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ARTINIAN LEVEL ALGEBRAS OF CODIMENSION 3
JEAMAN AHN! AND YONG SU SHIN?*

ABSTRACT. In this paper, we continue the study of which h-vectors H = (1,3, ..., hq—1, ha, hat1)
can be the Hilbert function of a level algebra by investigating Artinian level algebras of codimension
3 with the condition Ba,g12(I'®) = B1 441 (1), where I'** is the lex-segment ideal associated with
an ideal I. Our approach is to adopt an homological method called Cancellation Principle: the
minimal free resolution of I is obtained from that of I'* by canceling some adjacent terms of the
same shift.

We prove that when f1 q42(I') = B2.442(I"), R/I can be an Artinian level k-algebra only
if either hg—1 < ha < ha+1 or hgq—1 = hg = hat1 = d + 1 holds. We also show that for H =
(1,3,...,ha—1,hd, ha+1), the Hilbert function of an Artinian algebra of codimension 3 with the
condition hg—1 = hg < hdt1,

(a) if hg < 3d + 2, then h-vector H cannot be level, and
(b) if hq > 3d + 3, then there is a level algebra with Hilbert function H for some value of hq41.

1. INTRODUCTION

Let R = k[x1,...,x,] be an n-variable polynomial ring over a field k of characteristic zero, and
I be a homogeneous ideal of R. The numerical function

HR/[(t) = dlmk Rt - dlmk It

is called the Hilbert function of the ring R/I.
Recall that if n and ¢ are positive integers, then n can be written uniquely in the form

(i ni—1 n;
Ny = ; + i1 + -+ j ,

where n; > n;_1 > --->mn; > j > 1 (see Lemma 4.2.6, [9]).
Following [5], we define, for any integers a and b,

a_(nita n;,—1+a n;+a
(), = <i+b> * <i—1+b> e <j+b>
where (7:) = 0 for either m < n or n < 0.
Let H = (ho,h1,...,h;,...) be a sequence of non-negative integers. We say that H is an O-
sequence if hg = 1 and h; 11 < ((hi)(i))% for all « > 1. Given an O-sequence H = (hg, hy,...), we
define the first difference of H as

AH = (hg, h1 — ho, ha — by, hs — ha, ...).
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If A= R/I is an Artinian k-algebra, then we associate the graded algebra A =k® A1 D--- @ A,,
(As # 0) with a vector of nonnegative integers, which is an (s + 1)-tuple, called the h-vector of A
and denoted by

HA =H = (ho,hl, .. .,hs),

where h; = dimyg A;. We call s the socle degree of A. The socle of A is defined to be the annihilator
of the maximal homogeneous ideal, namely

Anng(m) := {a € A | ma =0} where m = ZAZ"
i=1
Let F be the graded minimal free resolution of an homogeneous ideal I C R, i.e.,

F: 0 = Foor = Fp2 = -+ = F1 = Fo — I — 0,

where F; = @;“:1 RP:i(—j). The numbers j are called the shifts associated to I, and the numbers
Bi,; are called the graded Betti numbers of I. When we need to emphasize the ideal I, we shall use
Bij(I) for B ;.

An algebra A is called an Artinian level algebra if the last module F,_1 in the minimal free
resolution of A is of the form R(—s)% where s and a are positive integers. We also say that a
numerical sequence H = (hg,h1,...,hs_1,hs) is a level O-sequence if there is an Artinian level
algebra A with the Hilbert function H.

As for the level O-sequence, an interesting question is how to determine if a given numerical
sequence is a level O-sequence. A great deal of research has been conducted with the aim of
answering to this question (see e.g., [11 2 B}, Bl 6} [7), 8, 1], 14} 16} 18|, 28| 30} 34} 35]). In particular,
there is an excellent broad overview of level algebras in the memoir [I4]. Despite this, it is sometimes
distressingly difficult to find ones with specific desired properties, and several interesting problems
are still open.

In [2], we proved that an Artinian algebra with Hilbert function H = (1,3, ha, ..., hq_1, hq, ha+1)
with the condition hy_1 > hq = hgy1 cannot be level if hy < 2d + 3, and proved that if hy > 2d +4
then there is a level O- sequence of codimension 3 with Hilbert function H for some value of hg_.
To prove the result, we used the cancellation principle saying that the minimal free resolution of I
is obtained from that of either Gin(I) or I'®* by canceling some adjacent terms of the same shift,
where Gin(I) is the generic initial ideal of I with respect to the reverse lexicographic order and I'**
is the lex-segment ideal associated with an ideal I (see [22], [32]).

