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Various General Total Colorings of Graphs
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Abstract: A proper total coloring of a graph G is an assignment of colors to the edges and vertices of G in
such a way that no two adjacent vertices, no two adjacent edges, and no incident vertex and edge receive
the same color. In this paper, the authors weaken the constraints of the proper total coloring to obtain
several general total colorings and discuss their chromatic numbers.
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1 Introduction and Definitions

All graphs mentioned in this article are simple, undirected and finite. We denote the vertex set, edge
set, maximum degree, minimum degree, chromatic number, and edge chromatic index of a graph G by
V(G),E(G), NG), §G), X(G), and X/(G), respectively. A famous result of Vizing’ s says that for any
graph G, A(G) < X' (G) SAG)+ 1.

A proper total coloring of a graph G is an assignment of colors to the edges and vertices of G in such
a way that no two adjacent vertices, no two adjacent edges, and no incident vertex and edge receive the
same color. The minimum number of colors required for a proper total coloring of G is called the total
chromatic number of G, and is denoted by X(G).For any graph G, it ’ s clear that X(G) > NG)+ 1. Be-
hzad M""" and Vizing V G independently made the conjecture that for any graph G, X(G) < NG)+ 2.
This is known as the total coloring conjecture (T CC) and is still unproven. See ref. [ 3— 8] for surveys on
proper total colorings.

In this paper, we will weaken the conditions for the proper total coloring and give various general to-
tal colorings of a graph. And we will obtain their chromatic numbers.

Definition 1 Let f be an assignment of colors to the edges and vertices of a graph G. There are
three possible constraints on f in the following: ( 1 )no two adjacent vertices receive the same color; ( ii)
no two adjacent edges receive the same color; ( iil) no vertex receive the same color as any one of its inci
dent edges does.

(a) f is called a VIE-total coloring if f/ satisfies none of the above three conditions. A VIE-total cot
oring of G using k colors is called a &V Ik-total coloring of G. T he minimum number of colors required for
a VIE-total coloring of G is called V IE-total chromatic number of G, and is denoted by X(G).
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(b) f is called an IE-total coloring if f satisfies only (1 ). An IE-total coloring of G using k colors is
called a b IE-total coloring of G.The minimum number of colors required for an IE-total coloring of G is
called IE-total chromatic number of G, and is denoted by X (G ).

(¢) f is called a VEtotal coloring if f satisfies only ( ii). AVEtotal coloring of G using k colors is
called a &= VEtotal coloring of G. The minimum number of colors required for a VEtotal coloring of G is
called VFEtotal chromatic number of G, and is denoted by X' (G).

(d) f is called a VE-total coloring if f satisfies only ( ii) . A VE-total coloring of G using k colors is
called a &~ VE-total coloring of G. The minimum number of colors required for a VE-total coloring of G is
called VE-total chromatic number of G, and is denoted by X"(G).

(e) f is called a V-total coloring if f satisfies both (1i) and ( ii). A V-total coloring of G using k
colors is called a & V-total coloring of G. The minimum number of colors required for a V-total coloring of
G is called V=total chromatic number of G, and is denoted by X/ (G).

(f) f is called an E-total coloring if f* satisfies both (1) and ( iil). An E-total coloring of G using k
colors is called a b E-total coloring of G.The minimum number of colors required for an E-total coloring
of G is called E-total chromatic number of G, and is denoted by X( G).

(g) f is called an Ftotal coloring if f satisfies both (1) and ( 1i).An Ftotal coloring of G using k
colors is called a k& F total coloring of G. T he minimum number of colors required for an Ftotal coloring of
G is called Ftotal chromatic number of G, and is denoted by X( G).

We can see that f is a proper total coloring if f satisfies all the above three conditions.

Lemmal Let Gbeasimple graph. If S1€ S2 < (V, I, E},then Stotal coloring of G must be S=-
total coloring of G(proper total coloring is referred to as f-total coloring, IE-total coloring is referred to
as { I, E}-total coloring, and so on) . Thus we have: (1) X“(6G) Kmin{ X (G), X' (G), X(G)); (i) X
(6) Smin(X(6), X (6)}; (i) X' (¢) SminfX(G), X(6)};( V) ¥ (¢) SminfX(G), X (G)};(V) X
(G) Zmax[X(G), X (G), X(G)).

2 Exact Results

For empty graph with order n 21, we can obtain the various general total chromatic numbers easily
which are all equal to 1. T hus in this section we consider the graph which has at least one edge.

Theorem I X (G)= 1.

