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Abstract: The uncertainty principle says that a function and its Fourier transform can't simultaneously 5 
decay very rapidly at infinity. A classical version of uncertainty principle, known as Hardy's theorem, 
was first proved by Hardy on R. The Hardy's theorem has been extended to various settings. More 
results can be found in the book by Thangavelu and the references therein. Hardy's theorem is well 
explained in terms of the heat kernel. In view of this point, Thangavelu proved a heat kernel version of 
Hardy's theorem for the Heisenberg group. Thangavelu's result is remarkable because the heat kernel 10 
with respect to the sublaplacian on the Heisenberg group decays as much slower than the heat kernel 
for Euclidean space when the central variable t is concerned. In this paper, we prove a heat kernel 
version of Hardy's theorem for the Laguerre hypergroup. 
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0 Introduction 
The uncertainty principle says that a function and its Fourier transform can't simultaneously 

decay very rapidly at infinity. A classical version of uncertainty principle, known as Hardy's 
theorem, was first proved by Hardy [1] on R. We state Hardy's theorem on R as follows. 

Theorem 1. Suppose f is a measurable function on nR  and satisfies 20 
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where a, b >0. Then f=0 whenever 
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where P is a polynomial of degree .2k≤  
The Hardy's theorem has been extended to various settings. More results can be found in the 25 

book [2] by Thangavelu and the references therein. We note that the heat kernel sh  on nR  is 

given by   .)(,)4()(
22 ||

^
)4/(||2/ ys

s
sxn

s eyhesxh −−− == π  

Thus Hardy's theorem is well explained in terms of the heat kernel. In view of this point, 
Thangavelu [3] proved a heat kernel version of Hardy's theorem for the Heisenberg group. 
Thangavelu's result is remarkable because the heat kernel with respect to the sublaplacian on the 30 

Heisenberg group decays as ||tae−  much slower than 
2||tae− when the central variable t is 

concerned. In this paper we will prove a heat kernel version of Hardy's theorem for the Laguerre 
hypergroup. 

Throughout the paper, we will use C to denote the positive constant, which is not necessarily 
same at each occurrence. 35 

1 Preliminaries 
In this section, we set some notations and collect some basic results about the Laguerre 
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hypergroup. For more about the Laguerre hypergroup we refer the reader to [4], [5], [6] and [7]. 
We also give Hardy's theorem for the Hankel transform, which we will use in the sequel. 
Given 0≥α , let  RK ×∞= ),0[  equipped with the measure 40 
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We simply write )(KLp  instead of ).,( αdmkLp  For ,),( Ktx ∈  the generalized 

translation operators α
),( txT are defined by 
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for .0>α  

Let  )(KMb denote the space of bounded Radon measures on K. The convolution on 

)(KMb is defined by 

∫ ×
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It is easy to see that νμ ∗ = μν ∗ . If )(, 1 KLgf ∈  and αα νμ gmfm == , , then 50 

ανμ mgf )( ∗=∗ , where gf ∗  is the convolution of functions f and g defined by 

∫ −=∗
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),,( iK ∗ is a hypergroup in the sense of Jewett (cf. [8], [9]), where i denotes the involution 

defined by i(x,t)=(x,-t). If 1−= nα  is a nonnegative integer, then the Laguerre hypergroup 

K can be identified with the hypergroup of radial functions on the Heisenberg group nH . 55 

The dilations on K are defined by .0),,(),( 2 >= rtrrxtxrδ  

It is clear that the dilations are consistent with the structure of hypergroup. Let 
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L is positive and symmetric in )(2 KL , and is homogeneous of degree 2 with respect 60 

to the dilations defined above. When 1−= nα , L is the radial part of the sublaplacian on t 

he Heisenberg group nH . We call L the generalized sublaplacian.   

Let α
mL be the Laguerre polynomial of degree m and order α  defined in terms of the 
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Lemma 1. For any ,0≠λ  the system
⎭
⎬
⎫

⎩
⎨
⎧

∈
++Γ

+

Nmx
m

m
m :)||()

)1(
!||2( )(2/1

1

λϕ
α

λ α
α

 

forms an orthonormal basis of the space ).),,0([ 122 dxxL +∞ α  
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Lemma 2. The functions ),( mλψ  satisfy that 70 
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Let )(1 KLf ∈ , the generalized Fourier transform of f is defined by 
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Where ∫
+∞

∞−

−= dtetxfxf tiλλ ),()(  is the Fourier transform of f(x,t) in the t-variable. 

