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Abstract: A proper total coloring of a g raph G is an assignment o f colo rs to the edges and vert ices o f G in

such a w ay that no tw o adjacent v ert ices, no tw o adjacent edges, and no incident vertex and edge r eceive

the same color. In this paper, the author s w eaken the const raints o f the proper to tal colo ring to obtain

several g eneral total color ings and discuss their chromat ic numbers.
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1  Introduction and Definitions
All g raphs mentioned in this art icle are simple, undirected and finite. We deno te the vertex set , edge

set, max imum deg ree, minimum degree, chromatic number, and edge chromat ic index o f a graph G by

V(G) , E(G) , $( G) , D( G) , V ( G) , and V c( G) , respectively. A famous result of Vizing. s says that for any

graph G, $( G) [ V c( G) [ $( G)+ 1.

A proper total coloring o f a gr aph G is an assignment of co lors to the edges and vert ices of G in such

a w ay that no tw o adjacent vert ices, no tw o adjacent edges, and no incident vertex and edge receive the

same color . The minimum number of co lors required fo r a pr oper total coloring o f G is cal led the total

chromat ic number o f G, and is denoted by Vt ( G) . For any g raph G, it . s clear that Vt ( G) \ $( G) + 1. Be-

hzad M
[ 1 ]

and Vizing V G
[ 2]

independent ly made the conjecture that for any graph G, Vt ( G) [ $( G) + 2.

This is known as the to tal coloring conjecture ( T CC) and is st ill unproven. See ref. [ 3- 8] for surv ey s on

proper to tal colo ring s.

In this paper, w e w ill w eaken the condit ions for the proper total coloring and giv e various general to-

tal colo ring s of a g raph. And w e w ill obtain their chromat ic numbers.

Definition 1  Let f be an assignment of co lors to the edges and vert ices of a graph G. T here are

three possible constr aints on f in the fo llow ing : ( � ) no tw o adjacent v ert ices receiv e the same colo r; ( � )

no tw o adjacent edges r eceive the same co lor; ( � ) no vertex receive the same co lor as any one of its inc-i

dent edges does.

( a) f is called a VIE-total co loring if f sat isfies none of the above three conditions. A VIE-total co-l

o ring of G using k co lors is called a k-V IE-to tal coloring o f G. T he m inimum number of co lors r equired for

a VIE-total color ing of G is called V IE-total chromatic number of G, and is denoted by V0t ( G) .
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( b) f is called an IE-total coloring if f sat isf ies only ( � ) . An IE-total co loring of G using k colors is

called a k- IE- total co loring of G. T he minimum number of co lors requir ed for an IE-to tal colo ring of G is

called IE-total chromat ic number of G, and is deno ted by V
ie
t ( G ) .

( c) f is called a VI- total co loring if f sat isf ies only ( � ) . AVI- total colo ring of G using k colors is

called a k-VI-total coloring of G. T he minimum number of color s required for a VI- total color ing o f G is

called VI- total chr omat ic number of G, and is deno ted by V
vi
t ( G) .

( d) f is called a VE-total co loring if f satisfies only ( � ) . A VE-total colo ring of G using k co lors is

called a k-VE-total color ing of G. T he m inimum number of co lors required for a VE-total coloring o f G is

called VE-total chr omat ic number of G, and is denoted by V
ve
t ( G) .

( e) f is called a V-to tal co loring if f sat isf ies bo th ( � ) and ( � ) . A V-total color ing o f G using k

colo rs is called a k-V-total co loring of G. The minimum number o f colors required for a V-to tal coloring of

G is called V-to tal chromat ic number of G, and is denoted by V
v
t ( G) .

( f) f is called an E-total coloring if f sat isf ies both ( � ) and ( � ) . An E-to tal colo ring of G using k

colo rs is called a k-E-total coloring of G. T he minimum number of colors required for an E-total co loring

of G is called E-total chromatic number of G, and is denoted by V
e
t ( G) .

( g) f is called an I- to tal co loring if f sat isf ies both ( � ) and ( � ) . An I- to tal coloring of G using k

colo rs is called a k- I- to tal coloring o f G. T he m inimum number o f colors requir ed fo r an I- total coloring of

G is called I- total chromat ic number o f G, and is denoted by Vi
t ( G) .

We can see that f is a pr oper to tal co loring if f sat isf ies all the above three conditions.

Lemma 1  Let G be a simple graph. If S 1 A S2 A { V , I , E } , then S1-total colo ring o f G must be S2-

to tal co loring o f G( proper total coloring is r efer red to as ª-total color ing, IE- total co loring is referr ed to

as { I, E}- total color ing, and so on) . T hus we have: ( � ) V
vie
t ( G) [ min{ V

ie
t ( G) , V

vi
t ( G ) , V

ve
t ( G ) } ; ( � ) V

ie
t

( G) [ min{ V
i
t ( G) , V

e
t ( G) } ; ( � ) V

vi
t ( G) [ min{ V

v
t ( G) , V

i
t ( G) } ; ( � ) V

ve
t ( G) [ min{ V

v
t ( G) , V

e
t ( G) } ; ( � ) Vt

( G) \ max { Vv
t ( G) , Ve

t ( G) , Vi
t ( G) } .

2  Exact Results
For empty g raph w ith order n\1, w e can obtain the various general to tal chromat ic number s easily

w hich are all equal to 1. T hus in this sect ion w e consider the graph which has at least one edge.

Theorem 1  V0t ( G)= 1.

Proof  It. s clear that V0t ( G) \ 1. Color al l the edges and vert ices of G w ith only one color, w e have

a1-VIE-total colo ring of G. Thus, V0t ( G )= 1.

Theorem 2  Vie
t ( G)= V( G) .

