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ON THE KAUFFMAN-VOGEL AND THE
MURAKAMI-OHTSUKI-YAMADA GRAPH POLYNOMIALS

HAO WU

ABSTRACT. This paper consists of three parts.

First, we generalize the Jaeger Formula to express the Kauffman-Vogel
graph polynomial as a state sum of the Murakami-Ohtsuki-Yamada graph
polynomial.

Then, we demonstrate that reversing the orientation and the color of a
MOY graph along a simple circuit does not change the sl(N) Murakami-
Ohtsuki-Yamada polynomial or the sl(N) homology of this MOY graph. In
fact, reversing the orientation and the color of a component of a colored link
only changes the s[(N) homology by an overall grading shift.

Finally, as an application of the first two parts, we prove that the so(6)
Kauffman polynomial is equal to the 2-colored s[(4) Reshetikhin-Turaev link
polynomial, which implies that the 2-colored sl(4) link homology categorifies
the s0(6) Kauffman polynomial.
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1. THE JAEGER FORMULA OF THE KAUFFMAN-VOGEL POLYNOMIAL

1.1. The Kauffman and the HOMFLY-PT link polynomials. The Kauffman
polynomial P(K)(g,a) defined in [9] is an invariant of unoriented framed link in

2000 Mathematics Subject Classification. Primary 57M25.
Key words and phrases. Kauffman polynomial, HOMFLY-PT polynomial.
1


http://arxiv.org/abs/1107.5333v1

2 HAO WU

S3. Here, we use the following normalization of the Kauffman polynomial.

P(O) == +1
(1.1) PO -POX) =(a-aH(P() (- PCD)

P(Q) =aP())
The so(N) Kauffman polynomial Py (K)(q) is defined to be the specialization
(1.2) Py (K)(q) = P(K)(q.q" 7).

The HOMFLY-PT polynomial R(K)(q,a) defined in [7, [16] is an invariant of ori-
ented framed link in S3. Here, we use the following normalization of the HOMFLY-
PT polynomial.

(1.3) R = RO =(a—aHR() )

R(Q) =aR())
The s[(N) HOMFLY-PT polynomial Ry (K)(q) is defined to be the specialization
(1.4) Ry (K)(q) = R(K)(q,¢").

It is easy to renormalize P(K)(q,a) and R(K)(q,a) to make them invariant
under Reidemeister move (I) too.

1.2. The Jaeger Formula. The Jaeger Formula can be found in, for example,
[6, 10]. Here, we give it a slightly different formulation.

Given an unoriented link diagram D, we call a segment of the link between two
adjacent crossings an edge of this diagram D. An edge orientation of D is an
orientation of all the edges of D. We say that an edge orientation of D is balanced
if, at every crossing, two edges point inward and two edges point outward. Up to
rotation, there are four possible balanced edge orientations near a crossing. (See
Figure[Il)

\ N /
Positive: egative:
ositive \ g /

op outward: op inward:
\ \

FiGure 1. Balanced edge orientations near a crossing

Denote by (5(D) the set of all balanced edge orientations of D. Equipping D
with o € O(D), we get an edge-oriented diagram D,. We say that p is admissible
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if D, does not contain a top inward crossing. We denote by O(D) the subset of
O(D) consisting of all admissible balanced edge orientations of D.

\
X

) =

FIGURE 2. Resolutions of a top outward crossing

For o € O(D), we allow the two resolutions in Figure [ at each top outward
crossing of D,. A resolution ¢ of D, is a choice of A or B resolution of every top
outward crossing of D,. Denote by ¥(D,) the set of all resolutions of D,.

For each ¢ € 3(D,) and each top outward crossing ¢ of D,, we define a local
weight

! if ¢ applies A to ¢,

1

(1.5) Dy s3] = {q -

—q+q ' if ¢ applies B to c.
The total weight [D,, <] of the resolution ¢ is defined to be
(16) [D‘Q,g] :H[D,Qvg;c]v

(&

where c runs through all top outward crossings of D,.

For ¢ € X(D,), denote by D, ¢ the oriented link diagram (in the usual sense)
obtained by applying ¢ to D,. As an immersed curve in R?, D, ¢ has a rotation
number rot(D, ) (which is also known as the Whitney index or the degree of the
Gauss map.)

The following is our formulation of the Jaeger Formula, which is easily shown to
be equivalent to the Jaeger Formula given in [6] [10].

(L.7) P(D)(q,a2q_l): Z Z (a_lqyOt(Dg’g)[DQa<]R(DQ,<)((17a)'
0€O(D)seX(Dy)

Plugging a = ¢V into the above formula, we get

(1.8) Pyn(D)(q) = Z Z q_(N_l)rOt(DQ’<)[D97§]RN(D9,§)(Q)'
0€O(D)sex(D,)

1.3. The Kauffman-Vogel polynomial, the Murakami-Ohtsuki-Yamada
polynomial and the Jaeger Formula. The first objective of the present paper is
to generalize the Jaeger Formula (L)) to express the Kauffman-Vogel polynomial as
a state sum in terms of the Murakami-Ohtsuki-Yamada polynomial of (uncolored)
oriented knotted 4-valent graphs.
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A knotted 4-valent graph is an immersion of an abstract 4-valent graph into
R? whose only singularities are finitely many crossings away from vertices. Here,
a crossing is a transversal double point with one intersecting branch specified as
upper and the other as lower. Two knotted 4-valent graph are equivalent if they
are isotopic to each other via a rigid vertex isotopy. (See [I1l Section 1] for the
definition of rigid vertex isotopies.)

FIGURE 3. Vertex of an oriented knotted 4-valent graph

We say that a knotted 4-valent graph is oriented if the underlying abstract 4-
valent graph is oriented in such a way that, up to rotation, very vertex in the
knotted 4-valent graph looks like the one in Figure We say that a knotted 4-
valent graph is unoriented if the underlying abstract 4-valent graph is unoriented.
Note that some orientations of the underlying abstract 4-valent graph do not give
rise to orientations of the knotted 4-valent graph.

The Kauffman-Vogel polynomial P(D)(q,a) defined in [II] is an invariant of
unoriented knotted 4-valent graphs under regular rigid vertex isotopy. It is defined
by the skein relations (I.II) of the Kauffman polynomial plus the following additional
relation.

(1.9)

PO = -PO) +4P() () +a PO = PO +a7 () () +4P(CD):

The so(N) Kauffman-Vogel polynomial Py (D)(q) is defined to be the specialization
(1.10) Py(D)(q) = P(D)(q.q"").

The Murakami-Ohtsuki-Yamada polynomiaﬂ R(D)(g,a) of oriented knotted 4-
valent graphs is an invariant under regular rigid vertex isotopy. It is defined by the

skein relations (IL3) of the HOMFLY-PT polynomial plus the following additional
relation.