By the cancellation principle, one knows that H = (1,3,...,hs) cannot be a level O-sequence
if B1a42(Gin(1)) < Boara(Gin(I)) or Brar2(I'™) < Boaya(1') for some d < s. However, the
problem that we wish to solve is to determine whether a given h-vector can be a level O-sequence
with the condition 81 g12(Gin(I)) = Ba,ay2(Gin(1)) or B1aya2(I') = Baay2(1'%). In this case, it is
known that an Artinian algebra A = R/I of codimension 3 with Hilbert function H = (1,3,..., hs)
cannot be a level algebra (Theorem 3.14, [2]) if

(@) B1,d+2(Gin(I)) = B2.44+2(Gin([)) for some d < s, or
(b) Bl,d+2(I1°X) = Bg,d+2(I1°X) with the condition hy_1 > hq = hgyq for some d < s.

From this result, we wish to determine what Hilbert functions can be an Artinian level O-
sequences with the condition

517d+2(IleX) = 527d+2(11ex) for some d < s. (11)

We first prove that R/I can be an Artinian level k-algebra only if either hy_1 < hg < hgy1
with Ahg = Ahgyq, or hg—1 = hg = hqy1 = d+ 1 with the condition (LI]) (see Theorem [B.3 and
Corollary [3.8]). Using these results, we also prove that for H = (1,3, ..., hq_1, hq, hqgt1), the Hilbert
function of an Artinian algebra of codimension 3 with the condition hg_1 = hg < hgt1,
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(a) if hq < 3d + 2, then h-vector H cannot be level, and
(b) if hy > 3d + 3, then there is a level algebra with Hilbert function H for some value of hgy;.

In Section 2, we introduce some preliminary results and background materials which will be used
throughout the remaining part of the paper. In Section 3, we make use of cancellation in resolutions
to study Artinian level algebras of codimension 3 with the condition (IIJ). Finally, Section 4 is
devoted to investigate Artinian level or non-level algebras with the condition hg—1 = hq < hg11.

We use a computer program CoCoA [33] to build some of examples (e.g., Examples and [4.6]),
with the fact that a differentiable O-sequence can always be a truncation of an Artinian Gorenstein
O-sequence (see [14, [15] 16} 17, 19, 20} 23] 24]).

2. BACKGROUND AND PRELIMINARY RESULTS

In this section, we introduce some important results and recall some results of Macaulay, Green,
and Stanley.

Theorem 2.1 ([2I], Chapter 5 in [29]). Let L be a general linear form in R and we denote by hg
the degree d entry of the Hilbert function of R/I and £y the degree d entry of the Hilbert function
of R/(I,L). Then, we have the following inequalities.

(a) Macaulay’s Theorem: hgyq < ((hd)(d))i-

(b) Green’s Hyperplane Restriction Theorem: ¢4 < ((hd)(d))_l

0

For any homogeneous ideal I of R = k[z1,...,x,], note that the Hilbert function does not change
by passing to Gin(I) or I'®*, and we have

Bai(I) < Bq,i(Gin(I)) < @m’(llex)

(see [I, 4, 22| 26, 31]). In particular, if 3,,;(Gin(I)) = 0 or B,;(I'**) = 0, then B,,;(I) = 0.

In [25], they introduced the s-reduction number rs(R/I) of R/I and have shown the following
lemma.
Lemma 2.2 ([1l 25]). For a homogeneous ideal I of R and for s > dim(R/I), the s-reduction
number rs(R/I) is given by

rs(R/I) = min{/¢ | Hilbert function of R/(I + J) vanishes in degree ¢+ 1}

= min{¢ | 5"} € Gin(I)}
= r4(R/Gin(I))
where J is generated by s general linear forms of R.

Now we continue to introduce some lemmas and theorems that will be used to prove the main
results of this paper.

Lemma 2.3 (Lemma 3.2, [2]). Let A = R/I be an Artinian algebra and let L be a general linear
form. Suppose that dimyg((I : L)/I)qg > (n — 1)dimy((I : L)/I)g41 for some d > 0. Then A has a
socle element in degree d.

We denote by G(I) the set of minimal (monomial) generators of I and G(I), the elements of G(I)
having degree d. For a monomial T' = z{* - - - 2% € R, define

m(T) := max{j | a; > 0}.
Theorem 2.4 (Eliahou-Kervaire, [12]). Let I be a stable monomial ideal of R. Then we have
m(T) -1
b= D < q >
Teg(])ifq
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Lemma 2.5 (Lemma 3.8, [2]). Let J be a stable ideal of R. Then we have
dimy, ((J : 2)/J) g1 = {T € G(J)a |z, divides T}|.