Proof  It. s clear that Vie
t ( G) \ V ( G) . We f irst color the vert ices of G w ith V ( G ) co lors {1, 2, ,,

V( G) } such that no tw o adjacent vert ices r eceive the same colo r. T hen colo r all the edges with a colo r AI
{1, 2, ,, V( G ) } . T his color ing is a V( G)-IE-total coloring of G. T hus, Vie

t ( G)= V( G) .

Theorem 3  Vvi
t ( G) = V c( G) .

Proof  It. s clear that Vvi
t ( G) \ V c( G) . We f irst co lor the edges o f G w ith V c( G) colo rs {1, 2, ,,

V c( G) } such that no tw o adjacent edges receive the same co lor. T hen color all the vert ices w ith a co lor A

I {1, 2, ,, V c( G) } . This co loring is a V c( G)-VI- to tal co loring o f G. T hus, V
v i
t ( G) = V c( G) .

Theorem 4  V
ve
t ( G)= 2.

Proof  Because no vertex receive the same color as any one o f it s incident edges does, w e have V
ve
t ( G)

\2. Assign co lor 1 to all the edges of G and 2 to all the vert ices o f G . This co loring is a 2-VE-total co lo-

r ing of G. Thus, V
ve
t ( G) = 2.

Theorem 5  Vv
t ( G) = $( G)+ 1.
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Proof  By lemma 1, w e have Vv
t ( G) \Vvi

t ( G)= V c( G) . If V c( G) = $( G ) , in or der to make the adja-

cent edges have dif ferent colo rs and no vertex r eceives the same co lor as any one of it s incident edges

does, it must be V
v
t ( G) \$( G)+ 1. We first co lor all the edges of G w ith $ colors { 1, 2, ,, $} such that

no tw o adjacent edges receiv e the same colo r. T hen co lor all the vert ices of G w ith a new co lor w hich

doesn. t belong to {1, 2, ,, $} . T he result is a ( $+ 1)-V-total colo ring o f G. If V c( G )= $( G )+ 1, co lor

all the edges o f G w ith $+ 1 colo rs { 1, 2, ,, $+ 1} such that no tw o adjacent edges r eceive the same co-l

o r. For any vertex v I V( G) , d( v) [ $( G) , there must be a co lor Awhich is not repr esented at v under the

above proper edge coloring. Co lor v w ith A. We can obtain a ( $+ 1)-V-to tal coloring of G. T herefore, Vv
t

( G)= $( G )+ 1.

Theorem 6  Ve
t ( G)=

3   if G is a bipart ite gr aph;

V( G)   if G is not a bipartite g raph.

Proof  By lemma 1, w e have V
e
t ( G) \Vie

t ( G)= V( G) . If G is a bipart ite graph, then V( G)= 2. Fo r any

edge e= uv I E (G) , the color o f e must be dif ferent f rom that of u and v , so V
e
t ( G) \3. We can co lor all

the ver tices of G w ith 2 colors {1, 2} such that no tw o adjacent vert ices receive the same co lor. T hen co lor

all the edges of G w ith a new color A( X1, 2) . Then the result ing is a 3-E-to tal colo ring of G. So V
e
t ( G)=

3 if G is a bipart ite g raph. If G is no t a bipart ite g raph, V( G) \3. Give G a ver tex colo ring using V( G) co-l

o rs such that no tw o adjacent vert ices receive the same co lor. For any edge e= xy I E(G) , there must be a

colo r Awhich is different fr om the color s of x and y , color e w ith A. We can obtain a V( G)-E-total co loring

of G. T herefore, V
e
t ( G) = V( G) if G is not a bipar tite gr aph.

Theorem 7  Vi
t ( G) = max { V( G) , V c( G) } .

Proof  By lemma 1, Vi
t ( G) \ max { Vie

t ( G) , Vv i
t ( G) } = max{ V( G) , V c( G) } . If V c( G ) \V( G) , w e f irst

colo r all the edges of G w ith V c( G) co lors {1, 2, ,, V c( G) } such that no tw o adjacent edges receive the

same color . Then co lor all the vertices w ith V( G) colo rs { 1, 2, ,, V( G) } A { 1, 2, ,, V c( G) } such that no

tw o adjacent vert ices receive the same color. We can obtain a V c( G)-I- total colo ring of G. If V ( G ) \

V c( G) , w e f irst colo r all the vert ices of G w ith V( G) colo rs {1, 2, ,, V( G) } A {1, 2, ,, V( G) } such that

no tw o adjacent v ert ices receiv e the same color. T hen color al l the edges w ith V c( G) colo rs { 1, 2, ,,

V c( G) } such that no tw o adjacent edges receive the same color. We can obtain a V( G )-I- to tal co loring of

G. T herefo re, Vi
t ( G)= max{ V( G) , V c( G) } .

Thus the chr omat ic number s o f v ar ious gener al total colo ring s of graphs are determinable or rely on

the ( ver tex ) chromat ic number o r edge-chromatic index or bo th. So w e may fo cus our at tent ion on var-i

ous general total color ings o f graphs w hich are vertex dist inguishing o r adjacent vertex distinguishing .
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Conjugacy Classes of Elements of Order 3 in GL( 2, Q)
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Abstract: By an elementary proof , conjugacy classes of elements of o rder 3 in the general linear gr oup

GL (2, Q) are determ ined in this paper.
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图的各种一般全染色
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摘  要:图 G 的正常全染色是指若干颜色给G 的顶点和边的分配, 使任意 2 个相邻顶点、2 条相邻边和任一顶点与它

的关联边得到的颜色不同.将正常全染色的限制条件减弱,得到了各种一般全染色, 并讨论了它们的色数.

关键词:全染色; 色数;边色数
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(责任编辑  向阳洁)

10 吉首大学学报(自然科学版) 第 32 卷


