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INELASTIC CHARACTER OF SOLITONS OF SLOWLY VARYING GKDV
EQUATIONS

CLAUDIO MUNOZ

ABSTRACT. In this paper we study soliton-like solutions of the variable coefficients, subcritical
gKdV equation
ut + (uge — Au+ alex)u™), =0, in Ry xRz, m=2,3and 4,

with A >0, a(-) € (1,2) a strictly increasing, positive and asymptotically flat potential, and e
small enough. In [27] 28] it was proved the existence of a pure, global in time, soliton u(t) of
the above equation, satisfying

Jim Ju(t) = @1l — (1= Ml ey =0, 0<A<L,

provided € is small enough. Here R(t,z) := Qc(z — (¢ — A)t) is the soliton of R + (Rza — AR+
R™), = 0. In addition, there exists A € (0,1) such that, for all 0 < A < 1 with X # X, the
solution u(t) satisfies

sup [|u(t) — K(N)Qcoo (- = POl g1 ) S /2.

t>1
Here p'(t) ~ (coo(A) — A), with k(A) = 27Y/(m=1) and coo(A) > A in the case 0 < A < A
(refraction), and k(A) = 1 and coc(A) < A in the case A < A < 1 (reflection).

In this paper we improve our preceding results by proving that the soliton is far from being

pure as t — +oo. Indeed, we give a lower bound on the defect induced by the potential a(-), for
all 0 < A< 1, A # X. More precisely, one has

tim inf [[u(t) — Kon (N Qe (- = POl 111 2y 2 €,

for any 6 > 0 fixed. This bound clarifies the existence of a dispersive tail and the difference with
the standard solitons of the constant coefficients, gKdV equation.

1. INTRODUCTION AND MAIN RESULTS

In this work we continue the study of the dynamics of a soliton-like solution for some generalized
Korteweg-de Vries equations (gKdV), started in [27], 28]. In those papers the objective was the
study of the global behavior of a generalized soliton solution for the following subcritical, variable
coefficients gKdV equation:

us + (Ugy — A+ alex)u™), =0, in Ry xR, m=23or4. (1.1)

Here u = u(t, z) is a real-valued function, ¢ > 0 is a small number, A > 0 a fixed parameter, and
the potential a(-) a smooth, positive function satisfying some specific properties, see (L)) below.

This equation represents, in some sense, a simplified model of long dispersive waves in a chan-
nel with variable bottom, which considers large variations in the shape of the solitary wave. The
primary physical model, and the dynamics of a generalized soliton-like solution, was formally
described by Karpman-Maslov, Kaup-Newell and Ko-Kuehl [I5] [16] [17], with further results by
Grimshaw [§], and Lochak [19]. See [27,[30] and references therein for a detailed physical introduc-
tion to this model. The main novelty in the works above cited was the discovery of a dispersive tail
behind the soliton, with small height but large width, as a consequence of the lack of conserved
quantities such as mass or energy. However, no mathematical proof of this phenomenon has been
given.
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On the other hand, from the mathematical point of view, equation (ILI]) is a variable coefficients
version of the standard gKdV equation

Ut + (Uge — Au+u™), =0, in Ry x Ry;  m > 2 integer, A >0. (1.2)

This last equation is famous due to the existence of localized, exponentially decaying, smooth
solutions called solitons. Given real numbers zy and ¢ > 0, solitons are solutions of (I.2) of the
form

ult,z) == Qe(z —z0 — (c = \t),  with  Qe(s) := 7 Q(c"/%s), (1.3)
and where Q = ) is the unique —up to translations— function satisfying the following, second
order, nonlinear ordinary differential equation

Q/I_Q+Qm207 Q>07 QEHl(R)

In this case, this solution belongs to the Schwartz class and it is explicit [28]. For m = 2, 3,4 solitons
and the sum of solitons have been showed stable and asymptotically stable [1l B} 25| 31l B3]. In
particular, if ¢ > A the solution ([L3]) represents a solitary wavell of scaling ¢ and velocity (¢ — \),
defined for all time, moving to the right without any change in shape, velocity, etc. In other
words, a soliton represents a pure, traveling wave solution with invariant profile. In addition, this
equation has solitons with negative velocity, moving to the left, provided ¢ < A. Finally, for the
case ¢ = A, one has a stationary soliton solution, @ (z — z¢). These last solutions do not exist in
the standard, inviscid model of gKdV (namely when A = 0).

Coming back to (L), the corresponding Cauchy problem in H!(R) has been considered in [27].
The proof of this result is an adaptation of the fundamental work of Kenig, Ponce and Vega [18],
with the introduction of some new monotone quantities, in order to replace the lost conserved
ones.

A fundamental question related to (2] is how to generalize a soliton-like solution to more
complicated models. In [2], the existence of soliton solutions for generalized KdV equations with
suitable autonomous nonlinearities has been considered. However, less is known in the case of
an inhomogeneous nonlinearity, such as equation (II]). In a general situation, no elliptic, time-
independent ODE can be associated to the soliton, unlike the standard autonomous case studied
in [2]. Therefore, other methods are needed.

The first mathematically rigorous results in the case of time and space dependent KdV and
mKdV equations (m = 2 and m = 3 above) were proved by Dejak-Sigal and Dejak-Jonsson [4] [5].
They studied the dynamics of a soliton for times of O(¢~!), and deduced dynamical laws which
characterize the whole soliton dynamics up to some order of accuracy. More recently, Holmer [11]
has improved the Dejak-Sigal results in the KdV case, up to the Ehrenfest time O(|logele™?),
provided the dynamical laws are well defined. In their model, the perturbation is of linear type,
which do not allow large variations of the soliton shape, different to the scaling itself.

In [27,[28] it was described the soliton dynamics, for all time, in the case of the time independent,
perturbed gKdV equation (LIJ). The main novelty was the understanding of the dynamics as a
nonlinear interaction between the soliton and the potential, in the spirit of the recent works of
Holmer-Zworski [12], and Martel-Merle [22, 23]. In order to state this last result, and our present
main results, let us first describe the framework that we have considered for the potential a(-) in

@).

Setting and hypotheses on a(-). Concerning the function a in (L)), we assume that a € C3(R)
and there exist fixed constants K, > 0 such that

1<a(r)<2, a(r)>0, foralreR,
0<a(r)—1< Ke', forallr <0, 0<2—a(r) < Ke 7 forallr >0, and (1.4)
la®) (r)| < KeI"l forallr € R, k=1,2,3.

n this paper we will not do any distinction between soliton and solitary wave, unlike in the mathematical-
physics literature.
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In particular, lim,_,_o,a(r) = 1 and lim, ,  a(r) = 2. The chosen limits (1 and 2) do not
imply a loss of generality, it just simplifies the computations. In addition, we assume the following
hypothesis: there exists K > 0 such that for m = 2,3 and 4,

(/™3 (s)] < K(a'/™)(s), forall sekR. (1.5)
This condition is generally satisfied, however a'(-) cannot be a compactly supported function.
We remark some important facts about (L) (see [27) 28] for more details). Firstly, this equation

is not invariant under scaling and spatial translations. Second, a nonzero solution of (ILIl) might
lose or gain some mass, depending on the sign of u, in the sense that, at least formally, the Mass

/Ra'(sx)umﬂ(t, x)dz. (1.6)

€
m+1

Mlu)(t) :== = / u?(t,r)dr satisfies O Mlu)(t) = —
R
On the other hand, the energy
1 A 1
E,[ul(t) := 3 /Rui(t,:v) dx + 5 /Ru2(t,:v) dx — e /Ra(ax)umH (t,x)dx (1.7)
remains formally constant for all time. Let us recall that this quantity is conserved for local
H'-solutions of (L2). Since a ~ 1 as # — —oo, one should be able to construct a generalized
soliton-like solution u(t), satisfying u(t) ~ Q(- — (1 — A)t) as t — —ool] Indeed, this scattering
result has been proved in [27], but for the sake of completeness, it is briefly described in the
following paragraph.

Description of the dynamics. Let us recall the setting of our problem. Let 0 < A < 1 be a
fixed parameter, consider the equation

ut + (Uge — Mu+ alex)u™), =0 in Ry x Ry, (1.8)
m=23and4; 0<e<ep ale) satisfying (L4)-(LH). '
Here g9 > 0 is a small parameter. Let Ay be the following parameter:
5—m
Ao = 0,1). 1.9
- (0.1) (1.9)

Assuming the validity of (L8], one has the following generalization of [20]:

Theorem 1.1 (Existence of solitons for gKdV under variable medium, [27]). Suppose m = 2,3
and 4. Let 0 < A < 1 be a fired number. There exists a small constant €9 > 0 such that for all
0 < e < &g the following holds. There exists a solution u € C(R, H*(R)) of ({I1), global in time,
such that

Jlim[Ju(t) — Q( — (1~ Nt 1) = 0. (1.10)

Let us remark that (LI0) can be improved in the following way: there exists K,v > 0 such
that
u(t) = Q(-— (1 = Nt)| @) < Ke, forallt <e 17110 (cf [27]). (1.11)
Next, we have described the dynamics of interaction soliton-potential. Let A € (0,1), and let
A = A(m) be the unique solution of the algebraic equation [2§]
< 1=X

4

M= =2 — 975, A\g < A< 1, 1.12
e~ 0 (1.12)

with Ag given by (LH). Let x(\) be the parameter defined by
kA =27 D 0 <y k(A =1, A<A<1 (1.13)

The above numbers represent a sort of equilibria between the energy of the solitary wave and the
strength of the potential. Indeed, let coo = ¢oo(A) be the unique solution of the algebraic equations
[27, 28]

_ =% [24/(mtd) )
AO(A coo/\o) _{2 L e > A D<A, 114

N A= 1, Coo <A, A<A<I,

2Note that, with no loss of generality, we have chosen the scaling parameter equals one.
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and ce(Ag) = 1, respectively. We claim that this number represents the final scaling of the
soliton. Indeed, one has coo(A) > 1if 0 < A < Ap, A < eo(A) <1 if Ag <A< A 0 < coo(A) < Aif
A < A <1, and the following

Theorem 1.2 (Interaction soliton-potential: refraction and reflection, [27] 28]). Suppose 0 < A <
1, with X\ # X. There exists K,eo > 0 such that for all 0 < ¢ < &q the following holds. There
exists constants T,ct > 0, and a smooth C' function p(t) = pa(t) € R such that the function
wh(t) :=u(t) — k(A)Qe+ (- — p(t)) satisfies, for all t > e~ 1,

o (D)1 () + 16/ (8) = oo (V) + Al + [ = coo| < KeV2. (1.15)

Remark 1.1 (The limiting case A = 5\) The behavior of the solution in the case A = A remains an
interesting open problem.