(1.11) RCK) = =RCA) +ar() () = —RC) +a7'R() ).
The sl(N) Murakami-Ohtsuki-Yamada polynomial Ry (D)(q) is defined to be the
specialization
(1.12) Ry (D)(q) = R(D)(q.q™)-
From now on, we will refer to the Kauffman-Vogel polynomial as the KV poly-
nomial and the Murakami-Ohtsuki-Yamada polynomial as the MOY polynomial.
Given a knotted 4-valent graph D, we call a segment of D between two adjacent

vertices or crossings an edge. (An edge can have a crossing and a vertex as its end
points. Note that an edge of the underlying abstract 4-valent graph may be divided

IFor oriented knotted 4-valent graphs, the Murakami-Ohtsuki-Yamada polynomial was first
defined by Kauffman and Vogel [1I]. Murakami, Ohtsuki and Yamada [I5] generalized it to
knotted MOY graphs and used it to recover the Reshetikhin-Turaev s[(N) polynomial of links
colored by wedge powers of the defining representation.
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into several edges in D by crossings.) An edge orientation of D is an orientation of
all the edges of D. We say that an edge orientation of D is balanced if, at every
crossing and every vertex, two edges point inward and two edges point outward.
As before, up to rotation, there are four possible balanced edge orientations near
a crossing. (See Figure[ll) Up to rotation, there are two possible balanced edge
orientations near a vertex. (See Figure[])

Crossing-like: Non-crossing-like:

FIGURE 4. Balanced edge orientations near a vertex

Denote by 6(D) the set of all balanced edge orientations of D. Equipping D
with o € (f’)v(D)7 we get an edge-oriented diagram D,. We say that p is admissible
if D, does not contain a top inward crossing. We denote by O(D) the subset of
O(D) consisting of all admissible balanced edge orientations of D.

For o € O(D), we allow the two resolutions in Figure [2 at each top outward
crossing of D, and the two resolutions in Figure [l at each non-crossing-like vertex.
A resolution ¢ of D, is a choice of A or B resolution of every top outward crossing
of D, and L or R resolution of every non-crossing-like vertex. Denote by X(D,)
the set of all resolutions of D,.

N

N
FIGURE 5. Resolutions of a top outward crossing

Fix a¢ € ¥(D,). For each top outward crossing c of D, the local weight [D,, s; ¢]
is defined as in (LH)). For each non-crossing-like vertex v, we define a local weight
[D,,s;v] by the following equation.

if ¢ applies L to v,
(1.13) [Dysiv] = {q °p

g~' if ¢ applies R to v.

The total weight [D,, ] of the resolution < is defined to be

(1'14) [ngg] = <H[D97<;C]> : <H[D97§;U]> )

c v
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where ¢ runs through all top outward crossings of D, and v runs through all non-
crossing-like vertices of D,.

The following theorem is our generalization of the Jaeger Formula to knotted
4-valent graphs.

Theorem 1.1.
(1L15)  PD)(g.a’¢ )= Y Y (a'q)"Pe)[Dyc]R(Dy) (g, a).
0€O(D)cex(D,)
Consequently, for N > 1,

(1.16) Pn(D)g) = Y, > ¢ NP D, )Ry (Dy)(q)-
0€O(D)cex(D,)

Remark 1.2. Murakami, Ohtsuki and Yamada [I5] established a state sum formula
for the sI(N) MOY polynomial Ry. Combining that with (LI6), we get a state
sum formula for the s0(2/N) KV polynomial. Specially, note that the s[(1) MOY
polynomial of a 4-valent graph D embedded in R? is simply given by

1 if D has no vertex,

0 otherwise.

(1.17) Ri(D) = {

Using (LI7) and (LIG), it is straightforward to recover the formula of the so(2)
KV polynomial of a planar 4-valent graph given by Carpentier [2] Theorem 4] and
Caprau, Tipton [I, Theorem 4].

We would also like to point out that the concept of balanced edge orientation is
implicit in [3], in which Carpentier gave an alternative proof of [2, Theorem 4].

Proof of Theorem [I1l. We prove Theorem [[T] by inducting on the number of ver-
tices in D. The proof comes down to a straightforward but rather lengthy tabulation
of all admissible balanced edge orientations of D.

If D contains no vertex, then ([TIH) becomes (7)), which is known to be true.
Assume that (LT3 is true if D has at most n — 1 vertices. Now let D be a knotted
4-valent graph with n vertices.

Y

FIGURE 6.

>
>

S
>

Choose a vertex v of D. Define B, D4 and D® to be the knotted 4-valent graphs
obtained from D by replacing v by the local configurations in Figure [l By skein
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relation (LA]), we have
(1.18) P(D) = —P(D) + qP(D*) + ¢ ' P(D").

Note that each of D, DA and D has only n — 1 vertices. So (CI3) is true for D,
D4 and DB. Thus, by (LI8), to prove (LIH) for D, we only need to check that

(1.19) Yo Y (@ eyt Ped[Dy R(Dyy) (g, a)

0€O(D) c€X(Dy)

= = Y Y (@' P (D, ] R(Dy ) (g, a)

ge(’)(D) <€E(D )

Z Z a g rot Qg)[DA,g]R(D‘;q)(q,a)

QG(’)(DA) sex(D2)

Z Z a1 rot(ng)[DB,g]R(DEC)(Qaa)'

0€O(DB)cex(DP)

According to the orientations of the four edges of D incidental at v, we divide
O(D) into six disjoint subsets
(1.20)

O(D) = O(D; 37 UO(D; 3) U O(D; 38) UO(D; ) U O(D; %) U O(D; ),

where % in O(D; %) specifies the edge orientation near v. Note that, depending
on D, some of these subsets may be empty. Using similar notations, we have the
following partitions of O(D), O(D4) and O(D?).

(121)  O(D) = O(D; ) O(D; ) U O(D; ) U O(D; ) U O(D; 25),

(122) O(D*Y) =0(D%) DuoD*;) (Juo*;) Huom™) (),
(1.23) O(DP)=0(D";Huo(D? T )uod?; )uom”; 7).

First, let us consider the subset O(D;X). There are obvious bijections

oD% & 0(D;°X),
o) L o4 )

that preserve the orientations of corresponding edges. Moreover, for each ¢ €
O(D;%), there are obvious bijections
Po N
E(D ) — E(D@(g)),
X(D,) —> »(DA (g))

such that, for any ¢ € X(D,), s, v,(s) and 1,(s) are identical outside the parts
shown in Figure[6l Since the four edges at v are oriented in a crossing-like way, ¢,
©o(s) and 1,(s) act as identities inside the parts shown in Figure[fl This implies
that

(1.24) [Dy. 5] = [Dy (o) 0o(S)] = [Dih( gy Y0 (S)]-
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It is also easy to see that
(1.25) rot(Dy) = 10t(Dy(g),0,(c)) = rot(Dﬁ(g)ﬁ%(g)).
By the skein relation (LT1]), we know that

A A
(1'26) R(DQS) = _R(Dap(g),apg(c)) + qR(Dw(g),wg(g))'
Combining equations ([L24]), (L25) and ([26), we get
(1.27) Z Z rOt(DQg)[DQag]R(Dg,c)(‘La)

0€O(D ><)
= = Y Y (@)D, <IR(Dy) g a)

e gEZ(DQ)
QEO(D'/)

+qg Y S (a7t eI D SIR(DL) (4,

sex(DF)

o)

