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rules, elucidating the underlying physical mechausis and exploring the role of the

various involved parameters.
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1. Introduction and Background

Sngle-negative (SNG) materials, characterized by only one negafreal part) constitutive
parameter, are essentiatigaque to the electromagnetic (EM) radiation, in viewtioé dominant
imaginary character of the propagation constant, even indéal lossless case. However, they
can give rise to very intriguing, and somehow cetintuitive, field effects when inserted in
heterostructures under proper matching conditibos.instance, Fredkin and Ron [1] observed
that a layered material composed of alternagivsy on-negative (ENG) andmu-negative (MNG)
layers, in spite of the inherent opaqueness ofcdsstituents, was capable of supporting
propagating modes effectively exhibiting eitherregative- (see also [2]) opositive-refractive-
index character. Alu and Engheta [3] focused irst@a homogenous, isotropic ENG-MNG bi-
layers, and showed that resonant tunneling phenarfwith total transmission and zero phase-
delay) might occur under suitable matching condgioSome of their results may also be
interpreted in the more general frameworkcoimplementary media introduced by Pendry and
Ramakrishna [4], which also allows straightforwaxtension to anisotropic, inhomogeneous
configurations.

Building on the above results, further extensioms generalizations have been proposed
in [5-21], including one-dimensional photonic ceist[5,6,9,10,12], non-contiguous layers [15],
“‘non-conjugated” pairs [17], transformation-optiospired configurations [19], as well as
general heterostructures containing impedance-nesred metamaterial layers [13] and, more
specifically, SNG layers paired witlouble-negative (i.e., negative permittivity and permeability
— DNG) [11,14] or double-positive (i.e., positive permittivity and permeability DPS)

[7,8,16,18,20,21] layers.



Especially relevant for the present investigatioa the SNG-DPS configurations in
[7,8,16,18,20,21]. While it can readily be provethlgtically [7] that, fornormal incidence, a
single (homogeneous, isotropic) DPS stamnot perfectly compensate the opaqueness of a SNG
slab, it was shown in [7,8,18,21] thedmplete tunneling may actually occur through an ENG
layer symmetrically sandwiched between high-permittivity DPS layers (see also tekted
theoretical and numerical study in [22]). Such hsswere also demonstrated experimentally at
microwave frequencies by synthesizing the requineetamaterials via resonant (H-shaped,
mesh, split-ring) metallic inclusions [7,8,18]. [20], we extended the above results to
asymmetrical tri-layers composed of an ENG slab paired (at side only) with a bi-layer of
homogeneous DPS materials. For an assigned fregaercnormally-incident illumination, we
derived analytically the design rules for such Oi$ayer to compensate the opaqueness of a
given ENG slab. Moreover, we showed that, undeathe/e conditions, the DPS bi-layer would
effectivdly mimic (in terms of wave impedance and reflection propg)t an equivalent
“matched” (according to [3]) MNG slab, over a maaety wide ([10%) bandwidth.
Considering the relative challenge in realizing nmetgx metamaterials with negative
permeability, particularly at higher frequenciesjsi remarkable that a proper combination of
DPS slabs may effectively act as an MNG layer.

Interestingly, it was shown in [16] thatro reflection may actually occur for an ENG-
DPS bi-layer, underobliquely-incident transversely-magnetic (TM) polarized illumination.
However, the study in [16] was limited to the barathematical derivation of the reflectionless
condition. In this paper, we study in detail theharto unexplored physical mechanisms
underlying this very intriguing phenomenon and ithmssible implications. In this framework,

we consider a more general configuration featuarngomogeneous, isotropic SNG slab paired



with a uniaxially anisotropic DPS slab, which provides an additional tuning peater. Unlike
the Fabry-Perot-type resonant phenomena obsengds,18,20,21] (characterized by standing
waves in the DPS layers, and nonzero phase-delay)resonant phenomena in the proposed
configuration are mediated by the excitation lofalized surface modes at the SNG-DPS
interface, are characterized by zero phase-detaydapend on the slab thicknessio (rather
thansum), in a much closer analogy with what observedhia matched ENG-MNG bi-layers
[3]. This allows to establish a more direct and gpbglly-incisive analogy between the uniaxial
DPS slab and a matched (homogeneous, isotropic) S which may turn out useful to
simplify the realization of some of equivalent matjn effects at high frequencies.