Remark 1.2. In addition to (LIH), it is proved in [27] 28] an asymptotic stability property, in the
spirit of Martel and Merle [2I]. This result gives the existence of the limiting parameter ¢ above
mentioned. We believe that the above is the first mathematical proof of the existence of a global,
reflected soliton-like solution in a variable coeflicients gKdV model.

Finally, by means of a contradiction argument, no pure soliton solutions are present in this
regime.

Theorem 1.3 (Non existence of pure-soliton solutions for (L), [27, 28]). Let 0 < A < 1, with
X% X. Then

lim sup [|w™ (£)[| g2 (r) > 0.

t——+o0
Main result. A natural question left open in [27, 28] is to establish a quantitative lower bound on
the defect w (t) as the time goes to infinity, at least in the case 0 < A < 1, A # X (the cases A = 0
and A = \ seem harder). In this paper we improve Theorem [[.3] by showing a first lower bound on
the defect w™(¢) at infinity. In other words, any perturbation of the constant coefficients gKdV
equation of the form (L8] induces non trivial dispersive effects on the soliton solution —they are not
pure anymore. This result clarifies the existence of a nontrivial dispersive tail and the inelastic
character of generalized solitons for perturbations of some dispersive equations, and moreover,
it seems to be the general behavior. In addition, one can see this result as a generalization to the
case of interaction soliton-potential of the recent ones proved by Martel and Merle, concerning the
inelastic character of the collision of two solitons for non-integrable gKdV equations [22] [24].

However, in order to obtain such a quantitative bound, and compared with the proof in [24],
the present analysis requires several new ideas, in particular for the more difficult case, the cubic
one. As we will describe below, our lower bounds are related to first and second order corrections
to the dynamical parameters of the soliton solution. The main result of this paper is the following

Theorem 1.4 (Inelastic character of the soliton-potential interaction). Let m = 2,3 and 4,
O0<A<I,A#X and § := %. There exist constants K,e9 > 0 such that, for all 0 < € < ¢, the
following holds. Let w*(t) be as in Theorem[2 Then

.. 1
tim inf [Jw® (0)] 2y = §€1+57 (1.16)

Remark 1.3 (Meaning of §). The number ¢ above is needed in our computations, but it is not
essential. It is related to the definition of the time of interaction 7. (L2I) and estimates ((LITI)
and (2.20)), but it can be replaced by any § > 0 provided € is chosen even smaller. Looking at our
proofs, we believe that the best lower bound is given by ~ ¢|loge| =, for some § > 0; however,
this problem will not be considered in this paper.

Remark 1.4. Similar to the results obtained in [22] [24], we have found a nontrivial gap between
the two bounds (T8 and (LI6). This gap is related to the emergence of infinite mass corrections
to the constructed approximate solution [27], 28], and it is not formally present in the NLS model
[26]. The understanding of this gap is a very interesting open problem. Additionally, from the
above results we do not discard the existence of small solitary waves (note that small solitons
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move to the left), at least for the case m = 2. In the cubic and quartic cases, we believe there are
no such soliton solutions.

Ideas of the proof. As we have explained before, the above result is originally based in a recent
argument introduced by Martel and Merle in [24], to deal with the interaction of two nearly-equal
solitons for the quartic gKdV equation. Roughly speaking, in their paper the interaction was
proved to be inelastic because of a small lack of symmetry on the soliton trajectories, contrary to
the symmetric integrable case. In this paper, we improve the Martel-Merle idea in two directions:
first, we generalize such an argument to the case of the interaction soliton-potential, which is
nontrivial since our problem has no evident symmetries to be exploited; and second, we deal,
in addition, with a somehow degenerate case, the cubic one, where the original Martel-Merle
argument is not longer available. Therefore, we introduce new ideas to recover the same bound as
in the other cases.

Let us describe the proof. We consider an approximate solution of (L)), describing the inter-
action soliton-potential. This problem was first considered in [27], but in order to find an explicit
expression for the defect of the solution, we improved such a construction in [28].

Let us be more precise. The objective of the new approximate solution is to obtain first and
second order corrections on the translation and scaling parameters p(t), ¢(t) of the soliton solution.
Indeed, in [28] was proved that the solution u(t) behaves along the interaction, at first order, as
follows:

u(t,x) ~ a_l/(m_l)(sp(t))Qc(t) (x — p(t)) + lower order terms in ¢,
with (e, p) satisfying the dynamical laws]

() ~efi(et) + 2 f3(et), with fi(et), f3(et) #0, m =2,3,4; (1.17)
p'(t) ~c(t) — X +efalet) + 2 fa(et), with fo(et) #0, m =24, (1.18)

(see Proposition B3 for an explicit description of this dynamical system). Moreover, one has
f2 = 0 in the cubic case (cf. Proposition 2:2). Roughly speaking, the parameter fa(et) (f3(et)
resp.) satisfies

/sfg(st)dt < 400 (/ e f3(et)dt < +oo resp.).
R R

Therefore, after integration in a time interval of size O(s~1), near t ~ 0, these new terms induce
a correction of order O(1) (of order O(e) resp.) on the trajectory p(¢) (on the scaling c(t), resp.).
These corrections are precisely the quantities that induce lower bounds for the hidden defect.

The next step is to introduce a new function, say v(t), which has the opposite behavior compared
to u(t). This solution is pure as ¢ — 400, and therefore, from Theorem [[.2] different from wu(t).
We can describe the dynamics associated to v(t) for all time, in particular along the interaction
region: we construct an approximate solution o(t), with associated dynamical parameters é(¢) and
p(t), which satisfy suitable dynamical laws, as in (LI7)-(II8). However, since v(t) is pure as
t — o0, the respective coefficients f3(t) and fo(t) are of different signs with respect to (LI7)-
(LI8). This crucial observation was first noticed by Martel and Merle in [24] for the quartic gKdV
model, and represents a lack of symmetry in the dynamics.

The purpose for the rest of proof is to profit of this fact. The idea is the following: if (IT8) is
not satisfied, then u(t) and v(t) are very close for all time, at some order smaller than . This
property is nothing but a backward stability result [} Now, suppose for instance that we are in the
quadratic case. From the above stability result, one can prove that the dynamical parameters of
u(t) and v(t) are very close, in the sense that

o) — e <&, [p(t) = 5] < 1. (1.19)
3We write f; = fj(et) in order to emphasize the fact that we are working with slowly varying functions, but in

the rigorous proof below we only use the notation f;(t).
4The existence of this property in the NLS case is an open problem, see [26].
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We give a more precise description of these properties in Lemmas £ and [£.2] and (6.3]). But from
(CI7)-([CI8) one has, after integration in time,

Ip(t) — ()] ~ / fols)ds. (1.20)

Note that we have used that fa(et) and fg(st) have opposite signs. Then we have a contradiction
with (ILI9), provided the integral in (I20) is not zero, and the bounds in (I.I9) are small enough.

The last step above can be performed in a more rigorous way with the following argument. In
the case m = 2,4 the idea is to find a quantity satisfying the following properties: (4) its variation
in time is of order O(g), (4i) it contains the dynamical laws (LT7)-(TI8), and (ié¢) now the term
efa(t) is relevant for the dynamics. This quantity is given by a suitable modification of a well-
known functional J(t) introduced by Martel and Merle in [24], whereas in the cubic case the defect
is in some sense degenerate and therefore J(t) is useless. However, since in this case the variation
of ¢(t) is of second order in €, we still recover the same lower bound, but we require several sharp
estimates. We overcome this difficulty by using improved Virial estimates (cf. Lemmas 2] B3,
with the right signs, which allow to close our arguments. To obtain a suitable lower bound for the
defect in the case A = 0 is probably a more challenging, open problem.

Remark 1.5 (The Schrodinger case). The interaction soliton-potential has be also considered in
the case of the nonlinear Schrédinger equation with a slowly varying potential, or a soliton-defect
interaction. See e.g. Gustafson et al. [0, [10], Gang and Sigal [6], Gang and Weinstein [7], Holmer,
Marzuola and Zworski [12] [13] [I4], Perelman [32] and our recent work [26] on the NLS equation.
It is relevant to say that the equivalent of Theorem [[4] for the Schrédinger case considered in [26]
is an interesting open question.

Let us explain the organization of this paper. First, in Section 2] we introduce the basic tools
for the study of the interaction problem. These results are reminiscent of our previous papers
[27, 28], and therefore are stated without proofs. In Section[3] we consider the case of a decreasing
potential. We introduce the solution v(t) which satisfies the opposite behavior with respect to
u(t). Section Hlis devoted to the rigorous proof of (LI9), and in Section Bl we prove (L20). In
Section [6] we prove the main result in the cases m = 2,4, and finally in Section [l we consider the
most difficult case, m = 3.

Notation. We follow most of the notation introduced in [28]. In particular, in this paper both
K.~ > 0 will denote fixed constants, independent of e, and possibly changing from one line to
another. Additionally, we introduce, for € > 0 small, the time of interaction
o 1.21

=y >0 (1.21)
Acknowledgments. I wish to thank Y. Martel and F. Merle for their continuous encouragement
along the elaboration of this work. Part of this work has been written at the University of Bilbao,
Spain. The author has been partially funded by grants Anillo ACT 125 CAPDE and Fondo Basal

CMM. Some of these results have been announced in [29)].

