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Induced Two-Crossed Modules

U. E. Arslan, Z. Arvasi and G. Onarli

Abstract

We introduce the notion of an induced 2-crossed module, which ex-
tends the notion of an induced crossed module (Brown and Higgins).

Introduction

Induced crossed modules were defined by Brown and Higgins [3] and studied
further in paper by Brown and Wensley [B [6]. This is looked at in detail in a
book by Brown, Higgins and Sivera [4]. Induced crossed modules allow detailed
computations of non-Abelian information on second relative groups.

To obtain analogous result in dimension 2, we make essential use of a 2-
crossed module defined by Conduché [7].

A major aim of this paper is to introduce induced 2-crossed modules

{0 (L), ¢4 (M), Q, 02,01}

which can be used in applications of the 3-dimensional Van Kampen Theorem,

.

The method of Brown and Higgins [3] is generalized to give results on
{¢« (L), b (M),Q, 02,01} . However; Brown, Higgins and Sivera [4] indicate
a bifibration from crossed squares, so leading to the notion of induced crossed
square, which is relevant to triadic Hurewicz theorem in dimension 3.

1 Preliminaries

Throughout this paper all actions will be left. The right actions in some refer-
ences will be rewrite by using left actions.

1.1 Crossed Modules

Crossed modules of groups were initially defined by Whitehead [12] T3] as models
for (homotopy) 2-types. We recall from [10] the definition of crossed modules
of groups.

A crossed module, (M, P, ), consists of groups M and P with a left action
of P on M, written (p,m) — Pm and a group homomorphism d : M — P
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satisfying the following conditions:
CM1) A (Pm) = pd (m)p~* and CM?2) om)p, = mpm ™1

for p € Pm,n € M. We say that 9 : M — P is a pre-crossed module, if it is
satisfies CM1.
If (M, P,0) and (M', P’,d) are crossed modules, a morphism,

(ILL7 77) : (M7 P7 8) % (M/’P/7 8/)’

of crossed modules consists of group homomorphisms y : M — M’ and n: P — P’
such that

@) nd=dp  and (i) p(Pm) = " pu(m)

forallpe P,me M.

Crossed modules and their morphisms form a category, of course. It will usu-
ally be denoted by XMod. We also get obviously a category PXMod of precrossed
modules.

There is, for a fixed group P, a subcategory XMod/P of XMod, which has
as objects those crossed modules with P as the “base”, i.e., all (M, P, ) for this
fixed P, and having as morphisms from (M, P, ) to (M’, P’,d’) those (u,n) in
XMod in which 1 : P — P’ is the identity homomorphism on P.

Some standart examples of crossed modules are:

(i) normal subgroup crossed modules (i : N — P) where 4 is an inclusion of
a normal subgroup, and the action is given by conjugation;

(i) automorphism crossed modules (x : M — Aut(M)) in which

(xm) (n) = mnm™";

(iii) Abelian crossed modules 1 : M — P where M is a P-module;

(iv) central extension crossed modules 9 : M — P where 0 is an epimorphism
with kernel contained in the centre of M.

Induced crossed modules were defined by Brown and Higgins in [3] and
studied further in papers by Brown and Wensley [5, [6].

We recall from [4] below a presentation of the induced crossed module which
is helpful for the calculation of colimits.

1.2 Pullback Crossed Modules

Definition 1 Let ¢ : P — Q be a homomorphism of groups and let N = (N,Q,v)
be a crossed module. We define a subgroup

¢"(N) = N xq P ={(n,p) | v(n) = é(p)}
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of the product N x P. This is usually pullback in the category of groups. There
18 a commutative diagram
« é
¢*(N) —= N
P Q

where © : (n,p) — p, ¢ : (n,p) — n. Then P acts on ¢*(N) via ¢ and the
diagonal, i.e. P (n,p) = (?P)n, p'pp'~1). It is easy to see that this gives a p-
action. Since

%

(n,p)(n1,p1)(n,p)~t = nnm Lppip?)

(
= (v n1 ppip~t)
- (e

Iy, pp1p~?)
(n, p)(nlvpl)

we get a crossed module ¢*(N) = (¢*(N), P,v) which is called the pullback
crossed module of N along ¢. This construction satisfies a universal property,
analogous to that of the pullback of groups. To state it, we use also the morphism

of crossed modules -
(6,0) : " (V) = N.

Theorem 2 For any crossed module M = (M, P,u) and any morphism of
crossed modules

(h,¢): M — N

there is a unique morphism of crossed P-modules I/ : M — ¢*(N) such that
the following diagram commutes

M
N h
\h’
Iz l/ é l
P—>Q

This can be expressed functorially:
¢*: XMod/@Q — XMod/P
which is a pullback functor. This functor has a left adjoint

¢yt XMod/P — XMod/Q

which gives a induced crossed module as follows.
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1.3 Induced Crossed Modules

Definition 3 For any crossed P-module M = (M, P,u) and any homomor-
phism ¢ : P — @ the crossed module induced by ¢ from p should be given
by:

(i) a crossed Q-module ¢, (M) = (6, (M),Q, 6.1),

(i) a morphism of crossed modules (f,¢) : M — ¢, (M), satisfying the
dual universal property that for any morphism of crossed modules

(h,¢): M — N

there is a unique morphism of crossed Q-modules h' : ¢ (M) — N such that the
diagram

l:“‘ ¢*N
P—>Q

commutes.

