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1 Introduction

The domain wall (DW) boundary condition of a statistical model on a finite two-dimensional
lattice was introduced in [I] for the six-vertex model. The partition function of the model
(or DW partition function) was then given in terms of some determinant [2][3]. Such a deter-
minant representation of the partition function has played an important role in constructing
norms of Bethe states, correction functions [4, [5, 6] and thermodynamical properties of the
six-vertex model [7], and also in the Toda theories [§]. Moreover, it has been proven to be
very useful in solving some pure mathematical problems, such as the problem of alternating
sign matrices [9]. Recently, the determinant representations of the DW partition function
have been obtained for various models [10, [11], [12].

Since the DW partition function is calculated [3] as an inner product of pseudo-vacuum
and some Bethe state which is generated by pseudo-particle creation operators (given by
one-row monodromy matrix related to closed spin chain [5]) on the pseudo-vacuum state,
the computation of the function is simplified dramatically and can be directly calculated in
the so-called F-basis [13] provided by the Drinfeld twist [14] or factorizing F-matrix. Such a
magic F-matrix has been studied extensively for other models [15, [16] 17, [18, [19] 20].

For a two-dimensional statistical model with a reflection end [21], in addition to the local
interaction vertex, a reflecting matrix or K-matrix which describes the boundary interactions
needs to be introduced at the reflection end of the lattice (see figure 4 below). This problem
is closely related to that of open spin chain [22]. The DW partition function of the six-
vertex model with a diagonal reflection end was exactly calculated and expressed in terms
some determinant [21]. Then such an explicit determinant representation was re-derived
[23, 24] by using F-basis of the closed XXZ chain. However, it is well known that to obtain
exact solution of open spin chain with non-diagonal boundary terms is very non-trivial
[25], 26|, 27, 28| 291, 130, B1], 32, 33|, B34, [35], 36, 37, B8, 39] 40, [41] comparing with that of the
one with simple diagonal boundary terms. In this paper, we will investigate the determinant
representation of the DW partition function of the six-vertex model with a non-diagonal
reflection end which is specified by a generic non-diagonal K-matrix found in [42] 43]. The
result will be essential to construct the determinant representations of scalar products of
Bethe states of the open XXZ chain with non-diagonal boundary terms [44].

The paper is organized as follows. In section 2, after introducing our notation and some



basic ingredients, we construct the four boundary states which specify the DW boundary
condition of the six-vertex model with a non-diagonal reflection end. In section 3, using
the vertex-face correspondence relation we express the DW boundary partition function in
terms of the particular matrix element of the product of face type pseudo-particle creation
operators. In section 4, we present the F-matrix of the open XXZ chain with non-diagonal
boundary terms and give the completely symmetric and polarization free representations of
the pseudo-particle creation operators in the F-basis. In section 5, with the help of the F-
basis provided by the F-matrix we obtain the determinant representation of the DW partition
function. In section 6, we summarize our results and give some discussions. Some detailed

technical proof is given in Appendix A.

2 Six-vertex model with a reflecting end

In this section, we briefly review the DW boundary condition for the six-vertex model with

non-diagonal reflecting end on an N x 2N rectangular lattice.

2.1 The six-vertex R-matrix and associated K-matrix

Throughout, V' denotes a two-dimensional linear space. The well-known six-vertex model

R-matrix R(u) € End(V ®@ V) [5] is given by

R(u) = b(u) cfu) . (2.1)

The coefficient functions read: a(u) = 1, b(u) = Sins(i;lin), c(u) = Sins(iﬁn). Here we assume

7 is a generic complex number. The R-matrix satisfies the quantum Yang-Baxter equation
(QYBE),

Rl,z(u1 - u2)R1,3(u1 - U3)R2,3(U2 - U3) = R2,3(U2 - Us)Rl,s(U1 - Us)Rl,z(Ul - U2), (2-2)

and the unitarity, crossing-unitarity and quasi-classical properties [28]. We adopt the stan-
dard notations: for any matrix A € End(V) , 4; (or A’) is an embedding operator in the
tensor space V ® V ® - -+, which acts as A on the j-th space and as identity on the other
factor spaces; R; j(u) is an embedding operator of R-matrix in the tensor space, which acts

as identity on the factor spaces except for the i-th and j-th ones.



For a model with reflection end or open spin chain [22], in addition to the R-matrix, one

needs to introduce K-matrix K'(u) which satisfies the reflection equation (RE)

§1,2(u1 — ug) K, (Ul)ﬁzl(ul + ug) Ko (uz)
= KQ(UQ)ELQ(Ul + u2)K1 (ul)ﬁg,l(ul — UQ). (23)

In this paper, we consider the K-matrix K (u) which is a generic solution to the RE (23]
associated the six-vertex model R-matrix [42, [43]

(M) B
w0 = (o) o ) .

