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ESTIMATES ON THE MODULUS OF EXPANSION FOR VECTOR
FIELDS SOLVING NONLINEAR EQUATIONS

LEI NI

ABSTRACT. By adapting methods of [AC| we prove a sharp estimate on the expansion
modulus of the gradient of the log of the parabolic kernel to the Schérdinger operator
with convex potential, which improves an earlier work of Brascamp-Lieb. We also include
alternate proofs to the improved log-concavity estimate, and to the fundamental gap
theorem of Andrews-Clutterbuck via the elliptic maximum principle. Some applications
of the estimates are also obtained, including a sharp lower bound on the first eigenvalue.

1. INTRODUCTION

In [BL, for any bounded convex domain 2 C R", it was proved that the first eigenfunction
¢o, of the operator £, = A — ¢(x) with the Dirichlet boundary value, has the property that
—log ¢g is a convex function on €2, provided that the potential ¢(z) is a convex function on
Q. See also [CS| K| [l SWYY] for alternate proofs, as well as generalizations/applications
of this important result, via the maximum principle.

Recently, this log-concavity property of the first eigenfunction was sharpened substantially
into the following convexity estimate:

(L) = (TIogdn) () - (Viogan) (@) 2= > 2 T van (4221

for any pair of points (z,y) in Q with x # y, by Andrews and Clutterbuck [AC]. Here D is
the diameter Diam(£2). This improved convexity (or log-concavity for ¢g) estimate, which
is the novel crucial step in the proof to the fundamental gap conjecture, was proved in [AC]
by the study of the precise asymptotics (as ¢ — 00) to a parabolic equation (cf. Theorem
4.1 and Corollary 4.4 in [AC]) as well as some delicate constructions of barrier functions via
the Priifer transformation.

Motivated by this result, via studying a modified parabolic equation for the vector fields
we prove a log-concavity estimate for the fundamental solution (with Dirichlet boundary
data). The result sharpens a corresponding result by Brascamp-Lieb [BL] (Theorem 6.1)
on the log-concavity of the fundamental solution. Precisely, if H(x,y,t) is the fundamental
solution of % — L, and if H(s,t) is the fundamental solution of % — g—; centered at 0 with
Dirichlet boundary condition on [—%, %] Then for any t > 0, x # v,

(12) = (VylogH(,u,0) = Valog H(z,0,0)) - - = =2 (log 1) ('y i ,t> ,

y—x
provide that q(z) is convex. This estimate yields ([I1)) by taking t — oo.  As in [AC],
even when ¢(z) is not convex, the proof can still give a comparison result with the one-
dimensional case. Since H' > 0 on (0,2), the estimate (L2) sharpens the log-concavity
assertion of [BL] on the fundamental solution. Our approach allows a more direct alternate
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argument to the estimate (1) via an elliptic maximum principle on vector fields satisfying
nonlinear equations.

We also give an alternate argument, via the elliptic maximum principle, for the theorem
of Andrews-Clutterbuck which resolves the fundamental gap conjecture asserting that the
gap between the second and the first eigenvalue A\ — Ag is no smaller than 35—22. In [AC]
the gap of the eigenvalues is used as the exponential decay rate of the oscillation estimate
on the solution to a related parabolic equation. In our argument the gap appears more di-
rectly as the balanced coefficients for the comparison on the modulus of the continuity. The
ideas of studying the oscillation/continuity and expansion modulus come from [AC]. Our
contribution is on adapting these ideas to study the vector field satisfying elliptic equations
and giving an alternate (probably more direct but less intuitive) argument with a different
perturbation (avoiding the approximation argument involving the Priifer transformation).
Besides its originality, the parabolic approach of [AC] allows more general comparison re-
sults.

As an application of (1)) we prove that the first eigenvalue Ao > n (%)2 + infg ¢. This
also follows from a corollary of (2)), which gives the sharp comparison of the decay rates of
the fundamental solutions. A result (cf. Corollary 6.l as well as Corollary [6.2]) generalizing
Payne-Weinberger’s estimate, as well as Li-Yau, Zhong-Yang’s for the compact manifold
with nonnegative Ricci, on the lower bound of the second Neumann eigenvalue (for the
Laplace with a drifting term) also follows from the alternate proof quite quickly.

