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CLASSICAL ASPECTS OF QUANTUM COHOMOLOGY OF
GENERALIZED FLAG VARIETIES

NAICHUNG CONAN LEUNG AND CHANGZHENG LI

ABSTRACT. We show that various genus zero Gromov-Witten invariants for
flag varieties representing different homology classes are indeed the same. In
particular, many of them are classical intersection numbers of Schubert cycles.

1. INTRODUCTION

A generalized flag variety G/P is the quotient of a simply-connected complex
simple Lie group G by a parabolic subgroup P of G. The (small) quantum coho-
mology ring QH*(G/P) of G/P is a deformation of the ring structure on H*(G/P)
by incorporating three-pointed, genus zero Gromov-Witten invariants of G/P. The
presentation of the ring structure on QH*(G/P) in special cases have been studied
by many mathematicians (see e.g. [35], [24], [10], [5], [9], [33], [28], [T7] and refer-
ences therein). From the viewpoint of enumerative geometry, it is desirable to have
(positive) combinatorial formulas for these Gromov-Witten invariants. Thanks to
the Peterson-Woodward comparison formula [36], all these Gromov-Witten invari-
ants for G/P can be recovered from the Gromov-Witten invariants for the special
case of a complete flag variety G/B, where B is a Borel subgroup.

In [30], with the help of the Peterson-Woodward comparison formula, we estab-
lished a natural filtered algebra structure on QH* (G/B). In this article, we use the
structures of this filtration to obtain relationships among three-pointed genus zero
Gromov-Witten invariants N}jj;f‘ for G/B. The Gromov-Witten invariants N}jj;f‘
are the structure coefficients of the quantum product

o' xo? = Z Ni‘f;}’\qkaw
A€H>(G/B,L)w
of the Schubert cocycles % and ¢¥ in the quantum cohomology QH*(G/B). The
evaluation of q at the origin gives us the classical intersection product

u vo__ w,0 _w
c"Uo" = E Ny yo®.
w

Let A = {1, - ,a,} be abase of simple roots of G and {a, - - - , @,/ } be the simple
coroots (see section [2.1] and references therein for more details of the notations).
The Weyl group W is a Coxeter group generated by simple reflections {s,, | & € A}.
For each @ € A, we introduce a map sgn,, : W — {0, 1} defined by sgn, (w) := 1 if
(w) —L(wsq) > 0, and 0 otherwise. Here £ : W — Z>( denotes the length function.
Let b be the dual of the vector space h* := @ocaCa and (-,-) : b* x h — C be
the natural pairing. Note that Ho(G/B,Z) can be canonically identified with the
coroot lattice QY := ®aenZa” C h. We prove
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Theorem 1.1. For any u,v,w € W and for any A € QV, we have

(1) N2} =0 unless sgn, (w) + (o, \) < sgn,(u) 4 sgn, (v) for all o € A.
(2) Suppose sgn, (w) + (a, A) = sgn,, (u) + sgn, (v) =2 for some a € A, then

NwsaA—a” if sgn,(w) =0
A A—a¥ U,VS o ’ «
N:jjv _N;Usa,v?a - Y .
Nu,v(;(; ) Zf Sgna(w) =1.

We obtain nice applications of the above theorem which demonstrate the so-
called “quantum to classical” principle.

The “quantum to classical” principle says that certain three-pointed genus zero
Gromov-Witten invariants for a given homogeneous space are classical intersection
numbers for a typically different homogeneous space. This phenomenon, probably
for the first time, occurred in the proof of quantum Pieri rule for partial flag varieties
of type A by Ciocan-Fontanine [I0], and later occurred in the elementary proof of
quantum Pieri rule for complex Grassmannians by Buch [3] as well as the work [26],
[27] of Kresch and Tamvakis on Lagrangian and orthogonal Grassmannians. The
phrase “quantum to classical principle” was introduced by Chaput and Perrin [9] for
the work [4] of Buch, Kresch and Tamvakis on complex Grassmannians, Lagrangian
Grassmannians and orthogonal Grassmannians, which says that any three-pointed
genus zero Gromov-Witten invariant on a Grassmannian of aforementioned types
is equal to a classical intersection number on a partial flag variety of the same Lie
type. Recently, this principle has been developed by Buch, Kresch and Tamvakis
for isotropic Grassmannians of classical types [5]. For Grassmannians of certain
exceptional types, this principle has also been studied by Chaput, Manivel and
Perrin (8], [9]). For flag varieties of A-type, there are relevant studies by Coskun
[13]. For the special case of computing the number of lines in a general complete
variety G/B, this principle has also been studied earlier by the second author and
Mihalcea [32]. In addition, we note that this principle for certain K-theoretic
Gromov-Witten invariants have been studied by Buch-Mihalcea ([6], [7]) and by
Li-Mihalcea [32].