Let αγd  be the positive measure defined on NR×  by 
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Write  )(
^
KLp  instead of ),( αγdNRLp × . We have the following 

Plancherel formula ).()(, 21
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We also have the inverse formula of the generalized Fourier transform. 
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Let { } { }0:0: >=> − sesH sLs  be the heat semigroup generated by L.  85 

There is an unique smooth function ),()),,(( txhstxh s=  on ),0[ ∞×K   

such that ).,(),( txhftxfH s
s ∗= sh  is called the heat kernel associated to L. 

By the definition of the generalized Fourier transform and Lemma 2, it is easy to know that 
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Although the heat kernel ),( txhs  is not explicitly known, we do have the explicit 

expression of )(xhs
λ , from which the estimate for ),( txhs  is obtained (cf. [4]). 95 
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Lemma 4. There exists A>0 such that 
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Now we turn to the Hankel transform. For Cz∈ ,  the Bessel function of first kind and 
order α  is defined by 100 
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In this paper we only concern about the case 0≥α  although )(J zα  are well defined for all 

C∈α . 
We refer the reader to Watson's book [10] for the reference about the Bessel function. Here 

we point out that 105 
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Then the Hankel transform of order α  of )),0([Lf 1 ∞∈  is defined by 
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The functions )(xmϕ defined by (1) are the eigenfunctions of the Hankel transform, i.e., 110 

)()1())((H xx m
m

m ϕϕα −=                                          (5) 

(cf. [11], P. 42). It follows that αα H=-1H . Also we have 
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We state Hardy's theorem for the Hankel transform as follows. 

Proposition 1. Suppose )),0([Lf 1 ∞∈  and satisfies 115 
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where P is a polynomial of degree .2k≤  
Proposition 1 is a special case of Hardy's theorem for the Ch\'ebli-Trim\`eche transform (cf. 120 
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[12]). 

2 Hardy's theorem in terms of heat kernel 
First, we prove the following theorem. 
Theorem 1. Suppose f is a measurable function on K and satisfies 
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Differentiating F(t) and making use of (3) and (4), we obtain the estimate 
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Here and below we denote by λC  a positive number which depends only on λ . So 155 
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By (7), (8) and Proposition 1, we get 0)( =xf λ  for δλ <<0 . This proves Theorem 2. 160 

■ 
Now we deal with the case a=b. 

Theorem 3. Suppose )(1 KLf ∈  and satisfies 
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where a  is a positive constant. Then ),(),( txhqtxf at∗= , where q(x,t) is a distribution 

with 

)(xqλ are polynomials of degree k2≤ in the variable x and t∗ stands for the usual 

convolution in the variable t. In particular, when k=0, q(x,t)=q(t) is a distribution on R and its 
Fourier transform is bounded. 170 
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From (9), (10) and Proposition 1, 
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拉盖尔超群上热核形式的哈代定理 
黃际政，刘和平205 

（北京大学数学科学学院, 北京 100871） 

摘要：不确定性原理是指一个函数和它的傅立叶变换不能同时在无穷远处下降地太快。关于

不确定性原理的一个经典的结果是哈代定理，最早由哈代在直线上给出了证明。哈代定理被

推广到很多项式，首先是被推广到 n维欧式空间。后来，逐渐被推广到非交换情形。关于这

一方面的结果可以参考 Thangavelu 的著作。欧式空间上的哈代定理可以很好地用热核来解210 
释，这是由于这一原因，Thangavelu 在海森堡群上证明了一种热核形式的哈代定理。这一

结果是一个非常重要的结论，因为海森堡群上的热核下降速度比欧式空间要慢很多。在本文

中，我们将证明一种拉盖尔超群上热核形式的哈代定理。 
关键词：拉盖尔超群；不确定性原理；哈代定理 
中图分类号：0174 215 
 