Now we briefly explain this from Brown and Higgins, [3] as follows, (see also

21)-

Proposition 4 Let yu: M — P be a crossed P-module and let ¢ : P — @ be a
morphism of groups. Then the induced crossed Q-module ¢, (M) is generated,
as a group, by the set M x Q with defining relations

(1) (m1,q)(me,q) = (mim2, q),

(i) (Pm,q) = (m,qe(p)),

(”z) (m17 q1)(m27 q2)(m17 QI)il = (m27 QI¢M(m1)ql_qu)
for m,my,ms € M, q,q1,q2 € @ and p € P.

The morphism ¢, : ¢« (M) — Q is given by ¢.u(m,q) = qpu(m)qg—?, the
action of @ on ¢.(M) by %(m,q1) = (m,qq1), and the canonical morphism
¢+ M — ¢, (M) by ¢'(m) = (m, 1).

The crossed module (¢ (M), Q, ¢« ), thus defined in Proposition 4, is called
the induced crossed module of (M, P, ) along ¢.

If ¢ : P — @ is epimorphism the induced crossed module (¢.(M), Q, d.p)
has a simplier description.

Proposition 5 ([3], Proposition 9) If ¢ : P — Q is an epimorphism, and u :
M — P is a crossed module, then ¢.(M) = M/[K, M|, where K =Ker¢, and
[K, M| denotes the subgroup of M generated by all *mm™"' for allm € M,k € K.
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2 Two-Crossed Modules

Conduché [7] described the notion of a 2-crossed module as a model of connected
homotopy 3-types.

A 2-crossed module is a normal complex of groups L Em%p together
with an action of P on all three groups and a mapping

{—.=}:MxM—L

which is often called the Peiffer lifting such that the action of P on itself is by
conjugation, J2 and 0; are P-equivariant.

PL1: 0Oy{mo,mi} = momlmal (almomfl)

PL2: {6210, 62[1} = [lo, ll] )

PL3: {mg,mimo} = ™™o Img mo}{mg,mi}
{momi,ma} = {mo,mumomi'} (2™ {m1,ma})

PL4:  a){dlm} = (™)
b){m,dl} = ™ (‘917”1_1)
PL5: p{mo,ml} = {pmo,p ml}
for all m, mg, my,ms € M,1,lp,l; € L and p € P. Note that we have not specified
that M acts on L. We could have done that as follows: if m € M and [ € L,
define
ml=1 {82171,771} .

From this equation (L, M, J2) becomes a crossed module.
We denote such a 2-crossed module of groups by {L, M, P,02,01}.
A morphism of 2-crossed modules is given by a diagram

where fo01 =01f1 , f102 =04f2

f1(Pm) = fo(zn)f1 (m) , fo(Pl)= fo(;D)f2 (1)

and
{=-}(fix fi)=fo{= -}
forallme M,l € L and p € P.

These compose in an obvious way giving a category which we will denote
by XoMod. There is, for a fixed group P, a subcategory XoMod/P of XsMod
which has as objects those crossed modules with P as the “base”, i.e., all
{L, M, P, 0,0, } for this fixed P, and having as morphism from {L, M, P, 92,0: }
to {L',M’, P’,0},01} those (fa2, f1, fo) in X2Mod in which fo : P — P’ is the
identity homomorphism on P.
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Some remarks on Peiffer lifting of 2-crossed modules given by Porter in [10]
are:
Suppose we have a 2-crossed module

LA2mMAp

with extra condition that {m,m'} = 1 for all m, m’ € M. The obvious thing to
do is to see what each of the defining properties of a 2-crossed module give in
this case.

(i) There is an action of P on L and M and the Js are P-equivariant. (This
gives nothing new in our special case.)

(i) {—, —} is a lifting of the Peiffer commutator so if {m, m’} = 1, the Peiffer
identity holds for (M, P,01), i.e. that is a crossed module;
(iii) if I,1" € L, then 1 = {01, 0l'} = [I,1'], so L is Abelian
(iv) as {—, —} is trivial 92™[~1 =71 so OM has trivial action on L.
Axioms PL3 and PL5 vanish.

Ezxamples of 2-Crossed Modules

LLet M 2 Pbea pre-crossed module. Consider the Peiffer subgroup (M, M) C
M, generated by the Peiffer commutators

and

<m7m/> — mmlflmfl (almm/)
for all m,m’ € M. Then
(M, M) B M S P
is a 2-crossed module with the Peiffer lifting {m, m'} = (m,m'), [L1].

2. Any crossed module gives a 2-crossed module. Given (M, P,0) is a crossed
module, the resulting sequence

L—->M—P

is a 2-crossed module by taking L = 1. This is functorial and XMod can be con-
sidered to be a full category of XMod; in this way. It is a reflective subcategory
since there is a reflection functor obtained as follows:

L2 MA Pisa2crossed module, then Im0d, is a normal subgroup of M

and there is an induced crossed module structure on 0; : o P, (c.f. [10]).
mds

Another way of encoding 3-types is using the noting of a crossed square by
Guin-Waléry and Loday, [9] .