The coefficient functions are

~2c08(A — Ag) — cos(Ay + Ag +2¢)e

k‘l

1(u) 4sin(A; + ¢ +u)sin(Ay +(+u)
= e e

2 25in(A\ + ¢+ u)sin(Ag + ¢+ u)’
Py - isnue e

~ 2sin(A\y + ¢+ u)sin(Ag + ¢ +u)’
~2c08(A — Ag)e " — cos(M + Az + 2()

k() = 4sin(Ay + ¢ +u)sin(Ag + ¢ +u) (25)

It is very convenient to introduce a vector A € V' associated with the boundary parameters

{)\Z}a

2
A= Z )\kek, (26)
k=1

where {¢;, i = 1,2} form the orthonormal basis of V' such that (¢;,€;) = 6;;.

2.2 The model

The partition function of a statistical model on a two-dimensional lattice is defined by the

following;:

E
Z = expl{ ———
> ep{—=}
where FE is the energy of the system, k is the Boltzmann constant, T" is the temperature of
the system, and the summation is taken over all possible configurations under the particular

boundary condition such as the DW boundary condition. The model we consider here has

six allowed local bulk vertex configurations
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Figure 1. Vertex configurations and their associated Boltzmann weights.

and four allowed configurations at each reflection end
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Figure 2. Reflection ends and the associated Boltzmann weights.

where 1 and 2 respectively denote the spin up and down states. Each of the six bulk
configurations is assigned a statistical weight (or Boltzmann weight) w;, while each of the
four reflection configurations is assigned a weight b; (see Figs. 1 and 2). Then the partition

function of the model with a reflection end can be rewritten as

I 7o pls 7l
7 = E Wy wy"? ws" wy" ws™ we™® by by by by



where the summation is over all possible configurations with n; and [; being the number of
the vertices of type ¢ and the number of the reflection end of type j respectively. The bulk

Boltzmann weights which we consider here have Z;-symmetry, i.e.,
a = w; = Wa, bEwg = Wy, C= W5 = Weg, (27)

and the variables a, b, c satisfy a function relation, or equivalently, the local Boltzmann
weights {w;} can be parameterized by the matrix elements of the six-vertex R-matrix R
21) as in figure 3. At the same time, the weights {b;} corresponding to the reflection end
can be parameterized by the matrix elements of the K-matrix K (2.4]) as in figure 3.

U

'

l Eo oe¢ =Rlw—-0, ijkil=12

J
Figure 3. The Boltzmann weights and elements of the six-vertex R-matrix and K-matrix.

then the corresponding model is called the six-vertex model with a reflection end. Therefore

the partition function of the model is give by
7 — Z Q1 tn2 pratna Cn5+nﬁbl11 bl22 bgs bif-

In order to parameterize the local bulk Boltzmann weights in terms of the elements of the

R-matrix, one needs to assign spectral parameters v and & respectively to the vertical line



and horizontal line of each vertex of the lattice, as shown in figure 3. In an inhomogeneous
model, the statistical weights are site-dependent. Hence two sets of spectral parameters {u, }
and {¢;} are needed, see figure 4. The horizontal lines are enumerated by indices 1,..., N
with spectral parameters {¢;}, while the vertical lines are enumerated by indices 1,..., N
with spectral parameters {@,} (The 2N parameters {u,} are assigned as follow: g = u;
and U417 = —u;, as shown in figure 4.). The DW boundary condition is specified by four
boundary states [Q2())), [QW (), (QD(N)] and (23 ()| (the definitions of the boundary
states will be given later, see (Z32)-([235) below). These four states correspond to the

particular choices of spin states on the four boundaries of the lattice .

QD))
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Figure 4. The six-vertex model with a non-diagonal reflection end under the DW condition.

Some remarks are in order. The boundary states not only depend on the spectral pa-
rameters (|2 (\)) and (QM(A)| depend on {&}, while |[QM (X)) and (Q?()\)| depend on

{uq}) but also on two continuous parameters A\; and \y. However, after a diagonal similarity
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transformation generated by Diag(1, e **1722)) and then taking A\, — -+ico, the correspond-
ing boundary states |22 ()\)) and (Q® ()| (or [QM (X)) and (QM(N)]) become the state of
all spin down and its dual (or the state of all spin up and its dual) up to some over-all scalar
factors. Moreover after the same similarity transformation and taking the limit the resulting
K-matrix becomes the diagonal matrix solution of the reflection equation (2.3]). Hence the
partition function in the limit reduces to that of the six-vertex model [21].

