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Abstract

A new method for the solution of initial-boundary value problems for lin-
ear and integrable nonlinear evolution PDEs in one spatial dimension was
introduced by one of the authors in 1997 [§]. This approach was subsequently
extended to initial-boundary value problems for evolution PDEs in two spatial
dimensions, first in the case of linear PDEs [11] and, more recently, in the case
of integrable nonlinear PDEs, for the Davey-Stewartson and the Kadomtsev-
Petviashvili IT equations on the half-plane (see [13] and [14] respectively). In
this work, we study the analogous problem for the Kadomtsev-Petviashvili
I equation; in particular, through the simultaneous spectral analysis of the
associated Lax pair via a d-bar formalism, we are able to obtain an integral
representation for the solution, which involves certain transforms of all the
initial and the boundary values, as well as an identity, the so-called global
relation, which relates these transforms in appropriate regions of the complex
spectral plane.

1 Introduction

The Kadomtsev-Petviashvili equations are two integrable nonlinear evolution PDEs
in two spatial dimensions,

@ +6qqs + Quas + 300, tqy, =0, o= =1, (1.1)

where the nonlocal operator 9, ! is defined as

ot = [ ") de. (1.2)

The case 0 = 1 is known as the KPII equation and, in the context of fluid mechanics,
appears in the study of long waves in shallow water under weak surface tension. The
case 0 = —1 is called the KPI equation and can be employed to model water waves
in thin films, where the very high surface tension dominates the gravitational force.
More generally, equation (LIJ) is considered as one of the most generic models
in nonlinear wave theory, modeling waves in acoustics, ferromagnetics and, more
recently, in the Bose-Einstein condensation and in string theory.

The KP equations are regarded as the natural extension of the celebrated Korteweg-

de Vries (KdV) equation from one to two spatial dimensions; in fact, they were
first introduced in a 1970 paper by B. Kadomtsev and V. Petviashvili in order to
study the stability of the soliton solutions of the KdV under the effect of transverse
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perturbations. KPI and KPII differ significantly not only in terms of the physical
phenomena that they describe, but also in their underlying mathematical structure.

The initial value problem for the KdV equation was solved via the Inverse Scat-
tering transform (IST) in 1967 [I]; the initial value problems for the KPI and the
KPII equations were formally solved in [2] and [3], using a nonlocal Riemann-Hilbert
formalism and a d-bar formalism respectively (see also [4]-[7]). A unified transform
method for solving initial-boundary value problems for linear and integrable nonlin-
ear evolution PDEs in one spatial dimension was introduced by one of the authors
in [8]. In particular, interesting results for the linearised version of the KdV and for
the KdV itself formulated on the half-line are presented in [9]-[12]. The generalisa-
tion of these results from one to two spatial dimensions for linear and for integrable
nonlinear equations is presented in [I1] and [I3], respectively.

An analytical approach to the initial-boundary value problem for the KPII equa-
tion on the half-plane {—oo < 2 < 00, 0 < y < oo} was presented in [14]. Here, we
will employ the general methodology of [I3] and [I4] in order to analyse the KPI
equation for y on the half-line, that is

Gt +64qz + Quar — 30, 'qyy =0, —0c0<x <00, 0<y <00, t>0. (1.3)
The analysis, which is proposed in sections 2-4, involves the following steps:

1. The formulation of the PDE in terms of a Lax pair. For the spectral variable
k = kgr +ikr, kg, k1 € R, and for some scalar function u(x,y,t, kg, kr), the
KPI equation is the compatibility condition of the Lax pair:

ty +ifiee — 2kp, = —igqu (1.4a)
fit + Atz + 12ikpne — 12K 1y = Fp, (1.4b)

where p is bounded for all £ € C and such that
lim p= 1—|—(9<l> (1.5)

| k| — o0 k

with the operator F' defined by

F(z,y,t.k) = —6q (ik + 0,) — 3 (qz + 10 'qy) - (1.6)

2. The direct problem. By applying a Fourier transform in x, it is possible to
analyse the two equations defining the Lax pair simultaneously in order to
obtain an expression for g which is bounded for all k£ € C. It turns out that p
has different representations in different parts of the complex k-plane, namely
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Figure 1.1: The eigenfunction p in the four quadrants of the complex k-plane.



:u;(xvyatkaakl)a kEI,

wi(zy,tkr kr), keIl

M(xvyutakRukl) - (17)
MI(I,y,t, kR7k1)7 k S III,

o (z,y,t, kr k1),  kelV,

where I — IV denote the four quadrants of the complex k-plane.

The functions qu satisfy linear integral equations of Volterra type, which
depend on ¢(x,y,t), ¢(x,0,t) and g, (z,0,1).

3. The deriwvation of the global relation. This relation is an algebraic equa-
tion coupling the so-called spectral functions, which are appropriate nonlinear
transforms of the initial condition and the boundary values:

QO(xvy) = q(;v,y,O), g(l‘,t) = Q(xvovt)v h(‘rvt) = Qy(xvovt)' (1'8)

The spectral functions are defined via certain linear integral equations which
depend on the functions in (LS.

4. The inverse problem. By using the fact that the function u defined in step
2 is bounded for all k € C, it is possible to obtain an alternative representa-
tion for this function using a d-bar formalism (or more precisely the so-called
Pompeiu’s formula). In order to achieve this, it is necessary to: (a) compute
Op/ Ok, (b) compute the jumps of ui, across the real and imaginary k-axes
(actually the jump across the imaginary k-axis vanishes). The d-bar deriva-
tives and the above jumps can be expressed in terms of the spectral functions.
Thus, p can be expressed via the spectral functions and hence via ¢, g and
h. After obtaining y, it is straightforward to obtain a formula for q.

Finally, in section 5 we will obtain an expression for the solution to the linearised
version of the above problem in two different ways; first, by taking the linear limit
in the representation obtained in the nonlinear case and by applying the method of
[8] for linear evolution PDEs on the linearised KP equation:

Ut + Upw — 30, "y, = 0. (1.9)

Notations and Assumptions
e The complex variable k is defined as
k =kr +ikr, kg, kr € R;
the variable [ is real, [ € R.

e A bar on top of a complex variable will denote the complex conjugate of this
variable; in particular, k = kr — ik;.

e For the solution of the inverse problem we will make use of the so-called
Pompeiu’s formula: if f(z,y) is a smooth function in some domain D C R?
with a piece-wise smooth boundary 9D, then f is related to its value on 9D
and to its d-bar derivative inside D via the equation

1 dc d¢ A dC Of o
fan =g [ o sen o [[ ES Sen, <—5+(1@?O)




where

d¢ N d¢ = —2idédn.
e We will denote the initial value by

q(x,y,0) = qo(z,y) (1.11a)
and the boundary values ¢(z,0,t) and g,(z,0,t) by
q(z,0,t) = g(z,1) (1.11b)

and
qy(2,0,t) = h(z,t). (1.11¢c)

We will assume that gg € S(R x RT), where S denotes the space of Schwartz
functions.

e We will seek a solution which decays as y — oo for all fixed (z,¢) and which
also decays as |z| — oo for all fixed (y, t).

e Throughout this paper we will assume that there exists a solution q(z,y,t)
with sufficient smoothness and decay in €2, which denotes the closure of the
domain 2.

e A hat “A”above a function will denote the Fourier transform of this function
in the variable z.

e The index “0” on a function will denote evaluation at ¢ = 0.

e Whenever we write ¢, we mean that ¢ depends on the physical variables
(2,9, 1).

e Whenever we write p, we mean that p depends on the physical variables
(z,y,t) and on the spectral variables kg, k; € R.

e The subscripts X and ¢ on a function f denote its dependence on (x,y,t), i.e.
th = f(I, yvt)
Similarly,

fEt = f(fﬂ?at)

2 The direct problem

Proposition 2.1. Assume that there exists a solution q(x,y,t), defined for (x,y,t) €
Q, to a well-posed initial-boundary value problem for equation [L3)). Then, the func-
tion p, which is bounded for all k € C and is defined as

:u—l‘r(xvyatka;kl)a kRSO, k[ 207

py (z,y,t kr, ki),  kr <0, k; <0,
H(Iayvta kRka) = (21)
IUQ_(Iayvta kRka)v kR Z 07 k[ S 07

pd (z,y,t, kr ki), kr >0, kr >0,



admits the following representations in terms of q(x,y,t), ¢(x,0,t) and ¢,(x,0,t):

/1’+ —1— L /OO dl /OO d§ /y d’? e—il(&—w)—il(l+2k)(n—y)qu+
' 27 Jo —o0 0 !

1 —2]€R o0 T
dl/ df/ dr e—il(5—1)+il(l+2k)y+w(k,l)(T—t)H(b;r
—0o0 t

— E ;
o] 00 t

+ i dl/ dé-/ dr e—il(5—1)+il(l+2k)y+w(k,l)(T—t)H¢+

21 J ok —0 0 !

. 0 o) 0o
+ %/ dl/ dg/ dn e*’il(f*I)*’il(H’Qk)(n*y)qui‘r, kR S 07 k] 2 07
—o00 —00 Yy

(2.2a)
py =1+ %/ dl/ d{“/ dn e—il(ﬁ—w)—il(H%)(n—y)quf
0 —o00 Y
1 0 oo T ) ]
_ % dl/ df/ dar e—zl(5—1)+zl(l+2k)y+w(k,l)(T—t)Hd);
—o00 —o00 t
i 0 oo Y ) )
- %/ dl/ d§/ dipe DTN g kR <0, k7 <0,
—0o0 —0o0 0
(2.2b)

o =1+ & /OO dl /OO d¢ /OO dn e &) —il+2k) (=y) ¢y~
2 27 J, . ) 2

1 /0 > T . _
_%/ dl/ dg/t dTele(Efz)+1l(l+2k)y+w(k,l)(Tft)Hd);

0 o) t
+ i dl/ d{/ dr e—il(£—w)+il(l+2k)y+w(k,l)(r—t)Hd)f
21 ) _okg —00 0 2

. 0 'S Yy ] )
- i/ dl/ d§/ dn e~ DTG g kg > 0, kr <0,
—00 —o00 0

(2.2¢)

and

ug =1- o /OO dl/oo d¢ /U dn e~ ME=2)—il(42R) (n—y) o)+
? 27 Jo —oco 0 2
fe'e] [e%s) t
+ i / dl/ dé—/ dr e—il(5—1)+il(l+2k)y+w(k,l)(T—t)H¢+
27 Jo —oc0 0 2

. 0 ) (%)
+ ﬁ/ dl/ d§/ dy e~ SR =R O=w) g = g >0, kr > 0.
—o0 —c0 y

(2.2d)
where
w(k,1) := —4il(I* + 3kl + 3k?), (2.3)
& (x, b, kg ki) == p; (2,0, kg k), j=1,2,
H(z,t, k1) =3 [ga(x,t) — 2i(l + k)g(z,t) — i0, 'h(z,t)], (2.5)

and g, h are defined in ([LJ]).