Accordingly, the rest of the paper is laid out @tofvs. In Sec. 2, we outline the problem
geometry and formulation. In Sec. 3, we derive tti@n analytical results, starting with the
resonant tunneling conditions, and proceeding withanalogy between the uniaxial DPS slab
and a matched SNG slab. In Sec. 4, we present modsd some representative numerical
examples, and investigate the sensitivity of thenéling phenomena to frequency, polarization
and incidence direction of the illumination, as Wad the effects of the unavoidable material

dispersion and losses. Some brief concluding resiatiow in Sec. 5.

2. Problem Geometry and Statement
Without loss of generality, the two-dimensional figaration under study, illustrated in the

Cartesian(x, y,z) reference coordinate system of Fig. 1, comprisé®raogeneous, isotropic

ENG slab of thicknessd, and relative permittivitys, (with Re(g,)< 0), paired with a



homogeneous,generally anisotropic (uniaxial) DPS slab of thicknessl, and relative

permittivity tensor
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£=| 0 & 0] Rdey)>0Res,)> C (1)
0 0 g

Both slabs are assumed asnmagnetic (i.e., y4 =, =1), infinitely long in they- and z-
direction, and immersed in vacuum. We assume tiargznic (exp(—ia):)), unit-amplitude,
obliquely- incident (with angleg, cf. Fig. 1) TM-polarized plane-wave illuminatiowjth z-

directed magnetic field
H,(x y) =exg ik(x cog] +y si)] ()

wherek =«/c=27m/A denotes the vacuum wavenumber, andnd A the corresponding speed

of light and wavelength, respectively. In what dels, we outline the general analytical solution

of the problem, and derive the conditionstfuel transmission.

3.  Analytical Derivations

A. Generalities

In the idealossless case, the magnetic field expression can be wraten



H, +B,explik(-x cod +y sif))| , x<-d, ,
H(xy)= exp(?ky s?n@i)[A cosfia,x) + B, sifl(nlx)] —d,<x< | -
exp(iky sing)[ A, coslfa,x)+B, sinfox)] , @x<d,

Ajexplik(x cog +y sif)] , x>d, ,

where the phase-matching conditions (conservatibrthe transverse wavenumber) at the

interfacesx = —-d,, 0,d, and the radiation condition are already enforeed,

a, =kyJ|g,|+sin* g, (4)

2
a,=k /52” (%ﬂ—l} sif @ >, (5)
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denote the (real, positive) attenuation constantee ENG and uniaxial DPS slabs, respectively.
The inequality in (5) ensures that the uniaxial D§I8b operatedeow cutoff, which is
instrumental in the following developments. The ginknown expansion coefficients
B,, A, B, A,,B,,A. in (3) may be computed by enforcing the tangedfigddl continuity at the
interfacesx =-d;,0,d,, with the electric field following from (3) and ¢hrelevant Maxwell's

curl equation.

B. Conditions for Total Transmission
The analytical expressions of the expansion caeffts in (3) are not reported here for brevity.