Using Theorem [ILT] we not only recover most of the above results on the “quan-
tum to classical” principle, but also get new and interesting results. Further ap-
plications for general Lie types other than type A will be treated in [31], [15]. For
instance in [31], we could see the applications of Theorem [l in seeking quantum
Pieri rules with respect to Chern classes of the dual of the tautological subbundles
for Grassmannians of classical types, which are not covered in [5] in general.

For type A, case, we note that the Weyl group W is canonically isomorphic to the
permutation group Sy+1 and G/B = Fl, 1 ={V; <--- <V, <C"™' | dimc V; =
4, = 1,---,n}. An element u € W = S, 41 is called a Grassmannian permu-
tation, if there exists 1 < k < n such that ¢* € H*(F{,11) comes from the
pull-back ©* : H*(Gr(k,n + 1)) — H*(F{,4+1) induced from the natural projec-
tion map 7 : Fly41 — {Vx < C"™ | dimV, = k} = Gr(k,n + 1). Equivalently,
a Grassmannian permutation v € W is an element such that all the reduced ex-
pressions u = 8, S;, * - + S4,,, where m = £(u), end with the same simple reflection
Sk. When written in “one-line” notation, Grassmannian permutations are precisely
the permutations with a single descent (see Remark for more details). As an
application of Theorem [T} we have
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Theorem 1.2. Let u,v,w € Spy1 and X € Q. Ifu is of Grassmannian type, then
there exist v',w’ € Spy1 such that

WA w’, 0
N, =N, .

u,v’

It is also interesting to investigate the above theorem from the point of view of sym-
metries on QH*(F¢,1), analogous with the cyclic symmetries shown by Postnikov
[34]. In addition, the proof of Theorem will also describe how to find v" and
w’ (easily). Special cases of Theorem enable us to recover the quantum Pieri
rule for partial flag varieties of type A as in [I0] and the “quantum to classical”
principle for complex Grassmannians as in [4].

Geometrically, the Gromov-Witten invariants N;jj;j\ count the number of stable
holomorphic maps from the projective line P!, or more generally a rational curve,
to G/B. In particular, they are all non-negative. There have been closed formu-
las/algorithms on the classical intersection product by Kostant-Kumar [25] and
Duan [14] and on the quantum product by the authors [29]. Yet sign cancelations
are involved in all these formulas/algorithms. For a complete flag variety (of gen-
eral type), the problem of finding a positive formula on either side remains open.
The “quantum to classical” principle could help us to reduce such an issue on the
quantum side to the classical side. When G = SL(n + 1,C), we note that positive
formulas on the classical intersection numbers have been given by Coskun [11], [12].

The proof of Theorem[L.Tluses functorial relationships established by the authors
in [30] and it is combinatorial in nature. However, for a special case (of A = aV)
of Theorem [[.T] both a geometric proof of it and a combinatorial proof of its
equivariant extension can be found in [32]. We also wish to see a geometric proof
of this theorem in the future.

2. PROOFS OF THEOREMS

In this section, we first fix the notations in section 2.1. Then we prove our first
main theorem in section 2.2. Finally in section 2.3, we obtain our second main
theorem, as an application of the first main theorem.

2.1. Notations. More details on Lie theory can be found for example in [21], [22].

Let G be a simply-connected complex simple Lie group of rank n and B C
G be a Borel subgroup. Let A = {ay,---,a,} C bh* be the simple roots and
{aY, -+ ,aY} C b be the simple coroots, where b is the corresponding Cartan
subalgebra of (G,B). Let QV = @ ;Z«a) and p = > | x; € h*. Here x;’s
are the fundamental weights, which for any 4, j satisfy (x;, aJV> = §; ; with respect
to the natural pairing (-,-) : b* x h — C. The Weyl group W is generated by
{51, ,8n}, where each s; = s,, is a simple reflection on h* defined by s;(8) =
B — (B,a))a;. The root system is given by R = W - A = R* U (—R™), where
RT = RN, Z>ocy is the set of positive roots. Each parabolic subgroup P > B
is in one-to-one correspondence with a subset Ap C A. In fact, Ap is the set of
simple roots of a Levi subgroup of P. Let £ : W — Zx( be the length function, Wp
denote the Weyl subgroup generated by {s, | &« € Ap} and W denote the subset
{w € W|l(w) < £(v), Vv € wWp}. Each coset in W/Wp has a unique minimal
length representative in W

