obtained.
(Step 4) Conversely, let us assume the conditions (1) and (2). Combining these two, we
obtain

A7
Fu(2) <) m;ﬂ <cePr 2>, (2.12)
yeS v



for constants C'; B > 0. The second inequality is proved as follows. For simplicity, we suppose
A > 1. From the condition (S2), |S N [n,n + 1)| < "™ for a constant ¢ > 0 for any n € N.

o 00 AY 0o (CA)n'H peg cAz
If0<z<1, then ) g F(v+1)ZW Y o0 Y esnimat) el <y, T 2 < cAe If
z > 1, we similarly get Zves F(7+1)Z < cAzeth,
Now we apply Lévy’s inversion formula to calculate p, following the proof of [9]. We

introduce an analytic function
c
9= X e
ST+

in C\(—o00,0]. We also define L,(z ) n (—oo O] to be the limit from the upper half-plane.

For x > B and N € N, let fN = o fo e "*L,(z)dz. From the estimate [212), f3(z)

converges to f1(z) := 5= Jes 7T as N — o0 locally umformly in (B, o). By the way, chang-

ing the path of the contour integral, one gets f3 (z) = 5 fo e " F,(2)dz — fFN e "L, (2)dz,
where I'y = {Ne'?; 0 <0 <%} The second mtegral converges to 0 as N — oo locally uni-

formly. Therefore, fo e Fu(2)dz — 5= > s 741 locally uniformly in (B, 00). Summed
with the complex conJugate thls convergence implies

I 1 Im ¢,
N e " Fu(2)dz — - Z g

YES

locally uniformly in (B, 00). Using fy(x) := fBN e **L,(2)dz, we can similarly prove

1 N ) 1 1 v+1
e _Ne Fu(z)dz — - Zlm Cy (E)

veS

locally uniformly in (—oo, —B). Lévy’s inversion formula implies that p has the absolutely
continuous density %Zves >0 1M (c7 (%)’YJrl) for |x| > B. O

2.3 Probability measures with supports bounded below

In applications, power laws with supports bounded below form an important class. For instance,
some stable distributions are supported on the positive real line. In this subsection, we consider
when a probability measure p € Pg, has a support bounded below.

Following the definition of Pg, let us introduce a class of probability measures P§ whose
supports are bounded below.

Definition 2.10. A class P of probability measures consists of any probability measure p
satisfying the following properties:

(1) the support of i is bounded below;

(2) there exist {bs}ses >0 C R and r, R > 0 such that

B+1
o> r(dx) Z b5< ) dz, (2.13)

BES,3>0
bs] < 7P, (2.14)
r<c'R, (2.15)

where c is the constant in the condition (S2).
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A probability distribution of P sometimes contains a logarithmic term in its Fourier trans-
form, like the Pareto distribution with parameter o € N. However, a stable distribution on
the positive real line does not have a logarithmic term in the Fourier transform. To solve this
problem, we focus on the case S = S, (@ > 0). Then we consider when p € P is contained
in Pg,_, which means that the Fourier transform of x can be written as (IL4]). A crucial concept
is a Diophantine approximation in number theory, whose importance in the context of stable
distributions was clarified in [12, [10} [13].

Definition 2.11. Let us consider the following condition on 5 ¢ @Q: for any b > 1, the
inequality

'5—%‘ < b (2.16)
holds for infinitely many pairs (p,q) of Z x (N\{0}). We denote by D the set of all 5 ¢ Q

satisfying the above condition.

Remark 2.12. (1) The Lebesgue measure of D is zero from Khintchine’s theorem [14].
(2) The set D is smaller than the set £ used in [12, [10, 13]. Indeed, £ is defined as in
Definition 2.T1], just by replacing “for any b > 1”7 by “for some b > 1”.

The following properties are basic. Let us define () := min{|5 — n|: n € Z} for 5 € R.

Proposition 2.13. (1) Let § ¢ Q. Then, 5 ¢ D if and only if there is A > 0 such that
m < A™ for anyn € N,n > 1.
(2) If v € D and z € Q\{0}, then zx,z 4+ x € D.