Instead, we focus on the coefficiel®,, which plays the role of the reflection coeffidien

Accordingly, the total-transmission resonant canditis derived by zeroing its numerator

(provided the denominator is nonzero), viz.,
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Zeroing the imaginary part of (6), and recallingy éd (5), we obtain
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which automatically satisfies the inequality (c@itodndition) in (5). Substituting (7) in (6), and

zeroing the remaining real part yields the secandlition:

£, (af +£k’cos’g )
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whose general solution is:
&) d, = £,d, 9)

Thus, for a given ENG slab with parametezsd,, and for a given incidence angt, the

conditions in (7) and (9) yieldn infinity of possible solutions [23] for total transmissiam,

terms of the three remaining parametets, ¢, ,d,/d,. For the case oisotropic DPS slab

2
(£,,=¢,), (7) and (9) reduce to the results in [16].
Note that the seemingly possible (trivial) solutaf (8) featuringe, =0 or a, =0 are

inconsistent with the previous assumptions usedetove (8). Moreover, from (7), it is readily



understood that, approaching normal incidence, (8e— 0), extreme parameter values (i.e.,
&, — 0) are required in order to achieve complete tumgeli

A few other general considerations are in ordestFihe total-transmission conditions in
(7) and (9) do not deperadplicitly on the frequency, although an implicit frequenepenhdence
is unavoidable in view of the inherent materialpgision in ENG materials. Also, they do not

depend on the bi-layeotal thickness, but rather on thetio d,/d,, thereby implying that the

layers may be made, in principbpitrarily thin. The additional permittivity parameter available

in our anisotropic configuration allows more flelkity in the choice ofd,/d, , which is instead
bounded for the isotropic case [16]. This may beiqadarly useful for strongly opaque ENG

layers (i.e.,|£1| >1) and nearly-normal incidence. Next, it can be shdwat, under total-

transmission conditions, the expansion coefficidntn (3) reduces to
A, =exp| -ik cog (d, +d,) ] (10)

so that the total phase-delay accumulated throbnglbilayer is zero. Moreover, looking at the

expression of the field intensity in the bi-layeder total-transmission conditions,

g’k’cos’ g . _
{coshz[al(x+dl)]+a—12 S|nﬁ[al(x+dl)]} , —d,<x< 0,

H.(3) = o
{cosﬁ{algz”(x_%)}glk CSSZQ sinﬁ{m}} , &x<d,

& a, &

(11)

we observe that it reaches its minima at the iata$ with vacuumx=-d;, x=d, and it is

exponentially peaked at the ENG-DPS interface O, thereby yielding docalized surface

mode.



The above features, markedly different from thoséiileted by the SNG-DPS
configurations considered in [7,8,18,20,21], clggelsemble what observed in connection with
matched ENG-MNG bi-layers studied in [3]. This sesfg that the uniaxial DPS slab in our
configuration mayeffectively mimic a MNG slab. Below, we explore to what extent this

equivalence is fulfilled.

C. Analogy between Uniaxial-DPS and MNG Media
For the assigned ENG slab parametgrand d,, straightforward enforcement of the matching

conditions in [3] yields the constitutive paramster

d
£Ze:d_l|£l|'

i (12)
I, = 1 & sin?g -z
e & el

of an effective homogeneous, isotropic slab ofdiéssd, that would perfectly compensate the
ENG slab for the incidence angt®. The medium described by the constitutive pararaete
(12) is MNG for any incidence direction &, =|¢| (i.e., d, >d,). For &, <|g (i.e., d, <d,),

the MNG character is restricted to the incidenaseco

sing| < &, 2|f1L2 . (13)
1 2e

For such effective medium, let us consider thenatiion constant

aZe = k\/Sinz 9| _£2e/u2e ! (14)



and the transverse wave impedance

— i,702e
=% 15
,729 k£Ze ( )

with n denoting the vacuum characteristic impedance, aodhpare them with the

corresponding expressions for the uniaxial DPS oradi.e.,a, in (5) and

_lina,
n,= ) 16
2 k£2” (16)

It can readily be verified that the total-transnassconditions in (7) and (9) yield

&y = Epes
a,=a,, (17)
,72 :,729'

In other words, the uniaxial DPS slab exhibitsdfiee transverse-field distributions (and, hence,
reflection and transmission responses) as the matefiective slab in (12), which may be MNG
under appropriate conditions [see the discussitarn 6f2)].