We now recall the well known result in [22], from which the generic initial ideal with respect
to the degree reverse lexicographic order is extremely well-suited to the quotient by general linear
forms.

Proposition 2.6 (Corollary 2.15, [22]). Consider the degree reverse lexicographic order on the
monomials of R = k[x1,...,x,]. Let I be a homogeneous ideal in R and H be a general linear form
in R. Then

Gin(I + (H)/(H)) = (Gin(I) + (zn))/(zn)-

Remark 2.7. Let I be a homogeneous ideal of R = k[z1,...,x,] and L be a general linear form
in R. Using Proposition and the exact sequence

0 —» R/I:L)(-1) ¥ R/T - R/I,L) — o0,
we have
dimg(I : L)y = dimyg (Gin(Z) : zp),
H(R/(I,L),t) = H(R/(Gin(I),z,),1)
dimg((I : L)/I); = dimy ((Gin(Z) : z,,)/Gin(1)),
for t > 0.

Remark 2.8. Let I'®* be the lex-segment ideal associated with a homogeneous ideal I in R =
klx1,...,z,] and L be a general linear form in R. Then, by Theorem 2.4, [I3], we have the
following equality

H(R/(I', L),d) = (H(R/T',d)(a)) -
In this case, we may assume that x,, is general with respect to I'®*. Indeed, for d > 1, we have

(H(R/I,d)@)y = (H(R/I',d)a) g

= H(R/(I'%,L),d) (by Theorem 2.4, [13])
= H(R/(Gin(I'*¥),z,),d) (by Proposition 2.6] and Remark 2.7
= H(R/(I'*,x,),d) (by Lemma 2.3, [10]).

The following lemma shows that we can write some of Betti numbers of the lex-segment ideal
associated with a height three ideal I with respect to binomial expansion of the Hilbert function.

Lemma 2.9. Let A = R/I be an Artinian ring of codimension 3 with Hilbert function H =
(ho,hi,...,hs). Suppose that hy < (2'5d). Then, we have

(a) Bogs2(I'™) = hg—1 — ha+ (ha) @) o-
(b) Brara(I'™) = ((ha) @)1 + ha = 2har1 + ((hat1)(ar1) o-

Proof. (a) From the following exact sequence

0— (I : 23) /T )41 = (R/T)a1 =2 (R/T)q — (R/(I',23))a — 0,
we have
Brara(I™) = ZTEQ(Ilcx)d ("%7Y)  (by Theorem 24)
— dim((I' : 23)/1')4_; (by Lemma Z3) (2.1)
= ha1—ha+ (ha) (by Remark [2.8))
as we wished.
(b) Since I'** is a lex-segment ideal associated with an ideal I of R, we see that

Bo.ar1(I'™) = ((ha) (g))1 — has1-
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Let G(I'*%) 441 be the set of minimal generators of I'®* in degree d 4 1. Then,

lex _ 1 2
Praea(I) = ZTGQ(IleX)d+17m(T):2 (1) + ZTGQ([‘ex)dﬂ,m(T):ZS(l) (by Theorem 2.4
_ 1 1
- ZTeg(Ilcx)dH, m(T)=2 (1) +2 [ZTeg(Ilcx)dH, m(T)=3 (1)}
_ 1 1
N [ZTEQ(IIeX)d+1,m(T)=2 (1) + ZTGQ(IIGX)dH, m(T)=3 (1)] +

> ()
TEeG(I'*x) gy 1, m(T)=3 \1
G ag1| + {T € G(J)ay1 | w3 divides T}

(smce hg < (2+d), d+1 ¢ Q(Ilex)d—H)

|G(I'™) g4 | + dlmk((flex ta3) /1) (by Lemma 2.5)
= (((ha) (@)1 = has1) + Baars (1) (by equation (2.1)))
= ((ha)(g)1 — Pat1 + ha = har1 + ((Pat1)@+1) o (by Lemma 291 (a))
= ((ha) (@)1 — 2has1 + ha + ((Pat1)@+1) 0s
as we wanted to prove. ]

3. O-SEQUENCES WITH THE CONDITION ON 1 442 (I') = B g42(1'%)

First, we investigate if some Artinian O-sequence with the condition
Brara(I') = Bo,ara(I')

is level.
Lemma 3.1. Let A = R/I be an Artinian ring of codimension 3 with Hilbert function H =
(ho, hi,...,hs). Suppose that for some d < s,

() Bra+2(I') = Bagi2(I') > 0, and
(b) 52,d+3(flox) > 0.
Then A is not level.

