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_Abstract—Random coding, along with various standard tech- class of networks. Kramer|[2] and EI Gamial [3] have identified
niques such as coded time-sharing, superposition codingate- the key bounding techniques, called “covering lemma” and
splitting and binning, are traditionally used in obtaining achiev- “packing lemma”[[3], for bounding the error events of random

able rate regions in multi-terminal information theory. Th e corre- d Bv buildi th It defi f |
sponding error analysis relies heavily on the properties oftrongly codes. by building upon these results, we deline a lforma

joint typical sequences. In this work, we obtain an achievale representation and a standard notation for a general atileev
rate region for a general (i.e., arbitrary set of messages stied scheme as well as the derivation of the achievable region.
amongst encoding nodes, which transmit to arbitrary decodig  Qur ultimate goal is define a form of “automatic rate region

_nodes) _memoryless networks without feedb_ack/cooperatiom)y generator” which outputs the best known random coding
introducing a general framework and notation and carefully hievabl t ion f h | of choi
generalizing the derivation of the error analysis. We show hat achievable rate region for any channel of choice.

this general inner bound may be obtained from achain graph

representation of the encoding operations. This graph represen-

tation captures the statistical relationship among codewals and A. Main Contributions
allows to readily obtain the rate bounds that define the achieable

rate region. The proposed graph representation naturally éads In this paper:

to the derivation of all the achievable schemes that can be

generated by combining classical random coding technique®r 1) We propose a novelchain graph representation for

any memoryless network used without feedback/cooperation encoding schemes based on standard random coding
|. INTRODUCTION techniques. This representation is for a general,

single-hop, memoryless multi-terminal network used

without feedback/cooperation where the number of

transmitters and receivers, as well as the set of

messages amongst transmitters, is arbitrary.This

new formalism provides a clear and unified framework

; _ . X to represent achievability schemes based on random
having the desired p.rop.ert|es, bu_t by showing that coding arguments; it includes and generalized all known
such a code must exist in a certain group of codes. achievable schemes for the class of networks considered.

In random coding, codewords are generated by drawingz) We derive the achievable rate region based on

symbols in an independent, identically distributed (i)ifdsh- of the proposed chain graph representation The

ion from a prescribed distribution; the performance of the proposed chain graph representation naturally leads to

ensemble of codes is analyzed and is a function of the block- 5, algorithm that automatically outputs the achievable

length, which is eventually taken to infinity. Thanks to the rate region for any channel in the class of networks

i.i.d. symbols, and block-length which tends to infinity,ist considered.

possible to derive the asymptotic performance of the enkemb

of codes using the properties of jointly typical sets. This

proof technique was originally developed for the point-toB. pPaper Organization

point channel but is easily extended to multi-user chanimgls

introducing a dependency structure among codewords. TimeSection Il presents the class of networks considered in this

sharing, rate-spitting, superposition coding, binninggrkbv work and revises the standard random coding techniques that

encoding, compress and forward, decode and forward are sane employed in the literature to derive achievable scheme.

of the strategies that have been developed for multi-teamirBection[I] introduces the novethain graphrepresentation

channels using the random coding proof technique. Givefh the encoding operations. Sectibnl IV describes the code-

that all achievability schemes tend to use a combination bbbok generation, encoding and decoding procedures. Sec-

“standard” techniques applied in different fashions (legdo tion [V] derives the rate bounds that define the achievable

different dependencies amongst codewords), one mighicéxpete region based on the proposgtiin graphrepresentation.

to be able to derive a general achievability scheme for alarg§ection VIl concludes the paper.

Random coding was first introduced by Shannon in his
seminal 1948 paper [1] to prove the channel coding theorem.
In Shannon’s words:

The method of proving [capacity of a discrete chan-
nel with noise] is not by exhibiting a coding method
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Il. CHANNEL MODEL AND RANDOM CODING C(R) denotes the capacity region restricted to the plane