Proof. Define the Fourier transform of p with respect to x by

gtk n) = [ e [yt ) ~ 1] (26)
with the inverse given by
1 o ,
w(x,y, t kr, k) =1+ 2—/ dle™ a(l,y,t, kg, kr). (2.7)
™ — 00

Applying ([2.6)) to the first equation of the Lax pair yields:
(ﬂe—il(l+2k)y) — _je—il+2k)y /OO dz e~ gy, (2.8)
Yy —o0
This equation can be integrated either from 0 to y or from y to oo, depending on
the sign of the real part of the exponent —il(l 4+ 2k), namely
—i ny d’l] fjooo dé. e—ilf—il(l+2k§)(n—y) qp + la(la 07 ta kR; k[) eil(l+2k¢)y, lk[ 2 07

/l(l7y7t7kR7k1) = ) )
z.fyoo d77 fjooo df e—zlﬁ—zl([+2k)(n—y)qu’ lkr <0.

(2.9)

Hence, equation (Z7) implies the following formulae for p™ and p~, defined for
kr > 0 and kr < 0 respectively:

{ o o Y —il(E—z)—i -
W @tk = 1= o [ [ de [T e DT (00 (b k)
0 —oo 0

n 1 dl =IOy e k)
2 Jo
. 0 e} e} . .
bom [ [ de [T ane e O (g )¢t k). b2 0,
T J -0 —o00 Yy
(2.10a)
and

m(x,y,t,kR,kI):H—;/ dl/ df/ dn e~ MET TR =) (07 (€, 8, kg, Kr)
™ Jo —o0 Yy
0

n 1 dl eilac+il(l+2k)ngf(l7 t, kg, k1)

2r J_ o
.0 - . | |

_L dl/ dg/ dne*ll(f*&ﬂ)*ll(l+2k)(n7y)(qu7>(§7n7t7kR7kI)7 kr <0,
2r J_ o - 0

(2.10Db)

where ¢* are the Fourier transforms of ¢, defined by equations @4).

In order to compute qgi, we use the t-part of the Lax pair, namely we evaluate
equation (L4H) at y = 0 and then apply the Fourier transform (2.8]) to the resulting
equation:

Ge(l,t, kb k) +w(k, Dol t kr, k) = / dg e " H (&, k,D)p(&, t, kr, kr), (2.11)
where w and H are defined by (23) and ([23) respectively.
Equation ([ZI2) can be integrated either from 0 to ¢ or from ¢ to T, depending
on the sign of the real part of w, i.e. on the sign of lk;(l 4+ 2kpr), see equation ([23)):
[y dr [%_de e et g 4 =R 0, kg, kp), Ukr(l+ 2kg) >0
¢(lut7kRuk1): R
— [dr [2_dg etk g 4 D041 T, kg, kr), Tki(l+ 2kg) <O0.
(2.12)



For ¢t we have that k; > 0. We distinguish two subcases, namely kr > 0 and
kR S 0:

k;anndkRZO

For | € (—o0,—2kg) U (0,00) we have that I(l + 2kr) > 0 thus we use the first
expression in (2I2)), whereas for | € (—2kg,0) we have that [(I + 2kgr) < 0 and so
we use the second expression in ([2Z12)):

Jydr [ dge oD gof 4 em DI 0, kR, ki), | € (—00,—2kr] U0, 00)
q§2+(l7 t7 kR7 kI) =
— [Fdr [ dee et ®D= ot 4 e "DT 0G5, T, kp, ki), | € [~2kgr, 0],
(2.13a)

and
kIZOand kRSO

For [ € (—00,0) U (—2kpg,00) we have that (I + 2kr) > 0 thus we use the first
expression in ([2I2), whereas for I € (0, —2kg) we have that [(I + 2kgr) < 0 and so
we use the second expression in (Z12)):

A [ydr [ dgemeretEDED got 4 o= D10, kR, ki), | € (—00,0] U [~2kR, 00)
&1 (1,1, kr,kr) = _ .
— [ dr [, dgem BN g 4 DTG T, kg, k), L€ [0, —2ki).

(2.13b)

In the case of ¢—, we have that k; < 0. As before, we distinguish two subcases,
kR§0andkRZO:
k] S 0 and kR S 0

For I € (—00,0) U (—2kg, 00) we have that I(I + 2kg) > 0 thus we use the second
expression in (Z12), whereas for [ € (0, —2kg) we have that (I + 2kr) < 0 and so
we use the first expression in (2Z12):

— [Fdr [ de etk o 4 o BTG (1 T kg, ki), 1 € (—00,0] U [~2kr,00)
¢;(l7t7 kR7kI) = N
[y dr [ dge 1eretDI o 4 e RDIGE (1,0, kR, ki), | € [0, —2kR],

(2.13¢)
and
kr <0and kr >0
For | € (—o0,—2kgr) U (0,00) we have that (I + 2kr) > 0 thus we use the second

expression in (m) whereas for [ € (—2kR, 0) we have that I(l + 2kgr) < 0 and so
we use the first expression in :

— [Fdr [ de e re DD oo 4 e BDT=0 G2 (1 T, kg, ki), | € (—o00, —2kg] U [0, 00)
by (I,t, kg, k1) =
Jydr [ dge 1D g 4 emwWDtG (1,0, kr, ki), | € [~2kr,0].
(2.13d)

Moreover, equations (Z.10) evaluated at y = 0 imply that ¢& satisfy the following
equations:

1 fe's) o . 0 e} o ) )
— 14— / dl e gt 4 / dl / d¢ / dn e e =ill+2Rm g+ (9 14a)
2m 0 2 —o00 —o00 0

S e o0 o0 , , 1 /0 N
- = 1+i/ dl/ dg/ dne_”(f_””)_”(““%)"qu_—|——/ dle™$=. (2.14D)
2 0 —00 0 2 —00



Hence, together with the inverse Fourier transform () for ¢*, the above imply

that ¢E+ has no restrictions on t for [ > 0 as well as that (;AS_ has no restrictions
on t for I < 0. Therefore we can choose the values of ¢+ for t = 0 and t = T
appropriately as:

ng(lvTa kRv k]) = Oa l S [07 _2kR]a éf(la 07 kRa k[) - 07 l € [_2kRa OO),

(2.15a)
o1 (1, T, kp,kr) =0, 1€ (—00,0], (2.15b)
Qgg(lvTa kRakI) = 07 € (—OO,—2]€R], é;(lvoakRakl) = 07 l € [_2kR70]7

(2.15¢)

and .
o3 (1,0,kg,kr) =0, 1€]0,00). (2.15d)
Using these equations in equations (ZI3]) and substituting the resulting expressions
in (ZI0), we find equations ([2:2al) — ([2.2d). O

3 The global relation

Proposition 3.1. Define qo, g and h by equation (L8). Also, define the functions
w, ¢ and H by equations (2Z3), @A) and ZI) respectively. Then, the following
identity, called the global relation, is valid for p:

/ ae / diy e~ 1AM g (€ (e, 0, ki, K)
—00 0
[e'e] t
i / ae / dr e RS DT (¢ 7k 1)B(E, T, ki, k)
—00 0

- / ae / dy e~ eI g (¢ (et km ke), k€ C, Ty <0,
—00 0
(3.1)

Moreover, an alternative form of the global relation is:

/ ae / dn e~ 1€ (e ot ke, k)

—00 0
[e%) T )

i / ae / dr e 1EH DD [ (¢ 7k D(€E, 7, kp, ki)
— 00 t

- / dt / dy e IEHERME DT 06 1 T (e, Tk kr), k€ C, Ly
— 00 0
(3.2)

Proof. Applying the Fourier transform (Z.G]) to the second Lax equation yields an
ODE in t,

(l&ew(k,l)t) _ ew(k,l)t/ de =6y, (3.3)
t

— 00

where F is defined by (L4).
This equation, together with equation (2.8]), imply the following equality:

(eil(l+2k)y+w(k,l)t /00 de eugqu) _ <Z efil(l+2k)y+w(k,l)t/ood€ e“fF;L> . (34)
Y

00 t —0o0

Then, Green’s theorem in the plane,

//D (% - %) dudv = /aD f(u,v)du + g(u, v)dv, (3.5)



Figure 3.1: The domain of integration for Green’s theorem.

T

T

Figure 3.2: An alternative domain of integration for Green’s theorem.

applied inside the domains depicted in figures B.Iland 3.2 yields the identities (B1])

and ([2), respectively.
Note that the constraint on [ is needed in order for the exponential e~#(+2k)n

to be bounded when 1 — cc. O

4 The inverse problem

Define the functions

5/L+(Iay7ta k[) = (:u&F _ué‘r) ) 6H_(Iay7ta k[) = (,UJ; —,U;) (41)
kr=0 kr=0
and
A/'Ll(xuyatu kR) = (/’Li’_ _Ml_)‘k 0’ AM?(xuyatu kR) = (/’L;_ _/1’2_) kr=0 (42)
1= 1=
Employing Pompeiu’s formula ([LI0) in the domain depicted in figure 1]
we can express the function p in the following form:
1 o dI/R 1 0 dVR
=1+— Apg + — A
+2z7‘r o VrR—k +2z7‘r OOVR—k i
1 [~ d
+ 5o VI pt — /
ZI/] — ’LV] —
* dyy aul dvr Opy
_ = d ot S d el
/ VR/ v—Fk Ov / VR/ v—k Ov
dvr Opy / * dv; Oud
- = d —= — = d —=. 4.3
7r/0 VR/_OOU—k ov VR/ v—k Ov (43)

Therefore, we need to compute the jumps of u across the real and the imaginary
k-axes as well as the d-bar derivatives in the four quandrants of the complex k-plane.



vr \L

VR

Figure 4.1: The contour of integration in Pompeiu’s formula.

Proposition 4.1. (The d-bar derivatives) Define the functions u;':, j=1,2, by

equations 20) and 22al) — @2d). Then,

o +
%(xayutakRu k]) — elx,gfj(kRu k])p‘;(x7y7t7 _kRu k])a kR S 07 k] Z 07 (44&)

and

Oy _ _
%(xuyatu kRakI) = elxpr (kRu k])ul ($7y7t7 _kR7kI)7 kR > 07 kI < 07 (44‘b)

where

—2ik dkrpkry—w(k,—2kg)t
€lx: — elXt(Ivyatka;kI) =e retdkrkry—w( R) , (45)

the functions fj+, 7 =1,2, are defined by

1 o) T )
fif(kr,kr) = %/ dg/ dr e2krs+e kb =2kR)T [ (¢ 7k —2kp)b),  (4.6a)
— 00 0

1 (') T )
fy (kg k1) = o / d¢ / dr e2hrs+e b =2kR)T [ (¢ + | —2kR)by (4.6b)
—00 0

and the functions w, ¢1, ¢5 and H are defined by equations Z3) — (ZH).