One can similarly deduce that

(1.28) Z Z mt DQS)[DQ7<]R(DQ7§)(q7a)

(1.29) Z Z rOt(DQg)[Dgag]R(Dg,c)(Qva)

N CEZ(DQ)
QEO(D"\/)

S S (@ lgped gs)[DAjg]R(DQC)(q,

seX(DY)

w0 (

(1.30) Z Z mt DQS)[‘DQ7<]R(‘DQ7§)(q7a)

seX(D,)
€0 D<><)
= - > Y (@ tgretPed[Dy R(D, ) (g a)

N CGE(D )
QGO(D‘}/\

N Z Z ,1 rot 9<)[DB7§]R(D§Q)(Q7

ceX(DE)

0€O(D )

\_/
”\

a).

a)u

a).
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Now we consider O(D;X). There are obvious bijections

. b AR
O(D7><) - O(D7/\)7
A
oD x5 5 om4) D),
) PP BN
oO(D; X) = oMD" )
that preserve the orientations of corresponding edges.
Given a o € O(D;X), there are partitions
(1.31) S(D,) = TR(D,)UTHD,).
(1.32) S(Dg(e) = EHDy(p) UET (Dy(p))

according to what local resolution is applied to v and the corresponding crossing
in D. There are bijections

A

@} ~
ER(DQ) — EA(Dw(g))a

B

ok ~
SHDy) = SP(Dy(y),

vy
D, E(DJZ‘A(Q)%
L vy B
=H(D,) % S(Ds,)

such that the corresponding resolutions are identical outside the parts shown in
Figure
o N o A
For a ¢ € BfY(D,), it is easy to see that D, = Do) pa(c) = DwA(g),wg‘(c)- So

)

) A
(1.34) R(Dos) = R(Dy(g)pp(c) = B(Dyag) pae))-

)

(1.33) rot(Dyc) = 1ot(Dy(g) pa(s)) = rOt(D;?A(Q))wé(g)),

One can also easily check that the weights satisfy

-1

q s _
(1-35) [D97§] = —q- ! [Dap(g)a‘Pg(§)] =4q 1[D;2A(9)7¢2)4(§)]-
So
(1.36) [Dg, 5] = =[Dy()» ¥ ()] + LD gy 15 (5)]-
Combining equations ([33)), (L34) and (34]), we get
(1.37) Y. (a7l PeId(D,, R(D, ) (g, a)
SEXH(D,)
= = X @90 Dy. IR Dy.0)(a.0)
CGEA(f)sO(@))
— rot(DA
+q Z (a™'q) 8 wA<g),<)[D£A(g),c]R(DﬁA(Q)ﬁg)(q,a).
ceX(DA )

¥4 (o)
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Similarly, one gets

(1.38) Y (a7 PeI[D,, <|R(Dy ) (g, a)
seXL(D,)

- — Z (a—lq)rot(Dap(e),c)[Dw(g)7 C]R(Dap(g),g)(q7 a)
gEEB(ﬁap(e))

_ _ rot(DB
b Y (ot Pere DB, L R(DEs ) (g a).

»(DB
s€X(D 5 (,)

Equations (IL3T) and (I38) imply that

(1.39) Z Z (a_IQ)rOt(DQ’<)[D97§]R(DQ,§)(Q7a)

QGO(DA;> ()
+t Y > (g Ped DY GIR(DE)(q. a).

sex(DE)
QEO(DB§'/\)

A similar argument shows that

(1.40) > Y (@ lq) P [D,, R(D,) (g, a)

0€0(D; KXv)

+t Y > (g Ped DY GIR(DE)(q. a).

<€X(DB)
QEO(DB§/\)

From partitions (L20), (L21), (L22) and (L23), we know that equations (27),
(C2]), [T239), (C30), (C39) and (CAQ) imply that (CI9) is true. This proves
that (CIH) is true for D. So we have completed the induction and proved (IH).

Plugging a = ¢ into equation ([I5), we get (LIG). O

2. COLOR AND ORIENTATION IN THE s[(N) MOY POLYNOMIAL

In Section[] we only discussed a very special case of the MOY graph polynomial.
In this section, we review the s[(N) MOY polynomial in its full generality and prove
that it is invariant under certain changes of color and orientation. In fact, such
invariance holds for the colored sl(N) homology too.
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2.1. The sl{(N) MOY graph polynomial. In this subsection, We review the
s5[(N) MOY graph polynomial defined [I5]. Our notations and normalizations are
slightly different from that used in [I5].

€1 €2 el m+n

el m+n

FIGURE 7.

Definition 2.1. A MOY coloring of an oriented trivalent graph is a function from
the set of edges of this graph to the set of non-negative integers such that every
vertex of the colored graph is of one of the two types in Figure [7

A MOY graph is an oriented trivalent graph equipped with a MOY coloring
embedded in the plane.

A knotted MOY graph is an oriented trivalent graph equipped with a MOY
coloring immersed in the plane such that

e the set of singularities consists of finitely many transversal double points
away from vertices,

e at each of these transversal double points, we specify the upper- and the
lower- branches (which makes it a crossing.)

Fix a positive integer N. Define N' = {2k — N + 1|k = 0,1,...,N — 1} and
denote by P(N) the power set of N.

Let T' be a MOY graph. Denote by E(T") the set of edges of ', by V(T") the set
of vertices of T" and by c : E(I') — Z>( the color function of I'. That is, for every
edge e of T, c(e) € Z>( is the color of e.

Definition 2.2. A state of T is a function ¢ : E(T') — P(N) such that
(i) for every edge e of T', #p(e) = c(e),
(ii) for every vertex v of I, as depicted in Figure[l we have p(e) = ¢(e1)Up(ez).
Note that (i) and (ii) imply that ¢(e1) N¢(e2) = 0.
Denote by Sy (T") the set of states of T'.

Define a function 7 : P(N) x P(N) = Z>¢ by
(21) 7T(A1,A2) = #{(al,az) € Al x Ay | a; > CLQ} for Al, Ay € P(N)

Let ¢ be a state of I'. For a vertex v of I' (as depicted in Figure[d), the weight
of v with respect to ¢ is defined to be
(2.2) Wt (v; ) = ;(61)2"‘(62)

Next, replace each edge e of T by c(e) parallel edges, assign to each of these
new edges a different element of p(e) and, at every vertex, connect each pair of
new edges assigned the same element of /. This changes I' into a collection C,, of
embedded oriented circles, each of which is assigned an element of N'. By abusing
notation, we denote by ¢(C') the element of N assigned to C' € C,. Note that:

—m(p(er), plez)).
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e There may be intersections between different circles in C,. But, each circle
in C, is embedded, that is, it has no self-intersection or self-tangency.

e There may be more than one way to do this. But if we view C, as a virtue
link and the intersection points between different elements of C, virtual
crossings, then the above construction is unique up to purely virtual regular
Reidemeister moves.

