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Abstract: A thin layer of the event ho rizon vicinity under the two-dimension black hole spacetime wit h a global

monopole is considered as a system o f the Casimir type. T he ener gy-momentum tenso r is der ived in Boulware vacuum,

Hartle-Haw king vacuum and Unruh vacuum respectively . The values are derived in the massless scalar field which sat-

isfies t he Dirichlet boundar y conditions. By the Wald� s axioms, the result is the same w ith one by t he usual regularized

methods. Meanwhile, energ y, energ y density, and pressure acting on Dirichlet walls at the asymptot ically flat back-

ground ar e also calculated. According to the energy , the Casimir force is der ived.
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Casimir effect is caused by the vacuum quantum fluctuat ion of the electromagnetic f ield. This effect is in-

troduced by Casimir to calculate the vacuum energy appling the corresponding boundary conditions in the

quantum field theory. He also predicted that the at tract ive force betw een the tw o inf initely large parallel con-

duct ing plates was related to the Planck parameter, the light velocity and the geometrical configuration[ 1, 2] ,

but w as independent on charges. Af terw ard, Casimir and Poldtre also explained the att ract ive force betw een

the two uncharged objects as the delay of Van der Waals effect . The phenomenon that uncharged parallel

plates att ract each other is called the Casimir ef fect, and the corresponding force is called the Casim ir one. Dur-

ing the process of study ing the Casimir effect , the Casimir energy, which is margin of the vacuum energ y be-

tw een all kinds of fields w ith various boundaries and the fields w ithout the boundaries, should be researched.

T herefore, the Casimir force can also be derived.

Casimir effect plays an important role in many fields such as quantum field theory, atomic and molecular

physics, condensed mat ter physics, gravitat ion, cosmology and mathemat ical physics etc. M any factors can af-

fect the Casim ir effect , such as const rains, the space topology , temperature etc. Part iculaily the flat backg round

or the curved background is one of the important ones. In reference
[ 3� 5]

, the Casimir ef fect of the massless

scalar f ield have been invest ig ated in several different backgrounds. But the Casimir effect in the global

monopole background has not been invest igated up to now .

In this paper, considering a thin layer of the event horizon vicinity under the given black hole spacet ime as

a system of the Casimir style, w e investigate the Casimir ef fect of the massless scalar field in the global

monopole background. When w e investigate the Casimir effect , w e must calculate the renormalized energy-mo-

ment tensor. Since the energy-moment tensor of the const rained f ield can not be easily calculated, w e only do

our research in the two-dimension spacetime. This two-dimension black hole is asymptotically flat and satisfies
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Dirichlet boundary conditions. Although many regularized methods can be used[ 6� 12] , such as Green� s function

method, zeta function regularization, dimensional regularizat ion, and point-splitt ing method etc. , w e apply the

Wald� s axioms[ 13, 14] and get the result derived by the usual regularized methods. M eanwhile the Casimir ef fect

is discussed. The Wald� s axioms are as follow s:

( 1) Expectat ion values of energy-momentum are conserved.

( 2) In the Minkowski spacet ime, the stand result should be obtained.

( 3) For of-f diagonal elements, the stand result should be obtained.

( 4) Causality holds.

( 5) The energ y-momentum tensor contains no local curvature tensor depending on derivatives of the ma-

trix higher than second order.

T his paper is org anized as follow s: In sect ion � the geometrical property of the g iven black hole is de-

scribed and the useful geometrical quant ities are also calculated. And the most g eneral form of the energ y mo-

mentum tensor is obtained. In section �, The expectation values of the renormalized energy momentum ten-

sors for the massless scalar field in the given spacet ime are calculated in Boulw are vacuum, Hart le-Hawking

vacuum and U nruh vacuum. M eanwhile we calculate the energy, energy density, and pressure acting on Dirich-

let w alls at the asymptot ically f lat background, and derive the Casimir force. F inally, in sect ion �, the results

are discussed.