2. MAXIMUM PRINCIPLES

Recall that a function w(s) : [0,+00) — R, is called a modulus of the expansion for a
vector field X if

y—=x ly — x|
2.1 X(y) — X(x)) - 22w( )
(21) (X - X@) - = .
Under this terminology (L) amounts to show that 7 tan (Fs) is a modulus of expansion
for X = —Vlog¢. On a Riemannian manifold, ([21) can be modified into a condition:

(2:2) wa»wmﬂ—xwm»wﬂnz%(dﬁﬂ)

for any minimizing geodesics from x to y with v(0) =z, v'(d) = y, d = r(z,y).
Let X (x) be a C?-vector field on . Assume that X satisfies the differential equation:
(2.3) AX =2Vx X —V(z,X)

where V(x,p) is a Cl-vector field defined on © x R™, which we assume that it is jointly
convex in the sense that w(s) = 0 is an expansion modulus of V', namely

y—x

(2:4) V(5 X)) = Vi X @) - (= 20,
Let ¢(s) : [0, %) — R be a C? function which satisfies that 1(0) = 0,
(25) 1/}// S _2/¢)/¢

and ¥’ < 0.

Theorem 2.1. Assume that X (zx) is a solution to (Z:3) on Q, a bounded domain in R™
with diameter D. Let ¢ be a function defined above. Then

C@w%%@@g_an.éiz+aw(wgﬂ>

can not attain a negative minimum in the interior, namely for some (xq, yo) with xo, yo € .
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Proof. Argue by contradiction. Assume that at (zo,y0), C(x,y) attains a negative mini-

mum. Clearly 9 # yo since C(z,z) = 0. Since for any w, € T,,R" and ws € T,,R",

Vo, @wsC(2,Y)|(zg,y0) = 0, if we choose as in [AC] a local orthonormal frame {e;} at 2¢ such

that e, = IUO io‘ and parallel translate them along the line interval joining xg, yo, it then

implies that at (xo,yo),

(26) Vox@) LL o XW XD gy
ly — x| ly — |

y—x

ly — 2| |
y—w (ly — =l y—uw

2.7 Ve, X (y) - =1 < ) =V., X(z)- .

(2.7) (y) 2| 5 (z) 2l

Let By = e; @ €; € T(5y,y)R" xR" for 1 <i <n—1, and E, = e, © (—ey,). Then the fact

that C(x,y) attains its minimum at (xo,yo) implies that

Z V2EjEjC|(LE0,y0) Z 0.

j=1

forl1 <i<n-—1,

Direct calculation shows that at (xo, yo)

(28)  0<VLpC = (V2.X(y)-V2, X(@)- %:—Iﬂw1<z<n—l
y—x

(29) 0<VapC = (V2. X(y)-V2, X(@) L—+24".

w—ﬂ

On the other hand using the equation (23), assumption ([24]) we have that at (zg, yo),

y—x
Z VEeC = (AX(y) - AX(x))- y— 2] + 29"
Y-
Now note that at (zg,yo), using 20) and 27,
y—x
VX(y)X(y) ' ly — 7| = <VX(y)X(y)ven>
= Y X ) Ve, X (y), en)
j=1
1 = y—x
= ——— ) (X(),e)(X(y) — X(2),e) — ' X (y) - :
T X)) (X W) = X @) — v X W) =
Combining the above two inequalities we conclude that at (zg, yo),
n—1
2 y—
ZVE 5C S~ X W) — X (@) ) = 20 (X () = X(@) - = — 40y
i=1
(210) < -2
By assumption that C(xo,yo) < 0 and ¢’ < 0, estimate (2Z10) is contradictory to the fact
that Z?Zl v%jchl(zOva) > 0. 5

With little modification, the proof gives the same result for V' with non-vanishing expansion
modulus w(s). In this case 1) is assumed to satisfy:

(2.11) W< =2 +w

Similar argument also proves the following result for a related parabolic equation, which is
quite close to Theorem 4.1 of [AC].
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Theorem 2.2. Assume that X (z,t) on Q x [0,T] satisfies the equation:

ot

with the vector field V (x, X (x)) having a modulus of expansion w(s). Let (s, t) be a function
defined on [0, %) x [0, T, with 1(0,t)) =0 and ¥'(s,t) < 0, satisfies the parabolic inequality

(2.12) (g — A) X(z,t) = =2V x X (2,t) +V(z, X(,1))

(2.13) P — " > 29" — w.
Then C(x,y,t) = (X (y,t) — X (z,1), IZ:;Q +2¢ ('y;x|,t) can not attain the negative mini-

mum in the (parabolic) interior.

