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On Pseudo-BClI Algebras with Condition (pP)

Lu Yinfeng, Zhang Xiaohong
(Faculty of Sciences, Ningbo University, ZheJiang NingBo 315211)

Abstract: As a generalization of BCl-algebras with condition (S) and pseudo-BCK algebras with
condition (pP), the notion of pseudo-BCI algebras with condition (pP) is introduced. An example of
pseudo-BCI algebras with condition (pP) is given, the result that every anti-grouped pseudo-BCI
algebras is with condition (pP) is proved. Some properties of pseudo-BCI algebras with condition (pP)
are investigated and the branch properties of pseudo-BCI algebras with condition (pP) are discussed.
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1 Introduction

BCK/BCl-algebras with condition (S) is an important class of BCK/BCI-algebras which was
first introduced by K. Iseki.

The notion of pseudo-BCK algebras with condition (pP) is introduced by A.lorgulescu in [3],
which is an extension of the notion of BCK-algebras with condition (S). In this paper, We
introduce the notion of pseudo-BCI algebras with condition (pP), which is a generalization of
BCl-algebras with condition (S) and pseudo-BCK algebras with condition (pP), then we studied
some properties of pseudo-BCI algebras with condition (pP).

2 Preliminaries

Definition 2.1 A pseudo-BCI algebra is a structure (X; <, —, ~», 1), where “<” is a binary
relation on X, “—” and “~~” are binary operations on X and “1” is an element of X, verifying the
axioms: for all x, y, zeX,

(1) y—>z2(2ox) = (Y—X), y~=z<(2~v=x) > (~=x);

(2) X<y, XX(x~2y) =y

(3) x=x;

(4) ¥y, y<x = x=y;

O) x>y x>y =1 @ x~wy=1.

If (X; £, —>, ~», 1) is a pseudo-BCI algebra satisfying x<1 for all xeX, then (X; <, —, ~», 1) is
a pseudo-BCK algebra.

If (X; £, —, ~», 1) is a pseudo-BCI algebra satisfying x—y = x~-y for all x, yeX, then (X; —,
1) is a BCl-algebra.

Theorem 2.2 [ et (X; £, >, ~», 1) be a pseudo-BCI algebra, then X satisfy the following
properties (Vx, y, zeX):

(1) 1=x = x=1;

(2) X<y = yozx—z, yroz<x~-z;

3) xy, y<z = x<z;
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(4) x> (y=2)=y—>(x~-2);
(5) xy—z © y<xsz;
(6) x—>Y<(zx)H(z2Y), X~=>y<(2~v=X) v (2~));
(7) xSy = zx<z>y, z~v=x<z~>Y);
(8) 1>x=x, 1~>x=x;
(9) (r—=x)~>x)>x=y =X, ((Y=x)>X) ~>x=p~=x;
(10) x=>y<(y—x)~=1, x~=p <(y~x)—1;
(11) (x—=)=>1=(x> 1)~ (—>1), (x~=p)~=1=(x~~>1)—>(y~1);
(12) x> 1=x~~1.
Theorem 2.3™ A structure (X; £, >, ~, 1) is a pseudo-BClI algebra if and only if it satisfies
(Vx,y, zeX):
(1) y—>z2(z>x)~=>(y—x), y~=z<(2~x)>(~=x);
(2) ¥y, y<x = x=p;
B) x>y o x—y =1 @ xwy =1;
(4) 15x=x, l~>x=x.
Theorem 2.4%7 Let (X; £, >, ~», 1) be a pseudo-BCI algebra, denote

KX) ={xeX|x<1}.
We say K(X) is the pseudo-BCK part of X.
Definition 2.5 A BZ-algebra is an algebra (X; —, 1) of type (2,0) in which the following
axioms are satisfied:
(1) (=21 —>x—2)=1,
2) x—ox=1,
(3) l-ox=x,
(4) ifx—>y=y—x=1, then x=y.
Theorem 2.6"% A structure (X; -, ~», 1) is a pseudo-BCI algebra if and only if it satisfies:
(1) (X; —>, 1) is a BZ-algebra;
(2) (X; ~», 1) is a BZ-algebra;

(3) Vx, yeX, x—y=1 < x~y=1;
(4) Vx, y, zeX, x~~(y—z)=y—>(x~~z).