1 � The background spacetime and the general form of the energy momentum tensor

As the backg round of this paper, the line element of the tw o-dimension black hole with a global monopole

is[ 15]

ds
2
= - 1- 8��2 -

2m
r

+
Q
2

r
2 d t

2
+ 1 - 8��2-

2m
r

+
Q
2

r
2

- 1

dr
2
, ( 1)

where m, � and Q are the mass, the scale of the symmetry breaking and the charge of the black hole respec-

t ively. The even horizon of the black hole is

� � � � � � � � � � � r H =
m + m

2
- (1 - 8��2) Q 2

1 - 8��2
. ( 2)

T he Hawking temperature T H of the event horizon is

� � � � � � � � � � � TH =
( 1- 8��

2
)
2

P
2� , ( 3)

where P =
m
2
- (1 - 8��2) Q 2

( m + M
2
- (1 - 8��

2
) Q

2
)
4 , in order to reach the best conclusions in the M inkow ski space-

t ime, w e make the conformal t ransformat ion to the line element ( 1) , and obtain

� � � � � � � � � � � ds2 = f ( r ) (- dt 2 + dR 2
) , ( 4)

where

� � � � � � � � � � � f ( r ) = 1- 8��2 - 2m
r

,
d r
dR

= f ( r ) . ( 5)

T he non-zero Christoffel symbols of the line element ( 4) are

� � � � � � � � � � � �Rtt= �tt R= �tRt= �RRR= 1
2
�f ( r )
�r =

mr - Q
2

r
3 . ( 6)

T he Ricci scalar of the line element ( 4) is

� � � � � � � � � � R ( r ) =
- 2(2mr - 3Q2

)

r
4 . ( 7)

In the process of regularizat ion, the trace is non-zero, and is given as follow s [ 16 � 19]
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� � � � � � � � � � � T
�
�( r ) =

R ( r )
24�

. ( 8)

For the two-dimension black hole, the t race of the energy-momentum tensor is

� � � � � � � � � � � T
�
�( r ) =

- (2mr - 3Q 2
)

12�r 4
. ( 9)

Based on Wald� s first ax iom, the renormalized energy-momentum tensor sat isf ies the conservat ion equat ion
� � � � � � � � � � � T

�
�, � = 0, (10)

and can split into equations[ 3 � 5]

� � � � � � � � � � �
dT R

t

dR
+ �RRRT

R
t - �

R
ttT

t
R = 0, (11)

� � � � � � � � � � �
dT R

R

dR + �
t
t RT

R
R- �

t
Rt T

t
t= 0. ( 12)

Since T t
R= - T

R
t and T

t
t= T

�
�- T

R
R, w e get

� � � � � � � � � � �
dT R

t

dR + 2�
t
tRT

R
t = 0, ( 13)

� � � � � � � � � � �
dT R

R

dR
+ 2�ttRT

R
R= �

t
tRT

R
R. ( 14)

Substituting Eq. ( 6) into Eq. ( 13) , w e can get

� � � � � � � � � � � d
dr

f ( r ) T
R
t ) = 0. (15)

T he solution of Eq. ( 15) is

� � � � � � � � � � � T
R
t = �f - 1

( r ) , (16)

where � is a constant of integrat ion. In the same w ay , Eq. ( 14) becomes

� � � � � � � � � � � d
dr

( f ( r ) T
R
R) =

1
2
�f ( r )
�r T

�
�. (17)

T he solution of Eq. ( 17) is

� � � � � � � � � � � T
R
R =

1
f ( r )

[ H ( r ) + �] , (18)

where

� � � � � � � � � � � H ( r ) =
1
2�

r

H

df ( r�)
dr� T

�
�( r�)d r�, (19)

and � is a constant of integrat ion, w hile the point rH the posit ion of the event horizon. From Equations ( 2) ,

( 6) and ( 9) , Eq. ( 19) becomes

� � � � � � � � � H ( r ) =
1
24�

m
2

r
4 -

2mQ
2

r
5 +

Q
4

r
6 - D, (20)

where D =
1
24�

m
2

r
4
+
-
2mQ

2

r
5
+

+
Q
4

r
6
+

and r + is the outer event horizon of the black hole. The limiting values

of H ( r ) are follows as

if r �- � ( r � rH ) then H ( r ) = 0,

if r �+ � then H ( r ) = -
1
24�

m
2

r
4
+

-
2mQ

2

r
5
+

+
Q
4

r
6
+

= - D.