Definition 6 A crossed square is a commutative diagram of group morphisms

L—f>M
N—g>P

with action of P on every other group and a function h : M x N — L such that
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(1) the maps f and u are P-equivariant and g, v, vo f and gowu are crossed
modules,

(2) foh(z,y) =29Wa™!, uoh(z,y) =" yy',
(3) h(f(2),y) = 29W 271 h(z,u(z)) =4® 2271,
(4) h(za',y) =" h(a’,y)h(z,y), ha,yy') = h(z,y)" W h(z,y),
(5) h('x,'y) =" h(z,y)
forx,x’ e M, y,yy € N,z€ L andt € P.

It is a consequence of the definition that f : L — M and v : L — N are
crossed modules where M and N act on L via their images in P. A crossed
square can be seen as a crossed module in the category of crossed modules.

Also, it can be considered as a complex of crossed modules of length one
and thus, Conduché [§], gave a direct proof from crossed squares to 2-crossed
modules. This construction is the following:

Let
L M

N—>P

f

_—

be a crossed square. Then seeing the horizontal morphisms as a complex of
crossed modules, the mapping cone of this square is a 2-crossed module

L2MaNAP

where 02(2) = (f(2)7 Y, u(z)) for z € L,01(z,y) = v(z)g(y) for z € M and
y € N, and the Peiffer lifting is given by

{(xvy)a (I/a y/)} = h(xvyy/yil)'

Of course, the construction of 2-crossed modules from crossed squares gives a
generic family of examples.

3 Pullback Two-Crossed Modules

In this section we introduce the notion of a pullback 2-crossed module, which
extends a pullback crossed module defined by Brown-Higgins, [3]. The impor-
tance of the “pullback” is that it enables us to move from crossed @-module to
crossed P-module, when a morphism of groups ¢ : P — @ is given.

Definition 7 Given a 2-crossed module {H,N,Q, 2,01} and a morphism of
groups ¢ : P — Q, the pullback 2-crossed module can be given by
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(i) & 2-crossed module ¢ {H, N, Q, 8, &1} = {¢* (), ¢*(N), P, 5,05}
(ii) given any morphism of 2-crossed modules

(f27f17¢) : {BQ7Blupuaéaai} — {H7N7Q762761}7

there is a unique (f5, f1,idp) 2-crossed module morphism that commutes the
following diagram:

(Ba, Bi, P, 05, 0,)

*1 *,’id _ - -
(fifl /Pl l(fmfl#ﬁ)
_ -
(¢™(H),¢*(N), P,05,07) ———— (H,N,Q, 02,01)
(idu,¢ )
or more simply as
B, f2 I
N
N
8; (b* (H) D2
By d N
N
N
N /élr
o ¢*(N) o
P i Q.
idp /
P

Proposition 8 If H B NS Q is a 2-crossed module and if ¢ : P — @ is a
monomorphism of groups then

HE g3 p
18 a pullback 2-crossed module where
¢"(N) = N xq P={(n,p) |01 (n) =¢(p)}
forallm € N andp € P.

Proof. Since 0;0, = 1, we have

¢"(H) ={(h,p) | ¢(p) =1,} = H x ker ¢
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for all h € H. As ¢ is a monomorphism, H X ker ¢ = H. Thus we can define a
morphism

05 H— ¢" (N)
given by 95 (h) = (02h, 1), the action of ¢* (N) on H by (»P)h = "h and the
morphism 95 : ¢* (N) — P is given by 0 (n,p) = p, the action of P on ¢* (N)
and H by P(n,p’) = (¢(p)n,pp'p_1) and Ph =?®) b respectively. Since

Po3 (h) = P(0z(h),1)

([T

AN TN N TN
&
—~
©
o~
=
=
>
—_
S~—

and
o (®(n,p)) = 07 (*@n,pp'p?)

05 and 07 are P-equivariant.

As 0705 (h) = 0F (O2h,1) =1,
H— ¢*(N)—> P
is a normal complex of groups. The Peiffer lifting
{=—}:0"(N) x " (N) = H

is given by {(n,p), (n’,p")} = {n,n'}.
PL1:

,p), (' p) (n=tp~t) (PPt ppp )
(nn'n=t, pp/p=t) (Bt pp' =)
= gnnn (/= 1) pp'p~lpp'~ip7?)

[l
—~—
ol
33
s
——
=

= 03{(n,p),(n',p")}.
PL2:
{05h,050'} = {(02h,1),(02h',1)}
= {02h, 020"}
= [hh].