(3) If v € D, then x=! € D.

Proof. (2) can be proved from the definition of D. (3) can be proved in a way similar to [10].
Let us prove (1). If 5 ¢ D, then there are b > 1 and ¢y € N such that |5g—p| > ¢b=? for ¢ > qq
and p € Z. Therefore, we have (8q) > qb~? for ¢ > qo. This implies the existence of A > 0

such that the inequality T < A7 holds for any ¢ € N\{0}. The converse is similarly

1
mBq
proved. O

The main theorem is the following. If the coefficient bz in (2.13) is not zero for a § € N,
then the Fourier transform of p has a logarithmic term as in Proposition 2.71 Therefore, we
assume that bg = 0 for any g € N.

Theorem 2.14. Let 1 € P§ and oo ¢ D. If the coefficients bg in (Z13) are zero for § € N,
then p € Ps,. Conversely, if o € D, we can find a probability measure pp € PE N (Ps, )¢ with
bs =0 for 8 € N.

Proof. Suppose that a probability measure u satisfies the conditions (2.I3)-(2I5). Then the
coefficients {as}ses, s>0 C C in (Z:2)) should be written as

Imag :=0bg, Reag:=—cot(nPB)bg, [ € S,\N. (2.17)

The coefficients ag for § € N are defined to be 0. Let us suppose o ¢ D. If a € Q, then
sup{| cot(73)| : B ¢ N} is finite, so that az can be estimated as |ag| < C” for a constant C' > 0.
If « ¢ QU D, there is a constant C' > 0 such that |ag| < CF since « satisfies the estimate in
Proposition 213((1). Therefore, in both cases & € Q and o ¢ Q, p can be written as

1 B+1
plapaldn) = 3 Im(aﬁ (2) )dw
BESA,B>0 z
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for an A > 0.
Next, let us assume that o € D. For instance, let p be defined as

Z Voo P ldx

BESH\N

supported on R, c0) for some R > 0 and b > 0. The coefficients ag in (2.2) should be written

as (2.17), so that
Imag:=b°, Reag:= —cot(nB)b’, peS,\N.

From Proposition ZI3|(1), there is no A > 0 such that A=#~!| cot(73)] is bounded for 3 € S, \N.
This means that |ag| cannot have an estimate of the form |ag| < D?, so that u ¢ Psg,. O

Example 2.15. (1) The a-stable distribution on [0, 00) belongs to P§ NPg, for any o € (0, 1).
If parameters in ((L2) satisfy (v, ¢, 8) = (0, cos(%*), 1), the probability density can be calculated

as
o)

1 )" Lsin(ran)l(na +1) _
— x

™4 n!

1—na

as a convergent series for z > 0 [20, 25].
(2) (The supremum of an a-stable distribution [12, [10]) Let X = (X});>0 be an a-stable

process with parameters (v, ¢, §) in ([L2) satisfying v = 0 and ¢ = \/1 + % tan?*(%2). Let p be

defined by p = P(X; > 0). The process S; := sup{X; : 0 < s < t} is called the supremum
process. From the self-similarity of X;, the distribution of S; is the same as that of t/*S;. If
a € (0,1) and o ¢ L UQ, the probability density of S is calculated as a convergent double
series

d —1l—x —m—no
de(S =z Z bmn+10
m,neN
for > 0, where by, ,, is defined as
o (—1)m+n ﬁ sin ( ap +j—1)) Ly sin(ra(p+ 5 —1)
T+ 2 4+ ) (—m — an) P sin(Z2) P sin(may) '

Since D C L, we conclude that the distribution of Sy belongs to P§ N Pg, from Theorem 2141