TECHNIQUES FORACHIEVABILITY R = R;, j, X Ri, j,%,...,. This corresponds to the capacity
A. Notation region of a sub-channel where some of the rafes; have
. . . been set to zero. Fifl] 1 shows the channel model considered
In order to designate arbitrary subsets of transmitter al this work
receiver nodes we use the following notation: '
Si£{k kei}, Vic [l gmxNacNed] () Transmiting Receiving
i.e. is a set containing a specific subset of encoder or desod X Y
To compactly index the messages from certain transmittil Tx1 Rx 1
nodes to other receiving nodes, we introduce the notation X, Y5
a . . N N Tx2 - Rx 2
S; £{(G,k) e}, Vic[1...2V] x [1...2Vx] (2)
We adopt the following conventions for superscripts an Tx k PYI...YNRX|X1.HXNTX Rx z
subscripts:
e index k/z: transmitters/receivers and channel in
puts/outputs
e indexi/j: subsetS;/S; of transmitters/receivers. We will
Tx Nx
also use//m andwv/t. XNTX YNRX

B. Network Model

We consider a multi-terminal network wheNerx transmit-

tmg_ hodes want to communicate W'.m.RX recelvmg_n_odes. All memoryless single-hop networks used without feed-
A given node may only be a transmitting or a receiving no

. ack/cooperation are included in the class of networks con-
(and may not alternate between them), that is, the network

single-hop and it is used without feedback/cooperatiore Tﬁﬁﬁered in this networks, such as the Multiple Access Channe
transmitting node, k € [1 : Nrx], inputs X}, to the channel, MAC) [, [B], the Broadcast Channel (BC)IIB].][7].18], the

while the receiving node, z € [1 : Nrx], has access to thelnterFerence Channel (IFCY|[9]. [10]. [11], the Cognithfeq

el I 12], [13], [14 9].
channel output’,. The channel transition probability is |nd|-(CIFC) [12], [13], [14], [15]
cated WithPYl,...,YNRX\Xl,... Xy The channel is assumed toC. Example: the interference channel with two sources and

Fig. 1. The general cognitive multi-terminal network.

be memoryless. o two destinations
The subset of transmitting nodes, i € [1 : 2Vt — 1],
is interested in sending the mess&gdé.; to the subset of X Y,
receiving nodesS;, j € [1 : 2¥=x — 1]. The total number Tx 1

of messages i62V7x — 1)(2¥=x — 1) and included all form Py - X)X
of “degraded message sets’/cognition. The mesdage;, - PriihieRe

(i,5) € [1: 2Nrx — 1] x [1 : 2Vrx —1], is uniformly distributed .
on the interval0 : 2V~ — 1], whereN is the block-length X2 Yy

and R;_; the transmission rate. The outcome of the Random

Variable (RV) W;_.; is denoted withw, .; and the set of all tifﬁsfﬁmefge general IFC with the most general set of messagemgst
messages is denoted by = [wi1, ..., WoNrx 1 oNrx 1] -

_ T i cai . :
A rate VectorR = [Ri_.1, ..., Roxzx_1_pvnx—1]" 18 58Id 10 Ap example of the channel included in the class of networks
be achievable if there exists a sequence of encoding furtiqescribed in Sectidmlll is the IFC with two transmitters and t
. i in Fig[l2. The messages to be transmitted between
XN = XN( Wi, € [1:2Nrx 1) x [1: 2Nmx _ qECEIVErs in . ges L .
k p L Wing, (d) €l Ix1 ransmitters and receivers are listed in Tdble I. Tablestslall
ke Si}), VkelsS; the classical information theoretical models that are agbs

of the general IFC.

and a sequence of decoding functions
D. Random Coding Techniques for Achievability

Tz _ Trrz N\ ; .
Wiy =W, (YZ ) if 2 €.5;, We revise here standard random coding techniques used
for all (4, 7) € [1: 2¥7% — 1] x [1 : 2Vvx — 1] such that in the literature for achlevgblllty in single-hop networksed
without feedback/cooperation.
lim maxP [ﬁv\iij £ W;—»j} = 0. e Coded Time Sharingconsists of using different transmis-
N—o0 %,],2

sion strategies at different time instarits|[11] and allows to
The capacity regior® is the convex closure of the region ofachieve the convex closure of the set of achievable poimts. L
all achievable rates in the vectdt-pairs . ¢ denote an instance of the time-sharing RMwith alphabet



