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Application of the generalized quasi-complementary
energy principle to the fluid-solid coupling problem
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Abstract: The fluid-solid coupling theory, an interdisciplinary science between hydrodynamics and solid
mechanics, is an important tool for response analysis and direct design of structures in naval architecture
and ocean engineering. By applying the corresponding relations between generalized forces and
generalized displacements, convolutions were performed between the basic equations of elasto-dynamics
in the primary space and corresponding virtual quantities. The results were integrated and then added
algebraically. In light of the fact that body forces and surface forces are both follower forces, the
generalized quasi-complementary energy principle with two kinds of variables for an initial value
problem is established in non-conservative systems. Using the generalized quasi-complementary energy
principle to deal with the fluid-solid coupling problem and to analyze the dynamic response of structures,
a method for using two kinds of variables simultaneously for calculation of force and displacement was

derived.
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1 Introduction

Wu Yousheng, a famous expert in ship mechanics, has
indicated that ship mechanics is the key of ship science and
technology and that the developing history of modern ship
is also a history of the development of ship mechanics.
Ship mechanics includes ship structural mechanics
(corresponding to the solid mechanics in the field of
mechanics) and  ship  hydrodynamics  (namely
hydrodynamics). The fluid-solid coupling theory, which is
an interdisciplinary science between ship hydrodynamics
and ship structural mechanics, will become an important
tool of the response analysis and the direct design for the
structure of naval architecture and ocean engineering. This
is one of the general development trends of ship mechanics
in the 21st Century!".

Generalized quasi-complementary energy principle of
non-conservative systems is applied to the study of the
fluid-solid coupling problem. The research of generalized
quasi-variational principles of non-conservative systems is
a very important field in many subjects. As an overseas
representative, Leipholz introduced the concept of
generalized self-conjugacy and established the generalized
Hamilton principle, that led to the well-known Leipholz
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rod model™?. But Leipholz only studied potential energy
principle of non-conservative systems. Under the follower
forces systems, the scholars of China established
complementary energy principle of non-conservative
systems, and then established the generalized variational
principles of non-conservative systems of elastic theory in
the study of Ref.[4]. The first and second generalized
quasi-variational principles of non-conservative systems
with two kinds of variables were established and stability
behavior of a fluid-solid coupling systems was illuminated
in Ref.[5].

However, there have been few published works in this field
due to the level of difficulty in establishing the generalized
variational principles of non-conservative systems and
using them to solve practical scientific and engineering
problems. According to the corresponding relations
between generalized forces and generalized displacements,
convolutions are performed between the basic equations of
elasto-dynamics in the primary space and corresponding
virtual quantities, integrated and then added algebraically.
Considering that the body forces and the surface forces are
both follower forces, the generalized quasi-complementary
energy principle of non-conservative systems with two
kinds of variables for initial value problems is established
in convolutional variational integral method'®. Using the
generalized quasi-complementary energy principle to deal
with the fluid-solid coupling problem and analyze the
dynamic response of structures, the method of two kinds of
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variables for calculation of force and displacement
simultaneously is derived.

2 The generalized quasi-complementary
energy principle with two kinds of
variables

Basic equations of linear elasto-dynamics:

o,,+F-p =0, inV. (D
O'Unj—Y_;:O, on S, . (2)

1 1 B oV
& _Eui’j _Euj’i =0, in . 3)
u,—u, =0, on §,. 4)
Oy =6y =0, in V' )
or g, —by0,=0, in V. (6)
u,—v, =0, in V. (7
—pv, =0 in V; (®)
or vi—lpi:O, in V. )

P
Initial conditions

u;(0) =1,(0) , (10)
2:(0)=p,(0), an
where, o, is stress, ¢, is strain, u, is displacement,

a;, s stiffness coefficient, b, is flexibility coefficient,
F, is body force, T,

density, v,

i

is surface force, p 1is mass

is velocity and p, is momentum.