Moreover,
u-
%(l‘ayuukl%akf) = 07 kR < 07 k] < 07 (4‘78“)
and it
%(m,y,t, kr k1) =0, kr>0,k >0. (4.7b)

Proof. Applying the d-bar derivative with respect to the spectral variables on

10



equation (ZZa) and recalling that H depends on k but not on k, we have:

Oy U B Ea R LT ) Ouf
el S dl d dp e~ E—z)—il(I+2k)(n—y) , 21
ok 27r/0 /,Oo 5/0 e ok

1 —2kpr [e'e] T ) ) 6¢+
[ — dl/ d§/ dr e~ ilE—a)+il(I+2k)y+w (kD) (r—t) [y Y¥L
27 0 —00 t Ok

1 o o t . . 6¢+
+ di / de / i e— e il 2k y (kD) (r—t) p 091
27 J _oky —o0 0 ok

. 0 e o) +

i e _) Op
dl d d il(E—a)—il(I+2k) (n—y) , L1

+ 2 /_OO /_Oo f/y e ! ok

+ e 2ibnetdkakiy ok =2kt (F (L |y, T),  kr <0, kr >0, (4.8)

where f;" is defined by (Z6a). B
In equation (28], replace k by —k and introduce the notation i for

p(xyy, t kg, kr) = plz,y, t, —kg, k). (4.9)
Then,
() = im0 [ ggemieyg, (4.10)
Y —o0
hence
i [V dy [ de e~ iE=il1-2R)(n—) g7 4 geiz(l—zé)y7 Ik >0
o= (4.11)
i) dn [7 dg e TRt Ygn, Tk <0,
where (;3 denotes the evaluation of i at y = 0.
Let
ext = ext(T,y,t,k,A) 1= e~ iA+2R)zHINA+2K)y+w(k,\)t—8ik> t (4.12)

where the indices X, t denote the dependence on the variables (z,y, t). Furthermore,
define _
e1y, = exi(z,y,t, k,—2iky) = e~ 2ikreFakrkiy—w(k,~2kp)t (4.13)

In the case of kp <0 and k; > 0, multiplying equation [@II)) by e;,, yields:
—i [V dy [ de ¢ HE 2k (€ ) —illi—2R)(n—y)~Akrks (1Y) g (e, fid ) + €1Xt¢:>§L cil(l—2R)y
nyoo dn ffooo d¢ e—il§+2ikR(5—1)—il(l—27;)(n—y)—4k3k1(n—y)q(elaﬁg‘),
(4.14)

where the index = indicates the dependence on the variables (£, n) instead of (x,y).
According to equation (Z7),

oo

~ 1 il S
el)uM;_ = Cly, T %/ di e (61Xt/’L;r)7 (4'15)

— 00
thus, using [@I4) into [@IH) we find:

. [e'e] 0o Y . . T
ele[L;r = €lx, — QL / dl/ d£/ dneil(lisz)(éiz)i(ll(lizk)+4kptkl)(niy)Q(elatﬂ;)
T Jokp —co 0

1 [ ilz+il(1—2k)y 74
+ = dle (€1Xt¢2 )
2 2n

U e - (12K ) (6—2)— (il (1—2F)+4k g7 ) (n—) +
—i(l— —z)—(il(l— n— ~
bom [ [ ag [T apenieen RO e i),
—o0 —o0 y

(4.16)

11



Replacing k by —k in equation ZII) and integrating with respect to ¢ yields:

; JLdr [ d e MEHROED G 4 ew(ROG|  Rew(—F,1) > 0

- LT dr ffooo dé. efil§+w(7lg,l)(77t)Hq£ 4 ew(fk,l)(Tft)¢|t:T, Rew(—E,l) <0.

(4.17)
Hence, for kg < 0 and k; > 0, the following equation is valid:

o U - Y —i(l—2kp)(E—a)— (il(1—2F)+ 4k rk 1) (n—y) +
€1y flz =€y, — 5= dl d¢ [ dne q(eiz, fiz)
2 2kp —oo 0
0 T _ _ _
S dl/oo dg/ i ¢~ i2RR)(E)+HGA2R) b4k gk u (RO R 2R B (e = ] 1Y (er |ymodd)
27 2kRr (S} t

[e5s} e} t . X - = = — ~
+%/ dl/ df/ dr ¢~ 0-2RR)E)FQU=2R) +ak kD @R+ R=2m) =D [ (¢ 1 _F 1) (€1, [neodd)
0 —o0 0

- 2kRr oo oo . . _
+i/ dl/ dg/ dn e~ 0= 2KR) (€=~ (UU=2R)H4k kD) (0=0) g o
—oo —o0 Y

Replacing [ by [ + 2kr, we find:

N ) o > Y —il(E—m)—i _ -
elXtM;r =e1y, — %/ dl/ df/ dne il(§—x)—il(14+2k)(n y)q(elgtll;)
0 —o0 0
1

—2kp oo T ) ) 5
- dl / 3 / dr e~ MEm TRV DETD (¢ 7k 1) (e1g, |n—0dd)
2ﬂ— 0 —o0 t -

1

e oo t . . -
+ by » dl/ dg/o dr ele(éfcc)Jrzl(l+2k)y+w(k,l)(‘r—t)H(& 7.k, )(e1o, |n:0¢;)
—<FR —00o

4 ﬁ/ dl/ dg/ dneﬂz(&z)7zz(z+2k)(nfy)q(615tﬂ;r)7 kr <0, kr >0. (4.19)
— oo Y

Multiplying this equation by f1+ , we obtain an equation which the same as the
equation (&) satisfied by the d-bar derivative of u;". Hence, by uniqueness we find
equation ([E4a). A similar derivation yields equation (£.4D)).

i) (4.18)

In the case of the d-bar derivative of uJ, equation (2.2d) implies that

oug e /OO /U —il(E—z)—i _y) Ons
2 dl d dn e~ WE—z)—il(1+2k) (n—y) , 2172
ok 27 J, de ) dne Tok
[e%s) fe’e] t -+
. / dl / de / dr e ilE— )il 2Rtk () i 02
27T 0 —o0 0 6k
i 0 o) [e%s) e B au+
+— dl de [ dpe MEm@)milH2R)—y) 222 fp >0, k> 0.
27_‘_ oo e Y ak b) p b -
(4.20)
Thus,
dug Y B R L ) Ong
2 % dl d dn e~ HE—x)—il(+2k)(n—y) , 212
ok 27 J, /, % /0 ne Tk
T / T / e / " dns() / ' dr el 2Ryt =) 0K
(2m)% Jo —o0 0 0 ok
i 0 o) 00 ) ) 8u+
+— / dl / d¢ / dn e~ ME—o) =ik —y) 282 po >0 k> 0.
2r J_ oo y ok
(4.21)

This is a homogeneous equation for Bu; /Ok, hence it admits the trivial zero solution.

Therefore, uniqueness implies equation (L7h). Equation ([ETal) can be obtained in
an analogous way. O
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Now, we will compute the jumps of p across the real and the imaginary axis.

Subtracting (2.2d)) from (22a) and ([22d) from (2.2D)), evaluating the resulting ex-
pressions at kg = 0 and using the notation introduced in [@1l), we find the following

equations for éu™:

5U+ — _i /Oo dl /Oo d¢ /y dn e*il(éfﬂﬁ)*il(lﬂikz)(n*y)q5lu+
21 Jo —o0 0
[e'e] [e%e} t
+ i/ dl/ df/ dar e*il(571)+il(l+2ik1)y+w(ik1,l)(Tft)H(é- T iky l) 5¢+
27T O e O ? ) )

. 0 oo 00

+2i / dl / d¢ / dn e e =ilUF2ZROM=v) g 5+ kp >0, (4.22)
T J-c —00 y

and

T i /Oo dl/oo d¢ /Oo dn e~ ME=2)—l(H2k) (0=Y) ¢ 5~
2m 0 —o0 Y

1 0 00 T ] ) ] ]
_ % / dl/ dé—/ dr e—zl(ﬁ—m)-ﬁ-zl(l-i—2z}’€1)y-i-(.u(z}’cl,l)(7'—t)£[(€7 . ikr, l) 5¢_
—00 —00 t

; 0 o0 Y ) ) .
- i / dl / d¢ / dn e~ &) =lU+2k =y g 5~ fp < 0. (4.23)
—o00 —00 0
Evaluating (£22) at t = 0, we have:

5‘u3- _ _i oo dl/oo " /y dn efil(gfm)*il(“r%kf)("*y)qo 5,u3'
21 Jo —o0 0

- 0 0o 0o
+ L/ dl/ d{/ dn e*il(éfm)fil(lﬂikz)(nfy)qo 5#37 (4.24)
hence by uniqueness §uf = 0. Evaluating 22) at y = 0, we find:
1 00 o] t ) )
ot =g [ [ de [ arer 0D ik 1) 06
27 Jo —00 0
- 0 00 00
+ L / dl/ dé—/ d77 e—il(f—w)—il(l-ﬁ-%kl)”]q 5M+ (425)
2 —00 —00 0
Then, using the global relation ([B.1l), we find:
1 o] o] t ) )
5¢+ _ / dl/ df/ dr e_ll(g_w)-i_w(“glJ)(T_t)H(g,7-,ik[, l) 5¢+
2m Jo -0 0
1 0 o0 t . .
+o- / dl / d¢ / dr e+ Gk D= g (¢ 1 ikr, 1) 6+
T™J-x —o0 0

_i oodl/oo dg/‘x’dneﬂ-l(g,z),il(Hzik,)n—w(ikz,l)tqo(mar' (4.26)
21 Jo —o0 0

Since §ug = 0, uniqueness implies that ¢+ = 0. Therefore, the equation [E22)) for
du™ becomes homogeneous, hence

Sut(z,y,t, k1) = 0. (4.27)
Similarly, we can show that

Sp~(x,y,t,kr) = 0. (4.28)
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Define the functions Ap; and Aps by equations (£2). The following remark is of
crucial importance to the subsequent derivations.

Remark 4.1. For k; = 0, the exponentials appearing in equations (Z.2al)-(2.2d)
possess purely imaginary exponents, hence the relevant integrals remain bounded
regardless of the choice of the limits of integration.