The notion of branches in pseudo-BCI algebras was introduced in [13]. The set V(a)={xeX]
x< a} is called a branch of pseudo-BCI algebra X, where a is a maximal element of X.
Theorem 2.71*! Let a, b be two maximal elements of a pseudo-BCI algebra X. Then (Vx,

yeX):
(1) xeWMa), yeV(b)= x—yeV(a—b), x~>yeV(a~b);,

2)x—yell)e y—oxel(l), x~yel(1) y~xeV(1);

(3) x>yell)y= x, ye (a); x~yel (1)< x, ye N(a), for some maximal element a;
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(4) for xe V(b), x—a=b—a, x~~a=b~~a;

(5) for a#b, V(a)nV(b)=2.
Definition 2.8 % A pseudo-BCK algebra (X; <, —, ~», 1) is called with condition (pP)

(pseudo product) if it satisfies
(pP) for all x, ye X, min{zeA| x<y—z}= min{ze 4| y<x~»z} exists (denoted by x®y).
Definition 2.9"% A pseudo-BCI algebra (X; <, —, ~», 1) is called an anti-grouped
pseudo-BC/ algebra if it satisfies:
(G1) Vx, y, zeX, (x—y)>(x—z)=y—>z.
(G2) Vx, y, zeX, (x~>y)~>(x~=z)= y~z.
Theorem 2.10M Let (X; <, —, ~~, 1) be an anti-grouped pseudo-BCI algebra. Define
Vx, yeX, xy= (x~>1)~y= (y—>1)-x.
Then (X; -, 1) is a non-commutative group.
Definition 2.11%% Let (X; £, >, ~», 1) be a pseudo-BClI algebra, denote
AGX)={ xeX| (x>1)>1=x}.
We say AG(X) is the anti-grouped part of X.
3 Pseudo-BClI algebras with condition (pP)
Let (X; £, —, ~», 1) be a pseudo-BCI algebra, we denote A(x, y)={teX | y< x~t}={teX | x<

y—t}, Vx, yeX.
Lemma 3.1 Let (X; <, —, ~», 1) be a pseudo-BCI algebra and aeX. Then the following

conditions are equivalent:
(1) @ is maximal;
(2)  (a>)>l=g;
(3)  thereis xeX suchthata = x—>1;

(4)  x—>a=(a—>1)~(x—>1);
(5)  (a>x)>1=x—a.
Proof: (1)&(2)<(3) (see [11]).
(2)=(4). By (2) and Theorem 2.2, (a—>1)~(x—>1)=x— ((a—>1)~1)=x—>((a—>1)—>1)=x—>a.
(9)=(5). By (4) and Theorem 2.2, (a—x)—>1= (a—>1)~(x—1) = x—a.
5)=12). (a>1)>1=1->a=a.
Theorem 3.2 Let x and y be two elements in a pseudo-BCI algebra (X; <, —, ~~, 1), then
a=(y~(x~-1))—>1 is the greatest element of A(x, y) and 4A(x, y) < W a). Especially, if K(X) is the

pseudo-BCK part of X, then {1, x, y} < A(x, y) < K(X), Vx, yeK(X).
Proof: Since
Y < (D) (xw ) = x (- (0-1)) 1) = xva,

we have acA(x, y). By y < x~a, we get y~(x~a)=1, then a—>1= a—>(y~(x~a))=
Y (x~-1).

VteA(x, y), y < x~t, that is y~+(x~~£)=1, then
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= 1=t~ (x~=1))= y~=(x~1).