2. PRELIMINARIES

The purpose of this section is to recall several properties needed along this paper. For more
details and the proofs of these results, see Section 2 and 3 in [27] [28].

2.1. Existence of approximate parameters. Denote, for C' > 0, P € R given, and m = 2,3
or 4, \eP)
4 AL a'(eP

A€, P) = m+3 ce )\0) a(eP)’

We recall the existence of a unique solution for a dynamical system involving the evolution of the
first order scaling and translation parameters of the soliton solution, (C(t), P(t)), in the interaction
region. The behavior of this solution is essential to understand the dynamics of the soliton inside

this region.

(2.1)
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Lemma 2.1 (|27, 28]). Let m = 2,3 or 4. Let Ao, a(-) and fi be as in (I.3), (I4) and (21).
There exists g > 0 small such that, for all 0 < e < gq, the following holds.
(1) Existence. Consider 0 < A < 1. There exists a unique solution (C(t), P(t)), with C(t)
bounded, monotone and positive, defined for allt > —T, of the following nonlinear system
C'(t) = <fi(C(H), P, C(-T2) =1, 0
P'(t)=C(t) — A, P(-T.) = —(1 = NT.. '
Moreover, lim_ 1o, C(t) > 0, for all 0 < XA < 1, independently of .
(2) Asymptotic behavior. Let Ag < A < 1 be the unique number satisfying (IL12). Then,
(a) For all 0 < A < X, one has limy_, oo C(t) > X and lim;_, oo P(t) = +00.
(b) For all X < \ < 1, there exists a unique to € (=T, 400) such that C(ty) = X, and
lims 100 C(t) < A. Moreover, limy_, o P(t) = —oo. Finally, one has the bound
=T, <ty < K(NT¢, for a positive constant K (), independent of €.

Remark 2.1. From the above result, one can define a unique time of escape T. > —T such that
P(t) satisfies

P(T.) = (1 =\NT., for 0 <A<, P(T.)=—(1-\NT., for A<A<1. (2.3)
(See [28, Definition 3.1].) In addition,
T. < K(NT., 0<K()\) < +oo, (2.4)

provided A # X. Moreover, one has C(T%) = ¢oo (A) +O(£19), with co0 () being the unique solution
of the algebraic equation (LI4). See [27, 28] for the proof of these results.

2.2. Construction of an approximate solution describing the interaction [28]. Let ¢t €
[-T:,T.], Q. given in [L3), ¢ = ¢(t) > 0 and p(t) € R be bounded functions to be chosen later,
and

yi=z—p(t), R(tz):=a"(ep(t)Qc)(¥), (2.5)
where a(s) := aﬁ(s). The parameter a describes the shape variation of the soliton along the
interaction. Concerning the parameters c¢(t) and p(t), it is assumed that, for all ¢ € -1, T¢],

le(t) = CO] + 10 (1) = P'(8)] < /1. (2.6)

with (C(t), P(t)) from Lemma[2Z1] Consider a cut-off function n € C*°(R) satisfying
0<n(s)<1, 0<7n(s)<1, foranyseR; n(s)=0 fors< -1, n(s)=1 for s > 1.
Define
ne(y) = nley +2), (2.7)
From [2§], the form of @(t,x), the approximate solution, will be the sum of a soliton plus a
correction term:

u(t, ) := ne(y)(R(t, z) + w(t, z)), (2.8)
where w is given by
)ed(t)Ac(y), ifm =24,
wlt, o) == {ad(t)Ac(y) +e2Bo(t,y), ifm=3, (29)

and d(t) := (a’a ™) (ep(t)). Here A.(y) and B.(t,y) are unknown functions. Note that, by defini-
tion, @(t,z) = 0 for all y < —3¢71.
We want to estimate the size of the error obtained by inserting @ as defined in ([2J)-(29) in
the equation ([8)). For this, we define the residual term
Sla)(t, z) = Gt + (tgw — A0 + a(ex)@™),. (2.10)
For this quantity one has the following

Proposition 2.2 (|27, 28]). Suppose (c(t), p(t)) satisfying (2.6). There exists v > 0 independent
of € small, and an approzimate solution @ of the form (Z8)-(29), such that for all t € [-T¢,T.],
one has:
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(1) Almost solution. The error associated to the function u(t) satisfies
Sla] = (¢'(t) — efi(t) — €*0m 3 f3(t))cu
+ (P (1) = elt) + A = e fo(t) = %0m,3fa(1)) 9y + S (1),
with 8., 3 the Kronecker symbol, 0yt := 0,R + Op1 () (e1/2e==7lP® | and
1S[a)(t)| ey < Ke/2eele®l, (2.11)
(2) A, B. satisfy
Ac,0.A. € L¥(R), AL€e), |A(y) < Ke Y asy— +oo, lim A 7 0, (2.12)

and for m = 3,

Bl(t,-) € L®(R), |B.(t,y)| < Ke wWe=e1lel g5 4y — 400, 513
Bt )]+ 10:Be(t, )] < Klyle270, as y - o 1)
(3) L2-solution. For all t € [-T.,T.], n-w(t,-) € H'(R), with
Inew(t, ) gy < Ke'/2em7elel] (2.14)
and
R??aw(faiﬂ)Qc(y)dﬂﬁ + ‘/Rynaw(tvx)QC(y)dx < Ke'f. (2.15)
(4) In addition, f1(t) = f1(c(t), p(t)) is given by (21),
/ _ 2
o) = Flelt). 1) = =2~ el S a0, 6= P LN (20)
¢ 2 N A 2
l0) = F(el0) o) = (e~ VT, &= 5SEE ()
¢ R
and f4(t) satisfies the decomposition
2 "
ft) = FL O =5 (ep®) + FHO=(p(1),  Fi(0)] < K. (2.18)
(5) Finally, one has the estimates
/ Q.S[u]| + / yQ.S[i]| < Ke2e= 1Pl 4 Ke3, (2.19)
R R
form =24, and
/ Q.S[a)| + / yQ.S[u)| < Kele =PI 4 [t (2.20)
R R

i the case m = 3.

Remark 2.2. Note that, even under a correction term of second order, namely ¢2B,, one cannot
improve the associated error (2.11]). We believe that this phenomenon is a consequence of the fact
that A. & L?(R).

2.3. Decomposition of the solution in the interaction region. The next result summarizes
the interaction soliton-potential. Roughly speaking, the solution u(t) behaves as the approximate
solution (t).

Proposition 2.3 ([28]). Suppose A € (0,1), X # \. There exist Ko,e0 > 0 such that the following
holds for any 0 < € < eg.
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(1) There exist unique C functions ¢, p : [-T.,T:] — R such that, for all t € [~T.,T.], the
function z(t) := u(t) — a(t, c(t), p(t)) satisfies

()l < Koe™/?, /}RZ(@I)?JQC(y)dI = /}RZ(t,ﬂ?)Qc(y)dI =0. (2.21)

In addition, z(t) solves the following gKdV equation

2z + {zm — Az +a(ex)[(a+2)™ — &m]}x + 5’[&] + ¢ (t)0:u + p'(t)0,u =0, (2.22)
ci(t) :=c'(t) — efi(t) — e20mafs(t), P1(t) = p'(t) — c(t) + A = efa(t) — ®0mafa(t). '
(2) There is v > 0 independent of Ko such that for every t € [—T.,T*],
10, ()] < K (m — 3+se*7€‘ﬂ<t>l)[/ z2wﬁ\yq i +K/ e WVeL2(1) 4 K / yQ.8[a)|, (2.23)
- R R R
| ()] < K /R e~ VelVl2(1) 4+ Keemele®)] [/Ref'y\/élmzﬂ(t)} i + K /}RQCS’[TL] , (2.24)
and
e(t) — C)| +19'(5) — P'(t)] < K=1/2 (2.25)
Finally,
e(=T2) = C(=T2)| + [p(~T2) — P(=T2)| + [|o(=To)ll 1 sy < K&, (2.26)

with K > 0 independent of K.

Remark 2.3. Note that estimates ([225) improve (Z6]). In addition, (226) are consequences of
(CII) at time —T., and (22). Moreover, from the proof of the above result, (I.I1)) and (ZIT),

one can see that e.g. an estimate of the order ||z(t)|| g1 (r) < Koe'? is valid for all sufficiently early
times, namely t < —Ke~!|loge|, with K > 0 large enough.

2.4. Virial estimate. A better understanding of the estimate on the scaling parameter (2.24)
needs the introduction of a Virial estimate, in the spirit of [27] (see Lemma 6.4). See also [11] for
a similar result.

First, we define some auxiliary functions. Let ¢ € C*°(R) be an even function satisfying the
following properties

{¢/§0 in [0, +00); =1 in[0,1],

o(x) =e ™ on [2,400) and e ¥ < P(x) < 3e* on [0,+00). (2.27)

Now, set ¢(z) := fom ¢. It is clear that 1 is an odd function. Finally, for A > 0, denote
T
Ya(z) == AW(+o0) +9(5)) > 0. (2.28)
Note that lim,_, o, () = 0 and e~ lzl/A < PYh(z) < 3e~1#1/4 We claim the following

Lemma 2.4 ([28]). There exist K, Ay, > 0 such that for all t € [—T.,T.] and for some v =
FY(AO) > 07

) / 22t a)ha, (1) < —6o / (22 + 22)(t, x)e” F0 ¥ 4+ K Aged/2, (2.29)
R R

A simple but very important conclusion of the last estimate, is the following: one has, from

226) and (2.29),
t 22 4 22 (¢ x)e” A0 dads 22(—T. — [ 2 £3/2-1/100
[, L e ae i < K [ 2Tvaw - [ 200m6)] + K

R
< Ke¥/271/100, (2.30)

for all ¢t € [~T.,T.], by taking Ay large enough, independent of ¢ and K*. In other words, we
improve the estimate on the integral of 22 + 22 near the soliton (a crude integration of (Z.30) gives
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a bound Ke~10). Finally, from 2.24) and (ZI9)-2.20), we improve estimate (4.57) in [28], to
obtain
t
/ |ch (s)|ds < Ke3/271/100, (2.31)
—T.
(See [28, estimate (4.73)] for the integration of terms of the form ge~7lP(l)

3. THE CASE OF A DECREASING POTENTIAL

In this section we deal with the problem of existence of a pure soliton-like solution as time goes
to +00. Our objective is to briefly describe the dynamics of such a solution, say v(t), in order to
compare its behavior with the solution u(t) described in Theorems [[LT] and We sketch some
of these results, being straightforward generalizations of the results of Section 4 in [2§]. First, we
state the following existence result (see also [27, Proposition 7.2]).