Proof I’ s clear that X' (G) 2 1. Color all the edges and vertices of G with only one color, we have
al-VIE-total coloring of G. Thus, X(G)= 1.

Theorem 2  X'(G)= X(G).

Proof It’s clear that X'( G) > X(G). We first color the vertices of G with X(G) colors {1, 2, ...
X(G)} such that no two adjacent vertices receive the same color. Then color all the edges with a color a€
{1,2, -y X(G)).This coloring is a X(G)}-1E-total coloring of G.Thus, X'(G)= X(G).

Theorem 3 X' (G)= X' (G).

Proof It s clear that X' (G) > X" (G). We first color the edges of G with X" (G) colors (1,2, ...,
x’ ( G)} such that no two adjacent edges receive the same color. Then color all the vertices with a color a
€/1,2, ... X' (G)}.This coloring is a X' (G}-VEtotal coloring of G.Thus, X'(G)= X' (G).

Theorem 4 X' (G)= 2.

Proof Because no vertex receive the same color as any one of its incident edges does, we have X' ( G)

. Assign color 1to all the edges of G and 2 to all the vertices of G. This coloring is a 2 VE-total coloe-
ring of G. Thus, X' (G) = 2.
Theorem 5 X (G)= AG)+ 1.



Proof By lemma 1, we have X (G) >Xfi(G): X"(6).1f X' (G)= AG), in order to make the adja-
cent edges have different colors and no vertex receives the same color as any one of its incident edges
does, it must be X (G) >A(G)+ 1. We first color all the edges of G with Acolors {1, 2, ..., A} such that
no two adjacent edges receive the same color. Then color all the vertices of G with a new color which
doesn’ t belong to {1,2, .., A).The result is a ( A+ 1)} V-total coloring of G. If x’ (G)= ANG)+ 1, color
all the edges of G with A+ 1 colors { 1,2, ..., A+ 1] such that no two adjacent edges receive the same col
or.For any vertex v € V(G), d(v) < NG),there must be a color a which is not represented at v under the
above proper edge coloring. Color v with @ We can obtain a ( A+ 1) V-total coloring of G. T herefore, X
(G)= NG)+ 1.

{3 if G is a bipartite graph;

Theorem 6 X (G)= ) ] ) )

XG) if G is not a bipartite graph.

Proof By lemma 1, we have X (G) >Xfe(G): X(G).If G is a bipartite graph, then X( G)= 2. For any
edge e= uv €E(G), the color of e must be different from that of u and v, so X( G) 23. We can color all
the vertices of G with 2 colors {1, 2} such that no two adjacent vertices receive the same color. T hen color
all the edges of G with a new color af Z1, 2). Then the resulting is a 3-E-total coloring of G. So X(G)=
3 if G is a bipartite graph. If G is not a bipartite graph, X(G) 23.Give G a vertex coloring using X( G) cok
ors such that no two adjacent vertices receive the same color. For any edge e= xy € E(G), there must be a
color a which is different from the colors of x and y, color e with a. We can obtain a X(G}-E-total coloring
of G.Therefore, Xi(G)= X(G) if G is not a bipartite graph.

Theorem 7 X(G)=max{XG), X (G)).

Proof By lemma 1, X(G) 2 max/X (G), X'(G)}= max{X(G), X (G)}. If X' (G) 2X(G), we first
color all the edges of G with X" (G) colors {1,2, ... X' (G)) such that no two adjacent edges receive the
same color. Then color all the vertices with X(G) colors { 1,2, .., X(G)} < (1,2, .., x’ (G)} such that no
two adjacent vertices receive the same color. We can obtain a X" (G}Frotal coloring of G.If X(G) >
X" (G),we first color all the vertices of G with X(G) colors {1,2, .-, X(G)) € {1,2, .., X(G)}such that
no two adjacent vertices receive the same color. Then color all the edges with X' (G) colors { 1,2, ...
X" (G)} such that no two adjacent edges receive the same color. We can obtain a X( G }-Ftotal coloring of
G.Therefore, X( G)= max{X(G), X' (G)}.

Thus the chromatic numbers of various general total colorings of graphs are determinable or rely on
the (vertex) chromatic number or edge-chromatic index or both. So we may focus our attention on vari-

ous general total colorings of graphs which are vertex distinguishing or adjacent vertex distinguishing.
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Conjugacy Classes of Elements of Order 3 in GL(2, Q)
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Abstract: By an elementary proof, conjugacy classes of elements of order 3 in the general linear group
GL(2, () are determined in this paper.
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