TABLE |

THE MESSAGES FOR A GENERAIEC. cpdewords are decodeq first and stripped from _the received
signal so to reduce the interference when decoding the “top”
- ffwf/’m Tx1 {,r[?m Tx2 “I/Om both Tx's codewords. LetU;.; be the RV with distributionPy,
tg R;((Z Wi*; qu; Wﬁ;it carrying the messagé’; . ; obtained through the rate-splitting
to both RXs | Wi 10y Walgio W{1:2}~{1,2} matrix I': when the RVU,_,; is superposed to the RV;_.,,

TABLE Il the former may depend on the latter, thatlis,.; may be

SPECIFIC SUBCASES OF THE GENERAL INTERFERENCE CHANNEL generated according any diStribUti@Oﬁj |U,.,.- By introduc-
ing dependency among the codewords, superposition coding

subcase channel model increases the error performance of the code. To see thisgnot

C(R1-1) point-to-point - .

€ (Ri-1,Ro-1, R0y 1) MAC with common message that the incorrect decoding of any of two messages relates

G(R1—>17R1—>27R1;{12}) BC with common message to an incorrect joint distribution among the corresponding

€ (Ri-1,Ra-2, R{1,2y-11,23) | IFC with common message codewords. If the two messages where encoded in indepen-

ggRlﬂ,R{m}ﬁ) ) g”:g i dearaded dent codewords, the joint distribution among them would not
Ri-1,R{12y (1,2} IFC with degraded message set ; ; e )

€ (R o B tan)) compound MAC change with a decoding error. Superposition of onelR\;

over another RW,_,,,, can be performed when the following
two conditions hold:

Q and R, denote the rate achievable under the strategthe ~ * St C Sit that is the bottom message is encoded by a

achievable rate with time-sharing is larger set of en_coders than the top message.
e S, C S;: that is the bottom message is decoded by a
R = Z PlQ = ¢|R,. larger set of decoders than the top message.
qeQ If U;—; is superposed t&/;_,,, and U, is superposed to

« Rate Splitting corresponds to a scheme where a message-m. thanUi..; is also superposed t0/,.. Similarly, if
is split in different sub-messages that are then encoded diid; iS superposed t';...,,, then the reverse cannot hold. The
decoded separately which make it possible to apply difterepinary relationA is superposed to B'therefore establishes a

encoding techniques for each sub-message [11]. The mesd@éial ordering amongst the encoding RVs denotedibyB.
Wi, can be split in a sequence of sub-messag’éisfﬂ for e Binning sometimes referred to as Gel'fand-Pinsker cod-

every (I, m) such that @ng [16], allows a transmitter to _“pre—cancel“ (portions) ttie
interference known to be experienced at a receiver. When the
Sj C Sm andS; O 5. encoding RVU; ., in binned against/;_..,,, U;_.; is generated

That is, Wl[i_‘j] is encoded by a smaller number of enlndepe_rldentlyfronﬂ_]lﬁm bl.ﬂ chosen so to look as |fger1erated
m %%gordlng to the distributioPy, |v,_,,. In order to find a

coders and [ﬂ?f oded by a larger set of decoders. The SE0deword that appears to have the desired marginal distribu

messag[eiz?;l]/l_)m are uniformly distributed over the mtervaltion’ it is necessary to produce more codewords A
[0: 28 Fi-m — 1] so that and the number of excess codewords depends on the joint
r_ limg] limgl p distribution Py, _ . v,_,.. As for superposition coding, binning
Rivj= (%;) R = (%;) Vi i introduces correlation between two decoding errors buy onl
' if a receiver decodes both messages. When this is not the
for case, binning is effective in increasing the error perfarocea
(i) Rl[i:%] (i) of the code by introducing_a depe_ndency between_ the desired
Mom = R0 Z Vi = 1. (3) codeword,U;_;, and the interfering onelJ;_,,. With the
B (L,m) appropriate choice of conditional distribution, the enmodan

Rate-splitting effectively transforms the problem of ashi reduce the effect of the interference at the intended decode
ing a rate vectorR into the problem of achieving the rateThe RV Ui-; can be binned against the RV, when

vector R’ where « S; C S;: that is the binning RV must have knowledge of
, (i ] (i ] the interfering RV
R = - R = Z%ﬁm Rivjs (42)  Note thatU,_.; can be binned againgf; ,, and vice-versa,
, (@:9) (@:9) regardless of the value gfandm. This is commonly referred
R =TR, (4b)  to as “joint binning” [17]. The relationshipA can be binned

against B”is transitive and symmetric for the RV known at the
same set of decoders. In the following “binnibg..; against
éhfﬁ RVU,_,," is indicated asU;_; < Uj_p,.

