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Abstract

In this paper we introduce two types of norms for semimartingales, under both
linear and nonlinear expectations. The first norm is motivated by quasimartingales,
and characterizes square integrable semimartingales. The second norm characterizes the
absolute continuity of the finite variation part of the semimartingale with respect to the
Lebesgue measure. One typical example of nonlinear expectation is the G-expectation
introduced by Peng [I7]. By applying our estimates, we prove a Doob-Meyer type
decomposition for G-submartingales, and obtain the component I" in the G-martingale
representation theorem, which improves the result of Soner-Touzi-Zhang [23].
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1 Introduction

In recent years, the notions of G-expectation and Second Order Backward SDEs (2BSDEs,
for short), proposed by Peng [16, [17, [I8] 19 20] and Soner-Touzi-Zhang [23| 24] 25| [26],
respectively, have received strong attention in the literature, see, e.g. [2], [4], [9], [10],
[14], [23], [24], [27], [28], [29], to mention a few. These two closely related notions have
applications in many fields, notably providing a convenient tool for financial models with
volatility uncertainty, see e.g. [1], [5], [7], [I5]. In Markovian case, a 2BSDE provides a

Feynman-Kac type representation for second order fully nonlinear PDEs, and thus opens
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the door to Monte Carlo methods for fully nonlinear PDEs. We refer to [3] for an earlier
formulation of 2BSDEs and [8] for the corresponding Monte Carlo methods.

Roughly speaking, a G-expectation is a nonlinear expectation taking the following form:
EC = SUPpep EP, where P is a family of mutually singular probability measures P and in
general the family P does not have a dominating probability measure. For a random
variable &, the conditional G-expectation E{[¢] is a G-martingale. Soner-Touzi-Zhang [23]

established the following G-martingale representation theorem: denoting Y; := E&[¢],
¢
Y; =Y, +/ ZsdBs — K, P-a.s. for all P e P, (1.1)
0

where B is the canonical process which is a martingale under all P € P, and K is a
nondcreasing process with Ko = 0. In particular, a G-martingale is a supermartingale
under each P € P.

It is clear that a G-supermartingale is also a supermartingale under each P € P. One

natural and fundamental question is:
What is the structure of a G-submartingale?

Our first goal of this paper is to answer the above question. Given a G-submartingale Y,
one may expect that Y = M + L, where M is a G-martingale and L is a nondecreasing

process. Then by (ILI]) one expects that

¢
Y=Y, +/ ZsdBs + A;, P-as. for all PeP, (1.2)
0

where A := L — K is a a semimartingale under each PP € P.

While the above analysis is intuitively clear, its rigorous proof is by no means easy,
because it involves a priori estimates for total variations of A under each P € P. We thus
first turn our attention to norm estimates for semimartingales under a fixed probability
measure P. In the standard literature, the norm of a semimartingale is defined through its
decomposition, see e.g. [22]. However, for our purpose it is important to have a norm defined
through the semimartingale itself, without involving its decomposition. We shall introduce
anorm || - ||p, see (ZI1]) below, such that a process Y is a square integrable semimartingale
under P if and only if ||Y|p < co. We remark that the norm || - ||p is motivated from the
definition of quasimartingales, and these estimates are interesting in their own rights.

Now in the G-framework, define || - ||p := suppecp || - [|p, we show that a process Y is a
square integrable G-semimartingale if and only if |Y||p < oo, and we obtain the desired
estimates. As a special case, we prove the Doob-Meyer type decomposition (L2)) for G-
submartingales. However, it still remains open whether or not we can write A = L — K
such that M; := fg ZsdBs — K; is indeed a G-martingale.



As a by product of our estimates, we also obtain some a priori estimates for Doubly
Reflected BSDEs without assuming the standard Mokobodski’s condition directly, see our
accompanying paper [21].

The second main object of this paper is to obtain the component I' in the following

G-martingale representation, an improved version of (L]):
¢ ¢
Y, =Yy + / ZsdBs — / [2G(T})dt — T'yd(B)], P-a.s. for all P € P. (1.3)
0 0

Here G is a function used by Peng [I7] to define G-expectation, and (-) is the quadratic
variation. This is an open problem proposed by Peng, and remained open in [23] as well
as in [26] for solutions to 2BSDEs. In the Markovian case, the component I' corresponds
to the second order derivative of the solution to the associated PDE. In fact, I is part of
the solution to the earlier formulation of 2BSDEs in [3], and plays a very important role in
numerical methods for fully nonlinear PDEs in [§].

Clearly, the problem is more or less equivalent to when the increasing process K in (L)
is absolutely continuous with respect to the Lebesgue measure dt. Again, we first study

the problem under a fixed probability measure P. For any 1 < p < oo, we shall define a

new norm || - [|p,, see [@2]) below. For any semimartingale Y under P, if ||Y||p, < oo, then
the finite variation part of Y can be written as dA; = a;dt and EF] fOT la¢|Pdt] < co. We
then define || - ||pp := suppep || - [[pp- For any G-semimartingale Y, if ||Y||p, < oo, then
similarly we have dA; = aydt such that EC] fOT |a¢|Pdt] < oco. Finally, for a random variable
¢, if ||€]lpp == |IEC[€]|lp,» < 00, we obtain the following decomposition in backward form:
T T
Bl = ¢~ [ zap.+ [ [T -T.aB).) (14

However, the above analysis does not yield the uniqueness of I', not to mention the norm
estimates for I'. We thus introduce a much stronger metric for £, which will lead to the
existence, uniqueness, as well as a priori norm estimates of I'. We shall point out though,
this metric is very strong and is in general not convenient to use. We hope to explore further
properties of I' in our future research.

