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A UNIFIED GENERATING FUNCTION OF THE q-GENOCCHI

POLYNOMIALS WITH THEIR INTERPOLATION FUNCTIONS

SERKAN ARACI, MEHMET AÇIKGÖZ, HASSAN JOLANY, AND JONG JIN SEO

Abstract. The purpose of this paper is to construct of the unification q-
extension Genocchi polynomials. We give some interesting relations of this
type of polynomials. Finally, we derive the q-extensions of Hurwitz-zeta type
functions from the Mellin transformation of this generating function which
interpolates the unification of q-extension of Genocchi polynomials.

1. Introduction, Definitions and Notations

Recently, many mathematician have studied to unification Bernoulli, Genocchi,
Euler and Bernstein polynomials (see [20,21]). Ozden [20] introduced p-adic dis-
tribution of the unification of the Bernoulli, Euler and Genocchi polynomials and
derived some properties of this type of unification polynomials.

In [20], Ozden constructed the following generating function:

(1.1)
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∣

∣
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where k ∈ N = {1, 2, 3, ...} , a, b ∈ R and β ∈ C. The polynomials yn,β (x; k, a, b)
are the unification of the Bernoulli, Euler and Genocchi polynomials.

Ozden showed, β = b = 1, k = 0 and a = −1 into (1.1), we have

yn,1 (x; 0,−1, 1) = En (x) ,

where En (x) denotes classical Euler polynomials, which are defined by the fol-
lowing generating function:

(1.2)
2ext

et + 1
=

∞
∑

n=0

En (x)
tn

n!
, |t| < π,

In [5,20], classical Genocchi polynomials defined as follows:

(1.3)
2text

et + 1
=

∞
∑

n=0

Gn (x)
tn

n!
, |t| < π,

From (1.2) and (1.3), we easily see,

(1.4) Gn (x) = nEn−1 (x) ,

Date: April 18, 2011.
1991 Mathematics Subject Classification. 05A10, 11B65, 28B99, 11B68, 11B73.
Key words and phrases. Genocchi numbers and polynomials, q-Genocchi numbers and

polynomials.

1

http://arxiv.org/abs/1107.5950v1
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For a fixed real number |q| < 1, we use the notation of q-number as

[x]q =
1− qx

1− q
, (see [1-4,6-24]),

Thus, we note that limq→1 [x]q = x.

In [1,7,8,10], q-extension of Genocchi polynomials are defined as follows:

Gn+1,q (x) = (n+ 1) [2]q

∞
∑

l=0

(−1)l ql [x+ l]nq .

In [2], (h, q)-extension of Genocchi polynomials are defined as follows:

G
(h)
n+1,q (x) = (n+ 1) [2]q

∞
∑

l=0

(−1)
l
q(h−1)l [x+ l]

n

q .

In this paper, we shall construct unification of q-extension of the Genocchi poly-
nomials, however we shall give some interesting relationships. Moreover, we shall
derive the q-extension of Hurwitz-zeta type functions from the Mellin transforma-
tion of this generating function which interpolates.

2. Novel Generating Functions of q-extension of Genocchi

polynomials

Definition 1. Let a, b ∈ R , β ∈ C and k ∈ N = {1, 2, 3, ...} ,Then the unification

of q-extension of Genocchi polynomials defined as follows:

(2.1) Fβ,q (t, x |k, a, b) =

∞
∑

n=0

Sn,β,q (x |k, a, b)
tn

n!

and

(2.2) Fβ,q (t, x |k, a, b) = − [2]
1−k

q tk
∞
∑

m=0

βbma−bm−be[m+x]
q
t.

where into (2.1) substituting x = 0, Sn,β,q (0 |k, a, b) = Sn,β,q (k, a, b) are called
unification of q-extension of Genocchi numbers.

As well as, from (2.1) and (2.2) Ozden’s constructed the following generating
function, namely, we obtain (1.1),

lim
q→1

Fβ,q (t, x |k, a, b) =
21−ktkext

βbet − ab
.

By (2.2), we see readily,

∞
∑

n=0

Sn,β,q (x |k, a, b)
tn

n!
= − [2]

1−k

q tk
∞
∑

m=0

βbma−bm−be[m+x]
q
t

=
e[x]qt

qkx

(

− [2]
1−k

q (qxt)
k

∞
∑

m=0

βbma−bm−be(q
xt)[m]

q

)

= q−kx

(

∞
∑

n=0

[x]
n

q

tn

n!