The (co)homology of a (generalized) flag variety X = G/P has an additive ba-
sis of Schubert (co)homology classes indexed by W¥: H.(X,Z) = @,cyr Lo,
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H*(X,Z) = @ cwr Lo* with (¢",0y) = 0y, for any u,v € WP [I. Note
that each o, (resp. o") is a class in the 2€(u)th—(co)homology. In particular,
Hy(X,Z) = @,,ca\ap Los; can be canonically identified with QY/Q}p, where
Qp = Da,en, Loy . Foreach a; € A\Ap, we introduce a formal variable gy 1qy-
For Ap =37, ca\ap 40 + Q) € Ha(X,Z), we denote gx, =[], ca\a, QZ§+Q;-
The (small) quantum cohomology QH*(X) = (H*(X)®Q]q],*) of X is a com-

mutative ring and has a Q[q]-basis of Schubert classes c* = o* ® 1. The quantum

Schubert structure constants N;’f;J)‘P for the quantum product

u v o w,A w
o' xo" = g Nyt arpo
weWP ApeQV/QY

. . . . wAp _ [ %/
are genus zero Gromov-Witten invariants given by N7 = fMo,s(X7)\P) evi(o™)U

evy(oV)Uevi((0™)F). Here Mo 3(X, Ap) is the moduli space of stable maps of degree
Ap € Hy(X,Z) of 3-pointed genus zero curves into X, ev; : ﬂo,3(X, Ap) = X is
the i-th canonical evaluation map and {(¢%)* | w € WF} are the elements in
H*(X) satisfying fX(Uw/)ﬁ U o™ = 8y 0 for any w',w” € WP [18]. Note that
N}jj;,)‘P = 0 unless ¢x, € Q[q]. It is a well-known fact that these Gromov-Witten
invariants N}jj;f‘P of the flag variety X are enumerative, counting the number of
certain holomorphic maps from P! to X. In particular, they are all non-negative
integers. (Thus for the special case of a flag variety X, we can also define QH*(X)
over Z whenever we wish.)

In analog with the classical cohomology, there is a natural Z-grading on the
quantum cohomolgy QH*(X), making it a Z-graded ring:

QH*(X)z@( &y @qxpaw)- (%)

n€Z deg(grpov)=n

Here the degree of g5,0", where Ap =3, ca\a, @0 + Q) € Ha(X,Z), is given
by

deg(qrp0™) = Lw) + D ajlog;,c(X)),
OtjEA\AP

in which (-, -) is the natural pairing between homology and cohomology classes, and
an explicit description of the first Chern class ¢1(X) can be found for example in
[[9]. When P = B, we have Ap = 0,Q}% = 0, Wp = {1} and WF = W. In
this case, we simply denote A = Ap and ¢; = Gy - As a direct consequence of the
Z-graded ring structure (x) of QH*(G/B), for any u,v,w € W and for any A € QV,
we have

N;‘f;j\ = 0 unless ¢(w) + (2p, A) = £(u) + £(v).

2.2. Proof of Theorem [I.1]l This subsection is devoted to the proof of Theorem
[[I The main arguments are given in section Z.22:3] based on the results in [30]
which will be reviewed in section We will introduce the Peterson-Woodward
comparison formula first in section 2.2, This comparison formula not only plays
an important role in obtaining the results in [30], but also shows us that it suffices
to know all quantum Schubert structure constants Ni‘j;j\ for G/B in order to know
all quantum Schubert structure constants for all G/P’s.
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2.2.1. Peterson- Woodward comparison formula. We use % p to distinguish the quan-
tum products for different flag varieties G/ P’s (when needed). For any u,v € WF,
we have ¢" xp 0¥ = > Ni‘j;j\Pq,\Pow. Note W C W. The classes
WEWP ApEQY/QY,
o* and oV in QH*(G/P) can both be treated as classes in QH*(G/B) naturally.
Whenever referring to Ni‘j;j\ where A € QV, we are considering the quantum product
in QH*(G/B): a"xgo’ = >,  NZ})qpov.
weW, eV

Proposition 2.1 (Peterson-Woodward comparison formula [36]; see also [28§]).

(1) Let \p € QV/Q}. Then there is a unique A\g € Q" such that \p = A\g+Q}
and (v, Ag) € {0,—1} for all v € RS (= Rt N Dsea, Z5)-
(2) For every u,v,w € W¥, we have

Nw,kp _ N’wwpwp/,)\B
u,v u,v .