3. BOUNDARY ASYMPTOTICS

First we show how to apply Theorem 2] to obtain the estimate (L)) by establishing
the boundary asymptotical estimates on C(z,y) for the case X (z) = —log¢e. For this
application we assume that  is C? and strictly convex, and we take 9(s) = — 7 tan (ﬁs)

with D > D, and X = —Vlog¢g. It is easy to see that X satisfies (23) with V(x) = Vg.
One can also check that v’ ('y;;') < 0 and ¢"” = —2¢n)’. The strategy is to prove that
C(z,y) > 0 for any D’ > D and then taking D’ — D to obtain the estimate (II)). Clearly

for D' > D, (Iy;;l) is uniformly continuous on Q x Q.

Recall that ¢g, the first eigenfunction (with the Dirichlet boundary) of £,, is a smooth
function on Q such that ¢g(x) > 0 for any x € Q, ¢glaq = 0 and %bﬂ < 0, where v is the
exterior unit normal. We assume that

A
(3.1) IPollce@) < 5

for some A > 0. For any given € > 0 we shall prove that C(z,y) > —e on Q x Q. Note that
on the diagonal A = {(z,z)|x € Q}, ¥ (@) = 0. Thus by the uniform continuity of
5 )
of A, denoted by A, 2¢p > —e.
Now let Qs = {x|po(z) > d}. Also assume that 6 << 7. We shall show that
(3.2) C(z,y) > 0on 9 (Qs x Q) \ Ay,

for ¢ sufficiently small. On 0A,, by the log-concavity of Brascamp-Lieb (we can avoid
appealing to this result, as explained in the remark below), C(z,y) > 2¢ > —e. Hence
Theorem 2] implies that C(x,y) > —e. Below we shall show claim ([8:2). This can be seen
via the following considerations.

Since |Veo| > 0 on 99, we assume that there exists dp > 0 and 6; > 0 such that
(3.3) [Vo| > 64

for x € Q\ Qs,. This in particular implies that for § < dp, 95 is a smooth hypersurface.
Since 2 is convex, we may choose dy small enough so that there exists 3 > 0 such that for
any d < dp, the second fundamental form II(-,-) of 0€s satisfies

(3.4) () > 021(+, ),

where I(-, ) denotes the induced metric tensor on 9Qs. On the level hypersurface 925, the
following formula is also well-known:

P (—Iy_wl) there exists n > 0 such that on {(z,y) € Q x Q| |y — x| < n}, a p-neighborhood

(3.5) I(-, ) = %
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as symmetric tensors on T'0Qs. We also make §y < 7.

2
and y € Q such that |y — x| > 6;/A > 0 there exist 63 > 0, depending only on d; /A and
such that

Now let Cy = 1 (% + A) and 61 = min{do, 40—21, %} Since 2 is strictly convex, if z € 92

Y

ly — |

By the continuity we may also assume that the same estimate holds if €2 is replaced by s
for § < dy.

For = € 08Qs/2, y € 5/2, let y(s) be the line interval joining = to y parametrized by the
arc-length. Denote 7/(s) by W. Along v(s), W can split into the tangential part W™ and
W+ with respect to T ()20 (+(s)) and the inter-normal — The estimate (3.06) asserts
that [W+| > 63. We also have the estimate

(36) <_Vaca

v(s)

Vigo(W,W) = Vigo(WT, WT) 4 2726 (W, W) 4 V2o (W, W)
A
< Voo T, W) + AW [[WE 4 S [WH?