)(

∞
∑

n=0

qnxSn,β,q (k, a, b)
tn

n!

)

(2.3)
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From (2.3) by using Cauchy product we get

∞
∑

n=0

Sn,β,q (x |k, a, b)
tn

n!
= q−kx

∞
∑

n=0

(

n
∑

l=0

(

n

l

)

qlxSl,β,q (k, a, b) [x]
n−l

q

)

tn

n!

By comparing coefficients of tn

n! in the both sides of the above equation, we arrive
at the following theorem:

Theorem 1. For a, b ∈ R , β ∈ C which k is positive integer. We obtain

Sn,β,q (x |k, a, b) =

n
∑

l=0

(

n

l

)

qlxSl,β,q (k, a, b) [x]
n−l

q

As well as, we obtain corollary 1:

Corollary 1. For a, b ∈ R , β ∈ C which k is positive integer. We obtain,

(2.4) Sn,β,q (x |k, a, b) =
(

Sβ,q (k, a, b) + [x]q

)n

with usual the convention about replacing (Sβ,q (x |k, a, b ))
n
by Sn,β,q (x |k, a, b) .

By applying the definition of generating function of Sn,β,q (x |k, a, b) , we have

∞
∑

n=0

Sn,β,q (x |k, a, b)
tn

n!
= − [2]1−k

q tk
∞
∑

m=0

βbma−bm−b

(

∞
∑

n=0

[m+ x]nq
tn

n!

)

=

∞
∑

n=0

(

− [2]
1−k

q

∞
∑

m=0

βbma−bm−b [m+ x]
n

q

)

tn+k

n!

So we derive the Theorem 2 which we state hear:

Theorem 2. For a, b ∈ R , β ∈ C which k is positive integer. We obtain,

(2.5) Sn,β,q (x |k, a, b) = −
n! [2]

1−k

q

(n− k)!

∞
∑

m=0

β
bm

a−bm−b [m+ x]
n−k

q

With regard to (2.5), we see after some calculations

Sn,β,q (x |k, a, b) = −
n! [2]

1−k

q

ab (n− k)!

(

1

1− q

)n−k n−k
∑

l=0

(

n− k

l

)

(−1)l qlx
∞
∑

m=0

(

βb

ab

)m

qlm

=
n! [2]

1−k

q

ab (n− k)!

(

1

1− q

)n−k n−k
∑

l=0

(

n− k

l

)

(−1)
l
qlx

1

β
b
ql − ab

=
k! [2]1−k

q

ab

(

1

1− q

)n−k n−k
∑

l=0

(

n

k

)(

n− k

l

)

(−1)
l
qlx

1

βbql − ab
(2.6)

From (2.6) and well known identity
[

(

n

k

)(

n−k

l

)

=
(

n

k+l

)(

k+l

k

)

]

, we obtain the fol-

lowing theorem:

Theorem 3. For a, b ∈ R , β ∈ C which k is positive integer. We obtain

(2.7)

Sn,β,q (x |k, a, b ) =
k! [2]

1−k

q

ab

(

1

1− q

)n−k n
∑

l=k

(

n

l

)(

l

k

)

(−1)l−k
q(l−k)x 1

βbql−k − ab
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We put x → 1− x, β → β−1, q → q−1 and a → a−1 into (2.7), namely,

Sn,β−1,q−1

(

1− x
∣

∣k, a−1, b
)

=
k! [2]

1−k

q−1

a−b

(

1

1− q−1

)n−k n
∑

l=k

(

n

l

)(

l

k

)

(−1)l−k
q−(l−k)(1−x) 1

β−bq−(l−k) − a−b

= (−1)
n−k

qk−1qn−kk! [2]
1−k

q ab
(

1

1− q

)n−k n
∑

l=k

(

n

l

)(

l

k

)

(−1)
l−k

qk−lq(l−k)x βbql−kab

ab − βbql−k

= (−1)
n−k−1

qn−1a3bβb

(

k! [2]1−k

q

ab

(

1

1− q

)n−k n
∑

l=k

(

n

l

)(

l

k

)

(−1)
l−k

qx(l−k) 1

βbql−k − ab

)

= (−1)n−k−1
qn−1a3bβbSn,β,q (x |k, a, b)

So, we obtain symmetric properties of Sn,β,q (x |k, a, b) as follows:

Theorem 4. For a, b ∈ R , β ∈ C which k is positive integer. We obtain

Sn,β−1,q−1

(

1− x
∣

∣k, a−1, b
)

= (−1)n−k−1
qn−1a3bβbSn,β,q (x |k, a, b) .