and where the element in positi¢n j) x (I, m) of the matrix
T is the coefficientyl[fz] in (@). Rate-splitting is useful in the
cases where it allows to increase the number of message
the channel, thus effectively increasing the viable trassion By combining these four encoding techniques one can
strategies. design an achievability scheme with specific charactesisti

e Superposition Coding can be intuitively thought of as Although the code design detailed above is fully generaheso
stacking codewords on top of each other [6]. The “bottontoding choices result in an ill defined construction. Coesid



for instance the code In the following we will assume that all the chain com-
ponents of the grapl§ are complete. That is, it/;; and
Ui,m are connected by an undirected edge &g, and U, ;
In this case it is not possible to define a joint probability-di are also connected by an undirected edge, thien andU; ;
tribution for U, 1, U; 2, U14 because of the cyclic dependencyare as well. Under this condition the graph representatfon o
between the RVs. We address this issue in the next sectiothe achievable scheme is Markov equivalent to an ADG [18]
obtained by choosing the proper orientation of the undaabct
edges in the original graph. A modified Maximum Cardinality
Search (MCS) algorithm can be used to efficiently construct
The elements included in the random COding COﬂStrUCti@Markov equiva|ent ADG from a decomposab|e chain graph
of Section[l-D may be compactly represented using the[18]. Since undirected edges are generate®gdges, it is
following graph§(V E): possible to determine a smaller set of edg®s,so that the
« every vertexv € V of the § is associated to a RW;_,; graph that ha8- andSis an ADG. The joint distribution can
carrying the message; ; at rateR;_ ; obtained through then be written as
the rate-splittingl’ from rate vectorR as in [3),
« the vertexU,_,; is connected withl;_,,,, by a directed P, vy = H PUW-\{UZW, Uiei <Upm ot Uin; SUm}
edge of types (for superpositiol, if U;_;<U;_.,, (solid (4.7)
line). ®)
« the vertexU;.; is connected withl;.,, by a directed \yhere’s represents the edges By and are indicated with a
edge of typeB (for binning), if U;.; < Ui.., (dotted yashed line.
line).
Since < is a transitive relationship, it is convenient to omit- An example of our graphical representation: the CIFC
the edges of typ& that are implied by transitivity. The time-  We now consider the CIFC, the subca§¥R; 1, R )
sharing RVQ is not represented in this graph as it is assumégm Section[1[-C to illustrate the coding procedure and
that each RV is generated according to a marginal distobutithe construction of the graph representing the achiewbili
that depends o); the overall region may then be composedcheme.
of a time-sharing of the regions obtained by the marginal The messagew;; in rate-split into wi,, w4 and the
distributions. messagews > iNto wh o, wh o, wi, andwh s, i.e. R = TR
The graph representation of the achievable scheme is pfai-
ticularly useful in deriving the joint distribution of theoding

Ui-1 < U2 <UL 2y <Ur-a.

IIl. A GRAPHICAL REPRESENTATION OFACHIEVABILITY
SCHEMES

/ [1*)1]

RVs U;_,. When trying to determine this distribution, super- | /! 1-1 0

" . .. . . . RlﬁQ [1-1] [{1,2}-2]
position coding and binning effectively result in allowifgr R V-2 V-2

.. - . 1-{1,2} . [1-1] Ri1
any joint distribution among the connected RVs. R = | M-{12 0 .