The rest of the paper will be organized as follows. In next section we introduce the first
new norm for semimartingales under a fixed probability measure and obtain the estimates.
In Section 3 we introduce a variant of the G-framework proposed by Peng [17] and obtain the
Doob-Meyer type decomposition for G-semimartingales and G-submartingales. In Section
4 we introduce the second new norm, under both linear and nonlinear expectations, and
then in Section 5 we prove the new G-martingale representation theorem with the existence

of the component I'. Finally in Appendix we provide some additional results.



2 A Priori Estimates for Semimartingales

Let (92, F,F,P) be a filtered probability space on a fixed finite time horizon [0, 7] such that
F is right continuous. We note that the filtration [ is not necessarily complete under P. The
removal of the completeness requirement will be important in next sections. However, the
following simple lemma, see e.g. [23], shows that we may assume all the processes involved

in this section are F-progressively measurable.

Lemma 2.1 Let F¥ denote the augmented filtration of F under P. For any FF -progressively
measurable process X, there exists a unique (dt X dP-a.s.) process X such that X = X,
dt x dP-a.s. Moreover, if X is cadlag, P-a.s., then so is X.

We recall that an F-progressively measurable cadlag semimartingale Y has the following

decomposition:
K:%+Mt+At, (21)

where M is a martingale, A has finite variation, and My = Ay = 0. Now given an F-
progressively measurable and cadlag process Y, We are interested in the following questions:
(i) Is Y a semimartingale?
(ii) Do we have appropriate norm estimates for Y, M, and A?

(iii) When is dA; absolutely continuous with respect to the Lebesgue measure dt?

The first question was answered by Bichteler-Dellacherie, see e.g. [22] and Appendix of
this paper for some further discussion. The main goal of this section is to answer the second
question, and the third question will be answered in Section @] below. As explained in In-
troduction, the latter questions are natural and important for our study of semimartingales
under nonlinear expectations.

In this section we will always assume:
The augmented filtration F* is a Brownian filtration. (2.2)
Consequently,
any F-martingale M is continuous, P-a.s. (2.3)

2.1 Some preliminary results

We first note that, when Y is a supermartingale or submartingale, it is well known that
Y is a semimartingale and the following norm estimates hold. Since the arguments will be

important for our general case, we provide the proof for completeness.



Lemma 2.2 Let (2.2) hold. There exist universal constants 0 < ¢ < C' such that, for any
Y in the form of (ZI) with monotone A, it holds

Y IR0 < BF ||l + (M) + |A7?] < CIIY |3, (2.4)
where, for any cadlag process Y,

IVI2o = EF| sup |v3[2]. (2.5)
0<t<T

Proof. The first inequality is obvious. We shall only prove the second inequality. By
otherwise using the standard stopping techniques, we may assume without loss of generality
that

EP[ sup V)2 + (M) + |AT|2] < 0.
0<t<T

Apply It6’s formula, we have

T T
Y%:K)2—|—(M>T+2/ YthH—Z/ YiodA + ) AP (2.6)
0 0 0<t<T
Note that
P T 2 % P 1
B°(( [ mPan:)’] < B[ sup M@0}
0 0<t<T
1
< —EP[ sup |Yt|2—|-(M>T] < 0.
2 lo<i<r
Then

EP[/OTYtht} —0.

Thus, for any £ > 0, by (2.6]) and the monotonicity of A we have

E°[(M)7] <EF[(M)r+ > |AV?] =EF[vZ - ¥¢ -2 / : Yi-da]
0<t<T 0

< EF[|¥r2+ Yol +2 sup [VillArl] < Ce7Y B, + eEF[|Ar [, (2.7)
0<t<T
Moreover, note that
Ap =Yy — Yy — My
Clearly we have

E[|Ar’] < O|[Y |l + CEF(M)7] < CeTH|[Y|If o + CeE | Ar[].
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Set € := % for the above C, we obtain
P 2 2
E'[[A7|"] < CIIY ][5 0-
This, together with (2.7)), proves the second inequality. [ |

The next lemma is a discrete version of Lemma [2.2]

Lemma 2.3 Let 0 =71 < --- <7, =T be a sequence of stopping times. In the setting of
Lemma 2.2, if A, € F.,_,, then

CEF [0@% mﬂ < EP [\YOP (M) + \ATﬂ < CEP [01;% \yﬂﬂ. (2.8)

Proof.  Again we prove only the second inequality. Similar to the proof of Lemma [2.2] by
otherwise using the standard stopping techniques, we may assume without loss of generality

that

EP[ max |V, [2 + (M) + |AT|2} < .

0<i<n
Note that
Yo =Yn + ATJ‘+1 B ATJ‘ + MTj+1 B MTj'
Then
Y7'2i+1 B Y7'2i = 2, [ATJ'H - ATj] + [ATJ'H - ATj]Z
+ 2[Y7'1 + ATj+1 - ATjHMTjJrl - MTj] + [MTj+1 - MTj]2'
Notice that Y;, + A7, — Ar, € F7,. One can easily obtain
EP [Y;fﬂ - yg} —EP [ZYTZ. Ar = An]+ Ay, — A + M, — MTJ.]2] .
Then, since A is monotone,
n
BF((M)r] = B(MF) =Y EF[(My,, — M|
i=0
n
< DEF[VE, ¥R 2Vi[An, - An)| SEP(VE 42 sup [V Aql]
i=0 <i<
< EP [05—1 max |V, |2 +5|AT|2}, (2.9)
0<i<n

for any € > 0. Moreover, since Ar = Yp — Yy — My, we have
EP[|Ar]Y] < CEP[ max |V, |2 + |MT|2} < E[(Je—l max |V, |2 +05|AT|2]
0<i<n 0<i<n
Choose € = % for the above C', we have
EF[|A7|?] < CEP[ max |YTZ.|2].
0<i<n