Proposition 3.1. Suppose zo € R and 0 < \ < 1 fized, with A\ # X. Let ¢t > 0 with |t —coo (V)| <
Ke'/2, where coo = coo(N) > 0 is the scaling given by Theorem [L2. Let x(\) be the parameter
defined in (I13). For g > 0 small enough, the following holds for any 0 < & < 9. There exists
a unique solution v € C(R, H'(R)) of (I.8) such that

i o(0) ~ KOs -~ (e = Nt~ o)y = O, 1)

t

Moreover, there are constants K,y > 0 such that
[o(t) = K(N)Qe+ (- = (¢ = Nt — 20) || 1 (=) < Ke™, (32)
provided 0 < € < g9 small enough.

Remark 3.1. This result has been proved in [27] for all 0 < A < A¢ (namely, with x(\) =
2-1/(m=1)) " The key argument in the proof was the introduction of the modified mass M{u](t),
given by

u?(t, z)

Mlu](t) = /R e (3.3)

which satisfies [27], for all #,#' > T., with ¢ > t, M[u](t) — M[u](t') < Ke 7. From the proof
of this result, we see that the same conclusion holds for any A\g < A < :\, with no differences in
the proof, since one still has coo(\) > A. However, in the case A < A < 1, one has co(A) < A.
Therefore, one needs a modification in the main argument of the proof. It turns out that, instead
of considering the modified mass M|u], one should consider the modified mass M[u], introduced
in [27], given by

Mu(t) = /R at/™(ex)u?(t, x)da. (3.4)

Thanks to (LH) this quantity satisfies, for any m = 2,3 and 4, the following property [27]: There
exists g > 0 such that, for all 0 < & < ¢, and for all ¢ > ¢,

NIful(t) - M[u)(t') > 0. (3.5)
After this modification, the proof of Proposition Bl is direct from [27, Proposition 7.2].

Let us come back to the study of the function v(t). A straightforward consequence of Proposition
[B.lis that, for all € > 0 small enough,

[0(T2) = k(N Qe+ (- — (¢7 = N T2 — 20) || i1 (my < Ke™.

Now, we want to describe the dynamics of this solution in the region t € [T, TE]. The natural step
is, following Section 4 in [28], the construction of an approzimate solution 0(t), with dynamical
parameters ¢(t) and p(t), of the form (compare with (Z8]))

o(t) = o(t, &(t), p(t)) == 7 (§) (R(t) + w(t)), (3.6)
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such that ©(7.) is close enough to v(T:). Here § := x — p(t), 7 (g) n(2 — e7), R(t) is the
modulated soliton from (2.3]) with parameters ¢(t) and p( ), d(t) == ;—m( p(t)), and

(t,3) = ed(t)As(g), if m =24,
U N ed(t)As(f) + €2Ba(t, §),  if m = 3.

Remark 3.2. Note that we have chosen 7). such that 7.(g) = 0 for all § > 2 , and 7.(g) = 1 for
§ < 1. This choice is the opposite to the corresponding one associated to n(y) (see (220)).

(3.7)

Let A € (0,1), A # A, and X, € R with |Xo| < e~ 1/271/100 et (C(t), P(t)) be the unique
solution of the following backward dynamical system (cf. Lemma 2.T])

{ '(t) = efi(C(1), P(1)),  C(T2) = e (N),
P/

t)=C@t)—A,  P(T.) = P(T.) + Xo, (3.8)

(note that P(T.) can be negative, as in the case A\ < A < 1.) For further purposes, we need the
following
Lemma 3.2. Assume |Xo| < e~ 1/271/100 et (C(t),P(t) and (C(t), P(t)) be the solutions of
(Z22) and (38) respectively. Then, for all t € [—T¢, T¢],

e|P(t) — P(t)| + |C(t) — C(t)| < Ket/?71/100, (3.9)

Proof. We prove the most difficult case, namely A € (X, 1), since the case A € (0, ) is simpler.
Suppose t € [-T:,T], with [t—to| > £, to from Lemma@Tland o > 0 a small number, independent
of e. From [28, identity (3.2)], one has

A A )N aP(eP(t)) A

()5 = O = (5 S Pty = o~ D EPO)1+0E).

Ao Ao
Similarly, since |Xo| is small compared with P(T.) = P(—1T.), the functions (C(t), P(t)) satisfy
the identity
N A = _ A . a A
CR B G0 = A ey N -LELIL _ o A b (cP))(1-+0(:1).
Ao Ao a?(eP(T))

Consider the smooth function C' > 0 +— f(C) := CAU(/\—); — C)1=%0. Using (LI4), we get

[F(C(1) = F(C)| < Ke d(eP(t)|P(t) — P(t)| + Ke2|P(t) — P(1)].

Note that f(C) has nonzero derivative provided C' # Af. Since |C(t) = A| > ka > 0, k > 0,
uniformly in ¢ in the considered time region, we get

[AC(H)] < K(a)fee " PONAP(1)] + 2| AP(1) ],

where AC(t) := C(t) — C(t) and AP(t) := P(t) — P(t). Now we recall that AC(t) = AP'(t).
Integrating [t, T¢], with ¢t > to + %, we get

Ts
|IAP(t)| < |AP(T. |+/ Kee EIPGONAP(s )|ds+K5/ |AP(s)|ds.
t

By the Gronwall inequality, one has |AP( )| < K|AP(T.)| and |AC(t)| < Ke|AP(T)], as desired.
Now we consider the interval [to — 2,20 + ¢]. From ([2.2)) and [B.8),

to+<
AP <[P+ D)+ [ 1aC()ds
t

and
to+<
|AC(H)] < [AC(to + — )I + Kﬁ/ e EIPENAC(s)| + | AP(s)|)ds.
Hence one has |[AC(t)] < K|AC(t0 + <)l and |AP(t)| < K|AP(to + £)|. Finally, the proof in the
interval t € [-T¢,to — 2] is similar to the first case. The proof is complete. O

5More specifically, f/(C) = —(C — )\)C')‘Ofl(;‘—o — )P0,
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We assume (é(t), p(t)) and (C(t), P(t)) satisfying 8). The following is the equivalent to
Proposition 2.2 (see also [27]):

Proposition 3.3. Let (¢(t),p(t)) and (C(t), P(t)) be satisfying (2Z4). There exists a constant
v > 0, independent of € small, and an approzimate solution ¥ of the form (348), such that for all
t € [T, T:], the following properties are satisfied.

(1) The error term S[0] satisfies the decomposition

S[a)(t, x) = (& (t) — efi(t) — €263 f3(t)) DD

+ (P (1) = &(t) + X\ — e fa(t) — €203 4(t)) 050 + S[B)(t, ). (3.10)
(2) The functions Az, B are as follows:
Az, 0:4: € L°(R), ALec Y, |A:())| < Ke' as § — —oo, lim Az #0, (3.11)

and for m = 3,

{Bg(t, ) eL®R), |Ba(t,§)| < Kee==r®l a5 §— —oo, (312)

| B(t,9)| + 10:Ba(t,§)| < Klgle POl as § — +oc.
(3) The function N.w(t), with W(t) defined in [3.7), satisfies similar estimates as in (2.14)-
(2.13). i
(4) In addition, Jy(t) = f1(&(1). 7(1)). given by ZT).
fa(t) = = f2(E(2), (1)), fa(t) = = f(&(t), (1)), (3.13)
and f4(t) satisfies a similar decomposition as (Z.18).

(5) Finally, S[0](t,-) describes similar estimates as in (Z11), (219) and (2220).

Remark 3.3. Let us emphasize the main differences between Propositions and Contrary
to ZI2)) and ([ZI3)), we impose the opposite behavior in (BII)-(3I2Z). This last condition is
mainly motivated by the fact that the solution v(¢) is now pure as ¢ — +o00, therefore it should be
rapidly decaying on the left hand side of the soliton, instead of the right one. As a consequence,
we get that the values of fo(t) and f3(t) are of opposite sign (cf. BI3).)

Sketch of proof of Proposition[3.3. We follow step by step the proof of Proposition 4.2 in [28] (see
also Appendix B in [28]), having in mind the following formal changes:

(C(0), PW) = (CW,PO), (e0) p(0) = €0, 50), a(t) = 2(0),

(fl(t)v f?(t)v f3(t)a f4(t)) = (fl(t)a f2(t)7 f3(t)a f4(t))

Steps 0, 1, 2, 3 and 4. In these paragraphs, no significant modifications are needed. Let us
recall that Fj is given by

= 2O R0+ el - e~ Ve -

1
in particular, f1(t) = f1(é(t), p(t)). The term F, remains “unchanged”.

fa(t)

i a(ep)

Qe (3.14)

Step 5. Resolution of the first linear problem. We are looking for a function Az with the
opposite behavior with respect to A, (cf. B.II])). The key difference will be in the computation of
f2(t). Indeed, we start from (B.29) in [28]. We have (for the sake of clarity, we drop the variable
t and the tilde on each function, if there is no confusion)

+oo ~ +oo
/(EAc)y/ AQ. = /(Fl + )\Fg)/ AQ., L:=—0y,+c— mQ?‘l.
R Y R y

and therefore, using that we have chosen fR Q:A. =0 [28] and AQ. := 0.Q.,

/R(EAc)y /;OO AQ. = (LA,) /;OO AQ. i: + /RAQCEAC = —/RQCAC =0.
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Note that, in this case, we have used that (LA, )f+oo AQC
28, B.20],

P /R QAQ. = %//R [pc(c — %O)AQC - ml_ 1 (c—N)Q. + (yQ’c”)’} /y+oo AQ..