Evaluating equations ([2:2a) and (220 at k; = 0, we have:

L i 0o y /oo ” /y dn eiil(gfm)fil(H’QkR)(ﬁ*y)qui'l‘

kr=0 27T 0 — 00 0

L
21 Jo

1 o] 00 t ) )
+ % N dl/ dé—/o dr e—zl(f—m)+zl(l+2kR)y+w(kR,l)(T—t)H(€7 7 kR7 l)¢IL
—2kp o

i

kr=0

—2k 0o T
" / de / dr e~ e Fil+2kr)y+w (kR DT f (¢ 7, kR,l)Gﬁﬂ
—00 t kr=0

kr=0

7

0 e’} o
+5 / dl / d¢ / dn e~ &) —ill+2kR) (=y) g . kr<o0 (4.29)
T J—0o —00 y k=0

and

) > oo oo . .
1 =1+ di d dn e~ (E=2)=il(1+2kRr) (1—y) , ,—
M kr=0 + 27T/0 /_OO 5/1/ ne iy -
1 /0 oo T _ _
_ 2_/ dl/ dg/ dTe*ll(f*f)*f’ll(l+2kR)y+w(kR,l)(Tft)H(é,’7_7 kR,l)aﬁf
vy o ! kr=0

. 0 oo Yy ] )
_ / di / d¢ / dn e~ UE—2)=il+2k) (=y) ¢ . kr<o. (4.30)
27T — 00 — 00 0 kr=0

Adding and subtracting the following term to equations (£29) and (Z30),

1
2m Jo

1 fe%e] fe%e] t ) )
+— dl / de / dr e~ M) Fill42kr)y+w(krD(T—) f (g 1, kR,l)Gﬁf‘
21 ) _okp —c0 0 k

—2k 00 T
" / de / dr e~ M) Fill+2kr)y+w(krD(T—t) f (g kR,l)Gﬁf‘
—00 t k=0

)

they yield the following expressions:

PR /OO dl /OO i /OO iy e~ HE=) il 2kR) (11 g =
kr=0 2T 0 —o0 y

1
2m Jo

1 [e'e] [e%e} t ) )
+— dl/ dg/ dr e~ e )il 2hm)y o (kr) (=0 b (¢ 1 kRJW?‘
21 J okg —o0 0 k

. O 00 1
— i/ dl/ d{/u dne*“(g’z)*“(l“kR)(n*y)qu;
27T — 00 — 00 0 kr=0

1 0 oo T i .
_%/ dl/ d{/ dr o~ HE- D HUL 2R+ R D0 F (¢ 7 ki 1)pT
— 00 —00 t

1

72](:1?‘ o0 T . .
+% i dl/ d§/ dT67Zl('ﬁ-*z)‘i’ll(l‘i’QkR)y‘f’w(kR1l)(77t)H(§77-7 kr, )¢y
—00 t

Hy

kr=0

—2kRr %) T
Rdl/ dg/ dr e~ e )il 2hm)y o (kr ) (=0 b (¢ 1 kRJW?‘
oo k

=0

kr=0

kr=0

o] 00 t
_ i / dl/ df/ dar 67il(Efz)Jril(lJr2kR)quu)(kR,l)(‘rfif)I{(§77_7 kR7 l)d)l_‘ , kr < 0.
27 J ok —o0 0 k

(4.31)
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By rearranging the integrals with respect to 7 appropriately, we can write the last
three terms on the RHS of (31 as

0 0o T
_ i dl/ d{/ dr e*il(E*z)+il(l+2ka)y+w(kaJ)(T*t)H(g,7—, kr, D)oy
00 —o0 0

2 J_ kr=0
1 0 oo t

+ = dl/ dé/ dr e*il(£71)+il(l+2kR)y+w(kR,l)(77t)H(€ . kR Z)¢7
2 — o0 —00 0 T ’ 1 k=0

1 72](:1?‘ o0 T
+ = dl/ dé/ dr e*il(Efz)+il(l+2kR)y+w(kR,l)(‘rft)H(é- . kR l)¢_‘
27T 0 e 0 s b 9 1 k

o o t
- i/ dl/ dg/ dr e~ HE=)Hil 2yt kr D) (T F (¢ 7. kva)le_‘
21 Jo —o0 0 k

1:0'
(4.32)
Furthermore, by employing the global relation (BI), these terms become:
1 0 oo T
_ _/ dl/ dé—/ dTe*il(E*I)+il(l+2kR)erw(kR,l)(Tft)H(é- T kR l)(b_‘
2m —00 — 00 0 T ’ 1 k=0

1 —2]€R oo T
L1 dl/ d§/ dr =& LI 2RR)y D) (T F (¢ 7 e Z)qﬁl"
— o0 0

27T 0 k}ZO
+ L/ dl/ d§/ dne—il(ﬁ—w)—il(H%R)(n—y)quf
1) Joso o k=0
. 0 0o oo
— i/ dl/ d§/ dnefz'l(i*m)fil(l+2kR)(ﬂ*y)*w(kR,l)tqoul— o
—oo —o0 0 1=0,t=0
- i h dl/00 d& /Oo dn e*“(E*I)*il(l+2kR)(nfy)qu—
2m 0 —00 0 1 kr=0
+ ﬁ/ dl/ dg/ dne—il(&—m)—il(l+2kR)(ﬁ—y)—w(kR,l)tqoul— o (4.33)
0 —c0 0 1=0,t=0
Hence, we find the following equation for Apu;:
Ay = —2i/ dl/ d{/ dneﬂl(g*m)*ll(HQkR)(n*y)qA’ul
™Jo —o00 0
1 —2kgr 0o T ) .
-5 dl/ d{/ dr 67zl(£71)+1l(l+2kR)y+w(kR,l)(‘rft)H(€77_7 k. )Ad
0 —o00 t
1 [ > t ) _
+ o . dl/ d{/ dr 67zl(£71)+1l(l+2kR)y+w(kR,l)(‘rft)H(€77_7 k. )Ad
—2kr —0o0 0
+i/ dl/ d{/ dne‘il(ﬁ—w)—il(“r?kza)(n—y)qu
— 00 — 00 Yy
_ ﬁ Oodl/oo i« /oo dn e~ iHE=D) —il(+2kR) (n—y) —w(kr.Dtgo ) - L
0 - 0 1=0,t=0
1 —2kpr o) T ) .

-5 dl/ d{/ dr 67zl(£71)+1l(l+2kR)y+w(kR,l)(‘rft)H(€77_7 kva)éf’f )
™ Jo —o0 0 kr=0
1/ > T , ,

T /=00 —oo 0 kr=0
+2L/ dl/ d§/ dne—il(ﬁ—m)—il(l+2kR)(77—y)—w(kR,l)tqoﬂl—’ kR <0,
TJooo Jooo 0 kr=0,t=0
(4.34)
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Let us now introduce the notation

€2y, = ext(T,y,t,kr,\) = e~ iOA+2kR)z+HiINA+2kR)y+w(kr,\)t—8ikjt (4.35)

Then, under the change of variables

A
kr—il, I 1+2kp+A AeER (4.36)

kr+— —kgr — 9

57
and introducing the notation
o 4 A .
ey (l’,%t, kRka) = Ky (Iayvta_kR_ 5715)7 J = 1725 (437)

equation (22a]) takes the following form:

™ i >~ >~ Y —il(§—x)—1 — ~
€2Xt:u‘—1i_ = €25, — _/ dl/ d&/ d77€ He-a)—ili+2kr)(n y)q (62Etui‘r)

27 2kr—\

0
_ i dl/ dé./ dT e—ll f T +Zl(l+2]€R)U+w(k7R, )(T t)H (62— |n:0$i’>)
—2kr—A —

+_/ dl/ dg/ dr e—il(E=a)+il(1+2kRr)y+w(kr,) (r—) ff (62_ e 0¢1)

Z2kp—A ‘ ‘
b [ [ de [T aper e g (e, i) ki < 0,02 ~2hn
—oo —o0 Yy
(4.38)

Remark 4.2. Note that the function H, defined by (2], remains invariant under
the change of variables (Z30]).

Rearranging the integrals with respect to [, we have:

e2xn/7'-1‘r = €25, — / dl/ df/ d77€ HE—a) i+ 2kn) (1) ( 2=t /iii_)

| p-2ke ‘ . 5
- dl/ df/ dr e~ ilE—2) il 2k R)yto(knb) (r—1) T (6257—|77:0¢IL)
—00 t

1 oo o) t ) )
—i—% o dl/ dg/ dr e—il(E—a)+il(1+2kR)y+w(kr,) (r—1) ff (62_ e 0¢1)
R

+2—/ dl/ df/ dn e~ ME=2)=il(142kR) (n-y) g (eamifi)

2Z dl/ df/ dne” il(§—»)—il(I4+2kgr)(n—y) ( Er/iii_)
T J—2kp—X -

1 /0 y
L dl/ d{/ dr e—il(E—a)Fil(1+2kr)y+w(kr,) (r—t) (62_ |n:0¢f)

27 —2kr—A\

1 —2]€R
+% dl/ d{/ dr e—il(E—2)Fil(+2kp)y+w(ke,D) (r—) fp (62_ e 0¢1)

- QkR A o0 . .
+ % dl/ dg/ dn e M=) —URZRR) =) g (e i F) | kg < 0, A > —2kp.
e oy
(4.39)

Furthermore, employing the global relation (B.]) in the last four terms on the RHS
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of the above expression, we find:

o i [ > Y —il(E—a)—i - o
€hwf:%m——/mﬂ/ %/VMeM )RR ) g ey i)
1 —2kRr

_% dl/ d{/ dr e—il(E—2)Fil(+2kp)y+w(kp,D) (r—) ff (62_ e 0¢1)

1
— dl d d il(g—)+il(I4+2kr)y+w(krl)(r—t) [ .
4—27T o / f/ Te” (62 - 0¢1)

2kR A
+ / di eitetilr2kr)y—wkn Dt | b (e — X 14 2kg 4+ A) + 77 (—kr — M\ 1+ 2kr + ))
0

2kR . .
+ / di eitetilF2kp)y—wkm )t b (o — N 142k + N), kgr <0, A > —2kg,
0

(4.40)
where the functions p] and 7 are defined as follows:
1
pi (k1) = | dg/ dr e oD (e 1k DT, (4.41a)
™
(k1) = — dg / dny e~ 16 —il(1+2k)n . (4.41Db)
2w =0

The change of variables (IBEI) applied on equation (Imb yields:

o i [~ > Y il(E—x)—i - o
ea,0 i = €2, _2_/ dl/ df/ iy e~ e A2 1-0) g (g i)
T J—2kp—\ —0 0

[e'e] [e'e] t
1 dl/ d§/ dr o~ ilE—2)Fil(+2kR)y+eo(kr ) (r—1) [ (62=T |n20¢“€)
2T J okp-n  Jooo 0 -
i —2kr—A o e’} ) )
+5- | dl/ dg/ dn e MEmZlUR2kR) =v) g (ey_ i), kp <0, X < —2kp.
ooy

(4.42)

As in the case of ji], rearranging the integrals with respect to [ yields:

o i [ > Y —il(E—a)—i - o
@ﬁﬁzwm——/’m/ %/mw“5>w”wwwﬂ%mb

1 —2kRr
_% dl/ d{/ dr e—il(E—2)Fil(+2kp)y+w (ke (r—t) fp (62_ e 0¢2)

1
+% » dl/ df/ dre? il(E—z)+il(14+2kr)y+w(kr,l)(T— t (62_ |77 0¢2)
R

i —il(§—x)—1 — ~
_,_%/ dl/ df/ dne l(§—z)—il(I4+2kr) (n—y) ( o, ilg )
— 00 —00 y

i —2kr—A o e’} ) )
+ o ], dl/ df/ dn e~ ME=2)—il(I42kR) (0=y) (e2z,i13)
+ i 2k dl dé- d (§—a)+il(I4+2kr)y+w(kr,l)(T— t)H
= R /_ / Te” (62~ [n= o¢2)

0
x dl/ d§/ dr e Fil(lH2Zkr)yFw(kr DTt [ (ez_ |n:0<52+), kr <0, A < —2kpg.