In any two-dimension background, the most general form of the energy-momentum tensor is given by

T
�
�=

T
�
�( r ) - f

- 1
( r )H ( r ) 0

0 f
- 1

( r )H ( r )
+ f

- 1
( r )

- � - �

� �
. ( 21)

Where �and �are two unknown parameters. We w ill apply the second and the third Wald� s ax ioms to deter-
m ine their values.
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We put tw o� parallel plates� at r H and r�H ( r�H= r H+ L ) in the massless scalar f ield. The massless scalar

field satisfies Dirichlet boundary condit ion at r H and r�H . Next we w ill invest igate the renormalized energ y-

momentum tensor in different vacua.

2 � The energy-momentum tensor in different vacua

2. 1 � Boulware vacuum � In Boulw are[ 20] , is no particles ex ists at infinity. T he renormalized energ y-momen-
tum tensor should coincide at inf inity with the standard energy-momentum tensor in the Minkowski space-

t ime[ 21, 22] , e. g.

� � � � � � � � � T
�
�=

�
24L 2

- 1 0

0 1
. (22)

Since the black hole has asymptotically flat spacetime, e. g. Minkow ski spacet ime at inifnity, for r � + � , the

Eq. ( 21) should coincide w ith the Eq. ( 22) . Thus w e can get the parameter �and � as

� � � � � � � � � �= 0, �= �(1 - 8��
2
)

24L 2 + D . (23)

T herefore, the renormalized energy-momentum tensor in the Boulw are vacuum is

T
(�)�
� =

T
�
�( r ) - f

- 1
( r )H ( r ) 0

0 f
- 1

( r ) H ( r )
+ f

- 1
( r )

�(1 - 8��
2
)

24L 2 + D
- 1 0

0 1
. (24)

Eq. ( 24) can be writ ten as

� � � � � � � � � � T
(�)�
� = T

�
�( g ravitat ional) + T

�
�( boundary) , (25)

where � denotes the renormalized energy-momentum tensor in the Boulw are vacuum[ 14] . T he first term de-

notes the contribut ion due to the grav itat ion backg round, and the second term denotes the contribution due to

the boundary.

For r � + � , the energy density, pressure, and energy are given by

� � � � � � � � � � �= T
(�) t
t = -

�
24L

2 , (26)

� � � � � � � � � � p = - T
(�) R
R = -

�
24L 2

, (27)

� � � � � � � � � � E ( L ) = �
r
1
+ L

r
1

�dR = -
�

24L
. (28)

T he corresponding Casim ir force between the boundaries is

� � � � � � � � � � F ( L ) = -
�E ( L )
� L = -

�
24L

2 < 0 , (29)

and is an at tract ive force.

2. 2 � Hartle-Hawking vacuum � In Hart le-Hawking vacuum[ 23] , the black hole is in thermal equilibrium state

w ith an infinite reservoir of black body radiat ion w ith temperature T , and the standard energ y-momentum

tensor ( 22) w ill be modified by an addit ional term for the thermal equilibrium with temperature T .

� � � � � � � � � T
�
�=
�T 2

12

- 2 0

0 2
=
�T 2

6

- 1 0

0 1
, (30)

where T is the Hawking temperature of the black hole, the standard energy-momentum tensor becomes

� � � � � � � � � T
�
�=

�
24L 2

- 1 0

0 1
+

(1 - 8��
2
)
4
P

24�
- 1 0

0 1
. (31)

For r � + � , the Eq. ( 21) should coincide w ith the Eq. ( 31) . T hus we can get the parameter �and � as

� � � � � � � � � �= 0, (32)

� � � � � � � � � �= �(1- 8��2)
24L

2 +
(1- 8��2) 5P

24�
+ D . (33)
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T he renormalized energy-momentum tensor is

