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EXTENSION OF EULER LAGRANGE IDENTITY BY
SUPERQUADRATIC POWER FUNCTIONS

S. ABRAMOVICH, S. IVELIC, AND J. PECARIC

ABSTRACT. Using convexity and superquadracity we extend in this paper Eu-
ler Lagrange identity, Bohr’s inequalitiy and the triangle inequality.

1. GENERALIZATION OF THE TRIANGLE INEQUALITY VIA CONVEXITY

In [3] Theorem 1.1 inequalities related to the Euler Lagrange identity are proved
on Banach space. Using the convexity of ? p > 1, x > 0 we prove in this section
a generalization of this theorem for complex numbers, for which Bohr’s inequality
is a special case. This gives us the tools to achieve the main result of Section 2.
There we extend the result to the superquadratic functions zP p > 2, x > 0 and
obtain the Euler Lagrange identity as a special case.

Theorem 1. Let z, y, a, b be complex numbers and let pu, v, A € R\O then
P P P
lat? | ol Jas -+l

1 v A
holds if
(i) p>0,v>0,A>0and

1/(p—1 1/(p—1 1/(p—1
Al /(p )Z|N| /(p )|a|q—|—|u| /(p )|b|q’

(i) p<0,v>0,A<0and

|/\|1/(P*1) < |lu|1/(P*1) |a|q 1/(p—1) |b|t17

— v
(i) p>0,vr <0, A<0and
|>\|1/(P*1) < - |Iu|1/(10*1) |a|q + |V|1/(P*1) |b|q,

wherep>1and%+%:1.
Comment: Bohr’s inequality

saP + tyP > (s—1z+y) =

= 2p—2 ((s=1a+y),

(s —1)sp=2

when 1 < s < 2, %—i— % =1, p > 1 is a special case of Theorem [l for a = s — 1,
b=1,p=21v=21 A= (s—1)s"2 (see also [2]).
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We first prove a theorem similar Theorem 1.1 in [3] but by dealing with a general
integer n instead of n = 2. Our proof is completely different than the proof in [3].
It relies on the convexity of f (z) = 2P, p > 1, 2 > 0.

Theorem 2. Let x;, a;, © = 1,...,n be complex numbers and p > 1, = 1.

Case (i): If u; >0,i=1,....,n, A > 0, then

(1'1) Z |5171| > |Za1:171|

1
1y

where
(1:2) AT 2 3 7 fal”
i=1

Case (ii): If pp >0, u; < 0,4 =2,....n, A >0, then

(1.3) Z |$z |Zal$1|
where

n
1 1 1
(1.4) AT < a7 ] = D Jagl 7 il

=2

Case (iii): If p; <0, u; >0,i=2,....,n, A <0, then

Z |xZ |Zale|
i=1 i a

where X satisfies (1.4)

Proof. Case (i): It is obvious that it is enough to prove this case of the theorem for
a;, x; > 0,1=1,...,n and show that here

m P > aat
1.5 Ty L v

holds if

(1.6) Z

Let us consider first a more general inequality than (LI) where instead of the
function f(z) =aP, p > 1, x > 0, we deal with a positive strictly increasing convex
function f on (0, 00) which satisfies f~! (AB) > f~1(A) f~1(B), A, B > 0. In this

case we write

(1.7) Zn:f( Zj: ( (%))

=1 M

‘“‘»Q
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and then by the convexity of f we get

1 yas((5))

- 21:1 Qif_l (%)
> ; o
el ];QJ f 23_121 Qj
As f7Y(AB) > f=1(A) f~* (B) and f is increasing we get that
n Z?:l Qif_l (%)

(1.9) Q f n
j; ! Zj:l Qj

Z? 1$1Q1f (# Q: )
> ;Qg f S0

Therefore, from (7)), (L) and ([T3) it is enough to solve the equality

zn:Qj s S Qi f ! (ml@) O, am)

S

21 @y A ’
in other words to solve

Qif” (ulQl)

(1.10) S0,

= a;, i1=1,...,n

and then insert
-1

(1.11) X=1)Q;
j=1
in order for X to satisfy for given p; > 0 and a; > 0, i = 1, ..., n the inequality

(1.12) 3 f@) f(Z?_Xl aii)

Replacing A by
-1

(1.13) A>X= (> 0@,

inequality (II2) holds too.

Now we return to deal with our function f(z) = 2P, p > 1, > 0. This is
a nonnegative increasing convex function for x > 0 and it satisfies f~1 (AB) =
71 (A) f~1(B) for A,B > 0.

Returning to the proof of (LH) under the condition (LG we obtain from (LI0)

that
1

(1.14) (14,0077 ZQJ —a;, i=1,..n
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Solving (LT4) we get that

(1.15) Qi = He @ i=1,..n,

and from (LIT)) that

(1.16) = (i@) <Z” 1 ‘1>p1.