According to the corresponding relations between
generalized forces and generalized displacements,
convolutions are performed between Eqs.(1)~(4), (7) in
the primary space and corresponding virtual quantities,
integrated with volume and area, and then added
algebraically, deriving

[[[ie , +F = )y u, @i, —v,) *8p, +

(12)

‘” (u; —i4;) *d0;;n,dS =0.
Su

Using Green’s theorem and formula of convolutional
integration by parts

I,

*80 dV =- ” u, *60 n dS+mu *80 dV

S, +8S,

o

(13)
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—u; *Op, = —u, *dp, +u,(0)dp, . (14)
Substituting Egs.(13) and (14) into Eq.(12) derives
Hj (0, +F D;)*0u; + &, %30, +
u%*ﬁa. - —u, *0p, +u,(0)op, +v, *op, dV —
H(O',jnj*Su +u, *doyn; — T #3u,)dS - (15)

ﬂﬁ,. *30,n,dS = 0.
Sy

Substituting material’s constitutive relations (6) and (9)
into Eq.(15) derives

J.I,[[(GUJ+F ;) *du, +b 10“*80 +
v

u; *80; ; —u, *op, +u,(0)dp, +lp, *Jp, JdV —
P

(16)
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.U”i *d0,n,dS =0.
S,
Eq.(16) can be further shown as
= 1
SiJ[[ L0, + Fi= )+ S0y * 0y +
v
W (O)p, 5 p,*p 1AV -
2p
(17
jj( oyn, —T)*uds - ”u *o,n,dS} -
mu *SFdV - jj *3TdS = 0.
Eq.(17) can be 51mp11ﬁed as
o8, —60—-06P =0, (18)

where,
1 " 1 * *
217 ﬂj[_p, b +_bi/‘k1o-if oy (0, +F p)*u+

g

u,(0)p,1dV — ﬂ(an—T)*udS ﬂ *o,n,dS

80 = m *§FAV, 8P = jj *5TdS .

This is convolutional generalized quasi-complementary
energy principle with two kinds of variables. When the

body force F, and surface force 7, are not follower
80=0 , oP=0 , this
degenerated into a usual convolutional complementary

energy principle with two kinds of variables of
elasto-dynamics.

forces, then theorem is
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3 Using the generalized quasi-
complementary energy principle to
deal with the fluid-solid coupling
problem

With the development of marine air-hydrofoils theory,
marine air-hydrofoils can be widely applied to warships
in the ship structural design and study. Marine
air-hydrofoils consist of not only hydrofoil, rudder, oar,
submarine, fin-wing of mine, rotary vane of water-jet
propulsion and so on, but also the whole underwater ship
(such as submarine) that can be regarded as a small aspect
ratio hydrofoil for the ship on the maneuvering motion.
The differences between hydrofoil and aerial wing are
mainly free surface and cavitation phenomenon, which
have much influence on the fluid dynamic characteristic
of hydrofoils. It will be complex”'®. Considering the
dissertation of cavitation phenomenon that will be shown
in another paper, the influence of free surface and
cavitation phenomenon will not be considered.

Taking a hydrofoil of hydrofoil ship as an example to
study some problems, it is often simplified as closed
multi-cell thin walled cantilever beam. The extended part
of the hydrofoil can be simplified as a model of free
bending and torsion problem. Hydrodynamic forces on
the hydrofoil can make it turn an angle. Conversely, the
torsional angle can also change the hydrodynamic forces.
Thus, this is a dynamic problem of non-conservative
system. The shear force O, of section that is led by

hydrodynamic forces is a follower force. The problem is
solved by convolutional generalized
quasi-complementary energy principle with two kinds of
variables of elasto-dynamics.

Considering the section of three closed cells shown in
Fig.1, the shear force of section is O, . Suppose that x,

is the coordinate of hydrodynamic center. Suppose that
the mass center coincides with rigid center and the
hydrofoil section is a symmetrical section. For this reason,
bending is not coupled with torsion. Here just torsion
deformation is considered.

Suppose that x, is the coordinate of rigid center. By

“cutting” each closed cell of the section, the bending
shearing flow of “open” section is zero. The unknown
shear flows of the three sections are ¢,, ¢, and g,

respectively (shown in Fig.2).