Proof. Assume that there exists an Artinian level algebra A with Hilbert function H, and let
I = (I<qy1) and A= R/I. Then we have

51,d+2(ﬁeX B1 a2 (1),
Ba a2 (1) = B a2 ('), and

)=

)=
Bo,q+3(I') = Ba,ars(1'™).

(

Hence, the assumption £y g42(1 lex) — Ba,d+2(L lex) and Ba,d+3(1 lex) > 0 implies that

Brar2(I') = Boar2(I'), and (3.1)
Ba,a+5(1) = B, ar3(1') > 0. (3.2)
Since A is level and I; = (I); for every t < d + 1,
0 = Ba,44+2(I) = dimy soc(A) 41 = dimy soc(A) g1 = Ba,ar2(1). (3.3)
Furthermore, using Lemma 2.9 in [2], we have the following equality

Brar2(I'™) = Brar2(I) = [Bo.a42(I') = Boara(D)] + [Bo.ara(I'™) — Ba,ar2(D)].
Hence it follows from equations (B.I) and (B3] that

—Brar2(I) = Bo.ar2(I'™) — Bogy2(I) > 0,
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which means that £y g12(I') = Bo.g+2(I) = 0 since I is generated in degree d + 1. This concludes
from Theorem 2.4] that
Bo.dr2(I'™) = B1ars(I'™) = 0.
In other words, any cancellation on shifts is impossible in the last free module of the minimal
free resolution of R/ in degree d, and thus we have that B 43(I'*) = B9 443(I) > 0. Hence A
has a socle element in degree d, and so does A, which is a contradiction, as we wanted. O

Example 3.2. Consider an Artinian O-sequence H = (1,3,6,10,15,16,18). Then the minimal
free resolution of R/I'** with Hilbert function is
0 — RY-T)®R(—8) @ R¥(-9) — R%(—6)® R*(-7)® R*(-8)
— R(-5)®R(-6)® R*(-7) — R — R/I'"* — 0.
Then
,8277([10)() — 5177(110)() —92 and /82,8([10)() =1,
By Lemma Bl any Artinian ring with Hilbert function H cannot be a level algebra.
Theorem 3.3. Let A = R/I be an Artinian ring of codimension 8 with Hilbert function H =
(ho,h1,- .- ha—1,hq, hgr1). Suppose that
Brar2(I'™) = By.ar2(I'™) > 0 for some d < s.
If A is level, then
(a) hd_1 = hd = hd+1 =d+ 1, or
(b) ha—1 < hg < hat1.
Proof. We shall prove this theorem using the contrapositive.

(a) Assume hy_1 = hg = hgyq. First if hy < d, then ((hd)(d))_(l) = 0 and thus, by Lemma 2.9 we
have that
0 < Bog+2(I'™) = ha—1 — ha + ((ha)(a)) "¢ =0,
which is impossible.
Second, if hg > d + 2, then ((hd+1)(d+1))_é > 1 and thus, by Lemma 2.9 again,

Bo.ara(I') = hg—hayr + (({ld+1)(d+1))_(1)
= ((ha+1)@+1)) 0 > 0
Hence, by Lemma [31] A is not level.

(b) Now suppose hg_1, hg and hgy1 are not the same, and (b) does not hold. There are five cases
to be considered.

Case 1. If hy_1 > hq = hgy1, then by Theorem 4.5 in [2], A is not level.
Case 2. If hq_1 > hg > hgy1, then hgiq < (2+(g+1)) and thus, by Lemma 2.9]

Boar3(I'™) = hg—har1 + (hat1) 75
> hqg—hat1
> 0.

Hence, by Lemma B.1], A is not level.

Case 3. Suppose that hg_1 > hg < hgy1. For this case, we shall use the reduction number r1(A).
Assume r1(A) < d. Note that, for a general linear form L in R, it follows from Lemma [2.2] that
H(R/(I,L),t) =0 for t>d.
For such t with the following exact sequence
L
0 — ((I:L)/I)i-1(=1) — (R/D)i1(-1) =¥ (R/I); — 0,
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we have
ht—l - ht + dlmk((I : L)/I)t—l > ht'
So hg—1 > hq > hgy1, which is not the case. Thus, we now assume that 1 (A4) > d.