27 —2kr—A\ - ( )
4.43
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Using the global relation (B.I) we find the following equation for ji7 :

. i x > Y —il(§—x)—1i - .
€2mﬂ§r=€2m _%/0 dl/ d§/0 dne 1(&—z)—il(I+2kr)(n y>f1(62gtu2+)

1
2T 0
1

o) oo t
+on B dl/ df/o dr e—ilE—2)+il(+2kr)y+w(ke,D) (r—t) fp (6257|77:0¢2+)
—2kp  J—oo

- 0 e’} o
+ i / dl/ df/ dn e—il(ﬁ—w)—il(lJr%R)(n—y)q (62&/1;)
—00 —00 y

—2k
+/ R dl eilm+il(l+2kR)y7w(kR,l)tp2+(_kR — M1+ 2kp+ )\)
0

—2kgr ) T
dl/ d§/ dr e—ilE—2)+il(+2kp)y+w(ke,D) (r—t) fp (62: |n:0¢;;)
—00 t

—2kp—X
+ / di elte il 2kr)y—wkr Dt b (_fp — N 142k + N), kg <0, A < —2kg,
0

(4.44)
where the functions pj and 73 are defined as follows:
1 oo T .
pi(k )= | de / dr e WA DTH (¢, 7, b, 1) 6 (4.452)
T J -0 0
ro (k1) = 2i de / dn e e—2km g o (4.45b)
T J_0o 0 t=0
The above equations imply the following result:
Proposition 4.2. The solution Auy of equation [@34) is given by
—2kgr 0o
Apa(z,y,t kr) = / A x1 (R, A) (e2x. /i3 ) +/ dAxa2(kr, ) (e2x, i1 )
—o0 —2kgr
—2kp
+/ dA X3(/€R, )\) (€2Xt/12+) , kr <O, (446)
0

provided that the functions x;, j = 1,2,3, satisfy the following linear Volterra
integral equations:

A
Xl(k}R,A)—I—/ dlxl(kR,l)T;(—kR—l,l—/\):—T;(kR,—)\—2kR), kRSO, )\S —ZkR,
(4.47a)
Xz(kR,)\) — / dl Xg(kR,l) [pii_(_kR — l,l - )\) + Tf_(—kR - l,l — )\)] =
A
= py (kr, =X — 2kg) + 11 (kr, =X — 2kg), kr <0, A> —2kg, (4.47b)
—2kRr
Xg(kR,)\)-f—/ le3(kR,l)p§r(—kR—l,l—)\)
0
A —2kRr
+/ dl X3(kR,Z)T5r(—/€R — l,l - )\) +/ dl Xl(kRal)p;(_kR — l,l — )\)
0 —o00
+/ leQ(kR,l)p-li_(—kR—l,l—/\):—pl_(kR,—/\—ZkR), kRSO, 0§A§—2]€R,
72](:1?‘
(4.47¢)
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where the functions p;t and Tjt, 7 =1,2, are defined by:

1

pi (k1) == 5 | dg/ dr e RN (¢ 7k 1) F (4.48a)
™
i —1 K3

r (k1) = 5> d§ / dy e~ eIk g, L (4.48b)

Proof. Employing equations (£40) and ([@44]), we notice that the equation (£40)
for &y is precisely the equation [@34) for Ay as long as the functions x;, j =1,2,3,
are chosen so that the forcing terms of the two equations match. The forcing term

of (4G is equal to

_2kR —2kR ) )
/ d\ X1 (kR7)\) €2y, _|_/ dl ezlm+zl(l+2kR)y7w(kR,l)tp;r(_kR _ )\,l—|— 2kR + )\)
0

2kr—A
_|_/ dle lz+il(l4+2kr)y—w(kr,l)t +( kR—/\,l+2kR+>\)
0

2k
o +/ Rdl ilz+il(14+2kr)y—w(kr,l)t +( kr — A, l+2kR+/\)
0

—2kr—X

+ dl et il 2kR)y—w(kn, lﬁ[ (kg — ML+ 2kg + \) + 15 (kg — A\, 1+ 2kg + A)}

+/ dAx2(kgr, \)
2kr

0

2kr 2kr
+/ d)\X3 kRa)\) €2y, +/ dle ila+il(I4+2kr)y—w(kr,l)t +( kR—)\,l+2kR+)\)
0 0

—2kr—XA
+/ dl il 2er)y =kt (e N ] 4 9kp + A) (4.49)
0

In fact, interchanging the order of integration between A and [ the forcing becomes

2kpr —2kRr —2kpr
/ dX x1(kr, Neay, —|—/ dlEXt/ dAx1(kr,\) p3 (—kr — A\, 1+ 2kr + \)
— 0 —

o0 o0

00 2kr—I
+/ dlEXt/ d)\xl(kR,)\)T;_(—kR—)\,l+2kR+)\)
0 —

o0

[ —2kgr 0o
+/ d)\XQ(kR,)\)€2Xt+/ dlEXt/ d)\Xg(kR,)\)pIr(—kR—)\,l+2]€R+)\)
—2]€R 0 —2k7R

0 [e%S)
—/ dlEXt/ d)\XQ(kR,)\) [pii_(—kR—)\,l+2]€R+)\)+Tr(—kR—)\,l+2kR+)\)}

— 00 72k‘R7l

2kr 2kpr 2kr
+/ Cl)\)(;g(k]{,)\)ezx75 +/ dlEXt/ d)\XB(kR,)\)p;(_kR_)\71+2kR+)\)
0 0 0

2kr 2kr—1
+/ dlEXt/ d\ xs(kr, \) r;(—kR—/\,l+2kR+/\), (4.50)
0 0
where the notation Ex; stands for the exponential
EXt (Ia Y, ta kRv l) = eilw+il(l+2kR)y_W(kR)l)t' (451)
The definition @33 of ez, implies:

EXt(:Eu yatu kRa l) = €2y, (xayu ta kRu _2kR - l)7 (452)
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thus, letting [ — —2kp — [ in (£E0) yields the final expression for the forcing of

(EE) as

—2kpr —2kRr —2kRr
/ dlxl(kR,l)ez)“ +/ dleg)ﬂ/ d)\xl(kR,)\)p;(—kR—)\,)\—l)

—00 0 — 00

—2kgr l
+/ dlez)“/ d)\Xl(kR,)\)T;(—kR—)\,)\—l)

0o —2kgr 0o
+/ leQ(kR,Z)EQXt+/ dlert/ d)\xz(kR,/\)pf(—kR—)\,/\—l)
0

—/ dlegm/ dAxz2(kr, A) [pf (=kr = A\ A = 1) + 7 (—kr — A, A = 1)]
l
—_ ER 72kR 72](:1?‘
+/ le3(/€R,l)62Xt+/ dleg)ﬂ/ d)\Xg(kR,)\)p;(—kR—)\,)\—l)
0 0 0

—2kpr l
+/ di eQXt/ dAxs (kg N) 13 (—kr — A A — D). (4.53)
0 0

On the other hand, under the transformation [ — —2kr — [ the forcing of equation

(£34) becomes

) —2kgr
/ dl€2ti;(kR,—2kR—l)—/ dlert T;(kR,—QkR—l)

—2kgr —o0

—2kgr )
—/ dZGQti;(kR,—QkR—Z)—F/ dlert T;(kR,—QkR—Z), (454)
0 —2kr

where p; and 7] are defined by equations ([48a) and (48D respectively.
Therefore, equating the two forcing terms, namely [@53]) and [@54), we obtain
the equations ([£47) for x;, j =1,2,3. |

Regarding the analogous expression for Aps, we evaluate equations (2:2d) and
22d) at kr = 0 and then subtract them to obtain the equation:

Apy = b /OO dl /OO d¢ /y dn e~ ME—0)—il(42kr) (=) g A
2 Jo —o0 0
1 o) o) t ) )
+E/ dl/ dg/ dr =&~ il R D (¢ v, kg, 1) Ads
0 — 00 0
. 0 oo oo
+ o / di / dé / dn e &R (=) g Ay
—00 —00 Yy

_L. oodl/oo dg/oodne_il(g_m)—il(l+2krR)(n—y)—w(kR,l)tqu—‘
—o00 0

2 0 kr=0

1 0 0 t ) )
+ % / dl/ dé—/ dr e—zl(f—m)-l-zl(l-|-2}’cR)y-i-(.u(k:R,l)(7'—15)‘E[(€7 7 kRa l)(b; ‘k -
0 —00 0 =0

1 _2k7R oo T
4+ — / dl/ df/ dr e—il(f—w)-‘ril(l-‘erR)y-‘rw(k?R,l)(T—t)H(é- T kR l)(b;
o0 - - \ P )

kr=0
1 0 e’} t ) )
. dl/ dg/ 7 ¢~ ilE—)Hl+2kR) ok d) (7=0) F (¢ kR,l)dg’
™ —2kRr —o0 0 kr=0
. 0 (') o0
+ QL/ dl/ df/ dn e~ M@ —ill2kp) n—y)—wlkntg, =\ kp > 0.
T J -0 —00 0 kr=0
(4.55)
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With the help of the global relation [B), we can modify the forcing so that the
above equation now becomes:

Ay = L /OO dl/oo d¢ /y dn e~ ME2)—il(U+2kR) =) g A 11y
27 Jo —oco 0
1 o) o) t ) )
+E/ dl/ dg/ dr =&~ il D T (¢ 7. k. 1) Ads
0 — 00 0
. 0 o0 o0
+ o / di / dé / dn e &R (=) g Ay
—00 —o0 y
_ % / dl / de / dy e e =R ) etbn gy |
0 o0 Jo 1=0,8=0
1 [—2kn T ‘ .
+2_/ dl/ d§/ dr e~ e Hill+2KR) 4ok ) (7=0) pr (¢ 7 kR,l)dg’
T J -0 —o0 0 kr=0

. 0 00 o
+ﬁ/ dl/ d§/0 dnefil(ﬁfm)*il(l+2kR)(ﬁ*y)fw(kR,l)tqopq_

kr > 0.

k=0, t=0
(4.56)