The rest of axioms of 2-crossed module is given in appendix.
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(i)
(ZdHa ¢/7 ¢) : {H7 ¢*(N)7 Pu (9;, af} - {H7 N7 Qu 827 al}

or diagrammatically,
id

H

a;% d}

¢*(N) —
a;l
P

is a morphism of 2-crossed modules. ( See appendix. )
Suppose that

“— H
-
N

lal

—>Q

¢

(f27f17¢) : {BQ7Blupuaéaai} — {H7N7Q762761}
is any 2-crossed modules morphism

’ ’

0y 0,
By ——= B ——P

f2 l 1 \L ¢l
H—=N— Q.
Then we will show that there is a unique 2-crossed modules morphism

(f;7ffazdp) : {BQ,Bl,P,aé,ai} — {H7¢*(N)7P76;76T}

8 o
Bs >~ By > p

where f5(ba) = fa(b2) and f7(b1) = (f1(b1),01(b1)) which is an element in
¢*(N). First let us check that (f3, f7,idp) is a 2-crossed modules morphism.
For by,b) € B1,bs € Bo,pe P

ee) fx (by) = Z{%}bz() )
p 2 b2
f2 (pbz)

= f5(b).
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Similarly “#®) £+ (b;) = fi (Pby), also above diagram is commutative and

{= =3 x 1) (01, 0) = {—, =} (7 (b1), £ (b1))

{= =3 ((f1(b1), 01(b1)) , (f2 (DY), 01 (b}))
{f1(br), f1(01)}

= {—,—}(f1 x f1) (b1, b7)
f?{_7_}(b17bll)

f2{b1,b1}

f3 {b1,b1}

= f3{= =} (b1, b7).

Furthermore; the verification of the following equations are immediate.

idpfy = fo and ¢ ff = fi.

]
Thus we get a functor

@*: XaMod/@Q — XyMod/P
which gives our pullback 2-crossed module.

Corollary 9 Given a 2-crossed module {H, N,Q, 2,01} and a morphism
¢: P — Q of groups, there is a pullback diagram

H

%

¢*N¢—>z£
‘S

Proof. It is straight forward from a direct calculation. m

H

01

—>Q

3.1 Example of Pullback Two-Crossed Modules

Given 2-crossed module {{1},G,Q,1,i} where 7 is an inclusion of a normal
subgroup and a morphism ¢ : P — @ of groups. The pullback 2-crossed module

° o' {{1},G,Q. 1,1} = {{1},6*(G), P03, 07}
= {{1}7¢71(G)7P76§76f}

as,

" (G) {(g:p) | o(p) =i(g),9 € G,p € P}

{peP|op)=g}=9¢""G) QP

'l
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The pullback diagram is

Particularly if G = {1}, then

¢o"({1}) ={p e P| o(p) = 1} =ker¢ = {1}

and so {{1},{1}, P,05,07} is a pullback 2-crossed module.
Also if ¢ is an isomorphism and G = @, then ¢*(Q) = @ x P.

12

Similarly when we consider examples given in Section 1, the following dia-

grams are pullbacks.

{1} ——{1} {1} =—{1}

]

»*(Q) ——=Q N x Ker¢p — N

;]

Aut(P) e Aut(Q) P

4 Induced Two-Crossed Modules

In this section we introduce the notion of an induced 2-crossed module.
concept of induced is given for crossed modules by Brown-Higgins in [3].

will extend it to induced 2-crossed modules.

The
We

Definition 10 For any 2-crossed module L B MB P oand group morphism

¢: P — Q, the induced 2-crossed module can be given by

(1) a 2-crossed module ¢* {L7 M7 P7 827 61} = {¢* (L) ’ (b* (M) 7Q7 627 al}

(ii) given any morphism of 2-crossed modules

(f27f17¢) : {LuMupua%al} — {32731762765761}
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then there is a unique (fa+, f1+, idg) 2-crossed modules morphism that commutes
the following diagram:

(L, M, P,dy,0)
(Ba, B1, Q.05 00) < o % o (6(L), 6.(M), Q. 02..,01.)

(f2u 5 f1.51dQ)

or more simply as

02 (b* (L) 8;

o1 Qb* (M) 81

A

Q

The following result is an extention of Proposition 4 given by Brown-Higgins
in [3].

Proposition 11 Let L % M % P be a 2-crossed module and ¢: P —=Q be

a morphism of groups. Then ¢, (L) % ¢x (M) 63 Q is the induced 2-crossed

module where ¢, (M) is generated as a group, by the set M x Q with defining
relations

(m, q) (m', q) = (mm’, q)

(Pm, q) = (m, q9(p))

and ¢, (L) is generated as a group, by the set L x Q with defining relations

(L)' q) =, q)
(*l,q) = (I, 96(p))

for all 1,V € Ly mym/,m"” € M and q,q¢',q" € Q. The morphism Oa : ¢ (L) —
o« (M) is given by Oax (I,q) = (Dal,q) the action of ¢« (M) on ¢. (L) by
(m.9) (1, q) = (™1, q) , and the morphism 01, : ¢, (M) — Q is given by 1. (M, q) =
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q¢ (01(m)) g~ 1, the action of Q on ¢. (M) and ¢« (L) respectively by 9 (m,q') =
(m,qq’) and 4 (1,q') = (I, qq').