The partition function of the six-vertex model with a non-diagonal reflection end specified
by the generic K-matrix K (u) (Z4]) under the DW boundary condition is a function of 2N +3
variables {us}, {&}, A1, A2 and ¢, which is denoted by Zy({ua}; {&}; A;¢). Due to the fact
that the local Boltzmann weights of each vertex and reflection end of the lattice are given
by the matrix elements of the six-vertex R-matrix and the associated K-matrix (see figure
3), the partition function can be expressed in terms of the product of the R-matrices, the

K-matrix and the four boundary states

Zy({ua}; {&}: A ¢) = (QWN(QP ()]
XEi,N(u1_£N> - -Ei,l(Ul—&)KI(Ul)El,I(Ul—F&) . -EN,i(UhL&V)

XEN,N(UN_gN) .- -EN,l(UN—&)KN(UN)ELN(UNﬂL&) .- -EN,N(UN"'_gN)
x[QW () QB (N)). (2.8)

One can rearrange the product of the R-matrices in (2.8)) in terms of a product of the so-called

double-row monodromy matrices

Zn({ua}: {61 A O=(QD N HQP V)| Tr(w) - . T (un) [29 ()22 (), (2.9)

where the monodromy matrix T;(u) is given by

Ti(u) = Ti(u; &1, .-, 6N C) = E{,N(Ui—&v)---Em(ui—&)
X Ki(ui) Riz(uit€y) - . Ryi(witén).  (2.10)
The double-row matrix T(u) has played an important role to construct the transfer matrix
for an open spin chain [22]. The QYBE (2.2) of the R-matrix and the reflection equation
23) of the K-matrix give rise to that the monodromy matrix T;(u) satisfy the following

exchange relation

Eg’j(ui - uj) Tg(ul) Ef,g(ui + Uj) T;(uj) = T;(uj) E;;(ui + Uj) T;(ul) 37g(ui - uj). (2.11)



2.3 The boundary states

From the orthonormal basis {¢;} of V', we define

2
. _o_ 1 : .
i=ea—¢ =3 kg_l €, 1=1,2, then g 1=0. (2.12)

Let b be the Cartan subalgebra of A; and bh* be its dual. A finite dimensional diagonalizable
h-module is a complex finite dimensional vector space W with a weight decomposition W =
@penWp], so that b acts on W] by zv = p(z)v, (x € h, v € Wy]). For example, the

non-zero weight spaces of the fundamental representation V, = C*> =V are
Wli] = Ce;y i =1,2. (2.13)
For a generic m € V, define
m; = (m,€), mi =m; —m; = (m,e—e€j), 1,j=12. (2.14)

Let R(u,m) € End(V ® V') be the R-matrix of the six-vertex SOS model, which is trigono-
metric limit of the eight-vertex SOS model [45] given by

2 2
R(u;m)=> ~ R(u;m)i Ex®@E;+»  {R(u;m)) Ey@E;+R(w; m) E;@E; },  (2.15)

i=1 itj
where E;; is the matrix with elements (Ezj)ﬁC = 0;10. The coefficient functions are

sin w sin(m;; — n)

cm)% =1 m)i = | # ] 2.1
Rl myy = Sl t ) (217)

9 sin(u + ) sin(my;)’
and m;; is defined in (2.I4)). The R-matrix satisfies the dynamical (modified) quantum

Yang-Baxter equation (or the star-triangle relation) [45]

Rl,z(ul — Ug; M — nh(s))Rl,S(ul — Us; m)Rz,s(Uz —ug;m — ﬁh(l))

= Rys(ug — uz;m)Rys(ur — uz;m — nh @) Ry o(ug — ug;m). (2.18)
Here we have adopted the convention

Rig(u,m —nh®) vy @ v @ vg = (R(u,m — ) @id) vy @ v @ vs,  ifvg € Wy, (2.19)



Moreover, one may check that the R-matrix satisfies weight conservation condition,
(R + h® | Ry o(u;m)] =0, (2.20)
unitary condition,
Ry o(u;m) Req(—u;m) = id @ id, (2.21)

and crossing relation

L sin(u)sin((m — pi)a)
R(u;m) L=j sin(u + n) sin(ma;)

R(—u —mn;m — ni);f, (2.22)

1]
where
e1=1,e=-1, and1=2,2=1. (2.23)

Define the following functions: 6 (u) = e™™, §@(u) = 1. Let us introduce two inter-

twiners which are 2-component column vectors @, ,,—n;(u) labelled by 1, 2. The k-th element

of G m—n;(u) is given by

P (u) = 0% (u + 2m;). (2.24)

m7m_nj

Explicitly,

e—i(u+2m1) e—i(u+2m2)
brm @ =1 ) b= ). (225)

Obviously, the two intertwiner vectors ¢, m—n(u) are linearly independent for a generic
meV.
Using the intertwiner vectors, one can derive the following face-vertex correspondence

relation [27]

R1,2(u1 — uz) 7177,,m—7ﬁ(u1) i@—ni,m—n(i—i—j)(u?)