The rotation number rot(p) of ¢ is then defined to be
(2.3) rot(yp) = Z o(Crot(C).
cec,

Note that the sum ZCecq, rot(C) is independent of the choice of ¢ € Sn(I"). We
call this sum the rotation number of I'. That is,

(2.4) rot(I) := Y rot(C).

cec,
Definition 2.3. [15] The s[(N) MOY graph polynomial of T is defined to be
(2.5)
Ty = ZwesN(F) (Hvev(p) th(v;@)) ¢U®) if 0 <c(e) < NVec ET),
N 0 otherwise.

For a knotted MOY graph D, define the sl{(N) MOY polynomial (D), of D by
applying the following skein sum at every crossing of D.

m n, m ntk—
(2.6) <\ > = > (—1)”"“q’“"”< nth - mk> ,
\ N k=max{0,m—n} N

(2.7) < /> = > (—1)’“‘mqm"“<n+k o mk> :
N N

k=max{0,m—n}

Theorem 2.4. [I5] (D), is invariant under Reidemeister (II), (III) moves and
changes under Reidemeister (I) moves only by a factor of +q*, which depends on
the color of the edge involved in the Reidemeister (1) move.

As pointed out in [I5], if D is a link diagram colored by positive integers, then
(D) y is the Reshetikhin-Turaev s[(/V') polynomial of the link colored by correspond-
ing wedge powers of the defining representation of sl(N;C).

Let D be an oriented knotted 4-valent graph as defined in Subsection [L3l We
color all edges of D by 1 and modify its vertices as in Figure [8l This gives us a
MOY graph, which we still call D. Also, denote by m the number of crossings in
D and by D the oriented knotted 4-valent graph obtained from D by switching the
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FIGURE 8.

upper- and the lower- branches at every crossing of D. Comparing Definition 23]
to the skein relations ([L3]) and (CIT), one can easily see that

(2.8) (D) = (=1)"Rn (D).

2.2. Reversing the orientation and the color along a simple circuit. In the
remainder of this section, we fix a positive integer N.

Let I' be a MOY graph and A a simple circuit of I'. That is, A is a subgraph of
I" such that

(i) A is a (piecewise smoothly) embedded circle in R?;
(ii) the orientations of all edges of A coincide with the same orientation of this
embedded circle.

We call the color change k ~ N — k a reversal of color. It is easy to see that, if
we reverse both the orientation and the color of the edges along A, then we get
another MOY graph I'V. We have the following theorem.

Theorem 2.5.
(2.9) Oy =Ty

Proof. We prove equation ([2.9)) using a localized formulation of the state sum (23]

Cut each edge of I" at one point in its interior. This divides I into a collection
of neighborhoods of its vertices, each of which is a vertex with three adjacent half-
edges. (See Figure[d where e, e; and ey are the three half-edges.)

FIGURE 9.

Let ¢ € Sny(T"). For a vertex of T', if it is of the form v in Figure @ we denote
by « the directed angle from e; to e and by § the directed angle from es to e. We
define

(2.10) rot(v;p) = %/efids-Zw(e)—l-% <a+/el nds) S plen)
+% (B+/€2 nds) Y plea),

where £ is the signed curvature of a plane curve and A := 3" _, a for a subset
Aof N ={2k—N+1k=0,1,...,N —1}.
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If the vertex is of the form ¢ in Figure[@ we denote by & the directed angle from
e to e; and by g the directed angle from e to ea. We define

(2.11) rot(d;p) = %/e/ids-Zw(e)—F% <a+/€l nds) > plen)
—I—% (B+/e2 /@d5> -Zw(eg).

Using the Gauss-Bonnet Theorem, one can easily check that
(2.12) rot(p) = Z rot(v; ).
veV(T)
So, by Definition 2.3 we have
(213) <F>N — Z H qwt(v§@)+rot(v;gp)'
peSN(T") veV(T)

Since I' is obtained from I' by reversing the orientation and the color of the edges
along A, there are natural bijections between V(I') and V(I") and between E(T)
and E(T"). Basically, every vertex corresponds to itself and every edge corresponds
to itself (with reversed color and orientation if the edge belongs to A.) For a vertex
v of I, we denote by v’ the vertex of IV corresponding to v. For an edge e of T,
we denote by e’ the edge of I corresponding to e. Given a ¢ € Sy (T'), we define
¢ EI) = PWN) by

oo fele) if e ¢ E(A);
(2.14) e = {N\ p(e) ifee E(A).

It is easy to see that ¢’ € Sy(I”) and that ¢ — ¢ is a bijection from Sy (T') to

Sn(T).
We claim that, for all v € V(T') and ¢ € Sy(I),
(2.15) wt(v; @) + rot(v; ) = wt(v'; ¢") + rot(v'; o).

From equation ([ZI3]), one can see that equation (218 implies Theorem 2]

To prove equation [2I9)), we need to consider how the change I" ~» T affects the
vertex v. If v is not a vertex of A, then none of the three edges incidental at v is
changed. So equation (ZI5) is trivially true. If v is a vertex of A, then exactly two
edges incidental at v are changed, and one of these changed edge must be the edge
e in Figure [l (for v in either form.) So, counting the choices of the form of v and
the choices of the other changed edge, there are four possible ways to change v if
v is a vertex of A. (See Figure [[6 below.) The proofs of (ZTI5]) in these four cases
are very similar. So we only give the details for the case in Figure [I0] and leave the
other cases to the reader.

FiGURE 10.
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First, let us consider wt(v;¢) and wt(v'; ¢’).

i) = M () 0 ¢)
_ w — (n(N —m —n) — (¢ (), ¢ (€4)))
W\ o), e - M)

Note that 7(i2(e1), ¢(ez)) + (N \ @(e), plea)) = m(A \ plea), p(ez)). The above

implies
wt(v'; ") — wt(v; )
n(N—-—m-—n) mn

= 7N\ p(e),ple2)) — —————= — - +7(p(e1), plea))

2 2
= 7N\ glez),p(e2)) —

n(N —n)
2
Write p(e2) = {j1,...,Jn} C N, where j1 < jo < --- < j,. Then

n

RN\ ple) plen)) = SN =1 =) — (=0 = "2 28 o)
=1

Altogether, we get

(216) wH(0'; ') = wi(vsp) — 5 3 lea).

Now we compare rot(v; ) to rot(v';¢’). As before, denote by « the directed
angle from e; to e and by (§ the directed angle from es to e. Also denote by
the directed angle from e to €. Note that the directed angle from e’ to €} is —a.
Since Y N =0, we have > (N \ A) = —>_ A for any A C N. Moreover, note that
reversing the orientation of a plane curve changes the sign of its curvature x.

rot(v'; ") = %/ mds-Zcp'(e'l)-i-%( /Hds) Zcp

+%( /ﬁ%>2ﬁ

_ %/elnds~2<p(e1)+%<a+/emds) Y ele)
+%( /nds) Zg062

— %(Oz—l—/ellidS)'Z@(el)‘f‘%/eﬂds'Z‘P(e)
+% (a+7+/l€d8> Z<P€2

—ﬁ+7
= rot(v;p) + D (e
Note that a« — 8 + v = m. The above shows that

(2.17) rot(v'; ") = rot(v; @) Z(p €2).
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Equation (ZI3) follows easily from equations (ZI0) and (ZI7). O

2.3. The colored s[(N) homology. Theorem[23lis also true for the colored sI(NV)
homology for MOY graphs defined in [19]. More precisely, reversing the orientation
and the color along a simple circuit in a MOY graph does not change the homotopy
type of the matrix factorization associated to this MOY graph. To prove this, we
first recall some basic properties of the matrix factorizations associated to MOY
graphs.