Proof. As 91,05, (I,q) = 01, (3al,q) = qp (D1del) ¢ = qp (1) g~ ' =1,

02,

¢(L) =

01,

¢ (M) = Q

is a complex of groups. The Peiffer lifting
{= =} 10 (M) x ¢ (M) = ¢ (L)

given by {(m,q), (m',¢)} = ({m,m'} . q).
PL1:

(m,q) (m',q) (m,q)~" (81*<m,q> (!, q)fl)

( Ly
( Ly

= (mmm ,q
( Ly
( (O
(

0o {m m} Q)
>. ({m,m'}, q)
- 82*{(m,q),(m’,q)}-

{(0a2l,q), (021", q)}
({020,021} ,q)
(Wt g

(Lg) (' q) (71 )(ll_lql)
(Lg) (', q) (1, ) ('a)~

((l,q), ( q)] .

The rest of axioms of 2-crossed module is given in appendix.

(i)

PL2:
{62* (lv Q) 782* (llv Q)} =

(¢//7¢/7¢) : {L7M7 P7 82781} - {(b* (L) ) ¢* (M)anaQ*aal*}

or diagrammatically,
¢

L—>¢*

L)

(
o

31l \Lal*
¢

P——Q

is a morphism of 2-crossed modules. (See appendix.)
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Suppose that
(f27f17¢) : {L7M7P782ual} — {B27BluQ76§761}

is any 2-crossed modules morphism. Then we will show that there is a 2-crossed
modules morphism

(fQ*afl*vidQ) : {¢* (L)ad)* (M)5Q782*581*} — {B27B15Q785781}

5 a
First we will check that (fa., f1.,idg) is a 2-crossed modules morphism. We
can see this easily as follows:

P tWa) = fo(ag)

qq fQ(Z)

= 1("R0)
" (fo. (1,d).

Similarly f1, (9(m,q)) = 1f1, (m,q),

(f1.024) (l,g) = f1,(0al,q)
= (fl(a2l))

= ((32f2) )
(f21))

= Efz*( )
= (03f2+) (l,9)
and 0] fi. = idg01, for (m,q) € ¢(M),(l,q) € ¢«(L),q € Q and
fo{ = =} ={— -} (fr. x f1.).
| ]

Corollary 12 Let {L,M,Q, 02,01} be a 2-crossed module and ¢ : P — Q,
morphism of groups. Then there is an induced diagram

L—>¢*(L

62L |-

all lal*
P Q.

%
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Next if ¢ : P — @ is an epimorphism, the induced 2-crossed module has a
simplier description.

Proposition 13 Let L B M 5 P is a 2-crossed module, ¢ : P — @ is an
epimorphism with Ker¢o=K. Then

¢«(L) =2 L/[K, L] and ¢.(M) = M/[K, M],

where [K, L] denotes the subgroup of L generated by {11! |k € K,l € L} and
[K, M] denotes the subgroup of M generated by {*mm™' |k € K,m € M}.

Proof. As ¢ : P — @ is an epimorphism, @ = P/K. Since @ acts on
L/[K, L] and M/[K, M], K acts trivially on L/[K, L] and M/[K, M], Q = P/K
acts on L/[K,L] by 9(I[K,L]) = PE(I[K,L]) = (?)[K,L] and M/[K,M] by
U(m[K, M]) = PEK(m[K, M]) = (Pm) [K, M] respectively.

LK, L)% My, M) % Q

is a 2-crossed module where 02, (I[K, L]) = 02(1)[K, M|, O1.(m[K, M]) = 01(m)K
the action of M/[K, M] on L/[K, L] by ™Ml (] [ L)) = (™) [ ,L]. As

01,02, (I[K, L]) = 01, (02, (I[K, L])) = 01, (02 (1) [K, L]) = 01 (02 (I)) K = 1K = 14,

L/|K, L] e M/[K, M] g Q is a complex of groups.
The Peiffer lifting

M/[K,M]x M/[K,M] — L/|K, L]

given by {m[K, M|, m/[K, M|} = {m,m'} [K, L].

PL1:
Do, {m[K, M],m'[K,M]} = 8 {m,m'}[K,L]
= (mm’m’l) [K, M] 22’”77; K,
= m[M, KJm/[K, M]m~[K, M] (‘%m 1) [K, M]
= m[K, Mn/[K, Mim~'[K, M] mK>m/ UK, M|
m[K, Mm'[K, M] (m[K, M])~" 9 (nlEMD (my/[1, M)~
PL2:
{02, (I[K, L)), 00, (V[K, L])} = {0:2()[K, M],05(I") [ K, M]}
= {0:(0),0:(I')} K, L]
= LUK, L]
= (WY K, L]
= ([K,L) VK, L) (! )(l’ 1KL1)
= (l[K,L])(l’[K,L])(l[KL]) ('[K. L))~
= [I[K,L],V[K, L]
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The rest of axioms of 2-crossed module is given in appendix.
(¢1/7¢/7¢) : {Lva Pv 82781} — {L/[Ka L]vM/[Ka M]5Q782*581*}

or diagrammatically,

is a morphism of 2-crossed modules.
Suppose that

(f27f17¢) : {L7M7P762761} — {3273176276578{}

is any 2-crossed modules morphism. Then we will show that there is a unique
2-crossed modules morphism

(f2*7f1*7idQ) : {L/[K7L]aM/[KvM]anaQ*val*} — {B27B15Q785781}

LK, L) 2% M/[K, M| 2 Q

fax l f1x l idqQ

By - By - Q
62 61

where fo, (I[K, L]) = f2(l) and f1.(m[K, M]) = fi(m). Since
REITY = L0 = £ED L0 = P AN LD = L0 f0)7" =15,

f2([K,L]) = 1p, and similarly fi([K,M]) = 1p,, thus fo. and fi. are well
defined.