Furthermore, in the case of kg > 0, employing the global relation (1] in equations
([E3]) and ([@A2) and rearranging, we find the following expressions for ji; and jij :

o i [~ > Y —il(E—a)—i - o
€2Xt:u‘—1i_ = €25, — %/ dl/ d&/ d776 He=—a)—illi+2kr)(n y)q (eQEt:u&i_)
0 —00 0
[e'e] [e'e] t
+ i/ dl/ dg/ dr e~ ME— D)+l 2km)y kD) (T F (¢ 7. kva)( 22, |n 0¢+)
21 Jo —o0 0 -
. 0 [e%s) o)
t o / di / de / dy e~ )RR (V) g (o )
—o0 —o0 Yy

2kr—A ) )
+ / dl ettt 2kn)y=wkr Dt [pF(_kp — X1+ 2kg + ) + 17 (—kr — A\ L+ 2kr + N)]
0

kr >0, A\ > —2kpg, (4.57)
and

oy, fly = €y, — L /OO dl /OO d¢ /y dn e~ &) —il(l42kR) (n—y) o ( oc, f13 )
2m Jo —0 0 =
[e%s} o) t
—i—i/ dl/ dg/ dr e~ ilE— )il 2km)y o DT B (¢ 7, e, 1) (6257|n:0¢v5§r)

+_/ dl/ df/ dne—llf x)—il(14+2kr)(n—y) ( :/1;)

—2kp—A
+ 5 di et il 2kr)y=wkbr byt (_fp — X 142k + \), kg >0, A < —2kg.
T Jo
(4.58)
where the functions p;, 7| and 5 are defined by equations ([@48a) and ([L43L).
The above equations imply the following result:

Proposition 4.3. The solution Apug of equation [EB3) is given by
—2kr

Apa(x,y,t kr) = / dX 1 (kr, A) (€25, fi3) +/ dXtpa(kr, N) (e2x, 1)
—o00 —2kRr
0
+/ d/\i/}g(kR,A) (EQXtILVL;_) y kR > 0,, (459)
—2kn
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provided that the functions ;, j = 1,2,3, satisfy the following linear Volterra
integral equations:

A

U1(kr, \) + / dl vy (kg, l)T;_(—kR —Ll-))= —Ty (kr,—X\ —2kgr), kr >0, A< —2kpg,
o (4.60a)
Ya(kr, A) — //\OO dlpa(kr,1) [pf (=kr — 1,1 =A) +r{ (—kr — 1,1 = N)] =
=Dy (kp,l — )\ + Ty (kr,—X\ —2kgr), kgr >0, \> —2kpg, (4.60b)
0
Gl N) — /A A, ) [pF (—hm — 11— N) + 1F (—kr — 1,1 — \)] =
= —py (kr, =\ —2kg), kr >0, —2kg <A <0,. (4.60c)

where the functions p;t and rjt, j = 1,2, are defined by equations [EAZa) and

(@481 respectively.

Proof. The forcing terms of S are equal to

—2kRr —2kRr —2kr—X
/ dA 1 (kr, A) eay, +/ dA 1 (kg, )\)/ dl Exiry (—kr — A\ 1+ 2kr + ))
0

— 00 — 00

+ / d>\1/)2(kR,/\)62Xt

—2kRr

o0 72]61?‘7)\
+/ d)ﬂ/lz(kR,/\)/ dl Exy [pii_(—kR—/\,l—|—2kR—|—/\)—|—Tii_(—kR—)\,l—|—2kR—|—>\)]
—2kRr 0

0
+ / AN (kr \) eay,

—2kr

0 0
+/ d)ﬂ/)g(kR,/\)/ dlEXt [pi’_(—kR—/\,l+2kR+/\)+Tr(—kR—>\,l+2kR+>\)],
72](:1?‘ *QkR

(4.61)

where eg,, and Ex; are defined by equations ({13) and (£E1]) respectively. More-
over, interchanging the order of integration between A and [, the forcing becomes

—2kgr [e’e} —2krp—1
/ A\ (kg, A) €2y, —|—/ dlEXt/ d\ 1 (kr, \rg (—kgr — A\, 1+ 2kg + \)
0 0

(oo}

+ / Ao (kr, Neay,

—2kr

0 %)
—/ dlEXt/ dXa(kr, A) [T (—kr — A1+ 2kr + A) + 1 (=kr — A\ 1 + 2kg + \)]

— 00 72k‘R7l

0
+ / AN (kr \) ea,

—2kr

0 —2kr—1
—/ dlEXt/ dA3(kr, A) [ (—kr — AU+ 2kr + A) + 1 (=kr = A\, L+ 2kr + N)], kg > 0.
—2kpr 0
(4.62)

Under the change of variables [ — —2kpr — [ in the integrals involving Ex, equation

22



[ED2) takes the following form:

—2kp —2kp l
/ dl iy (kr,l)eay, —i—/ dlesy, / d\ 1 (kp, \)ry (kg — A A = 1)

— 00 — 00

+/ dl1/)2(kR,l)€2Xt

—2kRr

- / dles,, / A2 (kr, ) [pF (kR = AMA = 1) + 77 (kg — A A = 1)]
—2kRr l

0
+/ dl1/)3(kR,l)€2Xt

—2kRr

0 l
_/ dlert/ A3 (kr, A) [pF (kg = MA =D + 7 (=kr = MA = D], kg > 0.
—2kgr 0
(4.63)

Furthermore, under the change of variables [ — —2kgr — [ and with the aid of the
definitions (£48), the forcing of equation ([@AHG) is equal to:

0 —2kr
—/ dZBQti;(kR,—ZkR—l)—/ dZEQXtT;(kR,—2kR—l)

—2kgr —o0
+/ dZEQXt [p;(kR,—2kR—l)+’l”2_(kR,—2kR—l)] . (464)
72kR

For equations ([L56) and [@359) to be identical, their forcing terms (£63) and (£64)
must be equal, therefore, we define the functions v;, j = 1, 2, 3, via equations ({Z.60).
In this case, uniqueness implies that Aus = Ss. ]

4.1 The spectral functions
We will now define the map

{ao(@,y), 9(x,t), h(z,0)} = {fi (kr. k1), fy (kR k1), x; (k. A), 5 (kr, \)}, (j = §,2,3,
4.65

from the initial condition gp and the boundary values g and h to the spectral

functions that are defined by equations ([{.Gal), (4.61), (£47) and (E60).

L. {qo0,9,h} = {p; (x,y,kr, k1), &5 (.t kr,k1)}, j=1,2.

The functions pj[ are defined in terms of {qo, g, h} and ¢j[ via the following
linear integral equations:

ot =1 /0 dl / s /0 iy e~ ilE=2) ~U(+2K) (=) g+

1 72](:1?‘ [o ] T . .
_ % dl/ dé-/ dr 67zl(Efx)+1l(l+2k)y+w(k,l)7'Hd)ii-
0 —oo 0

0

bom [ dg [ aper e gt <0,k 0,
—o0 —oo Yy

(4.66a)
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py =1+ QL/ dl/ d§/ dn e*il(éfm)*il(lﬂk)(nfy)qopl—
™ Jo —o00 Yy
1 0 oo T . i
_ % / dl/ dé—/ dr e—zl(ﬁ—m)-ﬁ-zl(l+2/€)y+u)(/€,l)‘rH(b;
—o00 —o00 0

;0 oy _ _
o [ dg [aperte om0 g,y <0, <0,
—00 —00 0

(4.66D)
by =1+ o / dl / de / iy e~ ilE=2) ~U(+2K) =) g
™ Jo — o0 Yy
1 0 o0 T . .
_ % dl/ dé/ dr efll(gfm)Jrzl(l+2k)y+w(k,l)‘rH(bz—
—0o0 —00 0
i 0 oo Y ) )
—5- | d / dg /0 dy e 1m0 g0py kg 20, ky <0,
(4.66¢)

B i e g _ _
pg =1-— ﬁ/o dl/ dg/o dn e~ UE—D) iU+ (1=y) g o

. 0 [e’e) o
+ % / dl / d¢ / dn e 1ED =00 g ok kg >0, kg > 0.
— 00 —0o0 Yy

(4.66d)

Evaluating equations (22al)-([2.2d)) at y = 0, we obtain the following integral
equations for qﬁj[ in terms of ¢, g and h:

N 1 —2kg o0 T —il(§—z)4w(k,l)(T—t) +
o =1- = di [ de | dreT™ B
0 —o0 ¢

00 00 t
+ i / dl/ dé-/ dr e—il(ﬁ—w)+w(k,l)(T—t)H¢+
21 Jookp S " Jo !

. 0 e’} %)
bon [ ag [age et mngg g <0 20
—00 — o0 0

(4.67a)
¢17 =14+ i/ dl/ dé/ d77 efil(gfm)fil(lJer)nq‘u;
21 Jo —00 0
1 0 oo T .
-5 dl / d¢ / dr em M=) Tk DD o= kp <0, k; <0,
—o00 —o00 t
(4.67b)
¢2— =14+ ZL/ dl/ dé-/ dn e—il(f—w)—il(l+2k)nquz—
T Jo —c0 0

1 0 oo T )
_ % / dl/ dg/ dr e—ll(f—w)-‘rw(k,l)(T—t)H(b;
—00 — 00 t

1

0 e’} t
+5- dl/ dg/ dr e7 e TN o fp >0, kp <0,
72](:1?‘ — 00 0

(4.67c)
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and

o) [e%s} t
¢+ =1+ i/ dl/ df/ dr e—il(&—m)-i—w(k,l)(T—t)Hd)Jr
g 21 Jo —o0 0 ?

. 0 [e%s) [e%s)
bon [t ag [age et mngg gz 0.0 20
—00 — o0 0

(4.67d)

with H defined by equation (23]).

We must eliminate ¢ and & from the above expressions. Since the global
relation ([B.1), is valid only for Rew(k,l) > 0, we will employ its alternative
form ([B2)), which is valid in the case of Rew(k,l) < 0, i.e. for lk; < 0 and
lkr(l + 2kgr) <0:

/ d§/ dn e~ IR G (¢ (€ m,t, kR, ki)
—00 0
%) T )
wi [ de [ dre DO (¢ (€ 7k )
—00 t
— [ [ et O € (6, T b )
—00 0
The unknown ¢(z,y,T) can be eliminated by taking the limit 7" — oo, so that

the RHS of the above equation vanishes due to exponential decay.

Hence, the functions qﬁj[ can be defined in terms of ¢y, g, h and pj[ via the
following integral equations:

) 1 —2kgr oo o0 —il(E—x)tw(k,l)(T—t) +
(bl =1- % dl d§ dre 7 H(bl
0 —o0 t

oo 00 t
+ i/ dl/ dé—/ dT e*il(ffz)“rw(k,l)(Tft)H(b"r
27 ) okp —oo 0 !