Here wp (resp. wp:) is the longest element in the Weyl subgroup Wp (resp.
Wp/), where Apr = {ﬁ € Ap | <B,)\B> = 0}

Thanks to the above proposition, we obtain an injection of vector spaces
Yanp : QH*(G/P) — QH*(G/B) defined by qx,0" — qr, 0V “F“r".

For the special case of a singleton subset {a} C A, we denote P, = P and simply
denote 1o = YA {a}- In this case, we note that R;a = {a},Q}, = Za’, and we
have the natural fibration P,/B — G/B — G/P, with P, /B = P!

Example 2.2. Let \p, = ¥ + Q¥ where f € A\ {a}. Then we have (o, ) €
{0,—1, -2, —3}. Furthermore, we have

sV if (, BY) =0
o SaQ,BVa Zf <a7ﬁv> = _1
1/}0‘((1)‘19&) B davqpv, Zf <a7ﬁ\/> = -2

Saqav 4V, Zf <Oz7 ﬂv> =-3.
More generally, we consider Ap,= N'+Qf € QY /QF_, where ' = > pea\ia} cgBY €

r—mava®, if m is even
QY. Setting m = (o, N), we have a(qas, o) = {% f

q)\,_m;lavawsﬂ, if m is odd

2.2.2. Z2-filtrations on QH*(G/B). As shown in [30], given any parabolic subgroup
P of G containing B, we can construct a ZA7+1_filtration on QH*(G/B). In this
subsection, we review the main results in [30] for the special case of a parabolic sub-
group that corresponds to a singleton subset {a}. Using them, we prove Theorem
[LTlin next subsection.

Recall that a natural basis of QH*(G/B)[q; ", -+, ¢, '] is given by gro®’s la-
belled by (w, A) € W x QY. Note that gro® € QH*(G/B) if and only if ¢) € Q|q] is
a polynomial. In order to obtain a filtration on QH*(G/B), we just need to define
(nice) gradings for a given basis of it. Furthermore as in the introduction, we have
defined a map sgn,, with respect to any given simple root o € A as follows.

(wsa) >0
(wsa) <0

1, if {(w)

— f(wsgy
0, if l(w)—l(wsy

sgn, : W — {0,1}; sgn, (w) = {
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Note that £(w)—f(wss) = 1 and that {(w)—£l(ws,) = 1 if and only if w(a) € —R™,
which holds if and only if w = us, for a unique u € W= (See e.g. [23].) We can
define a grading map gr, with respect to a given simple root o € A as follows.

gra W x Q¥ — 72
gra(gro®) = (sgng (w) + (o, A), L(w) + (2p, A) — sgng (w) — (o, A)).

Here we are using lezicographical order on Z?. That is, a = (a1,a2) < b = (b1, ba)
if and only if either (a; = by and as < bg) or a; < by holds. The above Z2-grading
of gxo™ can recover the degree grading of it as in section 2.1l Precisely, if we write
gra(gro®) = (i,7), then deg(gro™) =i + j.

Remark 2.3. Following from Corollary 3.13 of [30], our grading map gr, coincides
with the grading map in Definition 2.8 of [30] by using the Peterson-Woodward

lifting map Yo = VA fay-

As a consequence, we obtain a family F = {Fa}acz2 of vector subspaces of
QH*(G/B), where F, := Ph Qgro™ C QH*(G/B), and the associated
gra(grov)<a
graded vector space Gr*(QH*(G/B)) = @,z Gri with respect to F, where
GT‘{Z: = Fa/ Ub<a Fb.

Proposition 2.4 (Theorem 1.2 of [30]). QH*(G/B) is a Z*-filtered algebra with
respect to F. That is, we have Fu x Fy, C Fayp for any a,b € 72,

Denote Grl, . (QH*(G/B)) := EBZGT(];O) and Gr{, (QH*(G/B)) = @GT{SJ)'
S Je

We take the canonical isomorphism QH*(P!) = 8[5—_% for the fiber of the fibration

P! - G/B — G/P,.

Proposition 2.5 (Theorem 1.4 of [30]). The following maps V&, and W, . are
well-defined and they are algebra isomorphismd].

W QHY(PY) — GrZ (QHY(G/B)) @ Fa, b Ty
Ve, QH*(G/Pa) — Grio (QH*(G/B));  qap, 0" = Ualtar, o) -

vert

Here we note that 5, € Gr(};)o) C Grl,..(QH*(G/B)) denotes the graded com-

ponent of 0°* + Uy« (1,0) . Similar notations are taken whenever “()” is used. In
addition, we have

Proposition 2.6 (Proposition 3.23 of [30]). For any u € W¥ we have o%xo°> =
oUSe 4 Zwy)\ b AGATY with gra(grao®) < gra(o®*=) whenever by, x # 0.