(3) (The last passage time [13]) Let Y = (Y;);>o be a symmetric a-stable process in R?
whose Fourier transform is E[e?*Y?] = e~IVlI* for v € R, where || -|| is the Euclidean norm. We
define the last passage time U, := sup{t > 0 : ||Y;|| < r}. Then U, has the same distribution
as a®U,. If 1 < a < d, the probability density of U; can be calculated as

d 2 (_1)mP(M) _d+2m
—PUy <t @t
dt (2<1)= ar(d—Ta)m%:Om!F(d‘T“+m+1)

Y

which is convergent for ¢ > 0. From Proposition 2.I3(3) and Theorem 2:14] this distribution
belongs to P¢  NPs _, if a ¢ D.
More examples can be found in [13].
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2.4 Generalized moments and basic properties

It is important to mention the uniqueness of the coefficient of 27.

Proposition 2.16. Let p € Ps. If Fu(z) = > g F(%l)ﬂz =2 es FWH)Z 27 for z > 0,
then ¢, = d, for any v € S.

Proof. This can be proved inductively in terms of asymptotic behavior as z ™\ 0. U

In the paper [9], we introduced the concept of complex moment. The class Pg enables us
to generalize this concept.

Definition 2.17. Let S be a set satisfying (S1) and (S2). The complex number ¢, in Theorem
2.8 is called a y-complex moment of p. It is denote by m., (x). If X is a random variable with
the distribution p, we also write m., (1) = m.(X).

Remark 2.18. (1) If p is compactly supported and v € N, the above y-complex moment
coincides with the usual moment. Moreover, if 1 € Py, m. (1) coincides with the yth complex
moment [9]. Therefore, no confusion arises if we use the same symbol m, () in this paper.

From the proof of Theorem [2.8] we conclude the following.

Proposition 2.19. In (Z3), we can take a, to be a, = tm, (). We note that if v € N, the
real part of a is arbitrary. If v ¢ N, a, is uniquely determined by p, so that a, = 1mq/(,u) 18
the unique choice.

The binomial-type expansion is true for m., ().

Proposition 2.20. (1) Ps is closed under the convolution .
(2) For pu,v € Pg, we have

L(B+1)
ma(p* v) = Z 1—\(7+1)1—‘(5+1)mv(ﬂ)m6(7/)-

¥,0€S:y+0=p
Proof. For pi,v € Ps, let us define ¢g := 3 506, 1525 %mv(u)mdy). Then, formally,
—(12)” = F (2)F.(2), z>0. 2.18
> g9 = FAFA) (2.18)

Bes

To prove that the LHS is an absolutely convergent series, we estimate cg as |cg| < DP. Let
¢ > 0 be the constant in the condition (S2), i.e., |[SN[n,n+ 1)] < ™™ and let A > 0 be a
constant such that [m.(u)], [m,(v)| < A7. Then

_ LB+ o
lesl <D 2. NCESNCESIE, ’

n=0 veSN[n,n+1), v+5=73

I'B+1)
3PS NCRS (e T

n=0 veSN[n,n+1)

r((8) + 2)
< ZS[Z CES e

8]

i1 L5 + 1)
< (6] +2) %C L(n+DI([B] —n+ 1)A6

= c([B] + 2)(c+ 1)[5]145.
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Therefore, (2.I8)) holds as convergent series. This in addition implies that p * v € Pg and
mp(p*v) = ca. O

We can also generalize cumulants as follows. This concept is useful to understand the
similarity between a-stable distributions (a < 2) and Gaussian distributions.

Definition 2.21. Let S be a fixed index set satisfying (S1) and (S2). A -cumulant of x is the
coefficient k., (p) appearing below:

Ky(p) o m. (1) o
;rmnz ‘1g(%m+1> )

Basic properties are additivity and homogeneity. Let D, be the dilation operator defined by
Jo f(@)(Dap)(dz) = [, f(Az)p(dz) for any bounded continuous function f. Dy is the same
as the dlstrlbutlon of A X, Where X is a random variable with the distribution pu.

Proposition 2.22. The following properties hold for u,v € Pg.

(1) (Additivity) k(% v) = k(1) + K4 (V).

(2) (Homogeneity) k(Dxp) = Nk (p).