The above analogy closely resembles the one egglait [24,25] in order to emulate a
MNG medium via a metallic waveguide operating belowtoff under TM polarization. Both
mechanisms rely on theapacitive character of transverse wave impedance of TM-zadr
evanescent fields. While in [24,25] the underlymgoff condition is generated by the metallic
walls, in our configuration it is instead createyl the material properties of a DPS uniaxial
medium. This is in some ways consistent with theandeling properties of uniaxial
metamaterials characterized by extreme materiampeters [26]. Also in this case, strong spatial

dispersion effects are hinted by the dependencéhefeffective permeability (12) on the

10



incidence angle. Clearly, in view of this explidépendence on the incidence angle, and the
implicit dependence on frequency (given the inheyettispersive character of SNG media), we
expect the above analogy to be practically realezainly under narrow-angle/frequency

conditions (see below for numerical examples).

4. Representative Numerical Results

In order to elucidate the basic underlying phenastay, we begin considering an ideal lossless

configuration featuring a mildly opaque ENG slathng; = -3 andd, =0.14,, and an incidence

direction 8,=30°; here and henceforth the subscrigt fs used to identify thefiducial

frequency/wavelength and incidence angle for whibh tunneling conditions aretrictly
fulfilled. Among the infinite solutions of the tdtaansmission conditions in (7) and (9), we

select the one withd, =d,, which yields¢,; =0.12 and ¢, = 3. Figure 2 shows the transverse

field (intensity and phase) distributions at resw®a from which theomplete tunneling effect is
clearly visible. As anticipated in Sec. 3.B, it da@ observed that the effect is mediated by the
excitation of alocalized surface mode at the ENG-DPS interface (with evanescent field
amplification in the ENG layer), and it does nofplgnany phase-delay accumulation. In other
words, for the given polarization and incidenceediion, the incident wavefront at the input

interface x=—d, is perfectly reproduced at the output interface d,, so that the bi-layer

effectively behaves as an EM “nullity.”
It is interesting to explore the sensitivity ofettphenomenon with respect to the

frequency, polarization, and incidence directiorthaf illumination, as well as to the unavoidable

11



material dispersion and losses. To this aim, fer $hme configuration above, we consider a

more realistic (dispersive, lossy) Drude-type mddethe ENG medium,

S % 18
£l(a))— m, ( )

with the plasma angular frequenay, and the damping coefficieny; adjusted so that

Re[el(aio)]z—s (with a loss-tangent-107 at resonance). For the uniaxial DPS slab, we

assume a conventional mixing formula [27]

é’zm(w){ T +1—r}’
£(w) & (19)

typical of homogenized two-phase multilayer metamals, with the constituents modeled as

b (w)=1-— = 4(1+ 10%) (20)
. w(w+iy,) "

where the filling fractionr and the other parameters are chosen soRh@rZD (a)o)] = 0.1z and

Re[s2H (a)o)]z 3 (with a loss-tangent-10° at resonance). Figure 3 shows the corresponding

transmittance response, for both TM and TE poltdra, as a function of frequency, from
which a sharp, asymmetrical resonant line shapbserved at the nominal resonant frequency
for the TM polarization, with a high-transmittanpeak of [©3%. i.e., nearly a three-fold
enhancement with respect to the typical transnudaevel of thestandalone ENG slab (also

shown, as a reference, in the inset). The closedrg-transmittance dip is attributable to a

12



passage through zero of the (real partagg)(w), for which the electric field at the slab entrance

is required to be purely tangential, producing lto&dlection analogous to a perfect magnetic
conductor for TM incidence [28]. Away from the resoce, as well as for the TE polarization
(which does not exhibit any resonance), the trattante levels are comparable with those
typical of the standalone ENG slab. For the sam@figaration, Fig. 4 shows the angular
response, from which a moderately broad transnu¢tgpreak centered at the fiducial incidence

angle 8 =4, is observed for the TM polarization. For incregslavel of losses, a progressive

decrease in the transmittance peak amplitude ierebd (not shown here for brevity),
gualitatively similar to what observed in otheraeant tunneling phenomena [3].