So a—1=t—1. By Lemma 3.1 (3), a is a maximal element of X, applying Lamme 3.1 (4), we
have

t—a=(a—>1)~(t—>1)=1,
s0 1< a. Therefore, a is the greatest element of X, te V(a) and A(x, y)= V(a).
The next part of Theorem 3.2 is obviously true.

The following example shows that A(x, y) may not has the least element.
Example 3.3 Let X={a, b, ¢, d, 1} with two binary operations as Table 1 and Table 2. Then

(X; £, >, ~, 1) is a pseudo-BCI algebra, where x<y if and only if x—y =1. A(a, b)={a, b, 1} has
not any least element.

Table 1 Definition of “—”
—>la|blc|d

— QO |
QIO O (Q|=—
SO [0 | =S
QA== O
U~ SO
—O O [=|=]—

Table 2 Definition of “~~”

~— la|b|c|d]|1l
a 1 |b|c|d]|l
b all|clc]|1
c clc|l|al|c
d |c|lc|1]|1]|c
1 a|b|c|d|1

Figure 1 Hasse diagram

However there is a class of pseudo-BCI algebras such that any A(x, y) has the least element.
Let us introduce the following definition.

Definition 3.4 A pseudo-BCI algebra (X; <, —, ~, 1) is called to be with condition (pP), if

A(x, y) has the least element, for all x, yeX.
The least element of A(x, y) is usually denoted by x®y. By Definition 3.4, x®y is the element
in X satisfies the following conditions:

(1) y<x~(x®y), x< y—>(x®y);
(2) y<xmt=x®p< b, x< y—>t=xQy< 1. Ve X.
Obviously, a pseudo-BCI algebra (X; <, —, ~», 1) is with condition (pP) if and only if it

satisfies one of the following conditions: Vx, yeX,
(1) A(x, ) is bounded;



|I| E ﬂ- H iE -x.- E ﬁ http://www.paper.edu.cn

(2)  min{teX | y<x~t} (or min{teX | x< y—>t}) exists;

(3)  the inequality y<x~-u (or x<y—u) with u as the unknown has the least solution.

Now, we will give an example of pseudo-BCI algebra with condition (pP).
Example 3.5 Let X={a, b, ¢, d, 1} with two binary operations as Table 3 and Table 4. Then

X; £, >, ~, 1) is a pseudo-BCI algebra with condition (pP), where x<y if and only if x—y =1.
The “®" multiplication table of X is as Table 5.

Table 3 Definition of “—” Table 4 Definition of “~»”
—>lal|blcl|d]|l —lalblcld]|]1l
a |[1]blc|d]|] a 1{b|lc|c|1
b 1 1 C C 1 b 1 1 c c 1
c |clc|l|a]c c lelclilple
d C C 1 1 C d c c 1 1 c
Llajbleld]] [ lalblcldl|l

1

a [ﬁ

2] d

Figure 2 Hasse diagram

Table 5 Definition of “®”
—>la|blcl|d]|l

NS
SRS RRESAES
SR RSHESHAS RS
0| X
ISHES YIS T ESHESY
NS

By Theorem 3.2, we have the following result.
Theorem 3.6 If (X; <, —, ~~, 1) is a pseudo-BCI algebra with condition (pP), then the
pseudo-BCK part of X is a pseudo-BCK algebra with condition (pP).
Lemma 3.7 Let (X; <, —, ~, 1) be an anti-grouped pseudo-BCI algebra. Then (Vx,
yelX):
(1) xy=x=y;
(2)  x=(X>y)~y, X=(X~y)>Yy.

Theorem 3.8 Every anti-grouped pseudo-BCI algebra (X; <, —, ~~, 1) is with condition (pP)
in which x®y=(y~+1)—x for all x, yeX.

Proof: Vx, yeX, by Theorem 3.2, a=(y~(x~>1))—>1 is the greatest element of A(x, y).