Suppose that A is level and let L be a general linear form in R = k[z1,x2, x3]. Now consider the
exact sequence

0 = ((I:L)/Dg-r(-1) — (R/Dar(-1) % (R/D)g — (R/I,L)g — 0. (34)

Since d < r1(A), we see that dim(R/(I,L))q > 0, and so

dim((I : L)/I)g—1 = hag-1 —hqg+dim(R/(I,L))q (by equation (3.4]))
> dim(R/(I,L))g >0 (since hg—1 > hq).

Moreover, since A is level, we have

0 < dim((I:L)/I)as
< 2dim((I: L)/1)q (by Lemma 2.3] (a))
= 2dim((Gin(I) : z3)/Gin(I))s (by Remark 2.7)
= 2024+3(Gin([)) (by Lemma [2.5))
< 2B 443(I) (by the theorem of BHP in [4] 26 [31]).

Thus, by Lemma 3Tl A has a socle element in degree d, which is a contradiction.
Case 4. If hy_1 < hq > hgy1, then
B2.d+3(I') = hg — hat1 + ((hat1)(@+1)) "¢ > 0-
Hence, by Lemma [B.1], A is not level.
Case 5. Suppose hg_1 < hg = hqy1. If hg < d then ((hd)(d))_(l) = 0, and thus
0 < Boar2(I'™) = ha—1 — hg + ((ha)(a)) "¢ <0,

which is impossible. Hence hy > d + 1.
If hg =d+ 1, then ((hd)(d))_(l) =1, and so

ha > hg
= hg— ((hd)(d))_(l) + 527d+2(flex) (by Lemma (a))
= (d+1) =14 Boar2(I')
> d+1 (since B2, g42(1'%) > 0)
= hd7

which is impossible. Thus we have hy > d + 2, that is, ((hd+1)(d+1))_(l) > 1. Then, by Lemma 2.0
(a), we obtain

Bo,ar3(I'™) = hg — hag1 + ((hag1)(a+1)) 6 > 0.
Therefore, by Lemma Bl A is not level, which completes the proof. O

The following example shows that there exists an Artinian level O-sequence which satisfies the
condition hy_1 = hg = hgy1 =d+ 1.

Example 3.4. Let [ = (22, 23) + (21, 72,73)7. Then the Hilbert function of R/I is
(1,3,5,6,6,6,6)
and the reduction number r1(R/I) is
min{/ | 25 € I} = 2.

Moreover, it is immediate that
soc(R/I) = (R/1)s,
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and so the minimal free resolution of R/I is

0 = R(-9° — R(-5@R(-8)2 — R(-2)® R(-3)® R(-7)8
—- R — R/I — 0.

Note that the minimal free resolution of R/I'®* is
0 — R(-6)® R(-7)® R5(-9)
— R(—4) @ R*(—5) ® R*(—6) ® R(—T) ® R'?(-8)
— R(-2)® R(-3)® R(-4) ® R(-5) @ R(-6)® R°(-7) — R — R/I'"* — 0.
This means that R/I is an Artinian level algebra with the condition hy = hs = hg = 5+ 1, and

Brs+2(I') = Bosio(I'™) = 1.

Remark 3.5. In Example 3.4] we constructed an Artinian level algebra R/I which satisfied the
condition hy_1 = hqg = hgy1 = d+ 1 and B 402(I') = Bagr2(1') > 0. The following are
other examples of Artinian level O-sequences which satisfy the condition hg_1 < hg < hgy1 and
B ara (1) = B ara(I'™) > 0.

Example 3.6 (CoCoA). We provide two examples of our results via calculations done by CoCoA.
(a) Consider a differentiable O-sequence H = (1,3,6,10,13,15,17,19,20) and an Artinian
algebra R/I with Hilbert function H. Then the minimal free resolution of R/I'** is
0 — R(-T7)® R(-10) ® R?(-11)
—  R(-5)® R*(—6) @ R(—7) ® R*(—9) ® R¥*(-10)
— R?(—4) ® R(—5) ® R(—6) ® R(—8) ® R**(-9) — R/I'* — 0,
and hence
5277(116)() — 51’7(Ilex) - 1.
Moreover, the sequence H is a level O-sequence since any differentiable O-sequence can be
a truncation of an Artinian Gorenstein O-sequence.
(b) Here is another differentiable O-sequence H = (1,3,6,10,12,14,16,18,19,20), which is

also a level O-sequence by the same argument as in (a). Furthermore, the minimal free
resolution of R/I'* is

0 — R(—6)® R(—10) ® R(—11) ® R*(-12)
—  R3(-5) @ R(—6) ® R%(—9) @ R%(—10) ® R*?(-11)
— R3(—4)® R(-5) ® R(-8) ® R(-9) ® R*(-10) — R — R/I'* — 0,

and thus
52’6(Ile)() — Bl,G(IleX) - 1.