Graphs representing conditional dependencies among R R’2ﬁ2 0 7[{1,2}—‘2] R 2y-2

have been extensively studied in the literaturel [18] and wg “*{1.2}-2 2%

can utilize such results to determine the joint distriboitiaf R/{172}~{1,2} 0 T{1,2}-{1,2}
the RVsU;.;. That is, if the achievable scheme employs onlysyperposition may be performed as long as
superposition codingg is an Acyclic DiGraph (ADG) since

the S relationship is transitive and anti-symmetric. In an ADG Ugi,21-2<Uq1,21- 41,2} (6a)
the joint distribution of the RVs is obtained as Uz—2<Uq1 232, (6b)
P{Uiajy v (i)} = H PU‘[‘,ﬂj‘ {Uiem, Usnj2U1m} UlﬁQEU{l,Q}—Qa (GC)

(i,9) U1-1<Ui.41,2y5 (6d)

If the gdge;B edges are all directed, then the gorrespondi%d binning may be performed as long as

graph is still an ADG. If§ possesses only undirected edges

,obtained both either two edges of tyPeor one of typeB and Ur-q12y<Ug1 2y -2, (7a)
one edge of type an8, then it is possible to obtain a (non- Ur-1<Uq1 22, (7b)
unique) joint distribution if the graph ishordal i.e. if every
cycle of lengthn > 3 has achord— two non consecutive edges
that are neighbor$ [18]. For the most general case, a negesgm achievability scheme may be obtained from any feasible
condition to obtain a fully joint probability distributiols combination of these encoding steps. We consider the achiev
for the graph to be ahain graph or a mixed graph — a able scheme obtained by combining all these steps but the
graph with both directed and undirected nodes that containsU; .1 <U; 1 2y andU; .2 <U;_ 1 2y in order to avoid cycles.
directed cycles. A more detailed discussion of the conaitio The resulting achievability scheme results in a more génera
under which the graph representation of an achievable sehesasheme that the scheme 6f [14] which contains the largest
defines a joint probability distribution can be found in][19] known achievable rate region for the CIFC and achieves the

Uio1<Uqoo < Ui < U2 (7C)



A. Code-book generation

Given a specific coding strategy, specified by a rate-gpudjtti
matrix ' and a chain graph, each message ; is encoded
by 2VLi~i codewords/} ., with

-7

_ j : [l-=m] j :
Li_)j — R’/Lﬁj + RZ*)] + Ll—"n’“
T,m): (, m)_
Uinj <Uim Uisj<Uism

(8)
with i.i.d. symbols drawn according to the distribution
Py, Ui, U2} 10 @chieve the joint distribution

U121 41,2}

Pleode—book) = H Py, U U ZU ) (9)
(i,9)

Fig. 3. The graph representation of an achievable schemedtio8[TI[-Al among the codewords. The codewords are placdeYﬁX -

forihe CIFG, P fep 2)(2Nrx — 2) bins, indexed bybgljjm]. The size of the bin

is determined by the relationship betwe&fk.; and

l-m
by
outer bound for all the channel conditions for which cagacitU“m'[lﬁm] o .
is known. The scheme we propose here has one RV more than i, _ indices the encoded messagg. ; and the size of
the scheme in[14] ¥/.,. This RV carries a private message ~ the binisi;_;,
between transmitter 2 and receiver 2 that is not known at thes if Ui-;<Upm, bi") is the superposition coding index
cognitive encoder. The graph corresponding to the proposed and the size of the bin i&;_.,,,
achievability scheme has one undirected edge. By choosing if Ui—; < Uj_m, b?jjm] is the binning index and the size
a direction for this edge we obtain a ADG that is Markov  of the bin isREl:.m},
equivalent to the original graph; in this case both diretio , if Ui, andUlﬁmj are not connected, then the size of the
are can be selected . The joint probability distributionta$t bin 5" is zero.
graph is -
B. Encoding procedure
In the encoding procedure the bin indicél[éjjm] of the
codewordsUif\_{j are jointly chosen so that the codewords
Py appear to have been generated with i.i.d. symbols drawn from
e e S e the distribution
PU1~»1‘U1a2_‘U{1,2}ﬂ2_’U1ﬂ{1,2}_‘U{1,2}ﬂ{1,2}'

PU{1,2}~>{1,2}aU{1,2}~>27U1~>{1,2}aU1H1;U14>27U2~»2 =
PU{1,2}~>{1,2}PU{],2}~»2‘U{1,2}~»{1,2}
PU1H{1,2}\U2a27U{1,2}a{1,2}PU2H2|U{1,2}42ﬁU{1,2}ﬂ{1,2}