- Z R(ul Uz m)fjl in—nlA,m—n(lA-l-ff) (u1>¢fn,m—n[(u2)' (226)
k,l

Then the QYBE ([Z.2) of the vertex-type R-matrix R(u) is equivalent to the dynamical Yang-
Baxter equation (2.I8)) of the SOS R-matrix R(u, m). For a generic m, we can introduce other

types of intertwiners ¢, ¢~S which are both row vectors and satisfy the following conditions,

Gmm—nn(0) S mnp () = Oy G (1) Gy (1) = Oy (2.27)

10



from which one can derive the relations,

Z¢mm nu ¢mm nu( ): ld, (228)

Z ¢m+7m m ¢m+7m m( ) = id. (229)

One may verify that the K-matrices K (u) given by (2.4) can be expressed in terms of

the intertwiners and diagonal matrices K(A|u) as follows
Wi =D O, a (WA (—). (2.30)
4,3

Here the diagonal matrix KC(A|u) is given by

sin(A\; + ¢ —u) sin(Ay + ¢ —u)
sin(A; + ¢ +u) sin(Ag + ¢ + u)

K(Mu) = Diag(k(A|u)1, k(A|u)2) = Diag( ). (2.31)

Although the vertex type K-matrix K~ (u) given by (2.4)) is generally non-diagonal, after the
face-vertex transformation (2.30), the face type counterpart IC(A|u) becomes diagonal. This
fact enabled the authors to apply the generalized algebraic Bethe ansatz method developed
in [30] for SOS type integrable models to diagonalize the transfer matrix of the open XXZ
chain with non-diagonal terms [28] [40].

Now we are in the position to construct the boundary states to specify the DW boundary
condition of the six-vertex model with a non-diagonal reflection end, see figure 4. For any
vector m € V| we introduce four states which live in the two N-tensor spaces of V' (one is

indexed by 1,..., N and the other is indexed by 1,..., N) or their dual spaces as follows:

|Q(2)(m)> = m,m— ng(él) ¢m n2,m— 2,72(52) ﬁ—n(N—l)Q,m—nNi(gN% (232)
QW (m)) = ¢1 (N—2)ni,m— (N—2)ni—ni( )¢1 (N—4)yni,m— (N—4)ni—ni(_u2)

X o O N gt N (U, (2.33)
<Q(1)(m)| = m,m— 771(61) m—nl,m— 2771(62) m— 77(N i, m_an(gN)a (234)
QP (m)| = in Nolm—Npi— 7;2(“1) ¢1 (N—2)ni,m—(N—2)ni— 7;2(“2)

X ¢Z+n(N—2)i,m—n(N—2)i—nQ (UN> (235)

The boundary states which have been used to define the DW boundary condition can be

obtained through the above states by special choices of m and ¢ (for example, m is specified to

11



A which is related to the parameters of the K-matrix K (u)). Then the DW partition function
Zn({uat; {&1}; A Q) of the six-vertex model with a non-diagonal reflection end given by (28]

becomes

Zn({ua}; &3 A Q) =

¢,\ Al i(&) - ‘b,\—(N— i A-Nni i (Ew) ¢,\—N771 ANpi— nz(ul) o '(bf\\jr(N—2)ni,>\+(N—2)ni—n2(UN>
XRLN(Ul - fN) ce Ri,l(ul - 51) Ki(ul) R1,1(U1 + 51) - -RN,I(Ul + fN)

xRy n(uy —&n) ... Ryq(un — &) Ky(uy) By y(uy +&) ... Ry y(uy +&n)

1 N i
X¢A,A—né(§l)"'¢A—(N—1)nQ,A—Nné(§N) ¢>\—(N—2)ni,)\—(N—1)ni(_ul) ¢A+Nn1 M{(N-1)ni (UN)
(2.36)

3 Partition function in terms of the face type mon-
odromy matrix

Let us introduce the face type one-row monodromy matrix

Tr(lfu) Ton..n ()

N—-1
= RO,N(U — &Nyl — n Z h(i)) <. Ro,2(u — &3l — nh(l))RO,l(u — & l),

Tr(lu)y ;
( Tr(llw)? Tr(l|uw)3 ) (3.1)

where [ is a generic vector in V. The monodromy matrix satisfies the face type quadratic

exchange relation [46, 47]. Applying Tr(I|u)} to an arbitrary vector |iy,...,iy) in the N-

tensor product space V&V given by
liv, . in) =€ ... el (3.2)

we have

= Z ZR(U_gNQ UZ% an_1in

aN—1.--Q1 i3

X Rlu — ;1 — )22 % R(u — €05 1, i), (3.3)