We denote by Cn(T") the matrix factorization associated a MOY graph I defined
in [T9, Definition 5.5] and by Cx (D) the unnormalized chain complex associated
to a knotted MOY graph D defined in [19, Definitions 11.4 and 11.16]. Note that,
for a MOY graph I, On(T) = Cn(TD).

Theorem 2.6. [19]
(1) Cn(Om) =C

i j k i

{[m +, where O, is a circle colored by m.

(2) Cn(

+k)

it+j+k

(3) C’N( m

(4) Cn (s IV
N m+1 N ' "
(5) Cn( m) + Cn ( HIN =m —1]}
 cnte] e y=n e L R S BV ey
AR 1 mAl—1 1 mAl—1
1 mAl—1
m n+l m n+l
. n+k—m . J
(7) CN( n+k m+l—k ) = @;‘n:max{mfn,O} CN( m=j ntity ){ [kiﬂ} }
k ntj—m
n m—1 n m+1
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Here, “~” means that there is a homogeneous homotopy equivalence of chain com-
plexes of graded matrix factorizations between the two sides that preserves the Zs-
grading, the quantum grading and the homological grading.

The above relations remain true if we reverse the orientation of the MOY graphs
on both sides or reverse the orientation of R?.

For a MOY graph T, Cn(T") is also a Zo-graded chain complex. The graded
dimension of its homology, denoted by Hy(T'), is equal to (I') .

Theorem 2.7. [19]

m ) \m l/
(1) C’N(\/) ~ Cn( \( "). We call the difference between the two

|t +
knotted MOY graphs here a fork sliding. The homotopy equivalence remains
true if we reverse the orientation of one or both strands involved, or if
the horizontal strand is under the vertex instead of above it. See the full
statement in [I9, Theorem 12.1].
(2) For a knotted MOY graph D, the homotopy type of C'N(D), with its three
gradings, is invariant under regular Reidemeister moves.

(3) Ex (0™ = EyOO™ (m) mll{g- ™+ -my A
(4) For a knotted MOY graph D, define the homology Hn (D) of Cn(D) as
in [19, Subsection 1.2]. Then the graded Euler characteristic of Hn (D) is
equal to (D) .
Remark 2.8. In the above theorems,

1. “(x)” means shifting the Zs-grading by *. (See for example [I9, Subsection 2.3].)

2. “| % ||” means shifting the homological grading up by . (See for example [19]
Definition 2.33].)

3. “{F(q)}” means shifting the quantum grading up by F(q). (See for example [19]
Subsection 2.1].)

4. Our normalization of the quantum integers is

| ¢ —q
Coq—q!

From the definition of Cy(D) in [I9, Definitions 11.4 and 11.16], we have the
following simple lemma.

Lemma 2.9. [20, Lemma 7.3]

(2.18) CN(\ )I{a™3,

H

\

(2.19) X(
/
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Consequently,

(2.20) éN<Y> = Cin( 4 120[1{g~*"3,
AN /
(2.21) CAN(X) o CN(Y) — 21| {¢*}.
/ AN

We will also need the following lemma.

Lemma 2.10.

(2.22) 6 ~ G Y @y,
(2.23) b ~ O ( Y {g7m.

The above relations remain true if we reverse the orientation of the knotted MOY
graphs on both sides.

Proof. We prove (222]) only. The proof of (Z23) is similar and left to the reader.

To prove ([2:22), we induce on n. When n = 1, [222)) is proved in [22, Propo-
sition 6.1]. Assume ([2:22) is true for n. By Theorems 2.0] 2.7 and the induction
hypothesis, we have

N m n+1 7L+1 m
CN( ){[7’L+1 } NCN CN
m+n-+1 m+n+1 m+n+1

n+1

A RN T
)~ Cn(, 1 ){g"} = Cn (s 1 ){q™}
m+n-+1 m+n+1 m+n—+1

n+1

1) {gm Y ~ On( {qm("+1
m4n+1 m+n+1

a0+ 11},
m+n+1

R
QO
=

12
é?
:: i g/‘

R
£
3

By [19, Proposition 3.20], the above implies that
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\ n +
CN {qm(n-‘rl
matnt1 m—+n-+1
This completes the induction and proves (Z22]) 0

From [I9] Theorems 1.3 and 14.7], we know that the Zs-grading of Cy and Cy is
always pure and does not carry any significant information. So we do not keep track
of this Zg-grading in the remainder of this paper. The next is the main theorem of
this subsection.

Theorem 2.11. Let T’ be a MOY graph and A a simple circuit of T'. Denote by T
the MOY graph obtained from I' by reversing the orientation and the color of edges
along A. Then, up to an overall shift of the Zs-grading, we have

(2.24) Cn(T) ~ COn(T).
Proof. We construct the homotopy equivalence in (2.24)) in three steps.
Step One: Modifying vertices. Let v be a vertex in A. We demonstrate in

Figure [l how to modify v into its corresponding vertex v’ in IV using homogeneous
homotopy equivalence. Here, we assume that the half edges e and e; belong to AR

e 1 € 2 m T

N
m\V,/ " n n
N—-—m-—n
el m+n N
m+n
m
N —
N—-—m-—n
N
m+n
Ficure 11.
Note that:

(1) By Theorems 26 27 and Lemmas [Z0, 2T0, each change in Figure [T
induces a homogeneous homotopy equivalence.

(2) The upper right vertex in the last step in Figure[[Tlis identical to the vertex
v’ in I corresponding to v.

Step Two: Modifying edges. After applying Step One to every vertex along A,
each edge e along A becomes one of the two configurations in the second row in
Figure We further modify these two configurations as in Figure

Note that:

2As mentioned in the proof of Theorem 2.5 depending on the type of v (splitting or merging)
and the choice of the two edges belonging to A, there are four possible local configurations of A
near v. (See Figure[IGlbelow.) Figure[I1lcovers only one of these four possible local configurations
of A near v. But the other three possibilities are obtained from this one type by a reversal of
orientation or horizontal flipping or both. We leave the construction for the other three cases to
the reader.
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_—
- ~
Case 1 ~ ~ Case 2
-~ ~
- ~N
e ~
Ng “ EN
or N—-—m m N—m
N
4
’
N—m m N m N —m
N N—-m N
!
’
- _
N—-m
N
FIGURE 12.

(1) By Theorem 26 and Lemmas [2.9] each change made to these to configura-
tions in Figure [[2] induces a homogeneous homotopy equivalence.
(2) At every crossing, the branch colored by N is on top.

Step Three: Removing the unknot. After applying Step Two to every edge along
A, we get a knotted MOY graph D consisting of IV and an unknot colored by N
that is everywhere above I''. We can move this unknot away from I using regular
Reidemeister moves and fork sliding (given in Part (1) of Theorem 27 and obtain
a MOY graph L. By Theorem 27 these moves induce a homogeneous homotopy
equivalence. By Part (1) of Theorem 2.6l we know that removing this unknot from
[ induces a homogeneous homotopy equivalence.