1 /0 oo t _
- %/ dl/ d{/ dr 6*11(5*96)%*)(k,l)(v-ft&)I{gbir
o oo 0

. 0 0o 00
bor [ [ [ ager et stk <0, 20
—o0 —o0 0

(4.68a)

1 —2kgr [e%s) t )
o :1+—/ dl/ dg/ dr e~ M) rw(m=t) ok
21 Jo —00 0

1 o0 o0 o0 .
+— / dl / de¢ / dr e Em T (Tt et
27T —2kRr —00 t

1 0 00 0o )
_ % / dl/ dé/ dr e_Zl(g_w)-’_w(k’l)(T_t)Hgb;
—0o0 —0o0 t

—2kpr o %)
[ de [ ettt sty <0, 1 <0,
—o00 0

(4.68b)

T )
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by =1+ L /OO dl/oo d¢ /Oo dr emlE—o)Fe kDT =t) o
? 27 0 —o0 t 2

1 0 oo 0o )
- %/ dl/ d{/ dr e~ MEmD)H(D(T=0) F
—00 —00 t

1 0 [e%e] t )
- %/ dl/ dg/ dr e7 e TN o fp >0, kp <0,
72](:1?‘ — 00 0
(4.68c¢)

and

[e%e} [e'e] t
b5 14 / dl / d¢ / dr e E—o)Fw kDT =t) pr i
° 21 Jo —00 0 ?

1 —2kgr [e%s) t )
_ % / dl/ dé—/ dr e—ll(f—w)-‘rw(k,l)(T—t)H(b;
—o00 —o00 0

0 oo 00
+ i / dl/ df/ dr e—il(&—m)-l—w(k,l)(r—t)H(b-l-
27T —2kRr —00 t 2

. 0 o) [e%s)
+ é/ dl/ dg/ dn emME=2)=lI2R)m g ot kp >0, kp > 0.
—00 —00 0

(4.68d)

2. {q()vgvh’a ¢T7¢2_} — {f]ji_an_}v

where the functions f;" and f, are defined by:

1 oo T ) B
i hnhn) = oo [ de [ dredhnerate B0m gk ~2ki)or
—oo 0

(4.69a)
1 0o T )
fo (kg k1) = %/ d§/ dr 2 kretw k. =2kR)T I (¢ 7k, —2kR)p; .
—o0 0
(4.69b)
3. {a0, 9,0 07,07 Y = o)y i), G=1,2,
where the functions pj[ and rj[ are given by:
1 00 T )
p; (k1) = %/ dg/ dr e T DT g j=1,2, (4.70a)
—o00 0

Tj[(k,l) = 2—/ d{/ dne ¢ l(HQk)”qOu;’[ o’ j=1,2. (4.70b)

s

4 {pyry =12 = o, § = 1,23},
where the functions x; and v; are defined via the following Volterra integral
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equations:

A
Xl(kR7)\)+/ dlxl(kR,l)'f‘;_(—kR—l,l—)\) = —T‘l_(kR,—)\—2kR), kR SO, )\S —2kR,

— 00

(4.71a)

Xg(kR,)\) — / dl Xg(kR,l) [p;r(—kR — l,l - )\) + Tf(—kR - l,l — )\)] =

A
:p;(kR,—)\—2kR)+T;(1€R,—)\—2]€R), kR SO, )\2 —2kR, (471b)

—2kr

Xalka )+ [ dixah, Do (ks = 10

0

A —2kr
+/ dl xs(kr,)ry (—kr — 1,1 — \) +/ dl x1(kr,)p3 (—kr — 1,1 — \)
0 —o00

+/ leQ(kR,l)pf(—kR—l,l—)\)Z—pl_(kR,—)\—QkR), kRSO, OS)\S —2]€R,
—2kRr
(4.71¢c)

and

A
1/)1(]{3R,>\)+/ dl1/)1(kR,l)T2+(—kR—l,l—/\):—’I”;(kR,—A—ZkR), kRZO, )\S —ZkR,

B (4.72a)
Yo (kr, \) — / dl o (kr,1) [p;r(—kR — L=+ (=kp =11 — )\)] =
A
= p;(kRa —A— 2kR) + T; (kR; A= 2kR)7 kR > 07 A> _2kRa (472b)
0
Y3(kr, \) — / dl s (kr,1) [pf(—kR —LI= )+ (=kp =11 - )\)} =
A

= —py (kr,—A—2kg), kr =0, —2kp <A <0. (4.72¢)

Remark 4.3. Note that, since we need to take T" — oo in order to define the
functions pj;,¢;, j = 1,2, of mapping 1, every function involved in the mappings
2-4 should be defined under the limit 7" — oco.

Proposition 4.4. The solution q(x,y,t) to the initial-boundary value problem for
the KPI equation ([L3) admits the following integral representation:
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7T
5 4 / / dvr 1 (v, —2ivy) <€1Xt (z,y,t,vr, vy (@,y,t, —VR, V1)
—lOO

/ dVI 1/}2 v, _ZZVI elXt x yvta Vva/I):ul (.I ya P VR7VI
—i0c0

+

dVJ x1(v, —2ivy) | ery, (@, y, t,vr, vr)pf (2, y,t, —vR, vr)

+

oo

dVR/ dvr 3 (v, —2ivy) <61Xt z,y,t,vr,vr)pg (x,y,t, —vR, V1)
— 100

0 0

+

dI/R

0
dI/R/ dvr X2 v, _27/VI

dVJ x3(v, —2ivr) (61)“ (z,y,t,vr, vy (@,y,t, —VR, V1)

8

0

+

o
I
[ i
/
/
/

dVR/ dvr flJr(VRaVIaT) (el)ﬁ(x y,t, VRvyf):LLQ (.I Y, 1, VRaVI
0

oo

%)
+/ dVR/ dVI f{(VRaVIaT) (61Xt($ yatvyRaVI):ul (.I ya P VR;VI
0

e1y, (T y, t,vg vt (x,y,t, —vr, v1) )
4

where
_ ,—2ik dkpkry—w(k,—2kr)t
€1y, (v, y,t, kr, k1) =e = re+Akrkry—o( R) 7

and the functions fi, fy, x; and ¥;, j = 1,2,3, are defined via equations ([0,
@) and @E72).

Proof. Substituting in the Pompeiu’s formula ({3 the expressions for the d-bar
derivatives 8@%/81{, j = 1,2, (see proposition 1)) and for the jumps Ap;, j =1,2,
(see propositions and [L3)), we obtain the following representation for pu:

1 0o dI/R —2vR
=14+ — dA A i
M + 2 o Vg — A |:/_OO 1/)1 (VRa )62thu’2

0

+/ d)\wz(VR,)\)ezmﬂfL‘i‘/

—2VR —2IJR

A\ V3 (g, A)ezxtﬁﬂ

1 0 dI/R v
— dA A Ay
+ 2im VR k |:/ X1 (VRa )62thu2

(oo}

(e’ —2UR
[ avatm Vet + [ dvalm Ve |
21/1:; 0
dv -
__/ dl/R/ ! fl VR7VI7T)elx,5/J‘;
——/ dv / W v TYer i (4.74)
T Jo R _OOV—k 2 RyYVI, 1x: M1 5 .

where [i;, ea,, and fi; are defined by equations ([@9)), (L35) and ({Z3T]).
The change of variables

VR + = = UR,

A
2 2

=y, (475)
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in the integrals with respect to (vg, A) on the RHS of the above expression implies

that

€2Xt(l',y,t,l/R, /\) — €Xt($,y,t, VRr — 79172791) ‘= €3x4s

(4.76)

where ex; is defined by ([@I2), hence (see also figures 2] and [L3)),

A vy
Ur="UgR
— -
VR VR
A= —21/3
A vy
v =1ip
o
VR VR
A= 72UR

Figure 4.2: The change of variables ({.73]) for v, j = 1,2, 3.

A vr
VR
A= —21/3
A Uy
VR
A= 72UR

Figure 4.3: The change of variables (£70)) for x;, 7 = 1,2, 3.
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dV[ R N R R N
—1+_/ dVR/ B 1/11(VR—V172VI)€3XtH;($7yatv—VRJVI)
R
1 N o i L
+ — dVR VYo(Ur — 1,201 )e35, 111 (7, y,t, —DR,i01)
VR — I/] — k
1 > O dl/[ N N N ~ N
/ dVR/ V3(Dr — D1,201)esy, 113 (2, y,t, —DR, i05)
0 00 VR — I/] — k

1 0 > dl/]
+_ dVR 7]{X1(VR_VI72VI)63XMU’2 (I yv ) I/R,’LV])

—00 VR — Vi —
1= o N o
dUg X2(Pr — V1,201)esx, 1ty (T,y,t, —VR, V1)
0 DR I/R — V[ — k
1 0 0 do o
+ o dip | ———=x3(0r — D1,201)e3y, 13 (x,y,t, — DR, ir)
— 00 I/R — V] —k
1 0 i dV]
— 2| 4
7T/OO VR/O v fl VR, VJ, )61)“/,62
1 dV] _ _
- — d T [ . 4.77
7T~/O I/R‘/_OOI/—kf2 (vr, 1, )€1ti,1 ( )

Furthermore, letting 7y = 27 and then dropping the hat and the tilde, we have:

ZVR dy ll/R d]/
=1- —/ dl/R/ ! 17/)1 v, —2ivr) €1XtH2 — / dl/R/ ! 1/12 v, —211/1)61)“uir

1 [ J 0 duI Y 1 p %) o
—_ = 14 wr)e — 1% wr)e
7 Jo R e VU — k T) 1ti‘2 ) R o V= k x1(v I)€1lx¢ M2

1 %) (e} d 1 0 0
— _/0 duR/ - kxz(u —2ivr) eleﬂl — W/oodyR/
dvr d

Z
Vs
1 0 i vr 1 ood 0 dIJ[ T -
- = v f1 vr,vi, T)eiy, i3 — VR fz vr,vi, T)eiy, fiy -
T J - 0o V— ™ Jo — o0

. ~+
(v, ~2ivr)er, i3

(4.78)

Since )
pu=14+0 (E) . k] = oo, (4.79)

the first Lax equation (I4al) implies that
q(z,y,t) = —2i |k1|irn (kum(gc,y,t,kR,kI)>7 (4.80)

—00

therefore, using equation (78 and applying I’ Hopital’s rule to the above limit,
we find equation ([E73). O

5 The linear limit
In the linear limit

q(z,y,t) = eu(z,y,t) + O(?), &—0, (5.1)
the O(e) term of the KPI equation (I3)) yields the linear PDE

Ut + Upw — 30, "y, = 0. (5.2)
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The initial-boundary value problem for this equation can be solved via a spectral
analysis similarly to its nonlinear analogue, however, since the PDE is linear we will
employ the method of [§]. Differentiating equation (B.2]) with respect to x, we have:

Ugt + Ugpgaa — 3uyy = 07 (53)
with formal adjoint equation for some function w:
Uyt + Uggps — Slyy = 0. (5.4)