In light of the analogy established in Sec. 3.Gs ihsightful to compare the response of
the uniaxial DPS slab above with that of an effextmatched” (according to [3]) homogeneous,

isotropic MNG slab of same thickness featuring
2 =31 My (wo) =-1 (21)

where we assume a Drude-type frequency dispersiothé permeability, analogous to (20).
Substituting, in the bi-layer, the uniaxial DPSbshith such MNG slab, would yield, at the
fiducial frequency and incidence angle, the sanmmeling condition, with field distributions
identical to those in Fig. 3. Figures 5 and 6 comaphe reflection coefficient (magnitude and
phase) responses of th@andalone (uniaxial DPS and MNG) slabs, as a function ofjirency
and angle, respectively. Besides the expegerfect match of the responses at the fiducial
frequency and incidence angle, it can be observetthe agreement rapidly deteriorates within

a relatively small neighborhood. Qualitatively demiresults (not shown here for brevity) are

13



observed for the transmission coefficient. Themfare may conclude that the uniaxial DPS slab
may effectively mimic a MNG-type response only witharrow frequency/angular ranges.

As a further example, we consider a more criticalfiguration, featuring an ENG slab

with increased opacityRe[el(a)o)] =-10C and d, = 4,/100), and a closer-to-normal nominal
incidence directiond, =15°. From the total-transmission conditions in (7) g8y selecting
d, =100d,/3= A,/ 2, we obtain Re[&,,(cp)]=0.065 and Re[e, (c3)]=3, ie., a rather

extreme anisotropy. Figures 7 and 8 show the corresponfigguency and angular responses,
respectively. By comparison with the previous exem(figs. 3 and 4), qualitatively similar

considerations hold, with an increased frequencg angular selectivity [29]. The high-

transmittance peak (nearly 70%) turns out to be eraidly lower in absolute terms, but
considerably higher in terms of enhancement (nearlyactor eight) with respect to the

standalone ENG slab.

Finally, in order to include retardation effectse wonsider a configuration featuring

electrically ~ thicker  slabs, namely, Re[g(w)]=-1E5  Relg,(w)]=0.11E

Re[szu(a)o)] =1 andd, =d,=A1,/2, for ,=30° and a reduced level of losses. From the

corresponding frequency and angular responses, rstiowrigs. 9 and 10, respectively, we
observe that the tunneling effect is still possilléhough the resonant peaks are much narrower
than the previous examples, and the peak transmoétas much more sensitive to the level of
losses. This is expected, due to the larger quitor of the resonant tunneling in this example,

and is consistent with similar sensitivity obseruethicker ENG-MNG matched bi-layers [3].

14



5. Conclusions

In this paper, we have studied an interesting Eihéling effect that can take place in bi-layers
featuring a homogeneous, isotropic ENG slab pawitd a homogenous, anisotropic (uniaxial)
DPS slab, under appropriate TM-polarized obliquzedence. After a rigorous analytical
derivation of the total-transmission conditionsr(tbe ideal lossless case), we have elucidated
the underlying physical mechanisms, and emphagsizedtrong analogies with the ENG-MNG
matched pairs in [3]. Moreover, we have carried aytarametric study aimed at exploring the
sensitivity of the phenomenon with respect to fexty, polarization and incidence direction of
the illumination, also taking into account matedapersion and losses.

The possibility of obtaining, for only one polatian, high-transmittance peaks with
strong frequency/angular sensitivity (see, e.ggsFi7-10) may find application to polarizing
frequency/spatial filters or beam splitters. Owsutes also indicate the possibility of emulating,
within narrow frequency/angular ranges, the respaisn MNG slab via an arguably simpler to
realize uniaxial DPS slab.