� � � � � � � � � T
(�)�
� =

T
�
�( r ) - f

- 1
( r )H ( r ) 0

0 f
- 1

( r )H ( r )
+ f

- 1
( r )

� � � � � � � � �
�(1 - 8��2)

24L 2 +
(1 - 8��2) 5P

24�
+ D

- 1 0

0 1
, (34)

where � denotes the renormalized energy-momentum tensor in Hart le-Hawking vacuum[ 14] . Thus the energ y-

momentum tensor T ( �) �
� is

� � � � � � � � � T
(�)�
� = T

�
�( g ravitat ional) + T

�
�( boundary) + T

�
�( bath) , (35)

where the last term denotes the contribution due to thermal bath w ith temperature T H .

For r � + � , the energy density, pressure, and energy are given as follow s

� � � � � �= T
(�) t
t = -

�
24L 2

+
( 1- 8��2) 4P

24� , (36)

� � � � � p = - T
(�) R
R = -

�
24L 2 +

(1- 8��2) 4

24�
P , (37)

E ( L , T H) = �
r
1
+ L

r
1

�dR = -
�

24L
+

( 1- 8��
2
)
4
LP

24�
= -

�
24L

+
�L
6

T
2
H . (38)

T he corresponding Casim ir force F between the boundaries is

F ( L , T H) = -
�E( L , T H)

� L T
H

= -
�

24L 2
+

( 1- 8��
2
)
4
P

24�
= -

�
24L 2+

�
6
T
2
H (39)

and is not always an at tract ive force. It is clear that the Casimir force has the follow ing properties:

( a) at t ract ive,

� � � � � � � � � � L <
1
2T H

=
�

(1 - 8��2) 2 P
; (40)

( b) zero,

� � � � � � � � � � L =
1
2T H

=
�

(1 - 8��2) 2 P
; (41)

( c) repulsive,

� � � � � � � � � � L >
1
2T H

=
�

(1 - 8��2) 2 P
. (42)

T herefore the distance L dominates property of the Casimir force.

2. 3 � Unruh vacuum � In unruh vacuum[ 24] , the tw o-dimensional black hole is in a thermal state w ith Hawk-
ing temperature T H

[ 25, 26] . Because of Hawking radiat ion, an outw ard flux can be detected at inf inity in the

vacuum. The standard energ y-momentum tensor ( 22) w ill be modified by an addit ional term

� � � � � T
�
� =
�T 2

H

12

- 1 - 1

1 1
=

(1 - 8��2) 4P
48�

- 1 - 1

1 1
. (43)

T he renormalized energy-momentum tensor ( 21) should now coincide at infinity with the follow ing stress

tensor

� � � � � T
�
� =

�
24L 2

- 1 0

0 1
+

(1 - 8��
2
)
4
P

48�
- 1 - 1

1 1
. (44)

T herefore we get

� � � � � � � �= (1- 8��2) 4P
48�

, (45)

� � � � � � � �= �(1- 8��2)
24L 2

+
(1- 8��2) 5P

48�
+ D. (46)

T he renormalized energy-momentum tensor T (�)�
� becomes
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T
(�)�
� =

T
�
�( r ) - f

- 1
( r )H ( r ) 0

0 f
- 1

( r )H ( r )
+ f

- 1
( r )

-
�( 1- 8��2)
24L 2

-
( 1- 8��2) 5P

48�
- D -

(1 - 8��2) 4P
48�

( 1- 8��2) 4P
48�

�( 1- 8��2)
24 L 2

+
(1 - 8��2) 5P

48�
+ D

, (47)

where �denotes the renormalized energ y-momentum tensor in Unruh vacuum
[ 14]
. The renormalized energ y-

momentum tensor T (�) �
� is

� � � � � � T
(�)�
� = T

�
�( grav it ational) + T

�
�( boundary) + T

�
�( radiation) , ( 48)

w here the last term represents the contribut ion due to Hawking radiat ion.