(3) Let us order S as S = {s;j};>0 with so = 0 < 51 < s9 < ---. Let us define n, =
1SN (0,7)| for each v € S. For v > 0, there are polynomials P,(x1,--- ,x,,) depending only
on vy and S such that

K (1) = M (1) + Py (g, (1), - - s M, (1))
Proof. These follow from Proposition [2.10l O

Example 2.23. Assume that a € S, a € (0,1]. Then a strictly stable distribution with
index « is characterized by k, = 0 for v # a. A stable distribution with index o (o # 1) is
characterized by x, = 0 for v # 1, and x; € R.

2.5 An application to a limit theorem

Convergence of the sum of i.i.d. random variables has been investigated by many researchers.
In particular, the sum % converges to a (strictly) stable distribution if the distribution
of X7 has a power-law tail [7]. If we focus on probability measures of Pg, this convergence can
be easily proved.

Theorem 2.24. Let {X;};>1 be i.i.d. random variables with the distribution of X, in Pg. Let
a:=min{f € S: 5> 0,mg(X;) # 0}. Then the distribution of% converges to a strictly

%ma(X1) _o
MarD) )

stable distribution v with index o whose Fourier transform is given by F,(z) = exp(
z > 0.

Proof. Let us calculate the Fourier transform of Y, : X“Lli/jX” For z > 0,

E[eizYn] _ E[ein_l/azXl]n

_ (1 + i 7ZFZQ<+)?)> 2+ o(z“))n

— exp Mz“ as n — oo.
['(a+1)
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This is sufficient for the convergence of Fourier transforms, since the convergence for z < 0
follows from the complex conjugate. The limit function is continuous, so that the convergence
is in the sense of weak convergence of probability measures. O

Remark 2.25. The above proof can be understood intuitively in terms of cumulants. Roughly,
we proved k. (Y,,) — 0 for v # o and ko (Y,) = ma(X7).

Z;ZZ‘_‘F({‘)) za> on (0,00) is the Fourier transform of a probability measure, the

a-complex moment m,(u) cannot take some complex values. For the same reason, the real
number « in Theorem [2.24] is restricted.

Since exp <

Corollary 2.26. For 1 € Pg, let o := min{f € S : 8 > 0,mg(p) # 0}. Then 0 < o < 2.
Moreover,

argmy(p) € [(1 —a)m, 7], 0<a <1,
argma(p) € 0,(2— )], 1<a<2.

Proof. The parameters of stable distributions satisfy the conditions as in (L3)), so that the
above conditions on m,(u) are required. O

Remark 2.27. (1) This corollary can be proved in a more direct way. From Proposition 2.19]
we can take a, = fm,(u), where a, is the coefficient in @22). If o := min{f € S : § >
0,mg(p) # 0}, then both Im (m,(p)) and Im (e m, (1)) are non-negative, since they are
respectively the coefficients of the leading terms in the density as + — oo and z — —o0.
Corollary then follows from these conditions.

(2) While a-stable distributions with o € (1,2] are not contained in Pg for any S, Theorem
224 is true for any a € (0, 2].

3 Power laws in non-commutative probability

We focus on free, monotone and Boolean independences which are important independences
in non-commutative probability. In this context, the Stieltjes transform is more relevant as a
moment-generating function than the Fourier transform. Therefore, we consider generalized
power series expansions for Stieltjes transforms and related transforms.

3.1 Preliminaries

We summarize preparatory concepts and results. Free, monotone and Boolean independences
for random variables were introduced in [24], [16] and [21], respectively. For probability mea-
sures 1 and v on R, the free convolution pH v is defined as the distribution of X +Y where X
and Y are self-adjoint and free independent random variables with distributions y and v, respec-
tively. The monotone convolution u>v and the Boolean convolution W v are defined similarly,
with free independence replaced by monotone and Boolean independences, respectively.