Penodin = P, = or Ui % :@
The graph representation of this region in Fiy. 3: the solid 4™ (11_71) Uisil{Ui=m, Uiz g <Utom o1 Uinj <Ut=m}

line represent th& edges, the dashed lines tBeedges and (10)
the dotted lines indicate the direction Bt to be associated o !

with the undirected edges. The solid edges that are implyed !51§tead Of. the code-book ghstnbutl (9). We .m;yﬁgzr}]d. such
the transitivity of the< have been omitted from the plot. Thel®intly typical codewords if the number of bing_;™ is

blue,rhomboidal nodes carry a rate-split of the; message Sufficiently large. _
while the green, square ones of the message. Finally, nodek’s encoder produces the channel inpaf’
as a deterministic function of its code-book(s), i.e.
IV. CODE-BOOK GENERATION, ENCODING AND

DECODING PROCEDURES XY =X ({UN,, V(,5): ke Sinj}).

We now outline the code-book generation, encoding, and da- [19] we have shown that there is no loss of generality
coding operations at each node. The codewords are generatedonsidering X;¥ to be a deterministic function of the
by drawing i.i.d. symbols according to the joint distrilarti codewords/ . instead of a RV.

. . =]
associated with th8 edges of5. They are furthermore chosen )
SO as to appear as if generated according to the distributfon Decoding procedure
associated with edgeS and B-. Finally the channel inputs To decode the transmitted messages, each receilcaks
are produced as function of the codewords known at eafth a set of bin indicesbyjjm] for z € §;, such that the
transmitter. At each receiver, the decoder looks for a set sét {Y¥,{U", : =z € S;}} looks as if generated i.i.d.
codewords that possesses the correct conditional distibu according to the distributionPy, (1, . .cs,; An error is
given the received channel outputs. The conditions undssmmitted if any of the receivers decodes (at least) a biaxnd
which encoding and decoding errors vanish as the blockttengncorrectly. Note that the decoders, although interestelg o
goes to infinity are determined in the next sections. in the decoding of the message$ ;, are decoding all the



l-m)]

indices by_f;m] that index the codeword]f\_{j. The decoding index b£_>.. where U;_;<U,.., can always be successfully

of the bin indices other thamglﬁj’”] = wj_; reduces the be determined since the codewords are generated accooding t
probability of error as it requires the decoded messagestf§ desired marginal distribution; _th_(]? same is true whign,
be distributed according to the joint imposed by the encgdi@ndU;-.,,, are not connected. AlSIfﬁl:jj = wj_,; by definition.

procedure. For these reasons we only need to consider the cases where
V. DERIVATION OF THE RATE BOUNDS Si, s g esS; . (Lbm)eS;
In this section we derive the achievable rate region of the vV (l,m): Uinj<Uism or Uinj KUpam.  (11)

proposed inner bound by using properties of jointly typicghere % indicates the RVs are not connected. We also expect
sequences. As the codewords are generated by symbols drgfé" rate hounds to depend on the quantity [ (12) which
Li.d. from the appropriate distributions, their empilicis- jnitively measures the distance between the distribstio

tribution as N' — oo approaches the true generating 0ng,seq to generate the code-books and those seen after emcodin
This enables one to bound the probability of encountering

codewords that appear to be generated according to a differeheorem VI.1. Encoding errors: the encoding procedure is
distribution than the true generating distribution. Intadar ~successful with high probability a¥ — oo if

we make use of two general bounds:

o Mutual covering lemma [20], [3] bounds the minimum Re=m L ro ~ plencoding) 13
number of independent i.i.d. sequendés ;, U = that Z; (l_m);& g IS, | = eodembooiy (13)
need to be generated in order to find two that look as if ' ieg
generated according to a joint distributi(ﬂ[ﬁﬂj_’Um, for

o Packing lemma|10], [3] bounds the maximum number A
of independent sequenceg’ ;, U, that may be gener- St
ated so that no two of them look as if generated according ( o R )
to a joint distributionP)’ ;. (Ui ji {Uism, Uinj <Upom, (Lm) ¢ S5 3

Both bound are based on standard properties of jointly &fpic {Uiom, Uinj<Uism }U
sequences [21] and are common tools used to derive achgevabl {Uiem, Ui—»jEUl—wn , (L,m) € S; ‘}) (14)

rate regions: our contribution lies in the generalizatiérihe _
error analysis corresponding to our encoding and decodif@j all S;  for which (11) holds and such that
scheme. Without loss of generality, the error analysis may b

bounded as U3 (5, _) £ Ui (S5, )]
P[GI‘I‘OI‘] S {U’U—’t(S']:(UJ)) : (’U,t) 7é (273)7 (U7t) 7é (lam)}}a (15)
Plencoding NOT successfull where L indicates the independence among RVs.