In connection with possible extensions/generalirgtive note that the results pertaining
to a configuration featuring an MNG slab pairedhwat uniaxialmagnetic DPS slab, under TE-
polarized illumination, follow straightforwardlydm duality considerations. Finally, it is worth
emphasizing that, paralleling the approaches irB3[B0 our results may be generalized to tunnel

barriers of different nature (e.g., quantum-mectai
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Fig. 1. (Color online) Problem schematic in theoagsted Cartesian reference system: We

consider a homogeneous, isotropic slab of ENG nahtgfrthicknessd, and relative permittivity
& (with Re(gl) < 0) paired with a homogeneous, anisotropic (uniaXdp slab of thickness
d, and relative permittivity tensar, given in (1). The bi-layer is immersed in vacuwamd is

illuminated by an obliquely-incident, TM-polarizethne wave.
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Fig. 2. (Color online) Intensity (a) and phasedis)ributions of transverse magnetic (solid) and

electric (dashed) fields (normalized by the incideadues) at resonance, for an ideal, lossless bi-

layer as in Fig. 1, wittg, =-3, d, =d, =0.14,, &,,=0.12, and¢, =3, under TM-polarized,

obliquely-incident illumination withg =8, =30°.
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Fig. 3. (Color online) Transmittance (féy =8, =30°) frequency response, for TM (blue-solid)
and TE (red-dashed), pertaining to the parametgfigrration as in Fig. 2, but considering for

the ENG medium the Drude-type model in (18) with) = 2c,, ), :3».75E1103a)p1 (so that
Re| £, () | = -3), and for the uniaxial DPS medium the mixing rite$19) and (20), with
71=0.252, w, =0.984y,, y, =3.24[10%w,, (so thatRe| &, (a})]= 0.12 and

Re[a:2H (a)o)] = 3). Also shown as a reference (in the inset) ig#isponse of thetandalone

ENG slab.
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Fig. 4. (Color online) As in Fig. 3, but angulaspense at resonance.
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Fig. 5. (Color online) Magnitude (a) and phaseadithe reflection-coefficient frequency

response (fod =8, =30°) pertaining to thetandalone uniaxial DPS slab (blue-solid) with

parameters as in Figs. 2 and 3 (for TM polarizataond assuming zero losses), compared with

that of an effective (homogeneous, isotropic) madicfcf. (21)) MNG slab (red-dashed), with the

relative permeability described by a lossless Ditype modelu,, (w) =1-2af /o’ .
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Fig. 6. (Color online) As in Fig. 5, but angulaspense at resonance.
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Fig. 7. (Color online) As in Fig. 3, but f& =8, =15°, and an ENG slab (cf. (18)) with
w, =10.0%0,, ), =9.85[10%w, (i.e., Re| & () |= - 100), andd, = 4,/100, and a matched
uniaxial DPS slab (cf. (19) and (20)) with=0.25], w,, =0.992y,, J, :1.69E]l03a)pa (.e.,

Re| £, () | = 0.06% and Re[ &, (w,) | = 3), and d, = 4,/3.
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Fig. 8. (Color online) As in Fig. 7, but angulaspense at resonance.
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Fig. 9. (Color online) As in Fig. 3, but for an EN&b (cf. (18)) with w,, =1.58,,
y,=3.8010°w,, (i.e., Re| & (w)]=-1.5), andd, = A,/2, and a matched uniaxial DPS slab (cf.
(19) and (20)) withr =0.637, @,, =0.9624,, y, =8.340010°w,, (i.e., Re[ &, (1) | = 0.11%

and Re[ &, ()] = 1.9), g =4(1+10%), andd, = A,/2. Note the semi-log scale and the

narrower frequency range considered.
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Fig. 10. (Color online) As in Fig. 9, but angulasponse at resonance. Note the semi-log scale

and the narrower angular range considered.
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