Multiplying equation (B3] by .., equation (5.4]) by wu, and adding the two resulting
equations, we find:
(Uzliz), + (UeUzzz + Urlioze — UzzUze + Slyty), — 3 (Ugly + uzﬂy)y =0. (5.5)

A family of solutions to the formal adjoint equation is given by
iz, y,t) = efiklzfibyfi(ki’q%%)t (5.6)
hence

. . k3
(_iklezklmlkzy (ki’+3ﬁ)tuz) +3 (zkluy + zkguz)y
2 ¢ (5.7)
+ (671k1171k2y71(k§+3ﬁ)t (—ikluzzz + Zk?uz + k%uzz — 3zk2uy) ) = 0.
T

Integrating this expression with respect to x from —oo to oo and with respect to y
from 0 to oo, we have:

e k2 0 . e k2
(k%e—l(’“?”’kf)fa(kl,kz,t)> :3k1/ dxe—zm—l(k?”ﬁ)f[kzv(x,tmw(x,t)],
t — 00
(5.8)

where

(ky, ko, t) / dx/ dy e~ *re=ikayy (3 4 ) (5.9)
and the functions v and w are defined by
vz, t) = u(z,0,t), w(x,t)=1uy(z,0,1). (5.10)

Integrating with respect to ¢ we find the relevant global relation,

(4 k2 k ko
e_l(k%gﬁ)tﬁ(kl,/@,t) o(k1, k2) / dT/ de (s 2) 3 [k v(@;7)
+ —w(;v T)] , k1 €R, Imky <0.

k1
(5.11)

Hence, using (5.9) we obtain:

u(z,y,t) (2; / dk1/ dhy 17 h2v i 435 2)“ o(k1, k2)

oo 00 ) ) 3 k3 t oo ) ) k2
- diy | diey €™ ey HITE ar [ o ¢~trmititorhr 3k o
271')2 _ _ k1

1 > o ikix—1 A —itkixz—1 T
+ 2w)2/ dk1/ dky 17ty 3% 2”/ dT/ g e~ z: w(z, 7).
(5.12)
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Furthermore, after changing variables

kl = —QI/R, kz = 4I/Rﬂ] (513)

and rearranging the integrals, we obtain the following expression:
2 0 < o < —ivga4divpiry—i(8v+24vR D3t A ~
u(z,y,t) = = / dvr dbr —/ dI/R/ dvr | e R RVIY R BRI Go(—2vR, dvrir)
™ —o00 —o00 0 —o00
9 oo oo t oo ) A o3 2 i
-= dl/R/ dIJ[ / dT/ dé-6727.VR(§7;E)+47,VRV1y+z(8uR+24uRuI)(7—7t) 3VR |:217] ’U(f,T) 4+ w(€77_)i|
™ 0 —o0 0 —o0 QVR

2 0 oo ~ t 0o Y _ s (81 52y (r ~ -
-5 / dVR/ divy / dT/ dée 2ivp(E—a)+4ivgiry+i(8v+24v g D7) (T—t) 3vRr [QVI v(&, 1)+ % w(fﬂ')] .
—o0 —o0 0 —o0 R

(5.14)

Finally, letting 7; = —iv; and recalling the definition ([Z3]) of w, we obtain:

2 0 100 (e} 100 s _
u(z,y,t) = —;</ duR/ dvr —/ dl/R/ dw) e~ 2wrEtAvRYIYTW (v, 2”R)tﬁo(—2uR,—4iuRu1)
T —oo —i00 0 —100

oo 100 t oo
2 [T [ [ar [T agermente stz oye 1) - 5L wie |
0 —100 0 —oo

2IJR
2 0 e ¢ o —2ivg({—x)+4vpriy—w(v,—2vR)(T—t) 1
-= dVR/ dVI/dT/ dée R RYI TEVR 3vR [21/1 v(&,T) — — w(§77'):| .
™ —o0 —100 0 —o0 2VR
(5.15)

By employing Cauchy’s theorem and Jordan’s lemma, the v;-contours of the second
and the third term on the RHS of the above expression can be deformed to the

positively oriented boundaries of the first and the second quadrant of the complex
vi-plane respectively (see figure B5)), i.e.

Imuy;

v

D, D,

Revy

Figure 5.1: The regions D; and Ds on the complex vr-plane.

—o0

e’} t o'}

— % dI/R/ dvr / dT/ d¢ e 2WR(E— D) Hvpry—w(v,—2wR) (T—1) 3, |:2V1 v(€,T) — L w(g, 7')}
™ Jo oDa 0 o 2vr
2 [° L o 4 2 ' 1

- = dVR/ dV[/dT/ dée” wR(E—2)Hvpriy—w(v,—2wR)(T—t) 3, |:2V1 v T)— — w(§77'):|.
™ —o00 0Dy 0 —o0 2VR

(5.16)

21 0 i o i —2ivpxr+4vRr w(v,—2v
u(z,y,t) = ﬂ__;(/ dIJR/ dvy —/ dl/R/ dIJ[) e 2RI HAVRYIYFW (v, =2 R)tﬁo(—2uR,—4iule1)
—100 0 —100
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Moreover, Jordan’s lemma implies that

[eS] T oo
/ dvr / dvr / dT/ d§e*QiVR(E*w)+4VRVIy*w(V,*2VR)(T*t) ()=
0 0Dy t —o00

0 T oo .
:/ duR/ dw/ dr/ de e72R(E- o) Havpyiy—wlvm2vR) (Tt () — o (5.17)
—o0 0D t —o0

thus the upper limit of the 7-integrals can be replaced by T, hence

2 —2iv VRV v,—2v ~ .
u(z,y,t) = ! (/ duR/ dvr —/ dI/R/ dw) 2ivpetdvpyrytw(v, =2 R)tuo(—2um—4wa)
—ioco —ioco

2 / avn [ [[ar [ age etz g (e, ) - 5 i)
™ Jo Dy 0 o 2vR

0 T 0o )
— %/ dVR/ duz/ dT/ d¢ e 2WR(E—) FAvpry—w —2vR) (1) 3, [27/1 v, 1)~ L w(§, 7'):| .
™ —o0 0D 0 —o0 2VR
(5.18)

On the other hand, taking the linear limit directly on the representation (Z7S)
obtained for p via the spectral analysis of the Lax pair of the KPI equation, i.e.
letting

p=1+ecM + O(?), rf:5R+O(52), pf:aP+O(52), ji=1,2, =0,

(5.19)
implies via equations ([L47) and ([@60):
X; =X, +0(?), v =eV;+0(?), j=1,2,3, (5.20)
for the functions X; and ¥; defined by:
Xl(kRa A) = \Ill(kRv )\) = _R(kRv _2kR - A)v
Xo(kr,\) = Ua(kgr,\) = P(kr, —2kr — \) + R(kr, —2kr — \),
Xs(kr,A\) = U3(kr,\) = —P(kr, —2kr — \), (5.21)
where
ROl = o [ de [ ane 10 6 ), (522)
2m —00 0
1 oo T .
P(k,1) = 2_/ dg/ dr e e ®DT 31 (1 4 2k (€, 7) — i&;lw(g,T)]
T J—co 0
(5.23)

Hence, the O(e) term of equation (L78) yields:

1 0 R d
M = —/ duR/ %Ik €1y, R(v,—2vR)

oo VR
_ = dz/R/ dwk €1y, |:P(u —2vR) + R(v, —2vgr ]
0 oo

1 o 0 1 0 dVI
tal, v g xR ko | dve o m61XtR(V7—2VR)
1 S 100 d
T a / dl/R/ _avr elxt |:13(l/7 —21/3) + R(V, _2VR)i|
0
1 0 100 dVI 1 0 oo dVI
+;/;de12[) —V—k61XtP(V7_2VR)_;/;deR[) m61XtP(V7—2yR)
0 0
_1 / dz/R/ _dvr €1y, P(v, —2vg). (5.24)
7T Jo v —k
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Thus, taking the limit (@80) we find:
2 0 100 )
u== dvgr dvreiy, (—2ivg)R(v, —2vR)
T J- —100
_z / duR/ dvr e1, (—2ivR) |:P(V7 —2vR) + R(v, —QVR)]
™ Jo —100
24 e 0 . 2 o —100 '
- = dvgr dvreiy, (—2ivg)P(v, —2vR) — — dvr dvreiy,(—2ivg)P(v, —2vR)
™ Jo oo T Jo 0

2 0 100 2 0 ']
—&—?Z/ duR/ dvr eiy,(—2ivr)P(v, —2vR) — ?Z/ dVR/ dvr eiy,(—2ivr)P (v, —2vR),
— 0 0 —o00 0
(5.25)

or, using the definition ([LI3)) and integrating once by parts with respect to x,

U= 2 0 dv i dur — oody e dv oodg ood eZiVR(ffw)*‘lVRVI(n*y)ﬂv(l«*ZVR)tV w (5 )
) R[ I R [ T n R U0 (§, 7
—o0 —100 0 —100 —o0 0

oo t [e'e] .
— % / dI/R/ dVI/ dT/ d¢ e~ ZvR(E— D) VRV Iy —w (V=2 R) (1Y) 3 [27/1 v(§,T) — L w(fﬂ')]
™™ Jo ops Jo J-c 2vR

0 t %) .
— %/ dI/R/ duI/ dT/ d¢ e 2wr(E—a)Hvprry—w (v, —2vR)(T—t) 3, [21/1 v(&,T) — L w(g, 7')} .
™ —o0 ODoo 0 —o0 2VR

(5.26)

Recalling the definition (B.9), this equation is precisely equation (G.I8]).

6 Conclusion

The integral representation (73] for the solution g(x,y,t) of the initial-boundary
value problem for the KPI equation (L3) on the half-plane has been constructed,
following the approach to the initial-boundary value problems for the DS and the
KPII equations presented in [13] and [14]. In particular, the spectral analysis of the
associated Lax pair of the PDE is achieved by using several tools of the theory of
complex variables, including Green’s theorem and the so-called Pompeiu’s formula,
in the context of a d-bar formalism.

In addition, the important identity (B is obtained which relates certain trans-
forms of the initial condition go(z,y) and the boundary values g(z,t) and h(z,t),
called the spectral functions, to the corresponding transform of the solution ¢(x, y, t),
and which is valid in appropriate regions of the complex k-plane. This identity,
called the global relation, can in principle be employed after appropriate trans-
formations in the spectral variable k£ in order to eliminate the spectral function
of the unknown boundary value (either g or h) from the representation (73]
This is a rather complicated task, since both B and ({73) involve the function
w(z,y,t, kg, kr), which is given by equation ([@T8) as the solution of certain linear
Volterra integral equations. However, it has been shown (see for example [15], [16])
that for a particular class of boundary conditions, called linearisable, one can ob-
tain an expression for ¢ depending only on spectral functions of the given initial and
boundary values. The case of linearisable boundary conditions for the KP equations
is currently being investigated.
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