12



where m =1—n Zivzl ik
Now we compute the partition function Zy({us};{&}; A; () defined by ([2.8]). The ex-
pression (2.36]) implies that

ZN({ua}§ {gz}v A; C):<Q(1) ()‘)| qzi—(N—l)ni—l—nQ,)\—(N—l)ni (ul) Ty (ul) ¢§—(N—2)771,A—(N—1)771(_ul)

N N 2
X¢A+(N—1)ni+ni,)\+(N—l)ni(UN) Ty (un) ¢>\+Nni,>\+(N—1)ni(_uN) Q@ (V).
(3.4)
With the help of the crossing relation (2.22)), the face-vertex correspondence relation (2.26])
and the relations (2.27), following the method developed in [30] 48], we find that the par-

tition function Zy({ua}; {&}; A;¢) can be expressed in terms of the face-type double-row

monodromy operators as follows:
Zn({uadi {61 A Q) = (Lo T (A = 2(M = Dn, Au)? - T (A Aluar)?
T A+ 201, Muare)? .. T (A + Nl Muy)?(2, ..., 2). (3.5)

The above double-row monodromy matrix operator 7 (m, A|u)? is given in terms of the

one-row monodromy matrix operator Tp(m;|u) [48] as follow:

_ »  sin(ma) N sin(u + &)
T (m, M)y = sin(As1) g sin(u + & + 1)

" {sin()\l +(¢—u)
sin(A1 + ¢+ u)

sm()\2+<—u) R ) R . )
- T 202, A|u)2T id+nil—u—n?2'. (36
0w+ Cr o L m o+ 202 A Te(m o+l Aol —u =)y (36)

In the next section we construct the Drinfeld twist (or factorizing F-matrix) in the face
picture for the six-vertex model with a non-diagonal reflection end. In the resulting F-
basis, the pseudo-particle creation operator T, given by (B.6) takes completely symmetric
and polarization free form. This polarization free form allows us to construct the explicit

expressions of the partition function Zy({us};{&}; A; Q).

4  F-basis

In this section, we give the Drinfeld twist [14] (factorizing F-matrix) on the N-fold tensor

product space V& and the associated representations of the pseudo-particle creation/annihilation

13



operators in this basis.

4.1 Factorizing Drinfeld twist F'

Let Sy be the permutation group over indices 1,..., N and {o;[i = 1,..., N — 1} be the set
of elementary permutations in Sy. For each elementary permutation o;, we introduce the

associated operator R{'  on the quantum space
i—1
7 () = RO = Rogin(& — &ull — Y ), (4.1)
k=1

. . . / . .
where [ is a generic vector in V. For any o, 0’ € Sy, operator R{? associated with oo’

satisfies the following composition law [19](and references therein):
75 () = Ry () B x (D). (4.2)
Let o be decomposed in a minimal way in terms of elementary permutations,
o =0p ...08, (4.3)

where §; = 1,..., N — 1 and the positive integer p is the length of ¢. The composition law
(4.2)) enables one to obtain operator R{ , associated with each ¢ € Sy. The dynamical
quantum Yang-Baxter equation (ZI8]), weight conservation condition (Z20) and unitary
condition (Z.21I]) guarantee the uniqueness of R . Moreover, one may check that R

satisfies the following exchange relation with the face type one-row monodromy matrix (B1))
T...N(Z)T&...N(”U) = T(fo(L..N)(”“)RCf...N(l - Uh(o))a Vo € Sy. (4.4)

Now, we construct the face-type Drinfeld twist Fi_n(1) = Fi. n(;&1, ..., &N) H on the

N-fold tensor product space V&V, which satisfies the following three properties:

[. lower — triangularity; (4.5)
II. non — degeneracy; (4.6)
I1I. factorizing property : R‘l’mN(l):F(;(}___N)(Z)FlmN(l), Vo € Sy. (4.7)

Substituting (£7) into the exchange relation (4.4]) yields the following relation

Erq O FLn T w () = Tooamn U Fy (= nh )P = ). (4.8)

'In this paper, we adopt the convention: Foa.ny(D) = For. vy (L €oys - o))

14



Equivalently,

Fl...N(l)T(ﬂ N FY N(l—nh )— o(l... )(l)T(fU(l (l|u) o(l.. N(l—nh(o) (4.9)

Let us introduce the twisted monodromy matrix TOIT L n(uw) b
Ton.w(llw) = FnOTgy nUu) P (= nh®)

Tr(llw)} Tp(lu)}
( Tr(llu)? Tp(lu)} ) ' (4.10)

Then (4.9) implies that the twisted monodromy matrix is symmetric under Sy, namely,
Ton..n(lw) = Top. n(Ulu), Vo € Sy. (4.11)