= 0. Therefore, from (BI4) and

Using that fy+oo AQ. = — [ AQ.c + f0+oo AQ. = — [ AQc + 1 [ AQ., one has
20-1 2 _ a A __ 1 _
0 [ Q= golpete= 1) [ AQi— —=(c= [ @] [ re,

and therefore (J Q)
o n-2e) Q)
(Bhoc =N Jauten) 0%

3—m)
(5—m)?

fa(t) = —
as desired (cf. (313)).

Step 6. Cubic case. resolution of a second linear system. As above, the main difference
here is in the value of f3(t), which is the “opposite” of f3(¢). This result is consequence of ([B.12)).
We start from the equivalent of [28] B.35] in our case. The first big difference is in (B.36). Now

we have
/ ALAL =
R

and therefore,

o0 ~ N ~ N
c —/AC(Fl—F/\Fl) :CAi(—FOO)—/AC(Fl—F/\Fl),
- R R

s [ Quiaz = Jeatro) - [ Adhi+ ARy,

In the same way, pu. = %CA2 (+o0) — fR A.Q3. Still following the proof of (B.35), we have that

1
He = §CA§(+OO /EA Qc= —CA2 +00) /QC/ (F1 + AFy)

2

Since Ac(+o0) = L [L(Fy + M) = —5(c - A) Ji Qe we finally get pe = —g;(c = N)([ Q)
Therefore, fg( ) = —f3( (t), p(t)).

Step 7. Final conclusion. No differences, apart from the obvious ones, are present in this
paragraph. The sketch of proof of Proposition is now complete. O

= ch2 +00) /Q/ Fy + \EY).

In the following lines, we state without proof the equivalent of Proposition [2.3] for the solution
v(t).

Proposition 3.4. Suppose 0 < A < 1, A\ # X. There exists a constant g > 0 such that the
following holds for any 0 < € < eg. There are a constant K > 0 independent of € and unique
C' functions & p : [T, T.] — R such that, for all t € [=T.,T.], the function 3(t,z) := v(t) —
(t 5 ¢(t), p(t)) satisfies

1Z8)] a1y < Ke'/2, /Ré(t,x)Qg(gj)dxz /joQg(gj)é(t,x)dxzo. (3.15)

From the proof of this result one can obtain several additional properties, as in Proposition 2.3}
We recall some of them, of importance in the following lines. First of all, Z(¢) satisfies the gKdV
equation

Z4 {Zon — M+ alex)[(D+ 2)™ — 5™}, + S[0] + & ()90 + 5, (£)950 = 0, (3.16)
with & =¢& — efi — 525m73f3,~and pri=p —c¢+A— £fy — 526m,3f4. Second, there exists v > 0
such that, for every t € [T, T.],

17, ()] < K(m —3+ee” 'yslp(t)l)[/

R

ch S[o]|, (3.17)

()f'y\yl} +K/ewly| 2(1) + K
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. - . 1/2 ~
& el 52 ceVeElA®)l e 19152 =S[9]], .
GOl <K [ 20+ K [[ez20] "+ x| [ @i (318)
and
() — C0)| + 19/(1) — (1)) < K&V, (3.19)
6(T2) — ¢+ 1(T2) — P(EL)| + |2(T2) s oy < K™, (3.20)

with K > 0 independent of €. This information allows us to prove a Virial identity for Z, as in
Lemma 27 (see [2§] for the proof).

Lemma 3.5. There exist K, Ao, 8o > 0 such that for allt € [T, Ta] and for some v = vy(4p) > 0,
) / 2(t,2)(1 = ha, ) (§) > 50/(25 + )t z)e” Aol — K Ay, (3.21)
R R

As in ([230), this last property leads to the estimate
TE ~ TE
/ /(zg +22)(s,x)e*%o'y'dxds+/ 1 (s)|ds < Ke¥/2-1/100, (3.22)
t Jr t

for t € [~T%,T.], and where we have used that 1 — 14, > 0 and (320).

4. BACKWARD STABILITY

Let 6 > 0 a small number, to be chosen below. In this section we will assume that, for T > T
large enough, one has
[w(T) = o(T) ||y < Kve'*?, (4.1)
with v a small number, to be specified below, and K a fixed constant. We claim that this smallness
condition is preserved for all time below T, in particular along the time interval [T, T%].

Lemma 4.1. Suppose A\ € (0,1), X # X, and § > 0 small. There exist K > 0 and a smooth
function T (t) € R, defined for all t € [T, T), such that

[u(t + T () = o)1) + T (1)] < Kve'*. (4.2)

Remark 4.1. Let us emphasize that the modulation via the function 7 (¢) is in part consequence
of the fact that there is no space invariance for the equation (LIJ), and therefore modulation in
space is not enough, in particular inside the interaction region. This idea has been previously
introduced in [27].

Proof of Lemma[{-1. We sketch the proof of this result, since it is similar to the proof of Propo-
sition 2.5 in [28], and Proposition 5.1 in [27]. We proceed in two steps.
First step: From t =T to t = T.. We claim that for all ¢ € [T.,T], there exists 7(t) € R such
that
lu(t +T(8)) = v()|| 1) + T ()] < Kve'*?,
with K > 0 independent of ¢, and t. Indeed, we define, for K* > 0 to be fixed later,
T* := inf{t € [T., T such that, for all ¢’ € [t,T], there exists a smooth

T(t) € R satisfying ||u(t + T(t)) — V()| () < K*vel*oy, (4.3)
We suppose that T* > T.. We define, via the implicit function theorem, functions 7 (t) and h(t),
such that h(t) := u(t + T (t)) — v(t) satisfies, for all t € [T™*, T,

/ h(t, z)vg(t, z)dx = 0. (4.4)
R

In addition, one has ||k (t)|| g1 (r)+|T" ()] < KK*ve'™, for some positive constant K. Additionally,
this estimate at time ¢ = T does not depend on K*. Define a mass M [u](t) as follows:

. M) (V) <A, (cf. @),
Mul(t) = {M[u](t) (V) > A, (cf. B3)).
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Note that this quantity satisfies, for all ¢ € [T*,T7,

{M[u](t) — M[u)(T) >0, Coo(N) <A, (cf. (FA)-@3)),

Mu)(t) = M[u](T) < Ke™ " coo(A) > A, (cf. Lemma A.2 [28]). (4.5)

Moreover, this result does not vary if we consider instead the translated mass M[u(- 4+ T(-))](t).
On the one hand, since M[v](t) = km(A\)M[Q] + O(e~=7), with k., (\) a positive constant
(recall that v(t) is a pure soliton solution at +00), and E4[v](t) = E,[v](T"), one has
| Ealv)(T) = Ba[v)(t) + (o (A) = N(M[)(T) = M[v)(t))] < Ke™=".
On the other hand, from the decomposition u(t + 7 (t)) = v(t) + h(t), we get
Eqlu(- + T (DI + (coc(A) = N M[u(- + T()IE) = Ealv)(t) + (oo (X) = N M[](t) + F(t), (4.6)

with F(t) a coercive Weinstein functional in h(t) (see e.g. [28, Lemma 2.2]), up to a negative
direction represented by v(t). This direction can be controlled using the energy conservation law
for E,[u)(t), as is done in [27] Lemma 5.4]. Indeed, note that

Ea[u](T) = Eolu(- + T()IE) = Ealv](t) - /Rh(vm = M +alex)v™) + O[O 13 (=)

= Bol(T) = (s = X) [ oh(t) = [ Blver = coov alea)o™) + OO ). (4.7

Since coo(A) # A for all A # X, we have

/R vh(t) - /R wh(T)

We evaluate [@G]) at t = T and ¢t = T*, and use this last estimate. From the coercivity of F (t) up
to the direction v(t) we get, for €9 > 0 small enough,

< KWK ve' T (e 7%t 4 K*pel ).

1
1Ty < KOV 9222050) 4 e 1e0 < (1 222040),

for K* large, independent of ¢ and v, which is a contradiction to the definition of T*. This proves
the first step of the proof.

Final step. We prove the result inside the interval [—T¢, Ta] The proof is similar to the above
case, but in this opportunity we start from the initial estimate

||U(T5 + Ts) - U(Ts)HHl(R) < KV51+67 Ts = T(Ts)

Note that u(t+1T%) is also a solution of (I.I)), with same energy and the same pure asymptotics as
t — —oc. Therefore, in what follows we can assume by simplicity that T, = 0. We define {@3) in
the same way, but now we work inside the interval [—7%,7%]. In a similar fashion, we define h(t)
and T (t), as in (£.4]). However, the energy-mass argument above considered is not valid anymore,
since the mass variation is too large; we need a different approach.

In order to savage our proof, we follow the argument of [27, Proposition 5.1]. We consider the
Weinstein functional

F(t) = l/mg + R — —— / a(ex)[(v + B)™ — o™ — (m 4+ 1)0™h),
2 Jr m+1 Jg

with é(t) being the scaling of the approximate solution (¢), close to v(¢). This quantity F () varies
slowly, as shows a direct computation, similar to [27, Lemma 5.6]. In particular, the variation of
¢é(t) can be controlled using ([B22]). The last step is a sharp control of the quantity

/R vh, (4.8)

better than the standard Cauchy-Schwarz inequality. This can be done using a similar argument as
above (see also [27, Lemma 5.4]), as long as ¢(t) # A. This is certainly true in the case 0 <A < A,
since C(t) > A (Lemma[2T) and |&(t) — C(t)| < Ke'/2 for all t € [~T.,T:]. Therefore, in the case

0 < A < A, we are done.
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In order to control this quantity in the case A< A < 1, we use the following argument. Suppose
t>T* >ty + <, for a > 0 small and to such that C'(to) = A. It is clear that one can control (A8
inside the interval [T*, T.]. Indeed, following @7, one has

/th(t)—/th(Tg)

which improves the standard estimate, provided we take £ small, depending on K* and «. As a
conclusion, T* < {o + <.
Now we suppose T > to— <, and we consider the control of ([8)) inside the interval [T, o+ £].