Remark 3.7. In Example B.6] both examples show that Ahy = Ahgi 1. From this observation, we
obtain the following result.

Corollary 3.8. Let A= R/I be an Artinian ring of codimension 3. Suppose that
Brara(I') = Boar2(I'™) > 0 for some d < s.
If A is level and hg—1 < hq < hgy1, then Ahg = Ahgyq.

Proof. Note that it suffices to prove that Ahg = Ahgyq for hg—1 < hg < hgy1-
Suppose that A is level. Using Lemma [3.I] we see that

Bo,aps(I™) = 0. (3.5)
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Furthermore, it is a simple consequence of Eliahou-Kervaire (Theorem 24) that Bg g42(I') > 0
implies Bo q(1 lex) > (0. Hence we have

2+4+d
ha < < - > (3.6)
2
2+ (d+1
Since hq < hg4y1, one can easily check that d+ 1 < hgqq and thus d +1 < hgy1 < ( * (2 + )>

Then the (d + 1)-binomial expansion of hgyy is of the form
(14 (d+1) 14+ (d—(c—2)) d—(c—1) 4]
(hdat1)(dt1) = < d+1 ) + -+ < d—(c—2) + d—(c—1) + -+ 5 (3.7)
where § > 1. It follows from Lemma (a) and (3.3 that

Ahgi1 = ((has1)@s1)) o — Boa+s(T) = ((hat1)@a+1)) o- (3.8)
Now we consider the case ¢ < d only in equation ([B.7). Indeed, if ¢ — 1 < d < ¢, then we have

20 (Y (B, ifd=c—1,
d+1 2 1

(hds1)(d41) = 24 d A 5 )
s () () (), e

Using Pascal’s identity and equation (B.8]) for both cases, we have
24+d
hag = ,
= (3)
which contradicts equation (3.6). Hence, by equation (3.8),

ha = hapr = ((hat1) @) o
_ <1;d>+,..+<1+d(izc(:)1))>+<§:Ez:3>+...+<g> ,

CE e (), e

| ( jz_ >+...+< +d(_?c(fl> ))>+<d:2>+”'+<5:1>7 551,
o (1&(5_;?)+...+<1?d<§zc<:)z>>>+<;d<gz{:))1>>>, | _—
( ?d(ﬁ) )>+'”+< ?—d(—(_c(j;))))>+<d:gz:1§>+“‘+<5>, if 6> 1.

Thus
1, ifo=1
1 _ ) )
((ha)(gy)1 — hat1 = {0’ 51

Moreover, by Lemma 2.9] (b),
0

A
isS
D‘»
s
S F
-~ N
—~
~
[e]
»
N~—

o)1 + ha = 2hai1 + ((Pat1) @) o
o)1 = har1 — Dhayr + ((hat1) @) o

)
hd)(d))% — hgyr1  (by equation (B.8)).
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This means that
Brar2(I') = ((ha) @)1 —has1 =1 and  §=1. (3.9)

e = <1zd> - (1 ifﬁf:ﬁ”) . (1 —(I_d(i;)C))

Hence, ((hd—i-l)(d—i-l))_é = c and ((hd)(d))_é = ¢+ 1, and so we obtain

Ahg = ((hd)(d))_(l) — B2,d+2 I'**)  (by Lemma 29 (a))

In other words,

= ¢+ 11— Brapa(l'™) (since B1,a12(1'%) = Bad12(I') > 0)
— (by equation (3.9))
= ((ha+1)@+1) o
= Ahgi1, (by equation (3.8])
as we wished. =

Example 3.9. Let R/I be an Artinian ring with Hilbert function H = (1, 3,6,10,15,16,18, 20).
Then the minimal free resolution of R/I'** is

0 — R2-7)®R(-8)@®R¥(-10) — RS(—6)® R*(-7)® R(-8) ® R*?(-9)
— R(-5)®R(—6)®R(-7)®R*?(-8) — R — R/I'* — 0.

Thus
Bor(I'™) = B17(I') =2 and Ahs=1# 2= Ahs.
By Theorem B8] any Artinian ring R/I with Hilbert function H cannot be level.

4. O-SEQUENCES WITH THE CONDITION hy_1 = hg < hgy1

In this section, we consider Artinian O-sequences with the condition hg_1 = hqy < hg+1. To
describe an Artinian O-sequence with this condition, we begin with the following lemma.
Lemma 4.1. Let ¢ and d be positive integers satisfying d < ¢ < (d;rz)_ Then

(ca)) "6 — (c@a)i +c=0.

