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Chromatic Number, Spectral Radius and Spanning Bipartite Subgraph
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Abstract: Let G be a simple undirected graph with order n = 1. Denote by (G) and (G) the spectral radius of the

adjacency matrix and the Laplacian matrix of G, respectively. In this paper, by the way of spanning bipartite sub-

graphs, it is showed that: let G be a simple graph with chromatic number & 1. If k is even, (G) k_Tl (G);if k is

odd, (G) Ifl (G).
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1 Introduction

Let G be a simple graph with vertex set {v1,v2, , v}.The spectral radius of G, (G),is the largest eigenvalue
of its adjacency matrix A(G), and A(G)= (a; ) is defined to be the n n matrix where aj = 1 if v; is adjacent to v,
and aj = 0 otherwise.

When G is connected, A(G) is irreducible and by the Perror Frobenius Theorem, the spectral radius (G) is
simple and there is a unique positive unit eigenvector. We shall refer to such an eigenvector as the Perron vector
of G.

The number of edges incident with a vertex v: in a graph G is called the degree of the vertex vi. The degree of
vi is denoted by di(G). The degree matrix D of a graph G is a diagonal matrix with the degree di(G) vertex vi in the
position (i, 7).

The Laplacian matrix is the matrix L(G)= D(G)— A(G). 1t is well known that L(G) is positive semidefinite
symmetric. We denote the eigenvalues of L(G) in decreasing order by

(G)= 1(G)  2(6) (6) =0,
and call (G),the Laplacian spectral radius of G.

It is easy to show the following results:

Theorem 1 Let G be a simple graph with n vertices and Laplacian spectral radius (G).Then (G) n.Equal:
ty holds if and only if the complement of G is disconnected.

For a graph G, its chromatic number % is the minimum number of colors needed to color the vertices of G in
such a way that no two adjacent vertices are assigned the same color.

Theorem?2'" Let G be a simple graph with n vertices, spectral radius (G) and Chromatics number k. Then

k=1

(G) T
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Naturally, we can ask the following question: are the mequality (G) k_Tl (G) right?

The answer is given partly in this paper. By the way of spanning bipartite subgraphs, we have showed that: let

G be a simple graph with chromatic number £ 1 If % is even, then (G) k_Tl (G);1if kis odd, then (G) _k_

k+ 1
(G).
The terminology not defined here can be found in ref. [2].

2 Spanning Bipartite Subgraph

We study the problem of bounding the maximum number of spectral radius in a spanning bipartite subgraph of
a graph G.

Let G be a simple connected graph with n vertices and chromatic number k. We may suppose that the vertices of

G are labelled in such a way that its adjacency matrix can be written in the form A =

0 A Avi-1 Au
Ao 0 A1 A
,where Aj is an ni n matrix and of course, 4j= A} and 47 0,A; 0oi
Ai-11 Ak 1,2 0 Ak 1,k
A Ar2 Ak 0 )
J»1 i k1 j Fk);here niis the number of vertices with color i.
Let x be a Perron vector belongingto (G). Let us break x into x1, x2, ,x* of lengths ni,n2, , nk, respective-
ly. Set bj = xiAjx;. Then by = bi . Further, it is easy to show that b;> 0(i j,1 ¢ k1 j k) and (G) =
bi .
By
0 b bie-1 bu
3] 0 -1 b
Set B= .The matrix B can be regarded as a adjacent matrix of a w eighted
bi-11 bi- 1,2 0 bi- 1,k
bin bi2 i i1 0

complete graph Ki. Let  be a set by taking any s rows and s columns correspondingly in B. Let B be a matrix ob-
tained from B by replacing the elements by 0, and the elements are covered twice or not covered by . Then the
graph, whose adjacent matrix is B, is a weighted bipartite subgraph of K+. And denote the graph with the largest
sum of all elements by F. Now we consider two cases.

Cxsel If k is even, then let k= 2¢. Taking s= ¢ and the number of ways to choose s rows from B is

¢ t! ¢!’

Since the element b in B is covered twice if and only if the ith and jth rows are in , when b; is covered twice

21— 2 -2)! 21— 2
by ,the number of ways is { } T When b; is not covered by , the number of ways is { } =
t t

2]t (=2
l‘%. Therefore, w hen bj is covered twice or not covered by , the average number of ways is ét%ll Hence

the sum of all elements in F is at least (ﬁ) (G),and (F) ;7—&%: ;ﬁ_&t

Case2 If k is odd, then let k= 2t+ 1. Taking s= ¢ and the number of ways to choose s rows from B is
[2” ﬂ _ (24 1)!

LT
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Since the element b in B is covered twice if and only if the ith and jth rows are in , when b; is covered twice

2t- 1 (21—1)! 21
by ,the number of ways is { 5| = 2;l 12)' ;- When b; is not covered by , the number of ways is =
- P (i=2)! t

- !
%. Therefore, when by is covered twice or not covered by , the average number of ways is %%1 Hence

(t+ 1) (G)_ (k+ 1) (G)
2+ 1 2k ’

the sum of all elements in F is at least (Zt:i- 11) (G),and (F)

It follows that:
Theorem3 Let G be a simple connected graph with chromatic number k. Let H be a spanning bipartite sub-
graph of G and the spedral radius (H) of H is the largest in all bipartite subgraphs of G.1f k is even then (H)

k(G) o (bt 1) (G)
2 k= 1),Ifklsoddthen (H) o .

3 Main Results
Lemmal Let G be a simple connected graph with order n 1 and chromatic number k. Then for every bipar-
tite subgraph H of G, (G) 2 (H).
Proof Let H be abipartite subgraph of G,then V(H )=V1 V2,Vi V2= .Every pair vertices in Vi are not
adjacent in H. Without loss of generality, we may assume that Vi= {1, 23, ,¢),Ve={t+ Lt+ 2t+ 3 ,n}, 1 ¢
n.If H is an empty graph (no edges), then (H )= 0, which implies that 2 (H)= 0 (G). Hence we assume that
H is not empty in the following statement. Let X be a unit column eigenvector of G wrresponding to (G). Let y=

(y1,y2, ,yx)" be a nonnegative unit eigenvector of H corresponding to (H ).Set z= (y1, y2, ., yi, — yie1, ,—

_/yn)T.
Then
(G)= X (D(G)- A(G))x z'(D(G)- A(G))z = (yi— vi) +
(ii) (B E,
(yi+ yi)’ = (yi— ¥ )"+ (yi— 5 )+
(ij) E(H) (i) (B, E, (ij) EH)
4 yiyi = (yi=5) + 4 Yy
(i) HH) (ij) (B, E, (ij) E(H)
4 yiyi = 2 (H),
(ij) KH)

where Ei= E(G[Vi]) and Gf Vi] is an induced subgraph of G.
k=1

Theorem 4 Let G be a simple graph with chromatic number £ 1. () If £ is even, (G) h (G); () Ik is

odd (€)= (G).

Proof This follows from theorem 3 and lemma 1.
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