By (2.2), we see

β

a
Fβ,q (t, 1 |k, a, b)− Fβ,q (t, 0 |k, a, b )

=
∞
∑

n=0

((

β

a

)

Sn,β,q (1 |k, a, b)− Sn,β,q (k, a, b)

)

tn

n!
= −

[2]
1−k

q

ab
tk(2.8)

From (2.8), we obtain the following theorem:

Theorem 5. For a, b ∈ R , β ∈ C which k is positive integer. We obtain

(2.9) Sn,β,q (k, a, b)−

(

β

a

)

Sn,β,q (1 |k, a, b) =

{

0, n 6= k
[2]1−k

q

ab k!, n = k

From (2.4) and (2.9), we obtain corollary as follows:

Corollary 2. For a, b ∈ R , β ∈ C, which is k positive integer. We get

Sn,β,q (k, a, b)−
β

aqk
(qSβ,q (k, a, b) + 1)n =

{

0, n 6= k
[2]1−k

q

ab k!, n = k

with the usual convention about replacing (Sβ,q (k, a, b))
n
by Sn,β,q (k, a, b) .
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From (9) , now, we shall obtain distribution relation for unification q-extension
of Genocchi polynomials, after some calculations, namely,

Sn,β,q (x |k, a, b) = −
n! [2]

1−k

q

ab (n− k)!

∞
∑

m=0

(

β

a

)bm

[m+ x]
n−k

q

= −
n! [2]

1−k

q

ab (n− k)!

∞
∑

m=0

d−1
∑

l=0

(

β

a

)b(l+md)

[l +md+ x]
n−k

q

= [d]
n−k

q

d−1
∑

l=0

(

β

a

)bl



−
n! [2]

1−k

q

ab (n− k)!

∞
∑

m=0

(

β
d

ad

)bm
[

m+
x+ l

d

]n−k

qd





=
[2]1−k

q

[2]
1−k

qd

[d]
n−k

q

d−1
∑

l=0

(

β

a

)bl

Sn,βd,qd

(

x+ l

d

∣

∣k, ad, b

)

Therefore, we obtain the following theorem:

Theorem 6. (distribution formula for Sn,β,q (x |k, a, b ))For a, b ∈ R , β ∈ C

which k is positive integer. We obtain,

Sn,β,q (x |k, a, b) =
[2]

1−k

q

[2]
1−k

qd

[d]
n−k

q

d−1
∑

l=0

(

β

a

)bl

Sn,βd,qd

(

x+ l

d

∣

∣k, ad, b

)

3. Interpolation function of the polynomials Sn,β,q (x |k, a, b)

In this section, we give interpolation function of the generating functions of
Sn,β,q (x |k, a, b) however, this function is meromorphic function. This function
interpolates Sn,β,q (x |k, a, b ) at negative integers.

For s ∈ C , by applying the Mellin transformation to (2.2), we obtain

ℑβ,q (s;x, a, b) =
(−1)

k+1

Γ (s)

∮

ts−k−1Fβ,q (−t, x |k, a, b) dt

= [2]1−k

q

∞
∑

m=0

βbma−bm−b 1

Γ (s)

∫

∞

0

ts−1e−t[m+x]qt

So, we have

ℑβ,q (s;x, a, b) = [2]
1−k

q

∞
∑

m=0

βbma−bm−b

[m+ x]
s

q

We define q−extension Hurwitz-zeta type function as follows theorem:

Theorem 7. For a, b ∈ R , β, s ∈ C which k is positive integer. We obtain,

(3.1) ℑβ,q (s;x, a, b) = [2]1−k

q

∞
∑

m=0

βbma−bm−b

[m+ x]
s

q

for all s ∈ C. We note that ℑβ,q (s;x, a, b) is analytic function in the whole complex

s-plane.

Theorem 8. For a, b ∈ R , β ∈ C which k is positive integer. We obtain,

ℑβ,q (−n;x, a, b) = −
(n− k)!

n!
Sn,β,q (x |k, a, b) .
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Proof. Let a, b ∈ R , β ∈ C and k ∈ N with k ∈ N = {1, 2, 3, ...}. Γ (s), has simple
poles at z = −n = 0,−1,−2,−3, · · · . The residue of Γ (s) is

Re s (Γ (s) ,−n) =
(−1)

n

n!
.

We put s → −n into (3.1) and using the above relations, the desired result can
be obtained. �
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