Proof. Without loss of generality, we assume that
- 1+d o l+d—a n d—(a+1) g )
@ =\ 4q d—a d—(a+1) 5)

((c)(d))_g) = a+1, and
(@)1 —¢ = a+1,

Then we have

and thus

as we wished. ([l
The following result is an useful criterion to determine if A is level.

Proposition 4.2. Let A = R/I be an Artinian ring of codimension 3 with Hilbert function H =
(ho,hi,...,hs). Suppose that hg_1 = hq < hqy1 for some d < s. Then A is not level if

((hat1)(a+1)) 76 < 2(Ahayr).
10



Proof. Since hy_1 = hg, we get hg < (2+d) If hqg < d, by Macaulay’s Theorem we have hgy1 < d =
hq. So we may assume that d < hy < (2+d) Hence ((hd)(d))_(l) > 0.
Since ((hd+1)(d+1))_ < 2(Ahg41), we obtain that

Boara(I') = h 1—hd+<(hd><d))‘é (by Lemma 23] (a))

d-

= ((ha)@) g

= ((ha)w ) + 51 ar2(I) = ((ha) @)1 — ha + 2hat1 — ((hat1)(a+1) o
(b Lemma 9 (b))

y
(((ha)(@y) "0 = ((ha) @)1 + ha) + (28hag1 — ((hat1)@+1)) o) + Brare(I'™)
((ha)@) 0 = ((ha) (@)1 + ha) + Brara(I'™)  (by Lemma ET)
51,d+2(flex)

If Bo.gra(1') > By 412(1'), then A has a socle element in degree d — 1, which means A is not
level. If

INAVA]

Baara(I') = Brara(I') = ((ha)(@) 5 > 0,
by Theorem [B3] A is not level, which completes the proof. O

Example 4.3. Consider an O-sequence H = (1,3,6,10,15,15,16). Then
2 = ((16)()) " < 2Ahg = 2.
Therefore, by Proposition 2], any Artinian algebra with Hilbert function H cannot be level.

Before we construct an Artinian level O-sequence with the condition ((hay1)(d41) )5 > 2(Ahgy1),
we introduce the theorem of Iarrobino to obtain a new level O-sequence from the given level-O-
sequence. Moreover, let us recall the main facts of the theory of inverse system, or Macaulay
duality, which will be a fundamental tool to build an example. For a complete description, we refer
to [22] and [28].

Let S = k[y1,...,yn] and consider S as a graded R = k[z1,...,z,]-module where the action of
x; on S is partial differentiation with respect to y;. Then there is a one to one correspondence
between graded Artinian algebras R/I and finitely generated graded R-submodules M in S, where
I = Ann(M) is the annihilator of M in R, and conversely M = I~ is the R-submodules of S which
is annihilated by I.

Theorem 4.4 (Theorem 4.8A, [27]). Let H' = (hg,h1,...,hs) be the h-vector of a level algebra
A = R/Ann(M). Then, if F is a general form of degree s, the level algebra B = R/Ann({M, F'))
has the h-vector H = (Hy, Hy, ..., Hs) where

Hi:min{hi+(r—l—i—f’—z)’(r—}—kz)}
s—i i

The following theorem shows that there is an Artinian level algebra whose Hilbert function
satisfies the condition

fori=1,... s

hg—1 = hg < hd+1 and ((hd+1)(d+1))_(1) > Q(Ahd+1).
Theorem 4.5. Let H = (1,3, ha,...,hg_1,hq, hgr1) be an O-sequence satisfying
hg—1 =hg < hd+1.

(a) If hg < 3d + 2, then H is not level.
(b) If hg > 3d + 3, then there exists an Artinian level algebra with the Hilbert function H for
some value of hqy1.

11



Proof. (a) Case 1. Suppose that hy < 3d. Since

hg < (3d —1)(g) = <1;d>+<di1>+<Z:§>+'“+<1>’

and hgpq < ((hd)(d))%, we see that ((hd+1)(d+1))_é < 2. Hence,

((hgs1)(a+1)) 0 < 2 < 2Ahgy.

Therefore, by Proposition 4.2 H cannot be a level O-sequence.