< EK*VEH‘S{Ee_”"B(t)‘ + K*ve' 0}, (4.9)
a

Moreover, we may suppose T* < ty, which is the most difficult case, since C (to) = A and the usual
estimate degenerates. However, since the interval is small, one can use a standard balance of mass.
One has, for t € [T*,to + 2],

1 1
Mu(c+ TENNE = M0 = 5 [ [0+ 20 =) = [ b+ [ 10, @0
On the other hand, since u and v are solutions of (L)), one has from (L),
8t{M[u(- +T(O)](®) —M[v](t)} = o /Ra ((v+h)™Tt —ymThy 4 1 /Ra (v + h)™ L,
Therefore, after integration in [t,to + 2], and using {@LI0), we get
/ vh(t) — / vh(to + g)} < KK*velt(a + K*vel ™), (4.11)
R R

which improves the standard estimate, for « > 0 small enough, depending on K* (take e.g.
a = (K*)~1/100) Therefore, T* < to — 2.

The final estimate inside the interval [~T.,to — %] is completely analogous to ([£3). One has,
for t € [T*,to — %],

K N

/ vh(t) — / vh(ty — g)’ < —K*veltt(ee =Pl 4 K peltd), (4.12)
R R g (6%

Combining estimates (L9)-({I2), taking K* large and ¢ small, depending on K*, we obtain a

contradiction. The proof is complete. (|

We recall that from Propositions and 3.4 there exists a suitable approximate solution
o(t) = o(t ; &), p(t)), defined for t € [~T%, T.], of the form (3.8), with dynamical parameters &(t)
and p(t).

The purpose in what follows is to use the smallness condition (6.2)) to obtain upper bounds on
the variation of parameters (¢, p) and (¢, p). Define, for ¢t € [~T%,T.], the following quantities:

ty:=t+T(), Ac(t):=c(ty)—2¢c(t), and Ap(t):=p(ty) — pt). (4.13)

We have supposed that |T(¢)] < 1T0€O in the interval [-T%, 7], in such a way that we still can use
the decompositions of Propositions 2.3 and [3.4] Later we will improve this result. The next result
states that under the condition ([6.2)) the quantities Ac(t) and Ap(t) are also small, meaning that

almost equal solutions have close dynamical parameters.

Lemma 4.2. Assume |T(t)| < 1= in the interval [T, T.]. There exists K, > 0 such that for
all 0 < € < gg the following holds. Suppose that [F-1)) is satisfied inside the interval [~Tx, Ty).
Then, for allt € [-T.,T¢],

|Ac(t)] + |Ap(t)] < Kve't® 4+ K1, (4.14)
Proof. From Propositions and 34 we have the following decomposition

u(ty,x) —v(t,z) = a(ty, z) —0(t, ) + 2(t+, ) — 2(¢, x), (4.15)
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where, for all t € [~T.,T.], z(t,z) and 2(t, ) satisfy 22I) and BI3), respectively. In addition,
after a Taylor expansion, we obtain

~ Ac(t 5 Ap(t .
R(ty,z) — R(t,x) = ZL(Eﬁ((t)))AQé(t) (¥) - a(ag((t)))Qé(t)(y)
+O0p1 () (ee” PN Ap(H)] + | Ac(t)]? + [Ap(D) ). (4.16)
On the other hand, from (213,
/Rna(y)w(Ma 2)Qs(§)dw| < Ke' + K|w(t) | =) (|Act)] + [Ap(1)]), (4.17)

and from (2.15]) and item[B]in Proposition[3.3] similar estimates hold for UR Ne(y)w(ts, x)gQg(g)d:z|,
| [& 71 (9)@(t, 2)Qz(7)dz|, and | [, 7= (§)w(t, 2)§Qz(§)dx|. Finally, from (Z2I) one has

/ (1, 2)Qa(§)de
R

and the same result is valid for the integration against §Qz. Now we conclude. Integrating (4.15])

against Q¢ and §Q¢, and using (£2), 221), (B15), and ([@I6)-@I8), we finally obtain (Z14). O

< K|z m @ (|Ac(t)] + [Ap(D)]), (4.18)

5. PROPAGATION OF THE DEFECT

Now, we suppose m = 2 or m = 4. In the following lines, we introduce two quantities, J(¢) and
J(t), with small variation in time, and such that the defect clearly appears in the dynamics. Let
us define

Xe(t, x) = /j AQ.(s)ds, e(t) := (3 oc(t) — )\)Wg(*&m, (5.1)
+oo alep
Lot z) = / AQu(s)ds,  &(t) = (3hod(t) — A)W&m (5.2)

It is clear that x. remains bounded as y — 400, and it is exponentially decreasing as y — —oo.
Similarly, xz has the opposite behavior as § — £o0o. Finally, let us recall the notation introduced
in (3:6) and Proposition B4l Consider the functionals

J(t) = e(t)/Rxc(t,:C)z(t,x)dx, and  J(t) := é(t)/R)Zg(t,x)é(t,x)dx.

Lemma 5.1. The functionals J(t) and J(t) are well defined for all t € [~T%,T.], and they satisfy
()] + | J(t)] < Ke'/4 (5.3)

Proof. We only prove the estimate for J(t), being the estimate for J(t) similar (see Remark .11
below).

Let yo > 0 be a large number, independent of €, to be chosen later. Note that x.(y), with
y = x — p(t), is an exponentially decreasing function as y — —oo. From (Z2ZI) and the Cauchy-
Schwarz inequality, one has

< Kyosl/z.

/y<y0 Xe(y)z(t, x)dz

On the other hand, the region {y > yo} requires more care since y. does not converge to zero as
y — +oo. Let us suppose by now that, for all t € [=T%, T.], z(t, z) enjoys the following exponential
decay property:

|2(t, z)| < Ke/4e 7 @=PM) 2 > p(t) + yo, (5.4)
for some K,~ > 0, independent of €. This implies that

/y>y0 Xe(y)z(t, v)dw

These two inequalities imply (5.3]), since yo > 0 does not depend on & small.

< Ke Wogl/4,
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Note that (5.4]) is consequence of (2.21]), the following Gagliardo-Nirenberg inequality

2ty + )] < 2t + pO) 55 5 2t + o) oty < KV I2(t+ p)I}5 5,

and provided we prove that, for some K, > 0, and for all y > o,
1/2 _
2t + p(E) o5,y < Ke 7. (5.5)

The proof of this last estimate is a consequence of the following estimate (see e.g. [27, Lemma
7.3] for a similar result):

Lemma 5.2. There exist K,7v,yo > 0, independent of €, such that for all t € [—TE,TE], and for
all Yy > Yo,
Jutt, + p(®) 2.5y < Ke. (5.6)

Proof. The proof of this result can be divided in two steps.

Step one. Reduction to the case (—oo,—T.). From (Z23)), there exists o1,02,03 € R such
that —A < oy < 03 < o3 <inf,. 4 7,0/ (t), independent of . Indeed, using (2.6) and the fact
that C'(¢) > 0 uniformly in ¢,

pt)=c(t)—A+0() >09 inf = C{t)—A> -\ (5.7)
te{fTsaTs]

Then it is clear that we can find such numbers. Suppose yo > 0 large, but fixed, to be chosen
later, s,t € [—T¢, Te], with s < t. Consider the modified mass

ft,yo(s) = %/Ral/m(sa:)u%s,x)(b(ﬁ)d:r, (5.8)

with £ = £(s,t) := x — (p(t) + o1(s — t) + yo) and B(¢) := 2 arctan(e®/X0), with Ky > 0 large to
be chosen below. From the definition of o3, we have

p(t) = p(s) —o3(t —s) > 0. (5.9)
Let us consider now (B.8). We claim that for yo > 0 large but arbitrary,
Tty (1) = Ty (=Te) < Ke 90/ K (1 — e~ (10K, (5.10)

Indeed, a direct computation gives

1 1/m 2 _ _§/ 1/m 41, 2 / 1/m+1 1, m+1
285‘/]1{@ (ex)pu” = 2 /. duy + —— +1 (ex)p'u

1 2 1/m /
+2/Ru at/ (ex)[— (0 + N)¢ —l—qﬁ(g)}
—5¢ @y oot = 5 [ pamy - e ) eas
+gs/Ru2 [E(al/m)(z)(m)qﬁ’ + (al/m)’(ax)gb”].

In the last computation we have clearly defined six terms. Let us study in detail each one. In
what follows we use the decomposition u = @ + z, given by Proposition 2.3

First of all, one has
/¢/ 1/m2 /¢/ l/mu —|—2uzzz—|—z)

Recall from Proposition that @(s,z) is exponentially decreasing in the region = > p(s), in-
dependent of e. Moreover, it is zero for x < p(s) — % On the other hand, ¢’ is exponentially

decreasing away from zero. Therefore, one has e.g.

p(t)+o2(s—t)+5yo o .
/ a/me' 2| < K/ K dx + K/ e ® @) gy
R p(s)—2 p(t)+o2(s—t)+ 5 yo

< Ke#(@2=00)(t=9)+1u0) +K€,%(p(t), pls)=o2(t=5)+ 3 v0)

SKeiyO/Kei(tis)/K—l—Ke % ((03—02)(t=5)+3%0) < Ke~ Yo/ K o—(t—5)/ K

)
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for some K > 0, and where we have used (0.9). The same method con be applied to the term
Jg @tz 2. Hence, one has

/al/m(b/ui :/al/m¢/zg + 0¥/ K = (t=9)/K).
R R

Similarly, since u = u + z,
/ ¢/am+l
R

/al/erld)/uerl
R
SKe—(t—s)/Ke—mo/K+K€(m—l)/2/al/m¢/Z2'
R

<K

+K5(m71)/2/a1/m¢/2,2
R

On the other hand, since o + A > 0, taking Ky > 0 large if necessary,

/ a/™u?[ = (0 +N)¢' + o] = —%(U + )\)/ al/m P 2% 4 O(e o/ K= (t=s)/ K,
R R

and
3
~Se [@myienod - 5 [ @haimy - e ) <o,
R R
provided ¢ is small. Finally,

‘ga/ﬂ{ [5(al/m)(2) (ex)¢’ + (al/m)’(sx)qﬁ”} u?