This, together with (2.9]), implies the second inequality. [ |



2.2 Square integrable semimartingales

In this subsection we characterize the norm for square integrable semimartingales. For
t2

0<t1 <t <T,let \/ A denote the total variation of A over the interval (¢, ts].
t1
Definition 2.4 We say a semimartingale Y in the form of 21 is a square integrable

semimartingale if
T
EP[[YOPJr (M7 + (\/A)z] < . (2.10)
0

We remark that (2.10) is the norm used in standard literature for semimartingales, see e.g.
[22]. Clearly, for a square integrable semimartingale Y, we have ||Y||po < co. However,
when A is not monotone, in general the left side of (2.10]) cannot be dominated by C”Y”]%yo-
See Example below.

Our goal is to characterize square integrable semimartingales via the process Y itself,
without involving M and A directly. In many situations, we may have a representation
formula for the process Y, but in general it is difficult to obtain representation formulas for
M and A. So it is much easier to verify conditions imposed on Y than those on M and A.

We introduce the following norm:

)2], (2.11)

n—1
VIR = 1130+ s B [ (30 [BE (¥7,) - Vs
T i=0

where the supremum is over all partitions 7 : 0 = 79 < --- < 71, = T for some stopping
times 7q,- -, Th.
Remark 2.5 The norm || - ||p is motivated from the definition of quasimartingale, see e.g.

[12]: A cadlag process Y is a called a quasimartingale if

n—1
supEP[Z |EL(Y,,,,)—Ya ] < 00. (2.12)
T i=0

Remark 2.6 The main reason that we assume F is the Brownian filtration in (2.2)) is to
ensure the martingale part M is continuous, see (2.3]). When F is a general right continuous

filtration, our results still hold true if M is continuous. If M is discontinuous, we shall

modify the norm || - || as:
n—1 9
V12 = 1V B0 +supE? [ (30 [BE (Vo) = Vol ) | + BP| sup [¥i- %] (213)
T i=0 S



The following a priori estimate is the main technical result of the paper.

Theorem 2.7 There exist universal constants 0 < ¢ < C such that, for any square inte-

grable semimartingale Y; = Yy + My + Ay,
2 P 2y 2
I} < BP[|¥l? + (M) + (\/A) | <cmiz. (2.14)

Proof.  We first prove the left inequality. Let 7 : 0 = 19 < --- < 7, =T be an arbitrary
partition, and denote AA;, = A, , — A;. Then

[(Z\E ) —

—_

n—

Val)’] = 5[50 B2 () - A

=0

< EP[(ZEE(\AATM )] [(il (1A4,,,,]) \AAri+1\]+§\AATi+1\)2]
=0 =0 =0
< CEP[Q_: (|AA,,)) \AATMH)z} +CEP[<\/A)2]. (2.15)
= 0
Note that
Ej:[Ei(’AAnHD —|AA; [, =0,---,n—1, is a martingale.
=0
Then
E“”[(S[Ei(\AAml\)— a4, ] =E [nf (184, ]) — 184, )]
=0 =0
< CEP[nf[(EE(|AAW|))2+|AATZ.H| ] [nf EP ( |AATH|2)+|AAW|2]]
=0 =0

< CEP[Z\AATZH\ } < CEP[ ZyAATHyﬂ gCEPK\O/Aﬂ.

1=0
This, together with (2.I5) and the left inequality of (2.4]), proves the left inequality of (Z.14]).
We now prove the right inequality. First, for any ¢ > 0, following the arguments in

Lemma one can easily show that

T
E°[(M)7] < CeH Y 3o +BF [ (\/ 4)°)]. (2.16)
0
We claim that
T
EF[(\/ 4)°] < CIY |3 + CEF[(M)q). (217)
0



This, together with (2.16]) and by choosing ¢ small enough, implies the right inequality of

(ZI4)) immediately.
We prove ([2.17) in several steps.
Stepl. Let 1: 0 =719 <71 < .. <7, =T be an arbitrary partition. Note that

EIEZ [YTi+1] -Y, = EIEZ [An+1] — A,
Then
n—1 n—1
[ATi+1 —E [A7i+1]] = Ar-— Z (EIEi[ATi+1] - ATZ)
=0 1=0
n—1
= Yr—Yy— Mr— Z (E]i [YT@'+1] - YTi)'
=0
By the definition of ||Y||p, we see that
n—1 9
(Y [Ans — Bnldn,]]) | < CIVIE + CEP[(M)q).
=0
Note that
j—1
[ATZ.+1 -E, [ATi+1]:|7 j=1,---,n, is a martingale.
=0
Then
n—1 )
E°| > [Anss — EnlAn,,]°] < CIVIE + CEF[(M)2). (2.18)
=0

Step 2. In this step we assume A; = fg asdK, where K is a continuous nondecreasing
process and a is a simple process. That is,

n—1
a= Zatil[ti7ti+1) for some 0=ty < ---<t,=T.
i=0

Then, denoting «; :=sign(ay,),

T n—1 tig1 n—1
V(A) = /0 ]at\th = Z/ aiatth = Zai[Ati+1 — Atz]
i=0 Vti i=0
n—1 n—1
= Z 0% (Ati+1 - EE [Ati+1]) + Z QG (EE [Atiﬂ] - Ati)‘
i=0 1=0