/////

J

Fig.1 Section of three closed cells
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Fig.2 Unknown shear flow on section of three closed cells

Disregarding the effect of damping, study hydrofoil

section per unit length, the function [/7,, can be
expressed as
1
FZI :ZL*L-F(p(O)L"r
45[(%"“]2""%)*(‘]1"'612""‘]3)_ (19)

2 2Gt

PP*(q,+,+q;)ds +o*M_—L*gp,
where I is moment of inertia about centroidal axis, G
is shear modulus, ¢ is thickness of wall, ¢ is relative

torsional angle per unit length of section of the hydrofoil,
p is vertical distance from infinitesimal shear force

g, dS about moment center (i=1,2,3), ¢,, ¢, and

q, are shear flow of three closed sections respectively,
L is moment of momentum about rigid center, and
M. =0 (x,—x,) isexternal moment (the moment about
rigid center). The direction of @, has two kinds of
expressional methods: the equivalent method, and the
balancing method. The equivalent method is used in this
paper.

Considering 60 =0 (body force has no effect on this

concrete problem), the convolutional generalized
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quasi-complementary energy principle with two kinds of
variables is expressed as

1

a9 9>
OF, —O0P=—L*3L+(Pd—ds— | —=ds—@€2)*5q, +
. I, @ Gt lIZGt P4a)" 04,
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3
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where .QI:@pds, 02=§Fp®, _Q3=C.des, CJS
1 2 3 1-2

the closed contour integral of the first and second closed
cells, I

1-2

is the boundary integral of the first and

second closed cells, is the closed contour integral of
2-3

the second and third closed cells, is the boundary
2-3
integral of the second and third closed cells.

Using formula of convolutional integration by parts
—@*3L =—*5L — p(0)3L . 1)

Substituting Eq.(21) into Eq.(20) derives

SFZI—SP——(L @)* 5L+
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3
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Because of the arbitrariness of 3¢,, d¢ and OL, take

q >
the basic assumption of thin-wall structure (the basic
assumption of thin-wall tube torsion theory) , the
following equations can be derived from Eq.(22):

g, and g, out of integral sign with considering
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Solving the above equation group derives
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Let’s convert the shear force O, into related form with

torsional angle ¢, ie. O, =qAC](a—¢), where g is

velocity pressure, A 1is area of hydrofoil section, taking
different hydrofoil section parameters to different

concrete expressions of 4, C7 is lift coefficient

derivative, « is attack angle of hydrofoil section, ¢ is

torsional angle of hydrofoil section.

Substituting the above equation into the fifth equation of
Eq.(23) derives

I{Q[qﬁgngdS—(jds)Z]mzjgj le
8 @GtﬂsGtﬂsGtSﬁ P
R P X e Pk

8595<ﬁ b I )—<I 4’

2]l e 26 arodede
9395<ﬁ<35f>-<f<ﬁ

+(x —x )qAC”}qp— (x -x )qAC“

c

j—)]

(28)
The natural frequency of system is written as
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s I IGt afele
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The quantity group is written as
(x, —x.)qAC)c
I .

c

F, = (30)

Then Eq.(28) is rewritten as
gki+a)f(p—FO=0. (31)

Eq.(31) and initial conditions at
t=0:0=¢0),p=e¢0), the following equation can be
derived:

From
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4 Discussion

1) Investigators researching on non-conservative systems
found out that, although non-conservative systems cover
many fields, it’s not easy to give some proper examples of
follower force systems. Forces which act on conservative
systems will lead to the effect that consists of intensity,
rigidity and stability. Forces which act on
non-conservative systems will lead to the effect that can
change the forces. Thus, these forces are follower forces.
The follower force is associated with the effect that is led
by follower force. Since such characteristic of the
follower force is known, it can be found easily.

2) Above ideas are to use the generalized
quasi-complementary energy principle to obtain the
analytical solution. How is the approximating solution
obtained with the generalized quasi-complementary
energy principle? According to the ideas of this paper,
convolutional generalized quasi-complementary energy
principle with two kinds of variables is deduced. Then
approximate calculation is done by convolutional spline
function!'"'?!.  Analytical solution and approximating
solution are  obtained by the  generalized
quasi-complementary energy principle. The
approximating solution agrees well with the analytical
solution. Due to the limit of space, they are not described
in full details.
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