+P[decoding NOT successful|encoding IS successful]. ) ] ) )
Proof: The detailed proof is provided in_[19]. Here we

In the following sections we provide bounds on the rdtes; provide an intuitive interpretation of the resufi; is the set
andREl:jm] such that the probability of encoding and decodingf all the possible errors in the finding the bins that impose
error vanishes ag/ — oo. the desired conditional distribution. The condition (12
determines the general distance between the distribution o
codewords in the code-book and the encoding distributibe. T
For the probability of encoding error to vanish as theermsS;  contains the set of all the bin index associated with
block-length increases it is necessary to choose largeginow; . ; <U, .,,, that can be correctly determined. We may reduce
binning rateSRy:jm] so that it is possible to jointly find a setthe number of possible encoding error events by noticing tha
of bin indicesbgl:,m] for which the codeword]iﬁj appears if Uinj <Uinm but the two RVs are conditionally independent
generated according to the conditional distribution [in) (18 a specific error event, then the probability of this erncere
although generated according to the conditional distigut iS dominated by the event where at least one bin index correct
in @). The encoding error probability then depends on djjl:ﬁ and b7 and where the two RV are conditionally
the possible combinations in which an encoding error magpendent. [ ]
Ige committed, t.hat i; on qll the poss.ible ways Qf fa?ling to VIl. D ECODING ERRORS
find the appropriate bin indices or, equivalently, jointjpical , ) L
codewords. We index the encoding errors using the notation i 11€ analysis of the decoding errors is similar to the

@) and defining;_;(S; ) to be the RVU,_, that possess encoding counterpart in that we need to consider all the
A e S e g ossible decoding error events. Each decodés decodin
the joint distributionPy, . r,_ . in @Q) forall(I,m) € S; . P 9 : ; 9

. =g iem S Ziﬂf‘ the messages),_ ., j € S;, so, for a fixedz we need to
The elements inS;  correspond to the bin indexes of the . = -
Liej X _consider all the combinations
codeword/Y . that can be successfully chosen in the encoding

=]

procedure. Among all the combination of encoding errors, th

V1. ENCODING ERRORS

: ZESj.

Tij



Pen oding
E {bgw]

P = Z I(Ulﬁj7 {Ulﬁma Ui*)j<<_'Ul~)m}|{Ul~)m7 UZﬁ]ZUlﬁm}) é I(enCOding) (12)
(code—book)

(code—book)
(4,4)

If U;—; is superposed or binned agairit.,, that has been techniques. A subject of ongoing research is whether there e
incorrectly decoded, then the decodinglf,; will fail with  ists a combination of encoding strategies that yields troelst
high probability as well. For this reason we only need tachievable region among all possible transmission stiegeg

consider the combinations for which (within the proposed framework). It is commonly believed
_ that superposition coding enlarges the achievable raterreg
S, (Lm) €Sy = (v,t) €55 relative to code-books derived from conditionally indegent
YV (v,t) 1 Uinj<Uysr or Usnj < Uyoy (16) codewords. The same conjecture holds for binning but is less

clear that this is the case when considering the union over

Theorem VII.1. Decoding errors: if the following condition all the possible distribution of the binning RVs. We believe

holds, that the general formulation for achievability schemes and
Z (L- 7 ) < corresponding regions proposed here is a power tool to answe
- I 5, ) = resolve these conjecture, with the ultimate goal of deteimgi
(.4) ¢ Siw optimal coding strategies for general channels.

for Is; defined in(14), for all z € S; and forallS; for  The author would like to thank prof. Andrea Goldsmith,
which (I8) holds, decoding is successful with high probabilityorof. Daniela Tuninetti and prof. Natasha Devroye for the
d’nsightful discussions and their helpful comments.
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