The next lemma follows directly from the definition of the grading map gr,,.

Lemma 2.7. Let u,v,w € W and A € QY. Then gro(c¥)+gra(c?) = gra(gro™) if
and only if both £(w)+(2p, A) = £(u)+£(v) and sgn,, (w)—+{a, ) = sgn, (u)+sgn, (v)
hold.

n terms of notations in [30], Voot = Y1 and Up = Vs
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2.2.3. Proof of Theorem[IL 1l The first half of Theorem [[Tlis a direct consequence
of Proposition 2.4l Indeed, if sgng(w) + (8, ) > sgnﬁ( u) + sgng(v) for some 3 €
A, then grg(gra™) > grp(o") + gra(o®). Since o x 0¥ € Fyp (guy *x Fyryov) C
Fyrs(o)4grs(ov), we conclude N;f);ﬁ =0.

It remains to show the second half of Theorem [Tl Note that sgn, is a map
from W to {0,1}. Since sgn,(u) + sgn,(v) = 2, we have sgn, (u) = sgn, (v) = 1.
Consequently, v’ := us, and v’ := vs, are both elements in W, In the rest
we can assume {(w) + (2p, A) = £(u) + £(v). (Otherwise, both N;} and N, i, o
would vanish, directly following from the standard Z-graded ring structure (*) of
QH*(G/B))

By Proposition 2.6] we have
oW K gse = g% € Grqr (ouy and 0¥ x ot =7 € Grqra(gu)
Note that QH*(G/B) is an associative and commutative Z2-filtered algebra with
respect to F. As a consequence, Gr* (QH*(G/B)) is an associative and commuta-

tive Z2-graded algebra. Thus we have

LHS := 0% % g%« % gV x 0% = g% % o? =: RHS

in Gr”.

e (04)+gra (ov)- BY Lemma 27 we have

RHS = 0% xog? = ZN&‘?;}q;\aw = Z N;”U g0,

where the summation is over those (w, A) € W x QY satisfying £(0) + (2p, ) =
l(u) + £(v) and sgn, (W) + (o, A) = 2. Let %, denote the quantum product for
QH*(G/P,). By Proposition 2.5 we have

LHS = (07 %07 )x(@555%%) = Vo, (0" %60 5Ty =3 N 2 (0 g, )+

the summation over those (w',Ap,) € WP x QY/Q}, (with Ap, being effective).
Then we conclude N,y X =N 31}? by comparing coefficients of both sides. Indeed,
for Ap, == A+ lepa, we have A\p = A — oV via Peterson-Woodward comparison
formula (by noting (@, A—a") = —sgn,, (w) € {0,—1}). Set w’ := w if sgn,, (w) = 0,
or ws, if sgn, (w) = 1. Note that wa(aw/qu )qov = 0™ qx. We conclude

Nt = Nt = Ny

Note that for any w € W, we have
— {owsa, if sgn,, (w) =0
L

oW % g = _ e
oPsa x ga % gSa = gWsaq,v,  if sgn, () =

Hence, we have

T8 x gV = g% % gV x gSa = g gV x g

the former (resp. latter) summation over those (i, \) € W x QV satisfying £(w) +
(2p, A) = £(u) + L(v'), sgn, (@) + (@, A) = 1 and sgn, (@) = 0 (resp. 1). Hence,
if sgn,(w) = 0 (vesp. 1), then we have N¥ qro® Nw’,q)\+avo Se (resp.
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N:fi;’}qxow%) for a unique (i, A) in the latter (resp. former) summation. Thus we
conclude that N*;* equals NwseA=a’ if gon (w) = 0, or N$a-* if sgn (w) = 1.

UVS o U VS o

2.3. Applications. In this subsection, we give applications of Theorem [LTlfor A of
A-type case. (See the introduction for possible further applications for other cases.)

For convenience, we assume the Dynkin diagram of A is given by @ oo .