Define the F-matrix:
2 N

Fon@ = > T[R9 Ry (0, (4.12)
o€SN {a;}=1 j=1
where P! is the embedding of the project operator P, in the i*® space with matrix elements
(Pt = Opi0ra- The sum >_" in (#I2)) is over all non-decreasing sequences of the labels
Qo)

Qp(ir1) = oy i o(i41) > o(i),

Qo(iv1) > Qo i o(i+1) < o(i). (4.13)
From (AI3]), Fi. n(l) obviously is a lower-triangular matrix. Moreover, the F-matrix is
non-degenerate because all its diagonal elements are non-zero. It was shown [48] that the

F-matrix also satisfies the factorizing property (7). Hence, the F-matrix F;_y(l) given by
(412) is the desirable Drinfeld twist.

4.2 Completely symmetric representations

Direct calculation shows [48] that the twisted operators Tp(l|u)! defined by @I0) indeed
simultaneously have the following polarization free forms. Here we present the results for

the relevant operators for our purpose

B in(ly; — .sin(u—ﬁi)
TF(l |u)§ _ Sln( 21 77) ®;y ( sin(u—&+n) ) , (4 14)
(@)

sin (lgl -7 + 77<H, 61))

sin(u—§;) sin(&—¢€;+1n)

al sinnsin(u—&;+12)

w(l|u)? = R @y, | st sin—E) . (4.15

(e ;sm v YR ] o ) e
1= J

15



Applying the above operators to the arbitrary state |i,...,iy) given by ([B.2]) leads to

- Siﬂ(lgl — 7]) _.sin(u—fi)
7 lw)2 = : sin(u—&;+n) , 4.16
F<m7 ‘U)Q sin <l2 —my — 7]) ® 1 0 ( )

N
i innsin(u — & + ly)
. H)? — sinnsin(u — ¢

F(m, lu)] Zsin(u—§i+77) sin 19

' si.n(u—fj) sin( .fi—fj‘i‘??)
XEb ®j;£i sin(u—&;+n) sin(§;—¢&;) ] . (417)
(4)

It then follows that the pseudo-particle creation operator (3.6]) in the F-basis has the following

completely symmetric polarization free form:

_ o sinmy sin(u + &)
Tp (m, Alu)y = sin(m; — Ay) ,!:[1 sin(u + & + 1)

al sin(A; + ¢ — &) sin(Ay + ¢ + &) sin 2u sinn
8 Z sin(

A+ ¢ +u)sin(Ag + ¢+ ) sin(u — & + n) sin(u + ;)

sin(u—¢&;) sin(u+£;+n) sin(&—£;+n)
(4.18)
)
(4)

XEiz ®j;ﬁi ( sin(u—&;+n) sin(u+£;) sin(&;—&;)

5 Determinant representation of the partition function

In this section we compute the DW partition function Zy ({ua}; {&:}; A; ¢) from its expression
@3) and the expansion of the twisted operator T, (m, Au)? @IS) given in the previous
section.

5.1 Symmetric expression of the partition function

From the definitions of the F-matrix Fi n(l) given by (£I2), we can show that the state

12,...,2) and the dual state (1,..., 1| are invariant under the action of F;_n({), namely,
Fi.n(D]2,...,2) = [2,...,2), (5.1)
(1,...)1|Fy. n(D) = (1,...,1]. (5.2)

Hence the DW partition function Zy ({uq}; {§;}; A; ¢) can be expressed in terms of the twisted

operator T, (m, Alu)? as follow
In({ua}; {6300 =, .., T A=(N=2)n1, Mu1)? ... T ANl Auy)?12, ..., 2)
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(1, 1| Frn(A = Npl) Ty (A = (N = 2)n, Ajuy)? ..
X T (A + Nl Muy)2 F (A4 Npl) [2,...,2)
=(1,.. . UTe A=(N=2)n1, Ajua)i ... T A+Nnd, Ajun)3[2, .. ., 2).
Substituting the polarization free expression ([EIS) of the twisted operator T, (m, A|u)? into
the above equation, we have
N N

M
sin(A12 + 2kn) sin(A12 — 2kn +n) sin(u; + &)
Z ab{&hH N :” Il” 1,...,1
v({uadi {&ik A €) Pt sin(A12 + kn) sin(A2 — kn +n) 1oy sin (wi +& +m) < |

N . e\ N o . ' sin(ur¢&;) sin(urt&+n) sin(&—E4+n)
Z . SlH(/\l —|—C 62) Sln(/\2+C‘+£z) sin 2uq Sl.n n Ei2®j7€i sin(ul—J§J+n) sin(qul—fj) sin(fréj)
< o) S+ C ) sine ) s £) Y,

N ] _£ ) g 3 i ; , sin(un—&;) sin(unt€5n) sin(€-&5tn)
Z . Sln(Al_‘_(. EZ) Sln(A2+CT‘_£Z) S 2UN SI.H n Ei2®j;ﬁl sin(uNhJﬁj-l—n) Sin(u;ﬁ-ﬁj) Sin(ﬁrjfj)
:1s1nQ\1—|-C—|—uN) sin(\o+CHup) sinwy—E&+1) sin@un+&) 1(j)

x|2,...,2).