The function F,(2) = % is called the reciprocal Cauchy transform of a probability mea-

sure p. The function F), has a right inverse F;l defined in I'; ;== {# € C_ : Imz <
—M, Imz < n|Rez|} for some 1, M > 0. The Voiculescu transform ¢, is then defined as
oulz) = F, 1(2) — 2. The Voiculescu transform in free probability theory plays the role of
log F,, in probability theory. The following characterizations (1), (2) and (3) were proved in

[5], [I7] and [21], respectively.
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Theorem 3.1. For probability measures p and v on R, we have the following.
(1) ¢umy = ¢, + ¢u in an open set of the form I'y .
(2) Fppy = F,0F, in C_.
(3) Fuon(2) = F(2) + F,(2) — 2z in C_.

Therefore, the transforms ¢,(z) and F),(z) — z play the roles that the logarithm of the
Fourier transform does in probability theory.

In free probability, stable distributions were introduced in [5] as analogues of stable distri-
butions in probability theory. A probability measure p is called H-stable if for any a,b > 0,
there are ¢ > 0 and d € R such that (Dypu) B (Dyp) = (Dep) B dg. If d is 0 for any a, b, then
the distribution is said to be strictly H-stable. In the Boolean case, W-stable distributions and
strictly W-stable distributions can be defined by replacing B with @ [21], 2]. In the monotone
case, only strictly stable distributions have been defined [8]. A probability measure p is said to
be strictly >-stable if it is >-infinitely divisible and the corresponding >-convolution semigroup
{pe}e>0 with gy = p and po = &y satisfies the self-similarity: for any ¢ > 0, there is a A > 0
such that pu; = Dyl

The above stable distributions are characterized as follows [2 [5, [8] 21].

Theorem 3.2. (1) If a probability measure p is B-stable (resp. W-stable), then ¢,(z) (resp.
2z — F,(2)) is one of the following forms:

(i) =y +bz'"* in C_ where vy € R, b € C\{0},argb € [(1 — a)m, 7] and a € (0,1).

(ii) ¢ — blog z in C_ where c € CL UR and b > 0.

(iii) —y + bz'"* in C_ where a € R, b € C\{0}, argb € [0, (2 — a)7] and a € (1,2].

(2) Only for strictly >-stable laws, we change the definitions of powers: 2° is defined to
be e#1°82 in C\[0,00) so that Im(logz) € (=2m,0). If a probability measure p is strictly >-
stable, then F,(z) = (2* — b)Y/ in C_ where (o, b) satisfies one of the following conditions:
be C\{0}, argb € [(1 —a)m, 7] and a € (0,1]; b € C\{0}, argb € [0, (2 — a)x] and a € [1,2];
b=0.

The parameter « is also called a stability index. In the case (ii), a stability index is defined
to be one. We do not consider the case b > 0 in (ii) as in the case of probability theory to
avoid a logarithmic term of the Stieltjes transform. A 1-strictly stable distribution is a delta
measure or a Cauchy distribution in any case of probability theory, free, Boolean and monotone
probability theories.

3.2 Characterizations in terms of Stieltjes transforms and related
transforms

To apply the class Pg to non-commutative probability theory, we prove an analogue of Theorem
2.8 for the Stieltjes transform and its reciprocal.

Theorem 3.3. Let 1 be a probability measure and ¢ be the constant in the condition (S2).
Then the following are equivalent.

(1) p € Ps.

(2) There are (dy)yes C C with dy =1 and A > 0 such that |d,| < AY for any v € S and
Gu(2) =3 cs % in{z€C_:|z| >cA}.

'From private communication, the author learned that J.-C. Wang defined strictly >-stable distributions in
a different way and proved that its definition is equivalent to the definition of [g].
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(3) There exist (by)yes C C (by = 1) and A > 0 such that [b,| < AY and F,(2) = ZZ'\/ES =
in{z e C_:|z| > cA}.