The flag variety of A,-type, corresponding to a subset A\ {ag,, - , g, }, param-
eterizes flag of linear subspaces {V,, < --- < Vo, < C"*! | dimc Vg, = a;,j =
1,---,r} where [a1,- - ,a,] is a subsequence of [1,- - - ,n]. We fix an ay, once and for
all. Let P D B denote the parabolic subgroup that corresponds to Ap = A\ {ax}.
Note that the complete flag variety F'¢,,.1 = G/B and the complex Grassmannian
Gr(k,n+1) = G/P correspond to the subsequences [1,2, - - - ,n] and [k] respectively,
where G = SL(n+1,C). The natural projection 7 : G/B — G/ P is just the forget-
ting map, sending a flag V; < --- < V,, < C"*in F¢, 1, to the point V}, < C**!
in Gr(k,n + 1). Furthermore, the induced map n* : H*(G/P) — H*(G/B)
sends a Schubert class 0% € H*(G/P) (where w € WF) to the Schubert class
*(0%) = 0% € H*(G/B). Such a class ¢¥ in H*(G/B) (with w € WF) is called
a Grassmannian class. By abuse of notations, we skip the subscript “B” and “P”.
Using Theorem [I.1] we can show Theorem stated in the introduction, a refor-
mulation of which is given as follows.

Theorem For anyu € WP, v,w € W and X\ € QV, there exist v',w' € W
such that )
NEXr =N

To prove the above theorem, we need the following two lemmas.

Lemma 2.8. Given any nonzero A = E?:l aja;-/ € QY with aj >0 for all j, there
exists m € {1,--- ,n} such that (am,A) > 0 and a,, > 0.

Proof. Assume (a;,, A) < 0 for all m. Then A is a non-positive sum of fundamental

coweights. As a consequence, A is a non-positive sum of simple coroots a}/’s, by

Table 1 in section 13.2 of [21I]. Thus A = 0, which contradicts the assumptions.
Hence, there exists m such that («,,,A) > 0. Consequently, we have a,, > 0, by

noting that (o, aY) is positive if j = m, or non-positive otherwise. O

J
Remark 2.9. Lemmal2Z.8 works for A of all types with the same proof.

Lemma 2.10. Let \ = 2?21 ajof € QY with a; >0 for all j. If (e, A) > 0 for
a unique m, then we have {ay,, \) > 2.

Proof. Let Dyn(A) denote the Dynkin diagram associated to a subbase A cCA.

Denote A’ := {a; | a; > 0}. Clearly, o, € A’. We first conclude that Dyn(A")
is connected. (Otherwise, we can write A’ = A; U Ay with Dyn(A;) being a
connected component of Dyn(A’). Then A = A\; + Ay with A (resp. A2) belonging
to the coroot sub-lattice of A; (resp. Az). Note that A; and Ay are orthogonal to
each other. For each j € {1,2}, there exists a,,,; € A; such that (ay,;, ;) > 0 by
Lemma[2:8 This contradicts the uniqueness of a,,.) Thus A’ = {a;, aip1,- -+ ,0p}
forsome 1 <i<m<p<n.

When i = p, the statements holds, by noting that (am,, a),) =2 and A = a, ),
in this case. When 7 < p, we can assume ¢ < m without loss of generality. Since
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0> (a;, A) = 2a; — a;41, we have a;+1 > 2a; > a; > 0. Since 0 > {(q;y1,A) =
—a; + 2a;4+1 — a2, we have a;y2 > a;+1 + (ai41 — a;) > a;41 > 0. By induction,
we conclude a,, > ap—1 > 0. If m = p, then we have (@, \) = 24, — am-1 >
2(am-1 + 1) — am—1 > 2. If m < p, then we can show a,, > am41 with the
same arguments. As a consequence, we have (m, A) = —am-1 + 2am — mi1 >
—Qm-1+ (amfl +1+ Am+41 + 1) — Qm41 Z 2. O

Proof of Theorem[[3. Clearly, the statement holds if ijf;f vanishes or A = 0.
Given nonzero A = 2?21 ajai € QY, we can assume a; > 0 for all j, i.e. \is
effective, because otherwise Njf);f vanishes. Since A\ # 0, there exists m such that
(@m, A) > 0 by Lemma[2Z.8 We simply denote sgn,, := sgn,, , which is a map from
W to {0, 1} defined in the introduction (see also section [Z22]).

If such an m is not unique, then we can take any one such m that is not equal
to k. Since u € W where Ap = A\ {ax}, we have sgn,, (u) = 0. If sgn,, (v) <
sgn,,, (w) + (m, A), then we have N2, = 0 by Theorem [I.T] (1); and hence we are
done. Otherwise, we have sgn,, (v) = sgn,, (w) + (m, A) = 1 and sgn,, (w) = 0. By
Theorem [LI] (2), we have N2smd = NyszA~0m = N,

If such an m is unique, then we have («;,, A\) > 2 by Lemma [ZT0 Thus either
S0, (1) £ 5810, (1) < 520 (1) + (o, A) OF 51, (1) 5810, (0) = 51, (1) + (o, N)
holds. For the former case, N;‘j;j\ vanishes and then it is done. For the latter case,
we conclude m = k, sgn,(v) = 1, sgn,(w) = 0 and (ax, ) = 2, by noting that
sgn;(u) = 1if j = k, or 0 otherwise. Thus we have N} = NZ;‘;’,?;;X = Nﬁf,’;}:\_az,
by using Theorem [[1] (2) again.