< O WTP AW 4 W
_ 619,
2
Here in second line above we used ([B.), and in the third line we used B.3]) and ([B.4).
Hence if for some integer j > —1, &' = 27715 and §"/2 < ¢g < &', we estimate

V20(W, W) [V

(37) S |WT|2+01(917927A)|WL|2'

2
V2 log ¢o(W, W) | W2

®o 3
0.6 20 92
< g WP S WP
0102 1o 07 12
: < - -

for 6’ < &1 and y(s) € Q\ Qs,. Here in the second line we used ([3.7) and in the third line
we used the definition of d;.

On the other hand, direct calculation shows

(X = X@) 1= = XG0/ G

ly—z|
_ / LX), (5)) ds
0

ly—x|
:/0 V2(~log ¢o)(7'(5),7'(s)) ds.

Thus if v(s) € Q\ Qs,, (B8) implies

(3.9) (X(0) = X (@) = 20

Otherwise, there exists s”, the first s such that ¢o(vy(s)) = d1. Let k be the integer such that
2§ < 6 < 2F15. Since [Vgo| < 4, we deduce that if s; is the first s with ¢o(y(s)) = 6'/2
and s} is the first s with ¢o(y(s)) = ¢', then s} — s; > %. Similarly s” > 2 which

V
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particularly implies |y — | > Zl Clearly s_1 = 0,8} = sj4+1. Now

(¥(0) = X(e) - = > 3 / / / V2(~ log o) (+', ') ds

j=—1 with o (v(s))>6

0303 "= 1 44°

> -
= WA LT
Jj=-1
Cy Cs
3.10 > =22
(3.10) S

Here in the first line (B9 is used, in the second line (B8], (3.6 are used, and that Cy =
Cs = 4A%D

The estimates (3.3), (310) together with the fact that 1 is uniformly continuous on Q x Q
implies the claim (3.2]) hence that for ¢ small C(x,y) > —e on 9 (Q% x Qs \An)- Taking
0 — 0 we have that

2A’

C(l’,y) 2 -
for x,y € Q. Taking ¢ — 0 and then D’ — D we have (L.T]).

Remark 3.1. First observe that (F10) implies that for § sufficiently small, [383) holds for
any (z,y) € 8(Qg X Q%) By taking ¥(s) = —etan(es) with € > 0 small, Theorem [2.1] and
estimate (39) showed C(x,y) > 0 for this case, which implies Brascamp-Lieb’s result on the
log-concavity of ¢g as € — 0.

Replacing ¥ by ¢ = c(cs) with 0 < ¢ < 1 and letting ¢ — 1, the same argument as above
proves the following corollary which asserts that ‘boundary convexity’ implies the ‘strong
convexity’ even the domain may not be convex.

Corollary 3.2. Assume that Q is a bounded domain such that there exists a smooth ex-
haustion Qs with Qs — Q as § — 0. Assume that X be a C*(Q) vector field satisfying (2.3),
such that there exists 61 > 0, for (x,y) € 6(95 x Qs) with |y — x| < 61 (F9) holds, and for
(x,y) with |x —y| > 61, (X(y) — X(x)) - — 400 as 6 — 0. Let 1) be as in Theorem
[Z1l Then C(xz,y) >0 for any x,y € .

\y z\

4. IMPROVED LOG-CONCAVITY ESTIMATE ON THE FUNDAMENTAL SOLUTION

Here we improve the log-concavity of the fundamental solution proved in [BL]. Let
H(z,z,t) be the fundamental solution to the heat operator -2 57 — L4 with Dirichlet boundary
value on a strictly convex domain D. We use K (z, x,t) to denote the Euclidean heat kernel
Wexp(—lmzp). It was proved in [BI] that ¢(z,t) = (£)(z,2,t) is a log-concave
function of . The improved estimate asserts that —V log ¢ has a expansion modulus given
by the one dimensional case. Before we state the improved version precisely, first let H (s, t)
and K (s,t) be the corresponding fundamental solutions (concentrated at s = 0) on [-Z2 2]

PREVE
— /
and R for operator % — g—;. Let (s, t) = (log (%)) )

Theorem 4.1. With the notation above, if q is convex, then for any t > 0

(4.1) - (Vyloga(y. 1) - Valoga(r. 1) - = > - w('y il t>.
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The estimate ([I]) has the following equivalent form:

42 (T lopH(zpt) ~ Vo lop H(z 1) - 225 <2 (tog 1) ('y - I',t) |
y—x
— — !/
Since (log H) < 0 and (log (%)) < 0on (0,%), TheoremE I and ([@2) improve the earlier
result of Brascamp-Lieb. It is sharp since the equality holds for dimension one. For its proof
we need the following variation of Theorem

Theorem 4.2. Let Q be bounded domain of R™ with diameter D. Let X (z,t) be a C?-vector
field defined on Q x (0,T] satisfying the equation

(4.3) (% _ A) X(,t) = V(a, X (@,1)) — 2V x X (1, £) — %(V(.)X(:v,t),x _a— %X(:c,t)

where z € R™ is fized, with V(x, X) being jointly convex. Assume further that X is sym-
metric i.e. (Vw, X, Wa) = (Vuw, X, W1) for any W;. Let 1(s,t) be as in Theorem[{.]], or
more generally a C*2-function on [0,2) x R — R with 1(0,t) = 0, ¢'(s,t) <0 for s > 0,
and satisfying

(4.4) P — " > 20 —
Then

E_W
t

C(x,y,t)#t((X(y,t)—X(:v,t) = |>+ w(ly il t))

can not attain a negative minimum in the parabolic interior.

Here (V(yX,2 — z) is a vector whose inner product with any vector W is (Vi X,z —
z). Direct calculation shows that X (z,t) = —V log ¢(x, ) satisfies the equation (£3]) with
V(z,X) = Vq(z). We first prove Theorem 2]

Proof. Argue by contradiction. Assume that at (zg,yo,t) with ¢ > 0,29,y0 € , C attains
a negative minimum on Q x © x (0, T]. Following the notations from the proof to Theorem
211 the first variation consideration yields [2:6) and (27), which together imply that

(4.5) (V) X(y)sen) = (V) X (2), €n).

From now on, in the proof, when the meaning is clear we omit ¢ variable dependence in
X (z,t). Now we compute

a n
0 2 E — ZVQEJ_EJ. C(x7y7t)|(m07yﬂvt)

j=1

= V(X () = V(e X @), 2= — 2V X () = Vo X o), =)
~(Ve, X(y),y — 2) + (Ve, X (2), 2 — 2) — (X (y) — X (2), ﬁ>
200 = ") + (X () = X (), ) + 20

Here the right hand side is evaluated at (z¢,yo) and we have used ([@3)). The first term is
nonnegative by the convexity assumption on V(z, X). As in the proof of Theorem 2] the
equation ([2.6) and ([27)) implies that the second term equals

(4.6) Z ei)? + 2/ (X (y) — X (), en).

Iy—:vl
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Applying ([27) again, at (xg,yo,t), we have

(4.7) —(Ve, X(y),y = 2) + (Ve, X(2), 2 — 2) = ¢y — a|.
Combining the previous computation with (@Gl and ([L71) we have that, at (xq, yo, t),
(4.8) 0 = 20"(X(y) = X(x),en) + 'y — x| + 20 + 2(¢h = ¢").

On the other hand ) satisfies ([@4]). Plugging (@4 and s = ‘y;x‘ into it, (@8] then implies
at (IOa Yo, t)

0 > 2t (X(y) — X (), en) + 4t)sp

2¢/C.
This is a contradiction to C(xo, yo,t) < 0 and the fact that 1" < 0 (which follows from the
log-concavity of % and the strong maximum principle, noticing zg # yo). 0

Observe that ¢(x,t) = % here also satisfies that ¢(z,t) > 0 on Q, ¢(x,t) = 0 on 9
and the partial differential equation:

(% - A) o =—qdp+2(Ve,Vlog K).
Hence the parabolic Hopf’s lemma implies that % < 0 on 0R2. Therefore the same argument
of Section 3 implies the estimates (8.9) and (BI0) for X (z,¢) = —Vlog ¢(x,t) on the points
near the boundary. Now replacing ¢ with 7:/;(5, t) = etp(es, €2t) with € € (0, 1), and observing
that the heat kernel asymptotics (cf. [MS], [N]) imply that C(z,y,t) > 0 holds at ¢ = 0,
Theorem L2 implies that C(z,y,t) > 0. Letting e — 0 we get a maximum principle proof
for Brascamp-Lieb’s log-concavity of % and letting ¢ — 1 we get Theorem [l The general
€ serves a natural interpolation between the strong and the weak result.