After these estimates, it is easy to conclude that

< Kee U9/ Kemvo/K 4 Ks/ al/me 2.
R

1
2% / /™ () p(y)u? < Kew0/Ke=(t=9)/K.
R

Therefore, estimate (BI0) follows after integration in time.
Step two. Estimate in (—oo, —7.). Now we perform the same computation as above, but now
inside the interval (—oo, —T¢). Indeed, it is not difficult to show that, for toc < —T. < ¢,

Ltyyo (= T2) = Iy o (to) < Ke v/ K (1 — em(mt0)/ K, (5.11)
The final conclusion comes from the fact that limg, o It 4, (t) = 0, as a consequence of (LI0).
Collecting (B.10) and (B.I1)), we get
Ity (1) < Kem 90/ K
The proof of (5.8) is complete. O
Let us conclude the proof of (53). From (ZZI)) and (G0) one has

+oo

/ [a% + 2z + 2%)(t, x)dx < Ke Y.
y+p(t)

Now we use the main properties of the decomposition of the function u, sated in Proposition

One has, for z >y + p(t), y > yo > 0 large,

fi(t, 2)| < K [Qelw — p(t)) + ed(t) Aulx — p(t))] < Ke 100, (5.12)

for some constants K,y > 0, independent of . Note that the fact that A. is exponentially
decreasing for x > p(t) + yo is essential. Therefore, we finally get (G.5):

+oo
/ 22(t, x)dx < Ke Y,

y+p(t)
O

Remark 5.1. Let us remark that the proof in the case of J(t) is quite similar, with some basic
changes. We need exponential decay of Z(¢,x) on the left side. Second, instead of ¢ one has to
consider the function 1 — ¢, supported on the left side of the soliton, and since Az is exponentially
decreasing for x < p(t), estimate (B12)) holds for ¥(¢,z) in the region z < y + p(¢t), y < —yo <0
large.
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Since J(t) and J(t) are well-defined, we can compute and estimate its variation in time.

Lemma 5.3. The functionals J(t) and j(t) satisfy, for some constants K,y > 0, and for all
te[-T.,T],

() + 9, (5) (Bhoc(t) — )| < K/ e VA2 (1) 4 KL K| (1), (5.13)
R
and similarly for J'(t):
17(t) — () (BNolt) — N)| < K /R e~ VAT 2 (1) 4 K 4 KIE (1)), (5.14)

Proof. Let us prove (513). We compute:

J'(t) = e’/ Xcz—l—e/ XcZt —p’e/ AQCZ—FC/B/ OcXe?
R R R R
= e’/ XeZ + e/ AQc{ 200 — cz + a(ex)[(a + 2)™ — a™]} — p/le/ AQ.z + c’le/ OcXc?
R R R R

—I—Efle/8cxcz—5f26/Ach—clle/Xcacﬁ—e/Xcg[ﬁ] —p’le/xc8pﬁ.
R R R R R

Notice that we have used [2:22)). In the following lines, we estimate each term above. First of all,

from (1), 22I) and @23),
/(D) < K| ()] + Kla' (ep)ep (8)] < Kee 70| 4 Kleq (1)] < Ke.

From here, we get |e’ [, xc2| < Ke®/*. Using 221 and the identity LAQ. := —(AQ.)” + cAQ. —
mQMAQ. = —Q., we have

¢ /R AQe{20s — 2+ alea)[(@ + 2)™ - am]}’ <

< +

e/RAQC{Ez—i-m[a(sx)ﬂm_l - QI Yz}

6/ AQca(ex)[(a+ 2)™ —a™ — m,&m—lz]
R

< Kellz®)llm @ +K/€*ﬁ‘y‘22(t) < K53/2+K/e*\/5ly|22(t)_

R R

On the other hand, from (223)),

pie / AQ.z
R

<K [ ) 4 K (e O o0 sy + IS0 120 20 0 e
R

< K/e_7ﬁ|y|z2(t)—|—K53/2.
R

Note that d.x. = fi’oo J:.AQ. has a similar asymptotic behavior as x.. Therefore, from the first

part,
fffle‘/ac)(cz Clle/acXcZ
R R

Similarly, |efse fR Ach’ < Ke%/2. Let us recall that, from Proposition 22, % is exponentially
decreasing in y as y — +00, moreover o = 0 for y < —g. Since x.(y) is exponentially decreasing
as y — —oo, one has, for some constant v > 0,

c’1 / X 00
R

+ < Keb/4,

= |d|

1
/ Xc(TAQc + Ed(t)acAc)
y>-2¢ @

/ XeXs
R

< K|c|| + Ke'°.

0 +oo
< K¢, + Keld) / 110, A (y)|dy + Kelc)| / ey + Ke'
_ 0

3
e
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The term fR XS [@] can be treated similarly. Indeed, since y. is exponentially decreasing as
y — —o0, one has from Step 7 in Appendix B of [2§],

/R XS]

The last estimate concerns the nonzero term p)e fR Xc0,tU. Here one has

< K/O ew|5'[ﬂ]|+K/y>O|§[a]|

< Ke V/ee=elel 1 fe2e—evle(O] 4 3 < Ke2e— el L el < Ke2.

/
se / xeBpis = 1 / AQ.Q. + 20, cdyd(t) / XeAely) — eped(t) / XeAL(w)
R G(EP) R R R

= P (3o — N (20M[Q]) / AQ.Q. + O(|p)|ce =P D)
R
= p1(3hoc — A) + O(*/?).

Finally, collecting the above estimates, we get, for some « > 0 independent of € > 0 small,
T(t) + Py (3hoc — )| < K™/ + K/ VA2 (1) 1 K| (1),
R

as desired. The proof of (5.14) is analogous, the minus sign is a consequence of (5.2)). O

6. PROOF OF THEOREM [[.4], CASES m = 2,4

In this section we prove Theorem [[.4lin the non degenerate cases m = 2 and 4. For the sake of
clarity, we divide the proof into several steps.
Step 1. Preliminaries. We will follow an argument by contradiction. Suppose that (LIG) do
not hold; therefore for v > 0 arbitrarily small, there is T' > T, arbitrarily large such that
™ (1) g1y < ve'/50. (6.1)

(cf. Theorem [[2for the definition of w™ and p(t)). Let us define xg = x¢(T) := p(T) — (¢ = N)T.
From Proposition Bl we know that there exists a unique solution v = v, of (L8] such that B.1I)
is satisfied. Moreover, from ([B.2), by taking T larger if necessary, one has

[u(T) = o(T) |2y < 20e' 15,

Thanks to Lemma Bl with § := -, there are a constant K > 0 and a smooth function 7 (t) € R,

defined for all t € [~T.,T.], such that
Ju(t + T () — vt ey + [T (1) < Kve' /50, (6.2)

Now we assume that 7 (¢) is a small perturbation of T inside the interval [—T, Ta], in the sense
that
|T(t)| < K*€—1/2—1/1007 |7—(Ta)| < K8—1/2—1/100,
where K* > 0 is a large constant, to be chosen later, and 0 < K < K* is independent of K*.
Therefore Lemma, makes sense with no modifications. Moreover, from Propositions 2.3] and

B4, and (2.235), one has for Xo := (¢t — \)T: + x0(T) — P(T%),
| Xo| < K|P'(T)||T(T2)| + |P(T- + T(T2)) — (¢F = NT: — ao(T)| < Ke™H/271/100,
Note that we can apply Lemma As a consequence, we improve our previous assumption:

Lemma 6.1 (Bootstrap). For alle > 0 small, the function T (t) satisfies |T (t)| < $K*e~1/2=1/100
in the interval [T, T¢].
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Proof. We prove this result in the most difficult case, namely A< A<1 Thecase 0 < A < A
follows easily. Suppose that t € [-T.,T¢], but |t —to| > 2, with ¢y given by Lemma 2T and « > 0

small, independent of e. Then, from @I4), 225), BI9) and B3),
p(t +T(1)) = p(t)] < |Ap(t)] + [5(t) — P()] + [P(t) — P()] + |P(t) — p(t)]
< KV€1+1/50 +K671/271/100—|— |P(t) —P(t)| < K€1/271/100'

A direct computation shows that, outside the interval [to — ,to + <], one has |C(t) — A| > ka,
for some x > 0 independent of €. Therefore, from (2.23)) and (225]),

1P/ (8)] > |e(t) = A| — Ke'/2 > |C(t) — \| — Ke'/? > kay/2.

Finally, from the lower bound |p(t + T (t)) — p(t)| > $ka|T(t)|, we get |T(t)] < K (a)el/271/100,
Now we consider the estimate of 7 (t) inside the interval [to — %,%o + ¢]. Since [T (to — 2)| <
Ke=1/2-1/100 integrating (6.2), we get

IT(8)] < Kvel/100 | fe=1/2-1/100 < fe=1/2-1/100,
By taking K* > 2K, we can conclude. We are done. O
We have proved that |7 (¢)| is small, compared with T, in the interaction region. This means

that, by performing a suitable translation in time, we can assume, without loss of generality, that
T(=T.) =0, and the arguments below do not change.