Putting Steps One—Three together, we get a homogeneous homotopy equiva-
lencd] from Cy (T') to Cn(I7). It remains to check that this homotopy equivalence
preserves the quantum grading. But, by Theorem [2.6] the graded dimensions of the
homology of Cn(I") and Cn(I") are equal to (I') 5 and (I') 5, which are equal by
Theorem So any homotopy equivalence from Cn(T') to Cn(I) must preserve
the quantum grading. This completes the proof. 0

Using similar techniques, we can prove that reversing the orientation and the
color of a component of a link colored by elements of {0,1,..., N} only changes
the s[(N) link homology by a grading shift.

3Strict1y speaking, there are two notions of homotopy equivalence involved here. That is,
homotopy equivalence of matrix factorizations and homotopy equivalence of complexes of matrix
factorizations. But it is easy to see that, for Cy (") and Cn (I"), these two notions are equivalent.
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Let L be an oriented framed link in S colored by elements of {0,1,..., N}.
Denote by K the set of components of L and by ¢ : £ — {0,1,..., N} the color
function of L. That is, for any component K of L, the color of K is ¢(K) €
{0,1,..., N}. Furthermore, for any component K of L, denote by w(K) the writhe
of K and, for any two components K, K’ of L, denote by [(K, K') the linking
number of K, K'.

Theorem 2.12. Suppose K is a component of L and the colored framed oriented
link L' is obtained from L by reversing the orientation and the color of K. Then,
up to an overall shift of the Zs-grading,

(2.25) Cn(L) ~ Cn(L) ||s|l {a~},
where
s=(N-2(K)wEK)-2 > (KKK
K'eK\{K}

In particular,

(2.26) (LY = ()N = (L)

m_ N —m m N_-m m N—m

m
N
Z
ey N m VM —
N—m
N N—m N N

FIGURE 13.

N

Proof. Suppose the color of K is m. In a small segment of K, create a “bubble” as
in the first step in Figure[I3] Then, using fork sliding (Part (1) of Theorem 27) and
Reidemeister moves of type (II), we can push the left vertex of this bubble along
K still it is back in the same small segment of K. This is shown in step two in
Figure I3l The last two steps in Figure [[3] are local and self-explanatory. The end
result of all these changes is a link Ly consisting of L’ and an extra component K
colored by N that is obtained by slightly pushing K in the direction of its framing.
(So K is isotopic to K.) By Theorems 2.6, 27 and Lemma[2Z9 each step in Figure
induces a homogeneous homotopy equivalence that preserves both the quantum
grading and the homological grading. So

CN(Ll) ~ ON(L)

Using relations (Z20) and (Z27]) in Lemma 2.9 we can unlink this extra component
from L' and get

Cn (L' UK) = Cn (L) [[Nw(K) + s {g V002,
where L' U K is L’ plus a copy of K that is unlinked to L.
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Next, using (ZI8) and (ZIJ) in Lemma L we can change K (which is now not
linked to L) into an unlink U with Seifert framing (which is not linked to L’) and
get

On(U) = Cn(K)|| = Nw(K)|[{g" ).
Putting that above together, we get
Cn(L'UU) =~ Cn(L) |Is] {a~*}-

Finally, we remove U from the link diagram using Part (1) of Theorem 2.6, which
gives

On(L') ~ Cn (L' UT).
This proves equation (2.23]). O

For a knotted MOY graph, we also have a notion of simple circuits. For a knotted
MOY graph D, a subgraph A of D is called a simple circuit if

(i) A is a diagram of a knot;
(ii) the orientations of all edges of A coincide with the same orientation of this
knot.

Combining the tricks used in the proofs of Theorems 211l and 212, one can
prove the following corollary. We leave the proof to the reader.

Corollary 2.13. Let D be a knotted MOY graph and A a simple circuit of D.
Denote by D' the knotted MOY graph obtained from D by reversing the orientation
and the color of edges along D. Then, up to an overall shift of the the Za-, quantum
and homological gradings, Cn (D) is homotopic to Cn(D').

In particular, (D), and (D')y differ from each other only by a factor of the
form +q*.

3. AN EXpLICIT s0(6) KAUFFMAN HOMOLOGY

Theorem [Z12 implies that the N-colored sl(2N) link homology is essentially an
invariant of unoriented links. If N = 1, this homology is the well known Khovanov
homology [I2]. In this section, we shed some light on the 2-colored sl(4) link
homology. Specifically, we use results from the first two sections to verify that, up
to normalization, the 2-colored s[(4) Reshetikhin-Turaev link polynomial is equal to
the s0(6) Kauffman polynomial and, therefore, up to normalization, the 2-colored
5[(4) link homology categorifies the s0(6) Kauffman polynomial. We do so by
comparing the Jaeger Formula for the s0(6) KV polynomial (equation (LI6) with
N = 3) to the composition product of the MOY polynomial associated to the
embedding s((1) x s[(3) < sl(4).

Remark 3.1. There is an alternative approach to the above result. Basically, one
can apply Corollary 22T3] to the s[(4) MOY polynomial of MOY resolutions of 2-
colored link diagrams and keep track of the shifting of the quantum grading while
doing so. This would allow one to show that the 2-colored sl(4) Reshetikhin-Turaev
link polynomial satisfies the skein relation (L)) for the so(6) Kauffman polynomial.
We leave it to the reader to figure out the details of this approach.

Since the coincidence of the s0(6) Jaeger Formula and the sl(1) x s[(3) < sl(4)
composition product is itself interesting, we choose to use this coincidence in our
proof.
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3.1. Renormalizing the N-colored s[(2N) link homology. We start by renor-
malizing the N-colored s[(2N) link homology to make it independent of the orien-
tation.

Definition 3.2. Let L be an oriented framed link that is colored entirely by N.
Assume the writhe of L is w(L). We define

(31) Con(D) = Con(D)] - Su(D){a¥ ™),

(32) Ron(L) = (=0)3"")(L)yy .
Denote by Hyy (L) the homology of Con (L).

Lemma 3.3. The homotopy type of CN'QN(L), with its quantum and homological
gradings, is independent of the orientation of L. Consequently, Ran (L) does not
depend on the orientation of L.

Proof. This follows easily from Theorem O

3.2. The composition product. Now we review the composition product estab-
lished in [21].

Definition 3.4. Let I' be a MOY graph. Denote by c its color function. That is,
for every edge e of T', the color of e is c(e). A labeling f of T is a MOY coloring of
the underlying oriented trivalent graph of I" such that f(e) < c(e) for every edge e
of T'.

Denote by L£(I') the set of all labellings of I'. For every f € L(I'), denote by It
the MOY graph obtained by re-coloring the underlying oriented trivalent graph of
T" using f.

For every f € L(I'), define a function f on E(I") by f(e) = c(e) — f(e) for every
edge e of T'. Tt is easy to see that f € £(T).