Remark 4.3. By taking t — oo, since e’ H(z,z,t) — ¢o(2)do(z), the estimate (7.2)
implies the improved log-concavity estimate (I1)). One can formulate a general maximum
principle for the case that V(x, X) has a convezity module as in Theorem [Z2.  Similarly,
Theorem [{.1] can be generalized to the case that Vq has an expansion modulus w(s) as in
[AC]. Without insisting ¥’ < 0 in Theorem[{.3, the argument also proves that C(z,y,t) >0

is preserved by [{-3).

5. ALTERNATE PROOF TO THE FUNDAMENTAL GAP THEOREM

In [AC], by relating the fundamental gap to the exponential decay rate of the solution to
a parabolic equation, the authors proved the following result.

Theorem 5.1 (Andrews-Clutterbuck). Let  be a strictly convex bounded domain in R™
with diameter D. Then the gap between the second eigenvalue A1 and the first o (for the
operator L, with q being conver) satisfies:
372

(5.1) Al — Ao > e

Here we shall give an alternate argument without appealing to the parabolic equation.
First rec_all (cf. [SWYY]) that w = % with ¢ being the eigenfunction corresponding to A1,
is a C%(Q) function, satisfying

ow

(5.2) Aw=—(A —Xo)w+2(Vw, X), in  and e 0, on 09.
v
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Here X (z) = —V log ¢. Correspondingly, let py = %Lj and po = g—z be the first and second

(Dirichlet) eigenvalues for the operator <5 on [-£ 2] and let w = % with ¢1 = sin (25 s)

and ¢g = cos( ) being the eigenfunctions respectively. Note w satisfies (B.2]) for n = 1
We allow D being replaced by D’ > D and denote the corresponding function by (;50 .
Clearly 7 — pto depends on D’ continuously and decreases as D’ increases.

Since w is not a constant, w(s) is comparable with s on [0, ] by the continuity it is easy

to see that given small € with D —D > ¢ > 0 one may find posmve constant C' such that

Ola.y) = w(s) ~ w(e) - Cw (57 4 o)

attains its maximum 0 somewhere in Q x Q. The strict convexity of 2, the Neumann
boundary condition on w and the positivity of @’ on [0, % + €] rule out the possibility
that the maximum is attained on 9 (2 x Q). So the maximum is attained for some interior
point (zg,yo). Clearly g # yo and w # 0 at (xo,y0). As [AC|] we pick a normal frame
{e;} such that e, = ﬁ near z and parallel translate them to y. Let F; = e; ® ¢; and

E, = e, & (—ey). The first variation of O(x,y) at (zo, yo) asserts that

(53) Veiw(y) = Veiw('r) =0,
(5.4) Ve, w(y) = C;U = V., w(x)

which together imply

(55) Vuly) = Vule) = - L

Now the second derivative test asserts that > ., V2Ej g, 0(z,y) <0, with

n—1
(5.6) > Vi Oy = Zv% Zv%
1=1
(5.7) V3,.5,0@y) = VEM (y) — V2 . w(z) — Cw".

Putting (56)), (517), (535) and (&2) together we have that at (zo,yo),
0 > ZVQEJ,E],O T,y
i=1
=~ = M) (wly) — wl@) + (Co) (X (y) - X (@), T

Y%

N
—(n = o) (w(y) = w(@)) +2(Ca') (~logof ) — Ca”
> — (A= o) (w(y) —w(@)) + (11 — po)Cw
Here we have used (II), @ > 0 and —(log ¢2")’ is a decreasing function of D’. This implies
that Ay — Ao > p1 — po for any D’ > D. Let D’ — D, we get the result.