First let us check that (fa, fi1.,1dg) is a 2-crossed modules morphism. For
UK, L) € L/[K, L, m[K, M] € M/[K, M] and q € Q,

fo. (K, L)) = fo. (PR(IK, L]))
= fo. (PD[K, L])
= f2(P)
= ¢(p)f2(
= PR (
=1 fao, (I[K, L]).
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Similarly f1, (¢(m[K, M])) = 1f1, (m[K, M]),
f

fr.02: (1K L)) = f1.(02 (1) [K, M])
l

and 91 f1, = idgd:, and

fQ*{_v_}(m[KaM]am/[KvM]) :fQ*{m[KaM]am/[KvM]}
= fa, {m, m'}[K, L])
= fo{m,m’}
:f2{_7_}(m7m/)
= {_7 _} (fl X fl) (mvm/)
{f1(m), fr(m')}
={/1.(m[K, M]), f1.(m'[K, M])}
= {_7_} (fl* X fl*) (m[Ka M]aml[Kv M])

So (fa«, f1.,%dg) is a morphism of 2-crossed modules. Furthermore; following
equations are verified.

foxd” = f2 and fi.¢" = f1.
So given any morphism of 2-crossed modules
(f27f17¢) : {L7M7P782ual} — {B27BluQ7aéuai}u

then there is a unique (fa«, f1,,9dq) 2-crossed modules morphism that commutes
the following diagram:

(L, M, P,ds,0)
(BQ,B17Q’8;’81) <—- - (L/[K7 L]aM/[K7 M]vQ;aQ*aal*)

(f2u 5 f1.51dQ)
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or more simply as

S
92 LJ[K, L] o,
M
S
M

01

Corollary 14 Let be any 2-crossed module L %M AP and ¢ : P — Q
morphism of groups. Let ¢.(M) be induced precrossed module of M % p with
¢ and ¢.(L) be induced crossed module of L % M with ¢ M — ¢ (M).
Then {¢«(L),p«(M),Q, 02,01} is isomorphic to induced 2-crossed module of
LB ME P with ¢.

Proposition 15 If ¢ : P — @ is an injection and L %M P s a 2-crossed
module, let T be the left transversal of ¢(P) in H, and let B be the free product
of groups Lt (t € T) each isomorphic with L by an isomorphism | — 1; (I € L)
and C be the free product of groups My (t € T)) each isomorphic with by M by
an isomorphism m — my (m € M) . Let ¢ € Q act on B by the rule? (I;) = (P1),
and similarly q € Q act on C by the rule 1 (m;) = (Pm),, where p € P,u € T,
and gt = ug(p). Let

v: B—=>C and 6: C—=Q
Iy — (92 (l)t me — t (¢81m) t1

and the action of C on B by ™) (I;) = (™1), . Then
¢« (L) =B and ¢ (M) =C

and the Peiffer lifting C x C' — B is given by {my,m}} = {m,m’}, .
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Remark 16 Since any ¢ : P — Q is the composite of a surjection and an
injection, an alternative description of the general ¢. (L) — ¢« (M) — Q can
be obtained by a combination of the two constructions of Proposition [I3 and
Proposition [13.

Now consider an arbitrary push-out square

{Lo, My, Py, 02,01} — {L1, My, P1,02,0:} (1)

| l

{L27M27P2762781} —— {L7M7P762761}

of 2-crossed modules. In order to describe {L, M, P, 92,01}, we first note that
P is the push-out of the group morphisms P, < Py — P,. (This is because the
functor

{L,M,P,82,81} — (M/ V*,P,al)

from two crossed module to crossed module has a right adjoint (N, P,9) +—

{1, N, P,1, 0} and the forgetful functor (M/ «~, P,9;) — P) from crossed module

to group where « is the normal closure in M of the elements (?*™m/) mm/~tm =1

for m,m’ € M has a right adjoint P +— (P, P,Id).) The morphisms ¢; :
P, — P (i =0,1,2) in (1) can be used to form induced 2-crossed H-modules
B; = (¢:), Li and C; = (¢;), M;. Clearly {L, M, P,05,0:1} is the push-out in
X2Mod/ P of the resulting P-morphisms

(Bi—»Cy = P)+— (By—~Cy— P)— (By —»Cy — P)
can be described as follows.