Since X is an anti-grouped pseudo-BCI algebra, every element in X is maximal.By Lemma 3.1,

a=(y~~(x~1)>1=(p~~(x—>1)>1=(x—>(~1))>1=(p~1)>x. By Lemma 3.7 (1), A(x, y) =

{teX |y<x~st}={teX |[y=x~>t}, we have a= (y~>1)>x=((x~=f)~1)>x =((x~>1)>(t~~1))>x =
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(t~~((x~~1)>1))>x =(t~ox)—x=t, thus A(x, y)={a}.

Hence a is the least element of A(x, y). Therefore, X is with condition (pP) and
xX®y=(y~>1)—x.

Theorem 3.9 Let (X; <, —, ~~, 1) be a pseudo-BCI algebra with condition (pP), then the
following holds: for all x, y, zeX.

(1) x®y<z & x<y—z & y<x~z;

(2) (x—=)®x< y; x®(x~=y)< y;

(3) z2(—=>x)=(2®y)—x; z~+(Y~=x)=(y&z)~~x;

(4) x<y = xQz<yRz; zQx<zQy;

(%) (x®y)®z= x®(Y®z);

(6) (=2)B(x—y)<x—z; (x~)R(y~=z)<a-z;

(7) x®1=1&x=x;

(8) x®(y—2)Y—>(x®z2); (y~2)@x<y~~(z®x);

(9) x—=>Y<(x®2) > (Y®z); x~~y<(z®x)~(z®y).

Proof: (1) By Definition 3.4.

(2) By the above (1) and x—y< x—y, we have (x—y)®x<y. Similarly, we can proof
X®(x~=p)< y.

3) z£ (z—>(—>x))~(—x)= y—=>((z—(—x))~x), By the above (1), z&y<(z—>(y—x))~x,
hence z—>(y—>x)((z>(@— x))~x)>x(z®y)—>x. On the other hand, z<y—(z®y)<((z®y)
—x)~(y—x), hence (z®y)—>x<(((z®y)—x)~(—x))—>(—>x)<z—(y—>x). Therefore, z—(y—x)
=(z®y)—x. Similarly, we can proof z~»(y~-+x)=(y&z)~-x.

(4) If x<y, then z <y~(y®z)< x~+(y®z), so we have x®z<y®z. Similarly, we can proof x<y
= zQx<zQ®py.

(5) VbeX, By the above (1) and (3), (x®y)®z<box®y<z—bs> x<y—(z—b)ox(Yy®z)>bs
x®(y®z)<h, hence (x®y)Rz= xQ(y®z).

(6) Since y—>z<(x—y)—>(x—2), s0 (y—>2)&(x—y)<x—>z. Similarly, (x~+))&(y~>z)<x~z.

(7) By the above (2), 1®x =(x—x)®x<x. In addition, x<1~>(1&®x)=1®x. Therefore, 1&x=x.
Similarly, x®1=x.

(8) By the above (2), (y—>z)®y< z. By the above (4), x&((y—z)®y) < x®z. By the above (5),
(x®(y—2))®y< x®z, thus x&®(y—z)<y—(x®z). Similarly, (y~~+z2)@x<y~(z&x).

(9) By the above (2), (x—y)®x< y. By the above (4), (x—y)®x)®z < y®z. By the above (5),
(x—>)®(x®2)< y®z. Therefore, x—>y<(x®z)—(y®z). Similarly, we can proof x~-y<(z&x)~-(z®y).

By Theorem 3.9 (4), (5), (7), we know that if (X; <, —, ~», 1) is a pseudo-BCI algebra with

condition (pP), then (X; <, ®, 1) is a partially ordered monoid with 1 as the unit element.
Theorem 3.10 Let (X; <, —, ~, 1) be a pseudo-BCI algebra with condition (pP), then X is a

BCl-algebra if and only if x®y= y®x, for all x, yeX.
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Proof: VbeX, x®y<b <> x<y—b <> x<y~b <> yQx<b, hence x®y= y®x, for all x, yeX.