We remark that in the proof above ¢ can be replaced by any eigenfunction ¢; with ¢ > 1.
But we made use that % > 0 for s € [e, %’]

We refer the interested readers to [AC] for the motivation, history and comprehensive
literatures on previous works related to Theorem [(.11
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6. FURTHER APPLICATIONS OF THE IMPROVED LOG-CONCAVITY ESTIMATE

First the argument of the last section effectively proves the following result on a lower
bound of the second Neumann eigenvalue for the operatorA —2(V(-), X) (with nonconstant
eigenfunction).

Corollary 6.1. (i) If X has an expansion modulus given by —(log¢o)’, then the second
Neumann eigenvalue A1 of the operator A — 2(V(-), X} is bounded from below by p1 — po;

(i1) If X is merely convex, or more generally X has 6/% as its expansion modulus for
€ > =52 then \y > 2¢' + po. The convexity of X amounts to e = 0.

Both results still hold for Q being a conver domain in a Riemannian manifold with non-
negative Ricci curvature, or for any compact Riemannian manifold (without boundary) with
nonnegative Ricci curvature.

Recall that po = (%)2 and w = 2sin(Fs). Part (i) is obvious. For the proof of the second
statement in Corollary [6.1] letting w be the first non-trivial eigenfunction in the argument
of the last section, it suffices to observe that @’ = —pgw. The part (ii) generalizes an earlier
result of Payne-Weinberger [PW] which asserts the same statement for X (z) = 0. Note that
it even applies to the case that e < 0. One candidate of the vector field X satisfying the
assumption of the part (i) is —V log ¢g with ¢y being the first eigenfunction of some domain
Q' containing ), but with the same diameter. For the last statement, after some obvious
modifications on the definition of the modulus of expansion and replacing |y — z| by r(z,y)
(the distance function), it suffices to observe that the second variation (without fixing either
end) of the distance function r(x,y) is non-positive while @’ > 0. Hence the proof goes
without any changes. Note that on a compact Riemannian manifold any convex vector field
X (being convex is equivalent to that (Vy X, W) > 0) must be parallel. Hence statement
here generalizes a corresponding result of Li-Yau and Zhong-Yang [ZY] for convex
domains in a Riemannian manifold (or for a compact Riemannian manifold when X is non-
convex). This result can also be derived from Theorem 2.1 of [AC] by the consideration in
Section 3 of that paper.

Secondly we consider the case that €2 be a compact manifold with Ric > n—1 or a bounded
convex domain in such a Riemannian manifold. The argument in the last section can yield
an interpolating estimate on A1. First recall the following lemma which may be well known
for experts.

Lemma 6.1. Assume that x,y € M with Ric > n — 1. Let v(s) be a minimizing geodesic
joining x and y. Let {e;} be a orthonormal frame at x and parallel translate it along v(s)
with e, =~'(s). Then for x,y € M, with distance r(x,y) < =,

n—1 sin (T(ﬂgy))
(6.1) Z Vi, g,r(z,y) < —2(n— 1)ﬁ
i1 cos (T 54 )

Proof. Since the distance function 7(z,y) may not be smooth, the estimate is understood
in the sense of support. Let v;(s,n) = exp,,)(nVi(s)) for i = 1,---,n —1 with V; =

(cos(s) + <221 sin ) ¢;(s). Here we denote r(z,y) by d. Since g—;(O, n) = ¢€;(0), g—;(d, n) =

sin d
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ei(d) and r(y(0,n),v(d,n) < L(v(s,n)), the arc-length of v(,n), the second variation for-
mula implies the following differential inequality in the barrier sense,

D~

d
Vi) < g
R — dn? J, | Os

(s,m) ds

n=0

d
[ v = @) as.

The lemma follows by summing the above for ¢ = 1 to n — 1, plugging in the assumption
Ric > n — 1, and elementary identities. OJ

The argument in the last section then shows the following result regarding the second
Neumann eigenvalue of A —2(V(-), X).

Corollary 6.2. Let Q) be a compact manifold, or a conver domain in a Riemannian mani-
fold, with Ric > (n — 1)K. Assume that the diameter D < \/LE’ and that X has a modulus

of expansion € % Then for any D' € (D, \/L?],

T g VRS (2

in —
D’ o<r<D tan($r3) D’

A > 2 + (n—1)

We should remark that a similar, seemingly more geometrically formulated result, but with
X = 0, was obtained by Andrews and Clutterbuck as described in [A]. The formulation here
is a bit simple-minded. Nevertheless it gives an explicit lower bound, and taking D’ = , the
result contains the Lichnerowicz’s Ay > n (so does the formulation of Andrews-Clutterbuck),
and when K = 0 it recovers Li-Yau, Zhong-Yang’s estimate. Hence it addresses a conjecture

of P. Li [Lnl.