Expanding the last sum term of the above equation which corresponds to the contribution
associated with the spectral parameter uy yields

N

' N M sin(A12 + 2kn) sin(A12 — 2kn +n) sin(u; + &)
Zn({uakid&idi i €) = 131 sin(A12 + kn) sin(A12 — kn + 1) 11;11 };[1 sin(u; + & +n)

al sin(A14+¢—¢&;) sin(Aa+¢+&;) sin 2u sin g i sin(u; — &) sin(u; + & + 1)
> NE

“sin 1 +¢+un) sinQa-+(+un) sinun—&i+1) sinun+&; sin(u; — & + n) sin(w; + &)

=1
ﬁMQ—&+m1 1
ﬂ}iﬁ@f@?‘“”'

f: sin(A1+¢—&) sin(Ae+(+&;) sin 2ug sinn

smO\l—FC—Ful) sin\o+C+u) sin (w1 —&+n) sin@+€

sin(ur-&;) sin(ur-€5+n) sin(€-£5+n)
) 12®j7$l i sin(ur-§5n) sin(uth;) sin(§-€;5)
l ’ 1
(4)

x|2,...,2).

Iterating the above procedure, we obtain the complete symmetric expression of the partition
function Zn({ua}; {&}; A Q)

M

sin(Arg + 2kn) sin(Ag — 2kn + 1) A sin(u; + &)
wwtarng = -Gt —men Ul aa e

X Zn({uat; {&i}; A 0), (5.3)
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where the normalized partition function Zy({ua}; {&};A; C) is

) sin(2u,,) sinn

a(n)

sin(A1+¢ =&, ) sin(Ae+C+§;
({uoz} {SZ} )\ C 0;: H{sm )\1+<+un) 51n()\2—|—C+un) Sln(un Sza(n)_‘_n) Sln(u"+gla(7l))

N

y H Sin‘(un — gio(k)) Sin(un + gio(k) + n) Sin@io(n) - Sia(k) + /’7) . (54)
Pt sin(u,, — fic(k) +n) sin(u, + £ia(k)) sm(&a(n) N &"(’”)

5.2 Recursive relation and the determinant representation

From the expression (5.4]) of the partition function Zy({ua};{&}; A; (), it is easy to check
that the partition function is a symmetric function of {u,} and {;} separatively. Moreover,
we can derive that the partition function Zx({ua}; {&}; A; Q) satisfy the following recursive
relation

N

Cfen. sin(A1+¢—&) sin(Ay+(+&;) sin(2uy) sinn
ZN({ua}7 {51}7 )\ C Z sin )\1+C—|—UN) Sln()\2—|—C—|—uN) SIH(UN €z+77) Sln(uN—l—&)

i=1
N-1

y H sin(u; — &) sin(w; + & +n) sin(§;, — & + 1)
o sin(w = & ) sin(u + &) - osin(g — &)

X Zn-1({Uataxen; {& 2 A €). (5.5)

One can show that the initial condition: Zy({ua};{&}; A; () = 1 and the recursive relation
(5.5) uniquely determinate the partition function Zy({us}; {&}; A; ¢) for any positive integer
N. This fact allows us to obtain the following determinant representation of the normalized

partition function Zy({ua}; {&};A;C):

I, T, sin(ua — &) sin(ua + & + ) detN ({ua}: {&})

Zy({ua s {61 A Q) = L it (ta—12) St 07) Ty 5006y Sin(E ) (5.6)
where the N x N matrix N ({us}; {¢}) is given by
ev sinnsin(A; + ¢ — &)
N{uadi{Ghas = sin(uq — &) sin(uq + & + 1) sin(A + ¢ + uq)
sin(Ag + ¢ + &) sin(2u,) (5.7)

X )
sin(Ag + ¢ + ug) sin(uq — & + 1) sin(uq + &)
The proof of this representation is relegated to Appendix A.

Finally, we obtain the determinant representation of the partition function Zy ({us}; {&}; A; €)
defined in (2.8)) of the six-vertex model with a non-diagonal reflection end under the DW

18



boundary condition from the expression (5.3))

M

Ik 13 A0 H in(Ao + 2kn) sin(A12 — 2kn + 1) H H sin(u; + &)

P (A + kn)sin(Ap — kn +1n) el sin(u; + & + 1)

y Hazl Hi:l sin(uq — &) sin(uq + & +n) det/\/({ua}; {&i})
[1os s 8in(ua—ug) sin(uatug+n) [ sin(§—&) sin(€x+&1)
(5.8)

where the N x N matrix N ({us}; {&}) is given by (5.7).