In the vacuum , for r � � , the detected energy density, pressure, and energy at infinity are given as fo-l
lows

� � � �= T
(�) t
t = -

�
24L 2

+
( 1- 8��2) 4P

48� , (49)

p = - T
(�) R
R = -

�
24L 2

+
(1 - 8��2) 4

48�
P , (50)

E ( L , T H) = �
r
1
+ L

r
1

�dR = -
�

24L
+

( 1- 8��
2
)
4
LP

48�
= -

�
24L

+
�L
12

T
2
H , (51)

T he Casimir force F betw een the boundaries is

F ( L , T H) = -
�E( L , T H)

� L T
H

= -
�

24L 2
+

( 1- 8��
2
)
4
P

48� = -
�

24L 2+
�
12T

2
H , (52)

and has follow ing properties:

( a) at t ract ive,

� � � � � � � � � L <
1

2T H

=
2�

(1 - 8��
2
)
2

P
; (53)

( b) zero,

� � � � � � � � � L =
1

2T H

=
2�

(1 - 8��
2
)
2

P
; (54)

( c) repulsive,

� � � � � � � � � L >
1

2T H

=
2�

(1 - 8��2) 2 P
. (55)

T he property of the Casimir force is also decided by the distance L .

Removing the last term in Eqs. ( 39) and ( 52) respect ively , we can derive the net force. The reason is that

in both vacua (Hart le-Hawking and U nruuh vacua ) the forces acting on both sides of each Dirichlet w all are

the same, and their total cont ribut ion to the net force is zero[ 13] . Therefore the net force acting on the Dirichlet

w alls is

� � � � � � � � � � F net = -
�

24L 2
. (56)

Obviously the net force is alw ays negat ive.

3 � Conclusions

From Ref . [ 27] w e can know that if the energy-momentum tensor of a certain field w ith one exterior

boundary in the Minkowski spacet ime is obtained, it can also be obtained for the same field w ith the same

boundary in curved spacetime.
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In this paper, w e explicit ly calculate the renormalized energ y-momentum tensor of a massless scalar field

sat isf lying Dirichlet boundary condit ions in the black hole spacetime w ith a global monopole. The renormalized

energy momentum tensor is treated in the Boulw are,Hart le-Hawking, and U nruh vacua separately . In all these

vacua, for r � + � , the energy density, pressure and energy acting on Dirichlet w alls are obtained. The values
of the above-mentioned quant it ies are all negat ive. We also calculate the Casimir force and f ind it to be negative

in Boulw are vacuum. But in Hartle-Hawking and U nruh vacua it can be at tract ive, repulsive, and zero depend-

ing on distance L between the Dirichlet walls. Otherwise, the Casimir force is independent of the black hole

change. We also evaluate the net force exerted on the Dirichlet w alls and f ind it to be alw ays negat ive. When

�= 0, the results are coincide w ith ones in the tw o-dimension Reissner-Nordst r�m spacet ime. When �= 0 and
Q= 0, the results are the same w ith ones in the two-dimension Schw arzschild spacetime[ 27] .
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value of � is no longer a constant but is changeable. The value of �Q e反 can be calculated from �m e反 and that

of the anomalous magnet ic moment can also be done f rom both �m e反 and �Q e反, w hich are near the exper-i

mental Values. And finally , the quant izat ion condit ions about Planck scale is discussed.

Key words: dirac large number; P lanck large number; f ine st ructure constant �; � anomalous electric

charge�; � anomalous magnet ic moment�
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两维整体单极黑洞时空中的 Casimir 效应
�

王晓霞, 杨树政

(西华师范大学 理论物理研究所,四川 南充 � 637002)

摘要: 两维整体单极黑洞事件视界附近的一个薄层作为 Casimir 型系统, 得到了在 Boulw are 真空、

Hartle-Hawking真空和 U nruh真空的能动张量.这些值都是在满足 Dirichlet边界条件的无质量标量场中

得到.应用Wald公理得到了用通常的正规化方法得到的结果. 同时,计算了在渐进平直时空下的能量、能

量密度和作用在 Dirichlet 边界上的压强,并由能量得到了 Casimir力.

关键词: Casimir效应;两维黑洞; 整体单极
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