Proof. Tt suffices to prove for K = 1. The only difference is on (5.06]), which now becomes

n—1 n—1 n—1
> Vi O y) 2 Y Vi) = 3 Vi w@ + (- 10w tan (T(xé y)> .
=1 i=1 i=1

Then the result of argument in the alternate proof of Theorem [B.1] of the previous section
shows that
~ T\ 2 m  tan(Z2)
A > 2 + (—) 1) — 2
D’ D’ tan(ﬁ %)
with rg = r(zg,y0). Taking ¢ — 0 the claimed result then follows. O

The estimate (IT]) has another application on the lower estimate of Ag, the first (Dirichlet)
eigenvalue of the operator L,.

Corollary 6.3. Assume that ) is a bounded convexr domain in R™ with diameter D. Assume
that q(x) is convex. Then

2
' >n (= i .
(62 Yoz n () + inf oo
It then implies that the second eigenvalue has the lower bound estimate:

(6.3) M= (4 8) (5) 4 inf (e,
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Proof. Since ¢g = 0 on 99 and ¢ > 0, it must attain its maximum for some xg € €. For r
small integrate the estimate (II]) over the 9By, (r):

n—19™ r < _ .
Wn—1T 2D tan (2D) < /BBEO(T) (X(y) — X(x0)) - vdA(y)

/ div X (y) du(y)
Bay (r)

Wn—1
= N2y +/ (|Vlog dol* — q) du(y).
n Bag (1)

Here wy,_1 is the area of the 0By(1) and recall that X = —V log ¢9. Hence we have that

2nm r

Ao > S tan (E) +]{3m0<r> (q—|Viog¢ol?) duly).

Taking r — 0 in the right hand side above we get the desired result, since V¢ () = 0 and
B 2nm . ( r ) nm?

im — tan —.
r—=0 D 2D D?

Using the isodiametric inequality, Corollary [6.3] implies that
72 (a(n) 2/n 72 (a(n) 2/n
X >n— [ —= inf A 3 inf g.
oo (7) e w200 () e
Here a(n) is the volume of the unit ball in R™. Note that for v = 0, the Polya’s conjecture
. 2/n
asserts the lower bound \; > 47? (a(%ﬂlﬂ\) . The estimate for j = 0,1 given above

are better than the conjectured lower bounds, however since it was motivated by Weyl’s
asymptotics, the main interesting cases are for big j.

Using a similar argument as in the proof of Corollary[6.3] (L2) implies the following sharp
upper bound on the growth rate of H(x,y,t).

Corollary 6.4. Assume that Q is conver and q(x) is convex. Let H(z,x,t) be the Dirichlet
heat kernel for £ — Lq with potential function q. For any fized z € Q, let m(z,t) =
max,cq H(z,x t) Then

d d _
7 logm(z,t) < N log H(0,t) — inf q.

Proof. Since m(y,t) may not be smooth in general, the derivative is understood as the Dini
derivative from the left. Since H(z,x,t) takes the 0 value on the boundary, it attains its
maximum interior. Let z(¢) be such a point where m(z,t) is attained. Then

d . log H(z,x(t),t) — log H(z,x(t),t — h)
— <

grlosm= < liny h

A H(z,x(t),t)

< —inf q
H(z,x(t),t)
= Alog H(z,xz(t),t) —infq
< nlim w inf ¢
s—0 S
< n(logH(0, t))” —infq

n (logH), (0,t) — inf q.
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Here in the third equation VH (z,z(t),t) = 0 is used; in line 4 estimate (L2)) is used; in the
last line the fact that H'(0,t) = 0 is used. O

Note that Corollary[6.4implies Corollary [6.3]since the decay rate of H(z, z,t) is et and
the decay rate of H(0,t) is e #ot.
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