Note that

J
Zai(Ati+1 — EE[AtiH])’ j=0,---,n—1, is a martingale.
=0



Then

E°[(v)?] < OEP[nf |Ap,,, — B [As P + (nf EF (4] - 4d]) ]
i=0 1=0

By (ZI]) and the definition of ||Y||p we obtain (2.1T]).
t
Step 8. We now prove (2.I7) for general continuous A . Denote K; := \/A. Since A

0
is continuous, K is also continuous. Moreover dA; is absolutely continuous with respect to
dK; and thus dA; = a;dK; for some a. By [11] Chapter 3 Lemma 2.7, for every € > 0 there

exists a simple process {a®} such that

T 2
EF / a; — at]dK, <e. (2.19)
() et
Denote
t
A7 ::/ adKs, Y7 :=Yy+ M+ A;.
0

Then by Step 2 we see that

T
E7[(\/ 4)°] < ClIYe|}t + CEP[(an)a]. (2.20)
0
Note that

T T T T T

A<\ 4+ \/[4° - 4] < \/A5+/ a5 — a|dK;.

0 0 0 0 0

Then

EP [(\T/A)Q} < CEF [(\T/Aa)Q] + Ce. (2.21)
0 0
On the other hand, apply the left inequality of (Z14]) on Y —Y = A® — A, we get
Ve — Y2 < C’IEPK\T/(Aa _ A))2] < CEP[(/T oS — at|th>2] < e
0 0
Then
IVE[lg < ClIY I + Ce.

Plug this and (22]) into (Z20)), we get

T
P [(\/Aﬂ < C|[Y|2 + CEF[(M)7] + Ce.
0
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Since ¢ is arbitrary, we obtain ([2.17]).

Step 4. We now prove (2I7) for the general case. Since A is of bounded variation,
we can decompose A = A¢ 4+ A%, where A° is the continuous part and A% is the part with
pure jumps. Since Y is cadlag and M is continuous, A and A? are cadlag. We denote
Y,¢ =Yy + M; + Af. From step 3 we have

T
EF [V + 0y + (V)] < olvep3.
0

Note that
IYellp < Y]l + | A|p

and apply the left inequality of (ZI4]) on A? we see that

1492 < (JEP[(\T/Ad)Q]

Then
EP| Yol + (M)r + (\T/Acf] <ClY I3+ GEP[(\T/Ad)Q},
0 0
and thus it suffices to show that
I\ / 1d\2 2
E [(\O/A) } < C|Y|3. (2.22)

To this end, we first note that

T
VAat= )" ja4= > |AY] (2.23)
0

0<t<T 0<t<T

Define, for each n,

Dy:= Y |AYi|1jay,1y,
0<t<T

and, 73 := 0, and for m > 0, by denoting Y; := Y7 for t > T,
1
Tyl = inf {t > 7 |AY] > —} AN(T+1).
n

We remark that we use T+ 1 instead of T" here so that AY7r will not be counted repeatedly
at below. Then it is clear that

D, 1 Z |AY;| as n — oo, and Z]AYT;]TD,L as m — oo.
0<t<T i=1

11



Therefore, to obtain ([2.22)) it suffices to show that
n 2
E7[(D1aYel) | S IYIR forall n,m. (2.24)
i=1

We now fix n,m. Notice that the F is quasi-left continuous. Then for each 7;*, there

exist {7

:sJ > 1} such that 7', < 7/ and 7%, T 7" as j — oo. By definition of [[Y|[p, we

have
“ 2
B[ (D0 1S v [¥er] = Yop v )] < IV IR (2.25)
i=1

Send j — o0, since F is continuous, we see that

. P o o
lim [ETZ.’Zl\/Ti’?j [YTZL] - YTiil\/Tij] — YTin - YTZ."— - AYT,ZL'

j—0o0

Then by applying the Dominated Convergence Theorem we obtain (2.24]) from (225). W

Theorem 2.8 Let Y be an F-progressively measurable cadlag process. Then'Y is a square

integrable semimartingale if and only if ||Y||p < oo.

Proof. By Theorem [27] it suffices to prove the if part. Assume ||Y||p < co. For each n,
let t7 := LT, §=0, -+ ,n. Denote, for i =0, - ,n,

i

M=) (Y —Ep [Vy)),
j=1
KE = D (bl
=
Kt = 3 (Ml -y ,)"
j=1

Then M™ is a martingale, K" K" are nondecreasing, and
Yin = Yo + M + Af, where Af = Kj" — K"
Moreover,
EP (5" + (K7 ™)?) < VIR < oo.

Then following the arguments for the standard Doob-Meyer decomposition, see e.g. [11],

one can easily prove the result. |

12



3 Semimartingales under G-expectation

In this section we introduce a nonlinear expectation, which is a variant of the G-expectation
proposed by Peng [17]. Let (2, F,F) be a filtered space such that F is right continuous, P
a family of probability measures. For each P € P and F-stopping time 7, denote

P(r,P):={P'eP:P =P on F,}. (3.1)
We shall assume

Assumption 3.1 (i) Np C Fy, where Np is the set of all P-polar sets, that is, all E € F
such that P(E) =0 for all P € P.

(ii) For any P € P, F-stopping time 7, P1,Py € P(1,P), and any partition Ey, Ey € F;
of Q , the probability measure P defined below also belongs to P(1,P):

]P’(E) = Pl(E N El) + PQ(E N Eg), VE € F. (32)

3.1 Definitions
We first define

Definition 3.2 We say an F-progressively measurable process Y is a P-martingale (resp.
P-supermartingale, P-submartingale, P-semimartingale) if it is a P-martingale (resp. P-

supermartingale, P-submartingale, P-semimartingale) for all P € P.