Conversely, for all x, y, zeX, x<y—z Sx®Y<zoYy®x<z < x<y~z, thus y—>z=p~z.
Therefore, X is a BCI-algebra.
We now give a characterization of a pseudo-BCI algebra with condition (pP).

Theorem 3.11 A structure (X; ®, <, —, ~», 1) is a pseudo-BCI algebra with condition (pP) if
and only if the following hold (Vx, y, zeX):

(1) y—>z2(z2ox)~=>(Y—X), y~=z<(2~vx) H(~=X);

2) x2y, y<x = x=y;

B) x>y o x—y =1 © x~wy =1;

(4) 1>x=x, l~ox=x;

(5) x> (—>2)=(x®y)—>z; X~ (Y~=2)=(y®x)~~z.

Proof: By Theorem 2.3 and Theorem 3.9 (3), we only need to show the sufficiency. By the
above (5), we have

x> (y>(xQy))=(xQy)—> (x®y)=1,

and x®y is a solution of the inequality x<y—u with u as the unknown. Also, for any solution ¢
of x<y—u, since

(x®y)—>t=x—>(y— =1,

we obtain x®y<t. Hence x®y is the least solution of x<y—u. Therefore, X is a pseudo-BCI
algebra with condition (pP)

It is easy to proof the following lemma.

Lemma 3.12 Let (X; <, —, ~», 1) be a pseudo-BCI algebra, K(X) and AG(X) respectively the

pseudo-BCK part and anti-grouped part of X. Then
(D KX)NAGX)={1};
(2)  Xis a pseudo-BCK algebra if and only if AG(X)={1};
(3)  Xis an anti-grouped pseudo-BCI algebra if and only if K(X)={1}.

Theorem 3.13 Let (X; <, —, ~», 1) be a pseudo-BCI algebra with condition (pP). Then (X; ®,
1) is a non-commutative group if and only if (X; <, —, ~», 1) is an anti-grouped pseudo-BCI
algebra.

Proof: Let (X; ®, 1) be a non-commutative group and x is an element in the pseudo-BCK part
K(X) of X. Denoe x" for the inverse element of x. Since 1 is the unit element of X, we have
x®x"'=1. By Theorem 3.9 (4) (7) and x<I, we obtain

1= x®x'<1®x'=x"", that is x'=1. Hence

x=x®1=x®x'=1.

Therefore, K(X)={1}. By Lemma 3.12 (3), X is an anti-grouped pseudo-BC/ algebra.

Conversely, Let (X; <, —, ~», 1) be an anti-grouped pseudo-BCI algebra. By Theorem 2.10,

(X; -, 1) is a non-commutative group, where x-y= (x~~>1)~>y= (y—1)—x. Vx, yeX. By Theorem
3.8, x®y=(y~>1)—>x=(y—1)—x. Hence x-y= x®y. Therefore, (X; ®, 1) is just the non-commutative

group (X; -, 1).
Theorem 3.14 Suppose that V(a) is a branch of a pseudo-BCI algebra (X; <, —, ~, 1) with
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condition (pP). If V(a) is bounded, so is every branch V(b) of X.

Proof: Let m, be the least element of ¥(a) and let

my= m@(a—>1)®b.

VxeV(b), since be V(b), by Theorem 2.7 (3), we have b—xeV(1). Since acV(a), 1€V(1), by
Theorem 2.7 (1), a—1€V(a—1). Applying Theorem 2.7 (1) again, we have

(a—>D)—>(b—>x)e(a—>1)—>1)= H(a).

Then m,—((a—1)—>(b—x))=1 by m, being the least element of V(a). by Theorem 3.9 (3), we
can get

my—>x=(m,@(a—>1)®b)—x= m,—>((a—>1)—(b—x))=1.

Hence m,<x. As a special case, we have m;<b, thus m,e V(b). Hence m, is the least element
of V(b). Therefore, V(b) is bounded.
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