Case 2. Suppose that 3d < hg < 3d + 2. If hy = 3d, then hg_1 = hg = 3d < (2Zd). Hence d > 3
and
1+d d d—1
= (13~ (a5)+ (07)
This implies that

2+d 1+d d . _
s < (o)t = (FL9) + (M5 + (1 2)0 tatis, (usan) <3

By the similar argument as above, we obtain
((Pat1)(a+1) o <3

for hg =3d+ 1 or 3d + 2 as well.
If hgi1 > hg+ 2, i.e., Ahgi1 > 2, then we see that

((has1)(@+1)) 0 < 3 <4 < 2Ahg4q,

and thus, by Proposition £.2] A is not level.
We now assume that hgi1 = hg + 1. Then, it follows from Lemma that

| ha | 3d [3d+1[3d+2]
B1ar2(11%) 3 3 4
Ba a2 (1) 3 3 3
Ba a3 (1) 1 1 2

By Lemma B.1] it is enough to prove that H is not level for the case where
hg=3d+2 and hgr =3d+3.

Assume that there is an Artinian level algebra A = R/I with Hilbert function H. By Lemma 2.9]
the Betti diagram of R/I'** is as follows.

total |1 — — -
0 1

d—11|. *x = 3
d . 2 4

d+1|. *x = *

Let J := (I<41+1). Note that I'* and J'* agree in degree < d + 1. We then rewrite the Betti

diagram of R/.J'** as follows.
12



d |. 2 4
d+1]|. a b

*

Since R/I is level and (I<44+1) has no generators in degree d + 2, we have

0<a<1 (bythe cancellation principle).

Case 2-1. If a = 0, then by the result of Eliahou-Kervaire (Theorem 2.4]), we have b = 0, which
means R/(I<411) has a two dimensional socle element in degree d, so does R/I. This is a contra-
diction.

Case 2-2. If a = 1, then J'°* has one generator in degree d 4+ 2. Define
haro == H(R/J d + 2).
Then we have

=3d+5, ie.,

hara = ((hat1)@ry)i — 1 = ((3d + 3)(ar1))1 —
a2

((hat2)(a+2)) 6 = ((3d +5)(as
Hence, from Lemmas and [2.9] we have
dimk((JleX : :Eg)/JleX)d_H

{T e G(J') gs2 | z3 divides T'} |

= Boara(J') . (4.1)
= har1 — hara + ((ha+2)@+2)) o
= 0.

Since x‘f” ¢ G(J'°) 449, by Theorem 4] and equation (@), we find
ex m(T) -1
b=Brars(J) = Y < 1 > =1
TEG(J') 12

Using the cancellation principle, we know R/.J has at least one socle element in degree d. Since R/I
and R/J agree in degree < d+ 1, R/I has also a socle element in degree d. This is a contradiction.

(b) Applying Theorem 4] to a differentiable O-sequence

H = (13,6, 3(d—1)+ ((—3),3d+ (0 —3),3(d+ 1)+ ((— 3))

with £ > 3, we obtain an Artinian level O-sequence

Hy, = min{3(d 1)+ +<>,<d+1>} _ 3d4¢,
SRS () EAT T
Hopr = mln{3(d+1) +<§>,<d;3>} = 3d+ ((+1),

as we wished. N
13



Example 4.6. Consider a differentiable O-sequence H' = (1, 3,6, 10, 15, 21, 28, 36, 45, 55, 58, 61, 64),
which is an Artinian level O-sequence. By Theorem [£.4] we can construct a new level O-sequence
as follows.
H = (1,3,6,10,15,21, 28, 36,45, 55,64, 64, 65),
which satisfies the following two conditions
hl() = hll < hlg and 6= ((65)(12))_(1) > 2Ah12 = 2.

The above example also shows that there is an Artinian level algebra whose Hilbert function
satisfies the conditions

hio = h11 < hi2 and 64 =hy; >3d=3-11 = 33.

If we couple our previous work done in [2] with the results of the previous and this sections, we
obtain the following result.

Theorem 4.7. Let R/I be an Artinian ring of codimension 3 with Hilbert function H = (hg, h1, ..., hqt1).
Then,

a) if hq_1 > hqg = hgy1 with hg < 2d + 3, then R/I is not level,

b) if hg—1 > hq = hqs1 with hqg > 2d + 4, the R/I is level for some value of hq_1,

¢) if hg—1 = hq < hqr1 with hqg < 3d + 2, then R/I is not level,
)
)

S~

d) if hg—1 = hq < hqr1 with hq > 3d + 3, then R/I is level for some value of hgy1,
e) if R/I is level and By ar2(I'*) = Boar2(I'®), then

(i) hg—1 =hg=hay1 =d+1, or

(ii) hg—1 < hqg < hgy1 and Ahg = Ahgyq.”

—~ N~
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