Hence, either of the followings must hold: (i) N;* = 0 (and then it is done);

(i) Ned = Nwszd with X = X — oy, = Y, aja), in which [N| = |A] - 1 with
aj = aj —1>0if j = m, or a; otherwise. Here |A| := 37, a;. Therefore, the
statement holds, by using induction on |A|. O

Besides Theorem [I.2] we can also find other applications of Theorem [I.1]

Example 2.11. Let G/B = Fly. Takeu = v = s95182, w = s283 and A = o +a .
(Note that neither of the Schubert classes o%, 0" are Grassmannian classes.) We
have . o
A wsz, At S, tag +a
Nyt = Nu,v:;g : = N82251512752§182§’37

in which we increase the degree gy first. Then we have

N = Nl isided = Nl = Nt = Nt =1
In fact, we already know all the nonzero three-pointed, genus zero Gromov-Witten
invariants for F'¢y are equal to 1, by the multiplication table in [I6]. Using Theo-
rem [[LT] we can find their corresponding classical intersection numbers, the most
complicated case of which has been given in the above example.

The proof of Theorem has also shown us how to find v and w’. Combining
Theorem and the Peterson-Woodward comparison formula (Proposition 21),
we can obtain many nice applications, including alternative proofs of both the
quantum Pieri rule for all flag varieties of A-type given by Ciocan-Fontanine in [10]
and the result that any three-pointed genus zero Gromov-Witten invariant on a
complex Grassmannian is a classical intersection number on a two-step flag variety
of the same type, which is the central theme of [4] for type A case by Buch, Kresch
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and Tamvakis. In order to illustrate this clearly, we will show how to recover the
“quantum to classical” principle for complex Grassmannians in the rest.

For the complex Grassmannian X = G/P = Gr(k,n + 1), we note Hy(X,7Z) =
QV/QY = Z, so that we simply denote N;' := N2} where u,v,w € W’ and
Ap = doy + Q). Write d = mik + 1 = mg(n—k+1)+r2 where 1 < r <k
and 1 <7y <n—k+ 1. Then for A —mlzJ 1]04 —I—Z;lll]ak g T Aoy +

ma Zn h janﬂfj—!—zgilljakﬂrj, we have (q;, \) = —1ifi e {k—r1,k+ra},
or 0 otherwise. Thus it follows directly from the uniqueness of A\p that A\p = A.
Furthermore by Proposition 2.1l we have N, 9= = Ny WAL ith
(k—1) (k—2) (k—r1) (n—r +1) (n—ra+42) (n)
w = WWpWpr = Wy, _ 1 uk—rl T k—rll vn+l—2k—rgvn+1—2k—r2 T vn-l—l—k—rg

(see e.g. Lemma 3.6 of [30] for the way of obtaining wpwpr). Here for any 1 <i < m,

(m) ._ , (m) _ ¢, (m)\~
we denote u; ' = Syp—j+1 - Sm—15m and v; ' = (ul )
in addition, we denote ué ) = U((Jm) =id.

In particular, if 1 < d < min{k,n + 1 — k}, then we have d = r; = ry and
Apr = Ap \ {ak—d, g+qa}. Furthermore in this case, we go through the proof of
Theorem [[2] for the above special A, by reducing it to the zero coroot according to
the ordering ((a;c/v g, 7a>€/—d+1)7 (az+1,a}€/+2, T ,aZer_l), (s 7a>€/—d+2)7
(g1, g )y () o), (aylyy), @) ). Correspondingly, we denote

_ (k) k+d—1, (k)  (k+d—2) (k), (k+1)
Ti=Vg " Ugp Vg qUg o T Uy Uy Sk

= SmSm—1"""Sm—i+1;

(Note £(x) = d2.) As a direct consequence, we have

Corollary 2.12. For any u,v,w € WF and d € Z with 1 < d < min{k,n+1—k},
we have N, = NP00, provided that ((vx) = L(v) — £(z) and L(wz) = ((w) 4 £(x),

and zero otherwzse.

Let P O B denote the parabolic subgroup that corresponds to the subset A\
{Ozk,d,aker}. That is, G/p = Fékfd,k+d;n+1 = {V < V' K cntt | dimV =
k—d,dimV’' =k + d} is a two-step flag variety. We can reprove the next result of
Buch, Kresch and Tamvakis.