Proposition 17 Let (B; — C; — P) be a 2-crossed P-module for i = 0,1,2
and let (L — M — P) be the push-out in XoMod/P of P-morphisms

al)leldz azﬁsz%

(Bl—>Cl—>P§ BO_>CQ_>P§ Bg—>Cg—>P)

Let (B — M) be the push-out of (aq,B1) and (az, B2) in the category of XMod,
equipped with the induced morphism B 2 C % P | the lifting
{-,-}:CxC—=B
and the induced action of P on B and C. Then L = B/S, where S is the normal
closure in B of the elements
{p(0),pu (¥)} [b b’]
{e,d¢} e, d} 7t ( e,
{CC,C”}( {C ! ) 1{c CIC”CI 1}
{n(®).} (07 "
v(c)p—1\ "+ (ep)—1
{e:n @)} ("b71) " (b)
e, Hrer )
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and M = C/R, where R is the normal closure in C of the elements

-1
M {07 C/} (u(c)clfl) cclflcfl
forb,b/ € B,c,c/,c" € C and p € P.

In the case when { Ly, Ma, Pa, 02, 01} is the trivial 2-crossed module {1, 1,1, id, id}
the push-out {L, M, P, 0,01} in (x) is the cokernel of the morphism

{Lo, Mo, Py, 02,01} — {L1, My, Py,02,01}
Cokernels can be described as follows.

Proposition 18 Q/P is the push-out of the group morphisms 1 < P - Q.
Let {A*,G*,Q/P,ag,al} be the induced from {A, G, P,02,01} by P — Q/P. If
{1,1,Q/P,id, 8, } and

{B/|P,B] ,H/|P,H|,Q/P, 0,0}

are the induced from {1,1,1,id,id} and {B,H,Q,2,0:} by 1 — Q/P and the
epimorphism @ — Q/P then the cokernel of a morphism

(ﬂaAv(b) : {A7G7P782781} - {B5H5Q782781}
18 {coker ([3*,/\*),@/15,82,81} where (By, Ax) is a morphism of

(A..G.) = (B/ [P.B] .11/ [P. H]).

5 Appendix

The proof of proposition [8
PL3: o) P P)OD T (np) (0, 0]} {(n,) . (0 8))

= (' pp'p™) {n,n"}{n,n'} as definition of {—,—}
= 'y 0} {n,n'} as (WP = "h
= {n,n’n”} as {H, N,Q,82,81} XQMOd
= {(n,p), (n'n”,p'p”)} as definition of {—,—}
= A{(n,p), (", p) (", p")} .
b) {(n.p), (0, p) (0,0 () (EO () (0, ))
={(n, (n’n”n' Lp'p"p' =) {(n',p), (n",p")}  as definition of 95
={n, nn”n’ U !, n"} as definition of {—,—}
= {n,n'n”n’ 1}¢(p) {n’,n""} as Ph= ¢®p
= {n, 00~} (0! 0y as (n,p) € ¢"(N) , 6 (p) = 01 (n)
= {nn/,n"} as {H,N,Q, 02,01} XaoMod

= {(nn',pp") , (n",p")}
={(n,p) (W', p), (n",p")}
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PL4:

{95h, (n,
{(32h 1) (n,p)H{(n,
{02h,n} {n,0zh}
h 81(n)h—1

h @) p—1
h Ph~1
h 91 (np)p—1.

p)H{(n,p),05n}
p).(02h, 1)}

22

as definition of 0

as definition of {—, —}

as {H, N, Q, 82, 81} XQMOd

as (nvp) € ¢" (N)7 (b(p) =0 (n)
ags Ph = @

as definition of 07

PL5:

" (n p> 4 o )}

(¢’ n,p"p (p ) (‘“ Dt p'y (p”)_l)} by *' (n,p) = (‘b(p/)n,p’pp"l)
= {0 ¢( ! } by definition of {—,—}
= ¢( ){n7n} by {H,N,Q,Bg,@l} XgMOd
= " {n,n'} by Ph = ¢®)p
= ?"{(n,p),(n,p)} definition of {—,—}

i) idg (Ph) = Ph
— op
= Widy (h)
¢ (Pn,p) = & (PP, pp'p7?)
= o0y
— 0 (n,p)
i) (¢'03)(h) = ¢'(05h) and  (01¢) (n,p) = 01(¢' (n,p"))
= ¢/ (02h,1) = Oi(n)
= 02 (h) = o)
= 0O (’LdHh) = ¢(6ik (nvpl )
= (Ozidm) (h) = (607) (n,p)
for (n,p’) € ¢*(N),h € H, and p € P.
{= =} x &) ((n,p), (n,p")) = {= =} (¢ (n,p),¢'(n',p"))
= {=-}(nn")
= {n,n'}
= idyg ({n,n'})
= idy ({(n,p), (n',p")})
= idu{—,=}((n,p), (n",p))
for all (n,p), (n',p") € ¢*(N).
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The proof of proposition 11k

PL3:
a) {(m,q),(m',q) (m",q)}
= {(m,q),(m'm",q)} as (m,q) (m',q) = (mm’, q)
= {m,m'm"}, q) as definition of {—, —}
mm/m ™! {m,m"} {m,m'},q) as {L,M,P,dy,0,} XyMod
= (" mom"y ) ('} ) as (m,q) (m',q) = (mm',q)
= (mm'm9) (G, "} q) ({m,m'} q) as (M9 (1, q) = ("1, )