Proof. (1) < (2): We assume that 1 € Ps. From Theorem 2.8 and Definition 217, F,,(z2) has

Moy (1)
YES T(y+1)

have |m.(p)| < A7 for some A > 0. By the way, we can see that

the generalized power series expansion F,(z) = > 1727 for z > 0, and moreover we

/ Fu(z)e ¥ dz = —iG,(—iy), y > 0.
0

The estimate (2.12)) is applicable to the present case, to conclude that

al
/.7-" eyzdz—z y5+2 , y>cA.

veS

Since ;G (—iy) and Y__ g m;fﬁ)lﬂ are both analytic in (cA, 0o), we have the equality G,(z) =

> ) | in {ze€C_:|z| > cA}.

YES z7+1
Let us prove the converse statement. Since the limit lim,\ o G, (2 — iy) is locally uniformly

in R\[—cA, cA], we can use the Stieltjes inversion formula, to conclude that u is absolutely
continuous in R\[—cA, cA] and pijpjsea(dr) = 23 o Tm (m,y(,u) (%)%1) dz.
(2) & (3): taking the reciprocal of G,(z) in Theorem B3] we obtain

Fu(z) ==z I_Z%+<Z%> _<Z%> N

It is not easy to estimate the coefficient of 27 in F},, so that we consider another proof based
on Proposition 2.4l We can observe that this series expansion is absolutely convergent for large

>0 |z]7 >0 |z|7Y
finite real number. Therefore, the order of the summands can be changed and the reordered
series F,(2) = 23 g % is also absolutely convergent for large |z|. From Proposition 2.4] the
coeflicients b, are bounded as [b,| < AY for an A > 0. The converse statement is similarly

proved. O

3
|2|. Indeed, if |2| is large enough, the series 1+ 32 _ 14l 4 (Z M) + -+ converges to a

The above result supports the relevance of the factor I'(y 4 1) in Theorem 2.8 Indeed, the
following is immediate, while it is not trivial a priori.

Theorem 3.4. Let pn € Ps. If we expand G,(z) = ZvGS 47 for large ||, Im z < 0, then
dy = my ().

Remark 3.5. (1) This coincidence of m.(p) and d, supports the definition of y-complex
moments: one can define the same y-complex moments both in terms of Fourier and Stieltjes
transforms.

(2) Theorem 2.8 and Theorem explain the reason why G, is defined on C_ rather than
on the upper half-plane Cy. If we stated Theorem 3.3 for G, on C,, then the coefficient d,
would not be equal to m.(u). Therefore, (0,00) for the Fourier transform corresponds to C_
for the Stieltjes transform. A similar observation is in [9] in the case S = N.
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In free probability, the Voiculescu transform is crucial to analyze the additive free convolu-
tion. Therefore, we characterize Pg in terms of the Voiculescu transform. For general S, the
inverse function is difficult to treat, so that we only focus on Sy, ... o,. A key to the proof is to
look at the powers {2 }!_, as independent variables, while all of them are functions of z.

Theorem 3.6. Let 0 < a; <---<ap forpeN,p>1, 54,04, = {no +nias + -+ nya, :
no, - -+ ,n, € N} and ¢ be the constant in the condition (S2). Then the following conditions are
equivalent.

(1) € Ps,, . )

(2) There exist (e’Y)’YESal,---,
in{z e C_:|z| > cA}.

L CCandA >0 suchthat |e,| < A7 and ¢, (2) = 3 =

e 'Yesal,---,ap 2z

Proof. (1) = (2): let us expand G, as in Theorem [B.3(2). This expansion can also be written

(ng,- ,np)ENP-H

where Jno,...,np may not be unique. In the above, formulae 27*# = 2727 and 2" = (2°)" were
used; see Remark 21l Let us define g(z) := G,(2) for z € C; with small |z|. If z(1+ f(2)) is
an inverse of g(z), f satisfies

0= f(z) —+ Z Jno,m7npzn0+n1a1+...+npap(1 + f(Z))n0+n1a1+ ...... +npap+1'
(no, ,np)eNPHI\ {0}

