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摘 � 要: 建立了 NA 阵列的一个概率不等式及相关的矩不等式, 研究了NA 随机变量阵列的依概率收敛性、完全收敛性

和几乎处处收敛性.
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NA( Negat ively Associated) 随机变量在可靠性理论、渗透理论及多元统计分析中有广泛应用,因而引起

了人们对NA序列极限性质的研究兴趣, 并得到了很多与独立情形一致的相关结论.

定义 1
[ 1] � 称随机变量X 1 , �, X n , n �2是NA的,若对于集合{ 1, �, n} 的任意2个不相交的非空子

集 A 1 , A 2 , 都有 Cov( f 1 ( X i , i � A 1 ) , f 2 ( X j , j � A 2 ) ) � 0, 其中 f 1 , f 2 是任意2个使得上述协方差存在并对

每个变元均非降的函数.称随机变量序列{ X i , i �1} 是行间NA的,若对任意自然数 n �2, X 1 , �, Xn都是

NA的.

为简洁起见,文中在没有特别申明的情况下, 均以 C 记各种正绝对常数.

1 � NA 阵列的一些不等式
仿照文献[ 2] 中的 2个定理,对 NA阵列建立了如下关于部分和及最大部分和的不等式.

定理 1 � 设{Xnj , 1 � j � n, n � 1} 为零均值的NA阵列,存在 p �2, 使 E | X nj |
p

< � , 1 � j � n,

n � 1.记 Snn = �
n

j= 1
X nj ,则对任何 t > p�2与任何 x > 0, 有

P ( | Snn | � x ) � �
n

i= 1
P( | X nj | � x�t ) + 2e

t
{ 1+ x

2�( t �
n

j= 1
EX

2
nj ) }

- t
; ( 1)

且存在仅与 p 有关的常数Cp > 0,使得

E | Snn |
p � Cp ( �

n

j= 1
E | X nj |

p
+ ( �

n

j = 1
EX

2
nj )

p�2
) , ( 2)

E | Snn |
p � Cpn

p�2- 1

�
n

j= 1

E | X nj |
p
.

定理 2� 设{Xnj , 1 � j � n, n �1} 为零均值的行间NA阵列.设存在某个 p �2,有 �p = : sup
n , j

E | X nj |
p
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< � .记 S
( n)
a, k = �

k- a

j= 0

X n, a+ j , S
( n)
1, k = Sk , �2 = : sup

n , j
EX

2
nj , 1 � k � n,则存在仅与 p 有关的常数Kp � 1,使得对

任意自然数 a, n,有

E( max
1 � k � n

| S
( n)
a, k | )

p � Kp ( n�p + ( n�2 )
p�2

) , ( 3)

E ( max
1 � k � n

| S
( n)
a, k | )

p � Kp�pn
p�2

.

2 � NA 阵列的若干收敛性
定理 3

[ 3] � 设{ Xnj , 1 � j � n, n �1} 为零均值的行间NA阵列,设存在某个随机变量X ,对 �x > 0,

有 P( | X nj | �x ) � P( | X | �x ) ,且对某个 p �2,有 �p = : E | X |
p

< � ,则对 Snn = �
n

j= 1
Xnj ,有 Snn�n1�2+ 1�p

P

0.

证明 � 记 X�nj = Xnj�n
1�2+ 1�p

, S�nn = �
n

j= 1

X�nj .由于

E | X nj |
p

= p�
�

0
x
p- 1

P ( | Xnj | � x ) dx � p�
�

0
x
p- 1

P ( | X | � x ) dx = E | X |
p

< � ,
[ 4]

( 4)

因此有 E | X�nj |
p

< � .则由( 1) 式可知,对任何 x > 0, 有

P ( | S�nn | � x ) � �
n

j = 1

P( | X nj | � n
1�2+ 1�p

x�t ) + 2e
t
{ 1+ x

2�( t �
n

j= 1

n
- 2( 1�2+ 1�p)

EX
2
nj ) }

- t � I1 + I 2 . ( 5)

现只需证明当 n � � 时,

P ( | S�nn | � x ) � 0. ( 6)

对 I 1 ,由Markov 不等式可知, 对 p � 2,有

I1 � �
n

j= 1
P ( | X | � n

1�2+ 1�p
x�t ) � �

n

j= 1
( n

1�2+ 1�p
x�t ) - p

E | X |
p � cn

- p�2 � 0 � � n � � . ( 7)

由H�lder不等式及( 4) 式可知,

�
n

j= 1

n
- 2( 1�2+ 1�p )

EX
2
nj � n

- 2�p
E | X |

2 � n
- 2�p

( E ( | X |
2
)
p�2

)
2�p

= n
- 2�p

( E | X |
p
)

2�p � 0 � � n � � . ( 8)

从而 I 2 � 0, n � � .由( 5) , ( 7) , ( 8) 式可知( 6) 式成立.