(' )0 (. ), (m", )} {(m. ) . (m", )}

b) {(m,q) (m/,q),(m",q)}
= {(mm’,q),(m",q)} as (m,q) (m’,q) = (mm’,q)
= ({mm/,m"},q) as definition of {—, —}

m'_l}al(m) {m’,m”},q) as {L, M, P, 05,01} XaMod
as (Pm,q) = (m, q¢(p))

I
TN

{m, m'm”
m,m'm"m'=' } q) ({m',m"} , q¢01 (m))
m, m/'m’m/ 1 .q ({m’, m//} , q¢31 (m)qilq)
m, m'm! /1 .q ({m’, m//} ,01.(m, q)q) as definition of 0y,

m,m’m”m/fl} 7‘1)81*(%(1) {m',m"} ,q) as ¢ (m,q) = (m,q'q)

_1) 91 (myq) .
(m,q),(m’,q) (m",q) (m’, q) } {(m’,q),(m",q)} as definition of {—, -}

a) {0 (1.4).(m.q)}
= {(0a2l,9),(m,q)}  as definition of Ja.

|
—A— N S

= ({020,m},q) as definition of {—,—}
= (lml_l,q as {L, M, P, 0,01} XaMod
= (Lo (™ q) as (I,q) (I',q) = (W, q)
(L") as O(1q) = ("1,q)
b) {(m7Q) 762* (l7q)}
= {(m,q),(%l,q)} as definition of O,
= ({m,0d},q) as definition of {—, —}
= (M (M) q) as {L,M,P,,0,} XsMod
= (™,q) (2171 q) as (1,q) (I',q) = (', q)
= (ml, q) l ) Q¢81 (m)) as (Pm, q) = (m7 q(b(p))
= (",q) (I"' qpd(m)g'q)
= (™,q) (I71,01« (m,q) q) as definition of 0,
= (",q) " (171 g as 7 (,q) = (,¢'q)
() (1, q) 20D (1) as (mO(1,q) = (™1,q)
PL5:
“{(m.q),(m',q)} = ¢ ({m,m'},q) as definition of {—, -}

= ({m,m'},qd'q) as ' (m,q) = (m,q'q)
= {(m,¢'q),(m',qd'q¢)} as definition of {—, -}

= {7 ma) 7 ' a)} as 7 (myq) = (m. )
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¢" (1)

as definition of ¢

as (Pl,q) = (1,99 (p))

—~

~ T~ =3

- -
—_

P as 7 (I,q) = (I.q'q)

as definition of ¢

I | T |
S

(D240")

—~
o~
~—

= 1) as definition of ¢”
= (B:1,1) as definition of 0,
= ) as definition of ¢’

= (

as definition of ¢’

¢'(Pm) (
Em, 1p(p)) as (Pm,q) = (m,q¢ (p))

3
3

—_

~

o) (m,1) ¢ (m,q) = (m,q'q)
¢(p)¢’ (m)  as definition of ¢’

L (¢ (m))
8 L (m,1) as definition of ¢’
1¢ (81( )) 171 as definition of 9y,
¢ (91(m))

(¢01) (m)
The proof of proposition 13k

PL3:

a) {m[K,M],m’[K,M]m”[K,M]}

{m[K, M], (m'm") [K, M]}

{m, m'ﬂ”ﬁ"} (K, L]

O '} ) (K L)

(mmm” {m m"PK, L]({m, m'})[K, L]

(' m M) (f, Y [K, L)) ({m, ) [, L]

(mm/m ™! KM){m[K M],m"[K, M|} {m[K, M), m'[K, M]}

(U M (K MImlKMD ™) £ rie M, [K, MY {ml[K, M],m'[K, M]}
{mlK, M]m'[K, M], m"[K, M]}

{(mm/) [K, M],m"[K, M]}

{mm’,m"} [K, L]

({m,m'm/ m'=1} 910 ] m’}) (K, L]

({m m'm”m’~ 1} K L]) (61(m {m/ //} [K, L])

P M ) M) (00 ) 1)

m![K, M)~} (200 ! "} (K )

S

(01+9) (m

=
~—
[ (|

m[K, M],m'[K, M]m"|

- { K, M
= Ll ) '€, M I M " ('} [, L)
{ K. ( 01, (m[K,M])

m[K, M],m/[K, M]m"| ({m’,m"} K, L])

3
=
=
I
—
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a) {02 ([K, L)),

m[K, M|}

b)  {m[K, M], 0. (I[K, L])}

PL5:

{m[K, M],m’

(K, M}

{02 (1) [K, M]),
{02 (1) m} [, L]
(lml YK, L]

] (ml 'K, L))
™!

]

m[K, M}

K, L
[ L (z [ L)
I[K, L

mHEMII[K, L)

{m[K, M],0, (1) [K, M])}
{m, 0> (N} K, L]

(mlal(ml 1) [K

("D K, L] (P 1) (K, L]
mlK.A (1K, ]) O K(l 'K, L))
MK, 1]) O

P {m(K, M], m'[K
¥ ({m,m'} [K, L))
( {m,m'}) [K, L]
{Pmpm'} K. L]
{( m) [K, M], (Pm’) [K, M]}
¥ (m[K, M]) P5 (m'[K, M])}
{q( (K, M]) 2 (m/ [, M])}

, M}

M (K, L))

25
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