Let v be a vertex of I' of either type in Figure[ll (Note that, in either case, e;
is to the left of eo when one looks in the direction of e.) For every f € £(I'), define

[v[T'|f] = %(f(el)?(ez) —f(e1)f(e2)).

The following is the composition product established in [21].

Theorem 3.5. [21l Theorem 1.7] Let T be a MOY graph. For positive integers M,
N and f € L(T"), define

o (D, f) = M -1ot(Ty) — N -rot(Te) + Y [v[T[f],
veV(T)
where the rotation number rot is defined in (Z4). Then

(3.3) Dhen = 3 @ ED (T ()
feL(l)

Remark 3.6. The composition product (B3) can be viewed as induced by the em-
bedding su(M) x su(N) < su(M + N). The Jaeger Formula (LJ) and (LI6)
can be viewed as induced by the embedding su(N) < s0(2N). In [d], Chen and
Reshetikhin presented an extensive study of formulas of the (uncolored) HOMFLY-
PT and Kauffman polynomials induced by these and other embeddings.
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3.3. The s0(6) KV polynomial and the s[(4) MOY polynomial. In this sec-
tion, we prove that the so(6) KV polynomial of a planar 4-valent graph is equal to
the sl(4) MOY polynomial of “mostly 2-colored” MOY graphs.

2,

Type one Type two

FIGURE 14.

Definition 3.7. We call a MOY graph mostly 2-colored if all of its edges are
colored by 2 except in local configurations of the two types given in Figure [[4l

Note that all vertices of a mostly 2-colored MOY graph are contained in such
local configurations.

NS
7N

2
1
3 1 S
1
2 2

r G(T)

FIGURE 15.

The following is the main theorem of this subsection.

Theorem 3.8. Given a mostly 2-colored MOY graph I', we remove the 4-colored
edge in every type one local configuration, shrink the square in every type two config-
uration to a vertex, remove color and orientation, and smooth out all the vertices of
valence 2. (See Figure[ld) This gives an unoriented 4-valent graph G(T') embedded
in R%. Then

(3.4) (T), = Bs(G(I')).

Note that the so(6) Jaeger formula expresses Ps(G(I')) as a state sum of s[(3)
MOY polynomials and the sl(1) x s[(3) < s[(4) composition product expresses (I'),,
as a state sum of s[(3) MOY polynomials. We prove equation (34 by showing that
these two state sums are essentially the same. Several notions of rotation numbers
are involved in these two formulas. We need Lemma 3.9 below to track the rotation
numbers of MOY graphs.
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v v d(v ~ ')
m+n N—-—m-—n
n
m n N —m n 2
m+n N-—-—m-—n
_m
m n m N —n 2

|3

v|3

m+n N-—-—m-—n

FIGURE 16.

Lemma 3.9. Let T be a MOY graph and A a simple circuit of T'. Denote by T”
the MOY graph obtained from I' by reversing the orientation and the color of edges
(with respect to N ) along A. Recall that the rotation number of a MOY graph is
defined in equation Z4). We view A as an uncolored oriented circle embedded R?
and define rotA to be the usual rotation number of this circle. Then

(3.5) rotl” = rotI’ — NrotA + Z d(v~ "),

where v runs through all vertices of A, and d(v ~ v") is defined in Figure [10.

Proof. We prove Lemma B9 using a localization of the rotation number similar to
that used in the proof of Theorem 2.5

Cut each edge of I" at one point in its interior. This divides I into a collection
of neighborhoods of its vertices, each of which is a vertex with three adjacent half-
edges. (See Figure[dl where e, e; and ey are the three half-edges.)
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For a vertex of T, if it is of the form v in Figure @ we denote by « the directed
angle from e; to e and by 3 the directed angle from ez to e. We define

m+n m n
(3.6) rot(v) = 5 /ends—i—%(a—i—/el fids)—l—%(ﬁ—i—/@ﬁds),

where k is the signed curvature of a plane curve.
If the vertex is of the form ¢ in Figure[@ we denote by & the directed angle from
e to e; and by g the directed angle from e to ea. We define

L m "
(3.7) rot(v) = 5. /ends—l— 5 <a+/€1 Iids) + o <ﬂ+/€2 Ii) ds.

By the Gauss-Bonnet Theorem, one can easily see that

(3.8) rot(T") = Z rot(v).

veV (T')

7
7

€1 €2

FIGURE 17.

For a vertex v of A, denote by e; and e3 the two half-edges incident at v belonging
to A. Assume that e; points into v, e5 points out of v, and the directed angle from
e1 to ey is 0. (See Figure[7l) Define

(3.9) rota (v) = % </ ks + 0+ / Ads) .

By the Gauss-Bonnet Theorem, we know rotA = >~ rota(v), where v runs through
all vertices of A.

For a vertex v of I contained in A, denote by v’ the vertex of I corresponding
to v. We claim
(3.10) rot(v') = rot(v) — Nrota (v) + d(v ~ v').

Clearly, the lemma follows from (B.I0).

To prove (BI0), one need to check that it is true for all four cases listed in Figure
Since the proofs in all four cases are very similar, we only check the first case
here and leave the other three to the reader.

In the first case, v and v’ are depicted in Figure As before, denote by «
the directed angle from e; to e, by § the directed angle from es to e and by ~y the
directed angle from e} to e}. Then

N — N —m —
rot(v’) m/ ks + —— <—a+/ Iids) + = ’Y+/ Kds

2w e 2 o 2 ¢

m n m-+n

= —|a+ kds | +— | B+ kds | + Kkds

27T e1 27T ez 27'( e
N _

__(/ ﬁd5+a+/ﬁd8)+wn
2w \Je, e 27

= rot(v) — Nrota(v) + g,




KAUFFMAN-VOGEL AND MURAKAMI-OHTSUKI-YAMADA POLYNOMIALS 27

where, in the last step, we used the fact that o+~ — 8 = w. This proves (B10) in
the first case in Figure [I6 O

Now we are ready to prove Theorem 3.8

Proof of Theorem[3.8. By the composition product 3.3), we know that

Ty = > ¢ 0 (), - (Tg)s,

feL(r)
where

(3.11) 013(T,f) = 10t(Tg) = 3-10t(Te) + > [o[Tf].
veV(T)

Note that, in order for the product (I'r); - (I'f); to be non-zero, we must have
f(e) = 0,1 and 0 < f(e) < 3 for all edges of T'. Define

L) ={fe L) |f(e)=0,1, 0 <f(e) <3Veec E(I)}.
Then
(3.12) D= > a0 (T,

feLo(T)
where we used the fact that (I'r); =1 for all f € Lo(T").

Denote by E5(T") the set of edges of T' colored by 2 and by E(G(T")) the set of
edges of G(I'). Then there is a surjective function g : E2(I') — E(G(T")) such that
g(e) is the edge of G(T') “containing” e for every e € Ey(T).

Note that, for any f € L£o(I"), I's is a collection of pairwise disjoint embedded
circles colored by 1 (after erasing edges colored by 0.) All possible intersections
of T'¢ with type one and type two local configurations (defined in Figure [[4]) are
described in Figures 20 and BTl in Appendix [A] where edges belonging to Ty are
traced out by red paths.