Proposition 2.13 (Corollary 1 of [A]). For any Schubert classes %, 0", 0" in
H*(Gr(k,n +1),Z) and any d > 1, the Gromov-Witten invariant N, coincides

with the classical intersection number N;“mom for o"Uc?* in H*(Fly—d k+din+1,Z),

provided that d < min{k,n + 1 —k}, l(ux) = £(u) — {(x), L(ve) = L(v) — £(x) and
w € WF, and vanishes otherwise.

To show the above proposition, we need the next two lemmas.

Lemma 2.14. For any Schubert classes o*,c, 0" in H*(Gr(k,n + 1),Z), the
Gromouv-Witten invariant N;ffbd vanishes unless 0 < d < min{k,n + 1 — k}.

Proof. Note Njf);}d = Ngj;f‘B. If Kk =1 (resp. n), then (ag,Ag) = d+ma +1
(resp. d +mq + 1) is larger than 2, whenever d > 1 = min{k,n + 1 — k}. Thus we
have N"} = 0 by Theorem [LT] (1). If 2 < k < n — 1, then we have (o, Ag) =
my + mz + 2. By Theorem [[T] (1) again, we have N]fi;))‘B = 0 unless m; = ma = 0,
in which case we still have d =7 = ro < min{k,n + 1 — k}. O

Lemma 2.15. For any v € WP, we have ve € WP if f(vz) = £(v) — (z).
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Proof. Since {(vz) = £(v) —{(x), we have £(vz) = l(ves,)—1, so that vz(ay) € RT.
Forany j € {1,--- ,k—d—1,k+d+1,--- ,n}, we have vz(o;) = v(e;) € R*. For

je{k—d+1, - k—1}, we have va(a;) = vvék)usf‘f_l e v,(cli)j+1u,(€2lgj._j)v,(€]i)j(aj)
= vvl(ik)ugfffl p ~v,(clc_)j+2u§€2_1€]<_ﬁfl)(o¢k+1) = v(agsq) € RT. Similarly for j 6,{k +
1,--+,k+d— 1}, we have vz(o;) = v(aj_q) € RT. Hence, we have vz € WF. O

Remark 2.16. The Weyl group W for G = SL(n+1,C) is canonically isomorphic
to the permutation group Sp,y1 by mapping each simple reflection s; € W to the
transposition (i,i+ 1) € Sp41. In “one-line” notation, each permutation t € W =
Snt1 1s written as (t(1),--- ,t(n+1)). In particular, Grassmannian permutations
t € WE for G/P = Gr(k,n + 1) are precisely the permutations with (at most) a
single descent occurring at kth position (i.e., t(k) > t(k+1)). Permutationst € W
forG/P = Fli—d k+dn+1 are precisely the permutations with (at most) two descents
occurring at (k—d)th and (k+d)th position. With this characterization, ve € WT is
the element obtained from v € W by sorting the values {v(k—d+1),--- ,v(k+d)}
to be in increasing order, which coincides with the descriptions in section 2.2 of
M. ( Indeed, we note that s;(i) =i for any j € {k—d+1,--- ,k+d—1} and
any i € {1,---k—d,k+d+1,---,n+ 1}. Thus we have va(i) = v(i) for any
such i and consequently the set {v(k —d+1),--- ,v(k+d)} coincides with the set
{ve(k —d+1),--- ,vx(k+d)}.) Similarly, we can show that W is the permutation
(w(d+ 1), ,wk),wk —d+1), - 0k + d),wk+ 1), - ,wln —d + 1)), in
which (w(k —d+1),--- ,w(k +d)) is obtained from w € WT by sorting the values
{w(), -+ ,w(d),wn —d+2),--- ,wn+1)} to be in increasing order.

Proof of Proposition[Z13. Tt follows from Lemma [ZT4] and Corollary that
NPd = NP0 if 1 < d < min{k,n + 1 — k}, l(vz) = {(v) — {(z) and ((dx) =
{(w) + £(x), or 0 otherwise. When all of these hold, we have vz € W by Lemma
and note that x is in the Weyl subgroup generated by {sk—d+1, "+ ,Sk+d—1}-

In particular for any j € {k—d+1,--- ,k+d— 1}, we have sgn;(vx) = 0. Thus by
Theorem [T} we have N7%.0 = N™° provided that £(uz™") = £(u) — £(z™"),

u, v uxr—
and zero otherwise. This assumption implies that uz € WT, because of the obser-
vation that z = z~'. As a consequence, N9, = 0 unless @ € W, for which the

assumption “/(wx) = £(w) + £(x)” holds automatically. O
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