We next define the conditional G-expectation. For any JF-measurable random variable
¢ such that E¥[|¢]] < oo for all P € P, and any F-stopping time 7, denote

EGF[¢] = esspsup EF[¢], P—as. (3.3)
P'eP(7,P)

We note that, by Lemma 21 ES*[¢] is F,-measurable. When the family {ES"[¢], P € P}
can be aggregated, that is, there exists an F,-measurable random variable, denoted as
ESZ[¢], such that

ECE] = ESF[¢], P—as. forall Pe P, (3.4)

we call EG[¢] the conditional G-expectation of £. Following standard arguments, we have
the following Dynamic Programming Principle, whose proof is provided in the Appendix

for completeness:

Lemma 3.3 Under Assumption[31), for any 71 < 15 and any P € P, we have

Efl’P[é] = essﬂgup EK [E%Fl €], P—as.
P'eP(r1,P)

13



Definition 3.4 We say an F-progressively measurable process Y is a G-martingale (resp.

G-supermartingale, G-submartingale) if, for any P € P and any F-stopping times 71 < 7o,
Y; = (resp. >, §)E§1’P[YT2], P— a.s.

We remark that a P-martingale is also called a symmetric G-martingale in the literature,
see e.g. [29].
3.2 Characterization of P-semimartingales

The following result is immediate:

Proposition 3.5 Let Assumption[3.1] hold.

(i) A P-martingale (resp. P-supermartingale, P-submartingale) must be a G-martingale
(resp. G-supermartingale, G-submartingale).

(i) If Y is a G-martingale (resp. G-supermartingale, G-submartingale) and M is a
P-martingale, then' Y + M is a G-martingale (resp. G-supermartingale, G-submartingale).

(iii) A G-supermartingale is a P-supermartinagle. In particular, a G-martingale is a

P-supermartinagle.

Proof. (i) and (ii) are obvious. To prove (iii), let Y be a G-supermartingale. Then for

any 71 < 7o and any P € P,
Y., > ESFY,,] > E [Y,], P-as.
That is, Y is a P-supermartingale for all I € P, and thus is a P-supermartingale. |

We next study P-semimartingales. In light of Theorem [2.8] we define a new norm:
[Y]lp := sup [|Y[|e. (3.5)
PeP
The following result is a direct consequence of Theorems 2.7 and 2.8

Theorem 3.6 Assume Assumption[31l holds and ([2.2)) holds for allP € P. If |Y|p < oo,

then Y is a P-semimartingale. Moreover, for any P € P and for the decomposition

Vi =Yo+ M + A, P-as. (3.6)
we have
¢ 2
EF[(MF)r + (\ 4%)°] < (3.
0

14



The norm || - || is defined through each P € P. The following definition relies on the
G-expectation directly:

n—1

1Y% = EG[ sup |Yt|2] —I—SupsupEP[(Z
0<t<T T PeP =

EGF (V) — ¥a) (3.7)

Remark 3.7 (i) If the involved conditional G-expectations exist, then we may simplify the
definition of ||Y||q:

n—1

IV 1% = EC] sup vif?] +supEC[ (3
0<t<T T -

1=

Eg(YTi+1) - YTi

)]

(ii) In general || - || does not satisfy the triangle inequality and thus is not a norm.

(iii) For G-submartingales Y'!, Y2, the triangle inequality holds:
IY'+ Y2 < [IY'le + 1Y2]c-
However, in general Y'! 4+ Y2 may not be a G-submartingale anymore. |
Nevertheless, ||Y||¢ involves the process Y only, and we have the following estimate.

Theorem 3.8 Assume Assumption [31] holds and (Z2) holds for all P € P. Then there
exists a universal constant C' such that ||Y ||p < C||Yq.

Proof. Without loss of generality, we assume [|Y||¢ < oco. For any P € P and any

partition 7 : 0 =19 < --- < 7, =T, denote

i—1

N’rl- = {Egj’P(YTjJrl) - Yrj:| .
j=0
Then
i—1
Y, - N, = Yo+ Z |:YT]‘+1 - Eg’P(YTj+1 )]
§=0
i—1 i—1
= Yo+ Z |:Y7'j+1 - EEJ_ (YTj+1)i| - [Eg’P(YTj+1) - EEJ_ (YTj+1) :
j=0 j=0
Note that
i—1
[YTJ. o IEI;PJ_ (Y-, +1)] is a P-martingale,
7=0
i—1
[ETGJ_,P(YTH )= EEJ_ (Y, H)} is nondecreasing and is F,, ,-measurable.
j=0

15



Applying Lemma 2.3 we obtain

n—1 9
E7[ (30 [BS (V) — B (¥.)]) | < CB7| sup (V2 +IN- )] < Y.
§=0 <i<n

This, together with the definition of || - ||, implies that
n—1 9
E7[( D [BE (Vryy) = Yo |) | < CIV IR
=0

Since 7 is arbitrary, we get ||Y|lp < C||Y||¢. Finally, since P € P is arbitrary, we prove the
result. [ |

3.3 Doob-Meyer Decomposition for G-submartingales

As a special case of Theorem B.6] we have the following decomposition for G submartingales.

Proposition 3.9 Assume Assumption [31 holds and (2Z2]) holds for allP € P. IfY is a
G-submartingale satisfying ||Y ||p < oo, then all the results in Theorem [3.4 hold.