6 Conclusions

We have studied the partition function Zy({uq};{&}; A;¢) of the six-vertex model with
a non-diagonal reflection end, where the corresponding K-matrix K(u) given by (24 is a
generic non-diagonal solution of the RE, under the DW boundary condition. The DW bound-
ary condition is specified by four boundary states (2.32)-(235) which are two-parameter gen-
eralization of the all-spin-down and all-spin-up states and their dual states. With the help
of the F-basis provided by the Drinfeld twist for the open XXZ spin chain with non-diagonal
boundary terms, we obtain the the complete symmetric expression (5.3)-(5.4]) of the parti-
tion function. Such an explicit expression allows us to derive its the recursive relation (5.5]).
Solving the recursive relation, we obtain the determinant representation (5.8]) of the partition
function Zn({ua};{&}; A;¢). The determinant representation of the partition function will
play an important role to construct determinant representations of scalar products between
an on-shell Bethe state and a general state (or an off-shell Bethe state) of the open XXZ

chain with non-diagonal boundary terms [44].
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Appendix A: Proof the determinant representation ([5.6))

In this appendix, we prove the determinant representation (5.6]) of the normalized parti-
tion function Zy({ua};{&}; A () defined in (5.3)). Let us introduce two series functions
{Br({ua}; {&H N0 [ I=1,...,N} and {F({un};{&} A ¢) | I =1,..., N} which are given
respectively by

f[ sin(A;+C+uy) sin(Ag+(+wy)
sin

n(A1+¢—¢) sin(Ag+(+&) sin 2y,
Ha:l Hj:l sin(uq — &) sin(ua + &5 +1)
[os s sin(ua—ug) sin(uat+ug+n) [, sin(§—&) sin(&x+&)

Br({ua}; {&}; X; Q) Zi({ua}: {&}1: X Q) (A)

=1

Fri{ua}; {&}1: M0 0) =

sinmn
xdet . A2
St g st & o) sinfue & p s )| 4
Then the proof of (5.6) is equivalent to the following identification
Br({ua}; {&}; A Q) = Fr({ua}; {6} A (), for any positive integer I. (A.3)

We shall prove the above equation by induction.

e From direct calculation, we can show that (A.3]) holds for the case of N = 1, namely,
sinm
sin(up — & +n) sin(uy + &)

By(ur; &30 ¢) = Fi(ug; &3 A () =

e Suppose that ([A.3) holds for the case of I < N —1. We are to prove that it is satisfied
also for the case of IV as follows. It is easy to check that both By ({ua}; {&}; A ¢) and
Fn({ua}; {&}; A\; () are symmetric functions of {u,}. Hence it is sufficient to prove
that as function of uy they are equal to each other. The recursive relation (5.5) of
Zn({ua}; {&}; A ¢) implies that By ({ua};{&}; A; () satisfies the following relation

N-1

By ({ua}; {&i}; X5 Q) Z Sin 7 H sin( Ul—& sin(u4-£4n)

“—sin (uny—&+n) sin(uy+&;) -1 sin (w—&+n) sin(u+&;)

(fj—frl— )
8 jl;lz M By-1({uatasen; {& 1 A Q) (A.4)

The determinant representation of the function Fiy({uq}; {&}; A; ¢) implies that it sat-

isfies the following recursive relation

N-1

Frlua} e} 0) Z n 11

sin(uy —&+n) sin(un+&;) 14

sin(u—¢;) sin(u+&i+n)
sin(uy—uy) sin(uy+u; + 1)
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H sin(un—¢;) sin(un+E;+n)

sin(&;—&;) sin(€;4¢€)) Fn1({uafaznit€itiziA; ¢)- (AD)

JFi
The determinant representation ([A.2) and its recursive relation (A.5]) of the function
Fn({ua}; {&}; A ¢) and the recursive relation (A4)) of By ({ua}; {&}; A; €) im@ly that

these two functions, as function of uy, have the same simple poles located at [4:

&—n, —&  mod(y/—1n), 1=1,...,N. (A.6)

Direct calculation shows that the residues of the two functions at each simple pole

(A.G) are indeed the same. Moreover we can show that

By({ua}; {6} A5 Q) luy =00 = 0= Fn({ta}; {&i}; A; O) fuy—o0

Thanks to the Liouville theorem, we can conclude that (A.3) actually holds for the

case of V.

Finally we have completed the proof of (5.6).
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