Step 2. Integration in time. Using ([@2) and (Z4), we get, for ¢ € [-T,T¢],

t
()] < / T (s)]ds < Kvel/100,

TE

and thus from @I3), (@14), 223) and 224,

le(t) — é(t)] < |e(t) — c(t + T ()| + |e(t + T(t) — &(t)| < Kpel+1/100] 63)
|p(8) = A(B)] < Ip(t) — p(t + T (X)) + |p(t + T(t)) = p(t)] < Kve'/1%. '
Now we consider (5.13) and (5.14). Adding both inequalities, we have
)+ J(8) + ph (D) Bhoc(t) — A) — A () (Bhoc(t) — A
< K/R(e_"“/aylzz(t) e VAT (1)) 4 KD K (|6 (8)] + |8, (8)]) (6.4)

Now we integrate between —7T, and T.. Using the Virial estimates (2:29) and B21) for Ay large
enough, one obtains

/ / eIV 2(¢) 4 e Vel 22(t))dwdt < Ke3/271/100,

and similarly f (et ()] + [e(®)])dt < Ke3/271/100 (see e.g. ([231)). On the other hand, from
G.3),

T. 5 3
\/ t)+J'(t dt‘ <T@+ [J (=T + [T ()] + [T (~To)| < Ke'/*,
Hence, from (Iﬂl) 63) and [2.23)),
‘/ 1) (BAoc(t) — /\)dt‘ < Kel/471/100 4 jrpet/?,

In addition, using (IB:{Da

} / (1) (BAoc(t) dt‘ >cm‘ / " e(fa(t) = fa(£)) (Broc(t) — N dt| — K.
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We use (2.16), 313), and (6.3) to obtain
T (3hoc(t) = A)? d'(ep(t))
: /TE AR@) alent)) ™

Now we claim that the quantity in the left side is bounded below independent of v and e, which
gives the contradiction, for £ and v small enough. Indeed, from (225]), one has

T Bhoclt) = N2 a/(ep(t) [T BAC(t) = N)? d/(eP(1))
5/TE A2t aleplt)) ‘”‘E/TE CT2(6)  a(eP(1))

First, we consider the case A = Ag. In this case, from Lemma 2] we have C(t) = 1 and P(t) =
(1 = Xp)t. Then

_ /T (BACH) ~ N aEPO) 4y _ 40 /T @/(e(1 = Xo)t)

< Kel/A=1/100 4 gy,

dt + oc(g).

dt
. C2(t)  a(eP(t) . ae(= o)t
Y 7. 4N3
o toga(e(1 - h)t)| = 75 g2+ 0.(1)

It is clear that the last quantity is positive. Now we consider the general case, A # A\g. We have,

from (22)),
_ /T (BMC(W) — N2 d€P) , _ (5=m) [T (BNC(t) =N
. CV2() a(eP(t)) 4 —1. C32(H)(MC(t) — )
(5—m) [ (3Xgc— \)?
T 1 /1 S2(gc—N)
Note that the term inside the integral has always the same sign, and it is not identically zero

for 0 < A < 1, A # Xp. Since ([G3)) is always non zero, independent of v and e, we get the final
conclusion. The proof is complete.

C'(t)dt

(6.5)

7. THE CUBIC CASE

Consider now the proof of Theorem[I4]in the case m = 3. This case is in some sense degenerate
since fo = 0 in (2.I6). Moreover, in this case x.(y) = 3yQ. € S(R) and from (Z2ZI))-(BIF), one
has that the functionals J(¢) and J (t) are identically zero. This is the reason why we needed to
improve the approximate solution @(t) (cf. Proposition and [28]) to obtain a nonzero defect
in the solution. In this opportunity, a defect is given by the term f3(¢) # 0 in (2I7).

So, in order to prove the main result, instead of using the functionals J(t) and .J(t), we consider
the scaling laws ([224) and [BI8). Indeed, we start out following the Step 1 as in the previous
section. Then we arrive to the estimate

[u(t +T (1) = o) a1 + |T' ()] < Kve' /19, (7.1)
valid for all t € [~T%,T.]. Similarly, one has
e(t) — (0] < Kve 190 |o(e) - j(1)] < Kvel/1, (7.2)

Lemma 7.1. For all t € [-T.,T.], one has

| (t) = & (t)] < K& + Kee 7elPt)] [/

ehl?] Y2 L Keeelih) {/
R

R
—l—K/Re*'Vlylzz—i—K/Re*'”gléz. (7.3)

Let us assume the validity of this result and let us conclude the proof of Theorem [I.4] for the
cubic case. From (73), (Z30) and B:22) one has, after integration and using the Cauchy-Schwarz
inequality,

. 1/2
e*'vly\gﬂ

’/_TT (ch(t) = & (1)dt] < oc(e).
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Therefore, from (2.22), (316) and (7.2),
TE

52/ f3(t)dt‘ < Kve + o.(e). (7.4)
—T.

Note that we have used (Z1)) and (Z2) to obtain

]g/_i (f1(t) fl(t))dt‘ < Kuve.

Coming back to (Z4)), and using (ZI7T), one has

TE 1

—=(c(t) -
7T5 C(t)
In what follows, we split the proof in two cases.
First case: 0 < A < A. From (2.23)-(2.24),

-/ LN s

. ORG = K, (7.6)

9
10 /—Coo()\) /719(5)615

with & > 0 independent of . We get then ke < Kve + Ke3/2, for some positive constants K, &.
By taking v small enough, we obtain the desired contradiction. This proves the result in the case
0<A<A

Second case: A\ < A < 1. First of all, note that from (2.25), one has

T (e(t) =N a” [N
[, e =e [ G ePw o)

Now we split the time interval [—T:,T:] into three disjoints subintervals, as in the proof of [28]
Lemma 3.3]. Let tg be as in Lemma 21l We have, for o > 0 small, independent of ¢,

[ A erepa | [ [ [ |2

A simple computation shows that, inside the interval [to — £,to + 2],

S(C(t) = ) a?

) —(eP(@)dt (1.7)

C(t) =X =C(ty) — A+ C'(to)(t — to) + O(e*(t — t9)?) = O(a),

’/ttj_ A) P < ]f/o;.

Note that A > A > 0. On the other hand,

and thus,

wf S(O() - N) a? WP
L S m e s e [ reny @O
and
T g(O(t) — A) o (to+2) ¢
/to—i-% C(t) a? (eP()dt < — \/15074—/19(1"5 (s)ds.

Recall that, by definition of T, (23), one has P(T.) = P(=T.). Moreover,

EP(to—%) 12
/ a—(s)ds

(6% (6%
< Ke[P(ty — =) — P(to+ —)| < Ka?,
P(to+e) @° [Plto 5) G 5)}
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since P’(tg) = C(to) — A = 0 and P®)(t) = C"(t) = O(?). Therefore, we have for some K > 0,

<[ =51 Loy
< - — ds + Ka? + Ka?
VClto+2)  /Clto—2)! Jep(-1.) @

eP(to) 2
§—Koz/ (s)ds + Ko + Ka®.
g

a2
P(fTE) a
Since |eP(to)] < K()\) [28, estimate (3.7)], and e P(=T:) = —e~ /190 <« —K()\), one has
—K(X) a’? 5
D) < —Ka/ —(s)ds + Ka? + Ko® < —K(Ma <0,
—K(\)-1 @

for some K(\) > 0, and a > 0 small, but independent of ¢ and v. Replacing in (7.5), we get the
desired contradiction, provided v and ¢ are small enough. The proof is complete.

Proof of Lemma[71} We start from the proof of [28, identity (4.47)], where, for each t € [~T., T¢],
one has

y /R Qudii = — /R Q.50 — 4, /R Qudpi — 4, /R Qi+ d, /R AQez — €24 /R QL
te(fi +efs) / AQ.: + / Qla(ex)[3i2? + 2% + 3 / Qlla(en)a — Q).
R R R

This expression leads to the bound ([Z.24)) above. We also recall that a completely similar expression
holds for ¢;(t). On the one hand, from ([223) with m = 3, and (220,

Iph] < K/Refv\y\f(t)+K€efswlp(t)\{/

1/2
e*wlylz“‘(t)} + Ke3, (7.8)
R

and similarly for |p}|. Now we compare both identities, using (8], to obtain,

4 [oa - [ nee]-a[ [ Qoo [ aas] =~ [@sm+ [Q:spl @9

| /R Qo0 + /R Quz] + 7t /R Qe + /R Q| (7.10)
ehy /R AQuz —<fi /R AQ:z (7.11)
—&%f4 /R Qlz+e%fy /R QLZ+e%fs /R AQ.z — &2 f3 /R AQ:Z (7.12)
+ /R Qla(ex) 3022 + 23] — /R Qra(ex)[303° + 27 (7.13)
+3 /R Q. la(ex)i® — Q%2 —3 /R QLla(ex)v? — Q2. (7.14)

We first deal with the right hand side of (C9]). Since Q. and Qz are Schwartz functions, we have
from (2201,

[ @:si- [ Qi
On the other hand,

[ @ni= [ @, [nt s + ) Acto) + Blt.)

/ Qc(y) Q::(y) / —evy|p(t
_ /R 1.Q. [ga €O 5arig o) —i—sd(t)Ac(y)] +O(2) = O(ee==1PO) £ 0(e?),

and similarly with the term fR Q:0;0. Therefore, from (78], we get

|(CI0)| §K51/2/e‘”|y|z2(t)+K€1/2/e_W‘gIZQ(t)—i-KEW?
R

R

< Kele ®1lPOl 4 et
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Now we deal with (ZII). We have

ef1 / AQ.z — efy / AQ:z| < Kee elr®)l {/ 226_7“"} i + Kee elP®l [/ 7214l
R R R

R
The estimate of (ZIZ) is easy: from (Z2I)) and (B.I5), one has [(TIZ)| < Ke®/2. Now we consider

the terms in (ZI3). We have
/Q'ca(ax)[3ﬂz2 + 23] — / QLa(ex)[3022 + 23| < K[/ e Mvlz2 4 / 6_7“7‘22}.
R R R R

Since ||a(ez)@® — Q|| (r) < Kee 7Pl + Ke? and similarly in the case of @, one has

(@I < Keeeloo)] [/ e—wywzz}”z +K€e—va\p<t>|[/

R R
Finally, we deal with the left hand side of (T9):

}1/2'

6_7‘17'52} V2 + K52,

/Qaﬂ—/AQzZGM/Q2+O(51/2)>IC >0 (9—;_1>0)
R R a(ep(t)) Jr R m—1
Gathering the above estimates, we get finally (Z.3). O
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