Remark 3.10 Unlike Lemma[22] for G-submartingales in general we do not have [|Y||p <
C'suppep ||Y]|po. See Example [6.2] below. [ ]

Now let Y be as in Proposition 3.9, and consider its decomposition [3.6). Let A¥ =

LF — K¥ be the orthogonal decomposition. We have the following conjecture:
Conjecture: The family {K* P € P} satisfies the following property:

- K; = esspsup EY { — Klf,’i/}. (3.8)
P/EP(t,P)

In particular, if the families {M¥, K? L¥ P € P} can be aggregated into {M, K, L}
(e.g. if P is separable, in the sense of [2])]), then —K is a G-martingale, and we have the

following desired Doob-Meyer decomposition for G-submartingales:

Y = Yo+ [M; — Ki| + Ly,

3.9
where M — K is a G-martingale and L is nondecreasing. (3:9)
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4 Absolute continuity of the finite variational processes

Let (Q,F, F,P) be as in Section [B] where F is right continuous and Assumption B.] holds.
But we do not require (2.2) in this section. Let Y be a P-semimartingale. In this section
we investigate when its finite variation part is absolutely continuous with respect to the
Lebesgue measure dt.

For this purpose, we let L* denote the space of F-progressively measurable processes 7
such that 7 is bounded and piecewise constant. For an F-progressively measurable cadlag

process Y, define the Daniel integral as a linear operator on IL*:

n—1 n—1
Iy(n) = Znﬂ. (Y., —Y), forall n:= Znnl[ﬁm.“) eL” (4.1)
i=0 i=0

4.1 The absolute continuity of P-semimartingales

We first fix P € P. For 1 < p < o0, let L{ denote the space of F-progressively measurable
processes 7 such that \|17||€p = EP [ fOT |77t|pdt] < 00. Now for an F-progressively measurable
P

cadlag process Y which is uniformly integrable under IP, define

[EF[Zy ()]

¥ lle = sup {
v Il

:O;«éneL*}, (4.2)
where 1 < ¢ < oo is the conjugate of p.

Theorem 4.1 If [|Y||p, < oo, then dY; = dM; + aydt where M is a martingale and a € LY,
with lalls < ¥ e,

Proof.  Note that
E* [y ()] < Y [lppllnllg  for all ne L.

Since L* is dense in L{ under norm || - H]Lﬂc;, we can extend Iy to L{ such that
E* Ly ]| < Y lleplinllyg  for all e Lg.

By the Riesz’s representation theorem, there is a € Lﬁ; such that

T
Bty ()] = B (| madt) forall yeld, and faly <V e
0
Define

t
M, ::Y}—Yo—/ asds.
0

17



We see that, for any stopping times 71 < 72 and any 7, € F;,, by denoting 1 :=ny, 1(;, .,) €
IL*,

T2

E? |17, [Mr — M| = B [, [V, — Y] - / macdt| = E | Iy (n) - /0 ' madt] = 0.

T1

This implies that M is a martingale. |

Corollary 4.2 Assume (22) holds. There exists a constant C such that, for any F-

progressively measurable uniformly integrable process Y,
IYlle < ClI¥lleo + 1Y llpe].

Proof. ~ Without loss of generality we assume [|Y||po + ||Y||p,2 < co. By Theorem ET] we
have dY; = dM; 4 a;dt where M is a martingale and a € LI%. Denote A; := fg asds. Then

P T2 P r 2 [T 2
E[(\/ 4] =E [(/0 aldr)’] < TE [/0 af?dt] = 7Y (4.3)
0
Note that
dY? = 2V, dM; + 2Yia.dt + d(M);.
Then
T
EP{<M>T} - EP[|YT|2—|YO|2—2/ Ytatdt} (4.4)
0

IN

T
C’IEP[ sup |Y;? —I-/ |at|2dt] < C[HYH]%’Q + HYHu%z}
0<t<T 0

Combining (A3]) and (4] we obtain

T
EP[1o2 + (M) + (\/ 4)°] < C[IVI3o+ IV IRs).
0

Then by applying Theorem [2.7] we prove the result. |

4.2 Absolute continuity of P-semimartingales

We now let Y be an F-progressively measurable cadlag process such that Y is uniformly
integrable under P for all P € P. For 1 < p < oo, define

1Y ]lp,p == sup [|Y[|pp- (4.5)
PeP
The following result is a direct consequence of Theorem [4.1]

18



Proposition 4.3 Assume Assumption[31l holds. If ||Y||pp, < 0o for some 1 < p < oo, then
Y is a P-semimartingale with decomposition dY; = dM[ +af dt, where M* is a P-martingale

and

T
supEP[/ \a?\pdt] < 0.
PP 0

Moreover, if P is separable in the sense of [2])], then dY; = dM; + adt, where M is a
P-martingale and EG[fOT |at|pdt} < 0.