To prove the existence of such an f(z), we define

q = 1 10 11 n no+niai+-+npap+1
B )=t Y A (b w) o,

(no,+,np) ENPTI\{0}

where (1 + w)” is defined by the series expansion Y o (5 Jw". g is analytic around 0 € CP*2,
and moreover, g(0,---,0) = 0 and g—f;((), -++,0) = 1. From implicit function theorem, there is

an analytic mapping f around 0 € CP*! such that

§(207"' 7Zp7f(207"'zp)) = 0.

f has an expansion of the form f(zo, L Zp) = Z(n07___7np)eNp+1\{0} ﬁlo7...7nng° -+ z," which is
convergent around 0. Then we can define f to be f(z) := f(z, 2™, -+, 2%).
Thus, the (right) inverse function of F), exists as 770 The Voiculescu transform ¢,(2) is
—2f(3) z

then equal to , which enjoys a generalized power series with the desired form. We note

1+£(3)
that the expansion of ; +}( iy is convergent for large |z| with z € C_ as discussed in the proof of
(2) < (3) of Theorem B3
The converse implication is similarly proved. O

Now we have basic properties of Pg or Ps,
convolutions, in addition to Proposition [2.20L

, with respect to free, Boolean and monotone

,o

Corollary 3.7. (1) For any set S with conditions (S1) and (S2), Ps is closed under & and .
(2) Psa,.....a, is closed under B.
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Proof. The claims for & and B are immediate from Theorem B.3|(3) and Theorem [B.6, respec-
tively. The claim for > can be proved with an argument similar to that of Theorem B.3l For
p,v € Pg, the function F),(F,(z)) has an absolutely convergent series. Therefore, we can re-
order the summands and then F),(F,(2)) is of the form 23 M Since this is absolutely

2

convergent, Proposition 2.4] implies the existence of an A > 0 such that |h,| < A7. 0

3.3 Limit theorems

Now, simple proofs of limit theorems are presented for Pg. These results were proved in [4] in
full generality.

Theorem 3.8. (1) Let 1 € Ps and let « :=min{f € S : B > 0,mg(p) # 0}. Then (D,,—1/ap1)*™
converges to a strictly W-stable distribution v characterized by F,(z) = z — mq(p)2'* for
z e Cy.

(2) Let p € Ps,, ., where 0 < ay < -+ < ap, p € N,p>1. We assume that ma, (1) #
0. Then (D,-1/a11)®" converges to a strictly B-stable distribution v characterized by ¢,(z) =
Mg, ()21 for z € C,.

Proof. (1) The reciprocal Cauchy transform of ji,, := (D,,-1/apt)*" can be calculated as F,, —z =
n(n=YF,(n'/?z) — z). We note that F,(z) is of the form z — m, ()27 + o(2!7%) as z — oo,
z € Cy. Therefore, F,, — 2z = —m,(p)z'=* + 0(1) as n — oo. The weak convergence of i,
follows from Theorem 2.5 of [15].

(2) We prove that the leading term of ¢,, is mq, (1)2z'~*'. From the proof of Theorem [3.6]

71 . . . . o .
F;'(2) is of the form z + h(z), where h(z) is a generalized power series and h(z) = o(z). Since

F,oh =z, we have 0 = h(z) — mg, ()21~ (1 + @)1*‘“ + o(2'71). Therefore, h(z) is of the
form h(z) = mg ()2 + o(z172).

Let piy, := (D,,-1/ap)™". Then we have ¢,,, (2) = ma, (1)2' 7 +0(1) as n — oo, following the
calculation in the Boolean case. Proposition 5.7 of [5] then implies the weak convergence. [

Remark 3.9. The corresponding limit theorem for the monotone convolution is still difficult
to prove. This is because an analogue of the Fourier transform is not known. In spite of this
difficulty, such a limit theorem was successfully proved for S = N [g] since an estimate existed
for complex moments: if |m,(u)] < A™ and |m,(v)| < B™, then |m,(u>v)| < (A+ B)™. This
estimate is difficult to prove for a general set S.
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