For any f € L4o(I"), we define an edge orientation gf of G(I") such that, for all
e € Ey (F),

the orientation of e if f(e) =1,

arlgle)) = {the opposite of the orientation of e if f(e) = 0.
It is easy to check that of(g(e)) is a well define balanced edge orientation of G(T")
and the mapping f — ¢ is a surjection L.o(I') = O(G(I)).

Given a labeling f € £o(I"), we define a subgraph A¢ of I' (and therefore of I'f)
such that

o if e € E5(T), then e is in Ay if and only if f(e) = 0;

e edges of Af of other colors (which are all contained in local configurations
of type one or two) are traced out by paths in Figures R0 and 21] in
Appendix [A]

It is easy to see that Af is a union of pairwise disjoint simple circuits of I (and

therefore of I';.) Reversing the orientation and the color (with respect to 3) of edges
of I's along Af, we get a MOY graph I';. By Theorem 23] we have

(3.13) (Tg)g = (Tf)s -
In l"%, delete all edges colored by 0, contract all edge colored by 2 and smooth out
all vertices of valence 2. This gives a partial resolution G(I"),, ¢, of G(T'),,, where ¢
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resolves all vertices of G(I'),, except those corresponding to the last case in Figure
2Tl In this last case, we need to further choose the resolution. Note that, by [I5]
Lemma 2.4], we have

o (ED -0 (0,

For f € L40(T') and ¢ € 3(G(T"), ), we say that ¢ is compatible with f if, on all
the vertices that are resolved by ¢, ¢ agrees with ¢. Denote by X¢(G(T'),,) the set of
resolutions of G(I'),, that are compatible with f. Then the mapping (f,<) — (gf,)
gives a bijection
(3.15)

{(f,0) [ feLrol), ¢ €Ze(GI)g)} = {(e;5) [ 0 € O(G)), s € B(G(T),}-

=

Let C be a local configuration (of type one or type two in Figure[[d) in I'. For
f e L1o(T') and ¢ € X¢(G(T), ), we define two indices ¢ (C) and r¢(C). The
values of these two indices are given in Figures and 21 in Appendix [Al Tt is
straightforward to check that

(3.16) rot(G([)g.) = 1ot(Tf) + Yt (C),
C

(3.17) rot(G(I)g.) = rot(Is) —rot(Ag) + Y rec(C),
C

where C runs through all local configurations of type one or two in I'.
Combining the above and Lemma [B9] we have that, for any f € L£.o(I") and
€ Ef(G(F)Qf)7

(318) 0'173(1—‘,f)
= rot(T'f) — 3rot(T') + Z [v|T|f]

veV (T)
= rot(T}) — 3(rot(I's) — 3rot(Af)) + Z ([v|T[f] = d(v ~ v"))
veV (T')
2GS Brec(C) e (C) + 3 (bITIf] — d(v o))
C veV ()

k(@) + Y (3r1a(O) — @)+ S (IR — d(o~ ) |
C veV (C)

where C runs through all local configurations of type one or two in I', V(C) is the
set of vertices of C, and we use the convention that d(v ~ v') = 0 if the vertex
v is unchanged in I't ~ I't. The values of r¢,((C), tr(C), 3 cv(c)[vIl|f] and
> vev(c) d(v ~ v')) are recorded in Figures 20l and 21l in Appendix [Al One can
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verify case by case that

(3.19) Brec(C) =t (C) + Y ([IT[f] = d(v ~ ')
veV (C)

1 if C is of type two and ¢ applies L

to the corresponding vertex in G(I'),,,

= —1 if C is of type two and ¢ applies R

to the corresponding vertex in G(I'),,,

0  otherwise.

Equations (BI8) and (1Y) imply that, for any f € L4o(I") and ¢ € Z¢(G(T),),
(3.20) e = =2oUC WD) [G(T),,, ).

In view of bijection B3, it follows from (Z8), 12), B.I3), BI4) and (320)

that
(3:21) (),

Z Z g~ 2ot (G M) | [G(T) 5] R3(G(T) gy )

feL_o(T) §€Ef(G(F)gf)

Z q72mt(G(F)9’§) [G(D)g, <] R3(G(I)y6)-
0€O(G(I) <EX(G(T),)
Comparing the right hand side of 2] to the Jaeger Formula (LI6]) in Theorem
LT we get (I'), = Ps(G(I)). O

3.4. An explicit s0(6) Kauffman homology. Webster [I7, [I8] has categorified,
for any simple complex Lie algebra g, the quantum g invariant for links colored
by any finite dimensional representations of g. But his categorification is very
abstract. For applications in knot theory, it would help if we have categorifications
that are concrete and explicit. For quantum s[(N) link invariants, examples of such
categorifications can be found in [I2] I3 19]. We know much less about explicit
categorifications of quantum so(N) link invariants. Khovanov and Rozansky [14]
proposed a categorification of the so(2N) Kauffman polynomial. But its invariance
under Reidemeister move (III) is still open. They did however point out that the
50(4) version of their homology is isomorphic to the tensor square of the Khovanov
homology [12] and is therefore a link invariant. More recently, Cooper, Hogancamp
and Krushkal [5] gave an explicit categorification of the so(3) Kauffman polynomial.

Theorem [B.8 allows us to give an explicit categorification of the so(6) Kauffman
polynomial. More precisely, we have the following theorem.

Theorem 3.10. Let L be an unoriented framed link in S®. Fiz an orientation o of
L, color all components of L by 2 and denote the resulted colored oriented framed

link LY. Then
(3.22) Ry(LY) = (=1)"Ps(T),

where the polynomial Ry is defined in Definition B2, m is the (Zs2-) number of
crossings in L, and L is the mirror image of L, that is, L with the upper- and
lower- branches switched at every crossing.

Consequently, the renormalized s1(4) homology H, (LE,Q)) categorifies (—1)™ Ps(L).
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FIGURE 18. MOY resolutions

N

P

FIGURE 19. KV resolutions

Proof. Replace every crossing of L§,2) by one of the three local configurations in
Figure We call the result a MOY resolution of LE,Q) and denote by MOJ/(LE,Q))
the set of MOY resolutions of LE,Q). Replace every crossing of L by one of the three
local configurations in Figure We call the result a KV resolution of L and
denote by KV(L) the set of KV resolutions of L. Note that the mapping ' — G(T)
defined in Theorem [B.8] gives a bijection MO))(LE,Q)) — KV(L).

Compare the skein relations

o
111 )_qé4( 9 )7

> N
N

/
P ( ) = q 'Py( ) — Ps( )+ qPs( ).
/ 7N

It is easy to see that equation ([B.:22]) follows from equation (4] in TheoremB8 O

oy
B
—
~—
|
|
LS}
L
=
B
—

Question 3.11. Is fNI4(LE,2)) isomorphic to the s0(6) version of the homology de-
fined in [14]?
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APPENDIX A. FIGURES USED IN THE PROOF OF THEOREM

In Figures 20 and BTl edges along red paths belong to I'r and edges along blue
paths belong to Ag.
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