5 G-martingale representation with component I"

We now consider the framework in [23]. Let Q := {w € C([0,T]) : wog = 0}, B the
canonical process, and 0 < o < @ be two constants. Let P be the set of all probability
measures P such that B is a P-martingale, and there exists a constant 0 < ep < &2 such
that [ep V o?]dt < d(B); < 72dt. By [23], there exists a process a such that

d(B); = a;dt, P-a.s. for all P € P. (5.1)
We use the filtration F = {F;}:
Fi:=FE V Np where Np is as in Assumption B] (i). (5.2)

Then one can easily see that Assumption [3.1] holds.
Peng [17] introduced the following function:

1 17_ B
G(y) =5 sup o’y =g [027+ -’y (5.3)

g<o<co

It is known that, see e.g. [23], for £ = g(Br) where g is a Lipschitz continuous function, we

have EF[¢] = u(t, B;) where u is the unique viscosity solution to the following PDE:

ur + G(ugz) =0, u(T,x) = g(z). (5.4)
Let L;, denote the space of all random variables ¢(By,,--- , By, ) where ¢ is a Lipschitz
continuous function. For £ € L;),, define
2
el == ES| swp (BFTEN)?], (5.5)
0<t<T

and let L be the closure of £;, under the norm | - ||¢ . By [23], for any £ € Lg, the
conditional G-expectation E{'[¢] exists and is a continuous G-martingale. Moreover, we
have the decomposition (I.I]). Our goal of this section is to study the further decomposition
([L3]), conjectured by Peng.
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5.1 Existence of I

Theorem 5.1 Let £ € Lg. If |EC[¢]||p, < 0o for some 1 < p < oo, then we have the

following decomposition:

p o t B t . t
ECl] — ECE+ /0 zb. ~ [ 26(r)ds + [ T,

0 0
¢ ¢
= E%¢ + / ZdBg — / [2G(T) — Tsas)ds,
0 0
where Z,1" are F-progressively measurable such that
T T
EG[/ Z2dt +/ k:fdt] < oo where k:=2G(")—-Ta>0.
0 0

Proof.  For & € L, by [23] there exist Z and nondecreasing process K such that

t T
E?[&]ZEGEH/O Z,dB, — K; and EG[/O Z2dt + | Kr|?| < oo

Since |EY[¢]||p,» < 0o, by Proposition 3] we see that

T
dE; = kydt  and EG[/ kfdt} < o0.
0

Note that 0% < & < 72, and the k in (5.7) is equivalent to

k=[?—al" —[a—c?l.

Set
Ta—g2r Ol {a =7%}
I:= E—Qk—&’ on {d = g2}7
5216_& or — {l_k027 on {Qz <a< 62}.

One can check straightforwardly that I' satisfies all the requirements.

(5.6)

(5.7)

Remark 5.2 The above martingale representation theorem holds true without assuming

B has martingale representation property under each P € P. The main reason is that in

this framework we may start from the PDE (54]) and apply the It6’s formula.

Remark 5.3 Denote

I€llcp = l€llG + IES (€D I17.p-
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We shall note that | - ||¢, does not satisfy the triangle inequality and thus is not a norm.

We can define instead: for any 1 < p < oo,

P61 &2) = llé1 — Ealla + [ET (&) — EC(&)llp,p. (5.11)

Then p, defines a metric. Let L5, denote the closure of £;, under p,. Then clearly we
have the decomposition (B.6]) for all £ € Lg ). [ |

Remark 5.4 Hu-Peng [I0] considers the following metric: for some a € (1,2),

Ql~

po(61, &) = &1 — Galle + (ES | sup| (KL, — K] = [K7,, — K]

QD . (5.12)

where G is a modification the G, and K' is the increasing process in the (unique) decom-
position of the G-martingale Ef[¢;]. They also proved (5.6) when ¢ is in the closure of
L;, under p. We note that the above metric depends on the process K, while our metric
pp involves only Ef'[¢]. Moreover, in (5.12) the supremum over the partitions is inside the
G-expectation, while in (5.11]) which depends on ([@3H]) and (4.2), essentially the supremum

over the partitions are outside of the expectations and thus is weaker. |

5.2 Uniqueness of I

From (5.9)), clearly T is not unique unless k = 0, that is, E{’[¢] is a P-martingale. Song [28]
proved that there is at most one I' in the space ./\/l%; as defined below.

Let MOG denote the space of F-progressively measurable and piecewise constant processes
n such that n; € L, for all ¢, and MZ, be the closure of MY, under the norm:

2 G 4 2
Il = B[ [ imPat]. (5.13)
0

We next introduce another space of £ for which we shall have existence of I in Mé For

this purpose, we assume
o> 0. (5.14)

For £ = ¢(By,, -+, By,) € Lip, by Peng [17] we know there exist Z,I" € M2, such that (5.6)
holds. Now for §; € L;, and for the corresponding Z i TP e MZ%, i =1,2, we define:

p(é1,&) = [l&r — &lle + 121 = 2%z, + 1! = T, (5.15)
Let
L := the closure of £;;, under the above metric p. (5.16)

We then have
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Theorem 5.5 Assume Assumption [31 and (5.14) hold. Then for any & € L, there exist
unique Z,I' € M2, such that ([5.6) holds.

Proof. Let £ € £ and &, € L;) such that lim,_, p(¢,&,) = 0. Let (27, T") € M% x MZ,
be corresponding to &,. Then by definition of p we see that {(Z",I'™),n > 1} are Cauchy
sequence under the norm || - ||HQG . Thus there exist (Z,T') € M% x M2 such that

: n n _
Jim {127 = Zlyg, + T =Tl | =0.

Then it is straightforward to check that (Z,T") satisfy (5.0) for £&. The uniqueness of Z and
I" follow from [23] and [2§], respectively. [ |

Remark 5.6 While the conclusion of Theorem [£.5] looks nice, the metric p is rather strong
and consequently the space £ could be small. It is not clear to us how large £ is. Moreover, in
(515), we use the same norm for Z and I'. This is not desirable, because in the Markovian
case Z and I' correspond to the first and second derivatives of the PDE, respectively.
Intuitively, the norm for I' should be weaker than that for Z. We hope to explore further

properties of I' in our future research. |

6 Appendix

We first provide an example such that ||Y||po < oo but ||Y||p = oc.