Hence from ([CI3), (L) and (LG) are proved when a;, ; > 0,4 = 1,...,n and
therefore (LI)) and (L2 are proved for the complex numbers z;, a;, i = 1, ...n.
Case (ii): If gy > 0, p; < 0,3 =2,...,n and A > 0 we rewrite (L3) as

n o P
(1.17) X, aiwil” Z | > S =l _
RY qul |

Let us make the substitutions

|:u’z| = Vi i:27"'7na |:uz| :A7 |>\| =V,

n
1 E a;x;, Z; = X, 1=2,..,n,

and

n=gae) (3

=2

i=1

Inequality (ILI1) becomes

Z |21|p |Zz 1Czl|
v, A '

=1

Therefore from Case (i) we get that

L O
o el
i=1

In other words (I3]) holds when

s DTS

1 P 1

|M1|P*12w+§ I
=2

which is the same as ([4)).
The proof of Case (iii) follows immediately from Case (ii).
This completes the proof of the theorem. O

ai

)

Corollary 1. Forn = 2 we get Theorem[1 which is Theorem 1.1 in [3] for complex
numbers x;, a;, 1 =1,..n.
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2. EXTENSION OF EULER LAGRANGE TYPE IDENTITY

Now we extend the Euler Lagrange type inequalities by introducing the set of
superquadratic functions and its basic properties. Euler Lagrange identity is a
special case of this extension.

A function f :[0,b) — R is superquadratic provided that for all z € [0,b) there
exists a constant C(x) € R such that the inequality

(2.1) fy) = f(@) + Cr(2)(y — ) + f(ly — )],

holds for all y € [0,b), ([I, Definition 2.1]). The function f : [0,b) — R is sub-
quadratic if —f is supequadratic.
According to [I, Theorem 2.2] the inequality

(22) e
< [ty =1 ([~ [ ) duts)
holds for all probability measures p and all nonnegative u-integrable h, if and only

if f is superquadratic.
The discrete version of ([2.2]) is

(2.3) f <i aixi> < i i | fw) = f| |7 — i ;T .
1 i=1 j=1

1=

z; €[0,b), @ >0, 1=i,.,n, Y. o=1.

The power functions f (z) = 2P, > 0, are convex and superquadratic for p > 2,
and convex and subquadratic for 1 < p < 2. Inequalities (1)), 22) and (Z3)
reduce to inequalities for the function f (z) = 2.

Now we use ([2.3)) in order to get the Euler Lagrange type inequality.

Theorem 3. Letxz; >0,a;, >0, u; >0,9=1,....n, p > 2, 1—1) + é = 1. Then
(2.4)
~ 2} (X asxi)”

i L p-l
=1 n p—1 9
(Ej—l Hj “j)

1 L P
Z’.l: /L.pflaq 1 p—1 n -1 n
R 1 ;1 N\ |\, d_uidf )@= aja
= i — —
(S ma) = =
If1 <p <2 the inverse of [2-4) holds.
Proof. In Theorem [2] we showed that for ; > 0, a; > 0, u; > 0,7 = 1,...,n.

inequalities (LE) and (L6) hold. There

n

(2.5) PIACHIEDD l

=1 e
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where
1
pial :
(2.6) Qi = e B 1=1,...,n,
(Zj_l M;‘)il af)
1 - pll q
(2.7) Azzw)% >owrtal |z, i=1,,..n
itb;)? j=1
and
QA .
(28) 23121762 = Zaixi.

Therefore, as f () = 2P, p > 2, x > 0 is superquadratic, (Z3]) becomes by inserting

29)-23)
(2.9) Z Qi (AP

v

1 p—1
n p—1 _¢q
(Ej—l Hj “j)

1 1
n -1 _4q —1 n n
doic 1 a L o\r e 7T oa)| .. o
+ 7 pioag | — a;;
1 a;; J J
Zn CL;I» () i=1

p

p—1 =1
=1 Hj J

Hence from (Z3) and (29) we get that (2Z4]) holds.
If 1 < p <2then f(z) = 2P, z > 0 is a subquadratic function, therefore the

reverse of ([2-4) holds. O
Corollary 2. In case n=2 we get that

D P by)?
2100 Z4+L > (az + by) —

H v (‘uﬁ ad + yﬁ bQ)

1 p
—1
7 Tal (1)p o
ap pr-tad + vr=1b4

1 p
1\7 1 ar+b

+I/Pilbq ( (—b) Yy — i yl )
14 up—l¢1+yp—1bq

In particular if f(x) = 2%, n = 2 as Inequality ([2-4)) reduces to equality we get from

(ZI0) that

2
+

y* _ (ax+by)?  (vbe —apy)’
14

x
W pa? +vb? v (pa? + vb?)’
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which is Euler Lagrange type identity.

Corollary 3. From Theorem[3 as f (x) = zP, 1 < p < 2 is both subquadratic and
convex, we get that

n_o.p p
3 ;] (> aim;)
S -+ - 1
im1 i n = ?
Zizl Ky a;

1 1
— —_— n n
< Z?:1 Mip ' @g 1 Pt _pil q
S D Mmoo a; | Ty — ;T 5
1 a;; J J
Y nytal i =1 =1
J= J J

p
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