Example 6.1 FizP. Let K be an F-progressively measurable continuous increasing process
such that Ky = 0 and EP[K%] = 00. Define the sequence of stopping times: 1y := 0 and, for
n>1, 7, :=inf{t >0: Ky =n} AT. Since Kp < o0, 1, =T for n large enough, a.s. We
now define the process Y; as follows: Yy := 0, and for n > 0,

}/2 — { YTQn - Kt + KTZn? t e (7—2”,7'2”_’_1]; (61)

YT2n+1 + Kt - KT2n+17 te (T2n+17 T2n+2]-
Then ||Y ||p,o < 0o but ||Y||p = oco.

Proof. It is easy to check that —1 < Y; < 0 and \/OTY = Kr. Then |[Y|po < 1 and
EP[(\/g Y)2] = 00. By Theorem 2.8 we get ||Y||p = oc. ]

We next provide a G-submartingale such that suppep ||Y||p,0 < 00, but [|Y||p = oc.

Example 6.2 Fiz P. Let K be as in Example [61] such that —K is a G-martingale and
EG[K%] = oo, instead of E¥[K2] = co. Then the process Y defined in Ezample [61 satisfies

all the requirements.
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Proof. By the proof of Example [6.1] clearly suppep ||Y]po < o0, but [|Y|p = oo.
Moreover, on (7o, Ton+1], dY: = —dKy and thus is a G-martingale; and on (72,41, Ton+t2),
dY; = dK;, then Y is increasing and thus is a G-submartingale. So Y is a G-submartingale
on [0,T7. [ |

We now prove Lemma [3.3]
Proof of Lemma[3.3. We have

P / P ’ / P ’ ’
EOPl = essoup B[] = essup EY[ER[E]) < essup EF [ESP[g]).
P'eP(r1,P) P'eP(71,P) P'eP(71,P)

To prove the other inequality, we fix P’ € P(r,P). By [13], there exist a sequence
P" € P(12,P’) such that

supEL [¢] = esspéup E]Ez €] = EE’;’PI €], P-as..
n>1 PeP(72,P")

We claim that there exists P € P (7, P’) such that

EE): €] 1 sgI;Ef: (€], P-as. asn?toc. (6.2)

Then, since P € P(ry,P') C P(r1,P)
7 [E2716)] = Jim BT [E216)] = i T[T 1G] = Jim X0 <G Pas

Since P’ € P(my,P) is arbitrary, we obtain the second inequality.
It remains to prove (6.2]). We proceed by induction. Let P! := P!. For n = 2, denote

Bt = {E516) > ER ]} and B = {EE [ <EE[]},
and define
P2(E) :=PYENE")+P*ENE"), foral Ec F.

Then clearly ET, E~ € F,, and thus, by Assumption B.I] P2 € P(13,P'). One can easily
check that

m2 1 2 1 2
By induction one can construct P € P(ry,P') such that
Pl — P
ETQ [g] - 11;1%); ETQ [g]

This implies (6.2]) and completes the proof. |
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We conclude the paper by providing the connection with the Bichteler-Dellacherie’s
theorem. Fix P and recall (1]). We call Y a good integrator if: for any {n*} C LL*,

klim (7% [l o ) =0 implies that Iy (n*) converges to 0 in probability P. (6.3)
—00
Bichteler-Dellacherie’s Theorem states that, see e.g. [22],

Y is a semimartingale if and only if Y is a good indicator. (6.4)

Clearly, if ||Y||p < oo, by Theorem 2.8 and (6.4]) we know that ¥ must be a good integrator.

At below we provide a direct proof of this.

Proposition 6.3 If ||Y|p < co, then Y is a good integrator.

nE—1

Proof.  Let n* Z oy 1[ k) € L* such that klg)go ||77k||Loo(P) = 0. Denote AYilil =

Y r —Y_ . Then
i+1 i

nE—1
E®|(Iy (n")?] = B*[ () atavd,y)’]
=0
np—1 np—1
< CEP[( Y of[AY, —EER[AY/L]]) ] +0EP[ Z ofEL AV ) ]
=0
Since
Z o [AYZ-'il — EE} [AYZ-lil]], j=1,---,ng, isa martingale,
we have
EP[(Iy(nk))z]
np—1 nE—1 9
< CEF[ Y [abP[avh, — ELIAYA ] + CBP[( Y af [ERIY, 1- Vo) |
=0 =0
nk—l
< ClntReeE | Y [AVE —ERIAYEL]] + Clln [ 1Y e
=0
N — 1
< Ol B E®| D IAYELP| + Cllnt [ 1Y . (6.5)
=0
Note that

‘A +1‘2 ‘YTlﬁllz - ’YTZk"2 - 2YTZ.I€A§/7:I—€F1
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Then

ng—1 nE—1
EF| ) IAYi'i1I2] - EP[ 3 (IYT§41I2 — Vol = 2V p [EL[Yoe ] - YTH)]
i=0 1=0
np—1

= EF (el - Yo -2 ) Yy [V |- Vo]
) =0

- ’flk—l
P 2 P B
< Bl 2 oy 0 D ) - Yol
TLk—l 2
< IP’|: 2 P . _ . :| < 2.
< CE Oiltlé)T‘Y;f‘ + ( ; \ETI_,Q[YTZ;SH] YTikD < ||y

Pluging into (6.5]) we obtain

2
EP[(1y (19)*] < CIIY [ By = 0, a5 & = oo,

This implies that Iy (n*) converges to 0 in probability P, and thus Y is a good integrator.

|
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