定理 4 � 设{Xnj , 1 � j � n, n � 1} 是行间NA阵列,且 EX nj = 0, 1 � j � n, n � 1.设存在 p �2, 使

�
�

n= 1
�
n

j= 1

n
- �p

E | X nj |
p

< � , 其中 �= 1+ 1�p .对随机变量X ,有sup
n , j

EX
2
nj < EX

2
,且 EX

2
< � ,则对 Snn =

�
n

j = 1
X nj ,有 �

�

n = 1
P ( | S nn�n� | � �) < � .

证明 � 记 Ynj = XnjI ( | X
nj

| � n
�

) + n
�
I ( X

nj
> n
�
) - n

�
I ( X

nj
< - n

�
) , Ynj

c
= XnjI ( | X

nj
| > n

�
) - n

�
I ( X

nj
> n
�
) + n

�
I ( X

nj
< - n

�
) ,

Tn = �
n

j= 1
Ynj , T n

c
= �

n

j = 1
Ynj

c
.由于 Ynj + Ynj

c
= X nj ,因此欲证结论成立,只需证明

�
�

n= 1

P( | T n

c
| � �n�) < � ,

ET n�n� � 0 � � n � � ,

�
�

n= 1
P ( | T n - ET n | ��n

�
) < � . ( 9)

而

�
�

n= 1
P ( | T n

c
| � �n�) � �

�

n= 1
�
n

j = 1
P( Ynj

c � 0) = �
�

n= 1
�
n

j = 1
P( | X nj | > n

�
) �
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�
�

n= 1
�
n

j= 1�| X
nj

| > n
�

E | X nj |
p

n
�p dP � �

�

n = 1
�
n

j= 1

n
�p
E | X nj |

p
< � ,

| ET n�n� | � �
n

j = 1
| EXnjI ( | X

nj
| > n

�
) | �n�+ �

n

j= 1
P ( X nj > n

�
) � 2 �

n

j= 1
n

- �p
E | Xnj |

p
. ( 10)

由于 �
�

n= 1
�
n

j= 1

n
- �p

E | X nj |
p

< � ,当 n � � 时,有 �
n

j = 1

n
- �p

E | Xnj |
p � 0.由Markov不等式及( 2) 式, 有

�
�

n = 1
P ( | T n - ET n | � �n�) � �

�

n= 1
�

- p
n

- �p
E | T n - ET n |

p � c �
�

n= 1
�
n

j= 1
n

- �p
E | Ynj |

p
+

c �
�

n= 1

n
- �p

( �
n

j= 1

EY
2
nj )

p�2 � J 1 + J 2 .

类似于( 10) 式的推导可知 J 1 < � .对 J 2 ,由 C r 不等式及Markov 不等式,有

�
�

n= 1

n
- �p

( �
n

j= 1

EY
2
nj )

p�2
= �

�

n= 1

n
- �p

[ �
n

j = 1

( E | X
2
nj I ( | X

nj
| � n

�
) | + n

2�
P ( | Xnj | > n

�
) ) ]

p�2 �

c �
�

n = 1
n

- �p
[ ( �

n

j= 1
E | X

2
nj I ( | X

nj
| � n

�
) |

p�2
+ ( �

n

j= 1
n

2�
P ( | X nj | > n

�
) )

p�2
] �

c �
�

n = 1
( �

n

j= 1

E | X
2
njI ( | X

nj
| � n

�
) |

n
2� )

p�2
+ c ( �

�

n= 1
�
n

j= 1
n

- �p
E | Xnj |

p
)
p�2 � J 3 + J 4 .

显然 J 4 < � .而 J 3 � c �
�

n= 1
n

( 1- 2�) p�2
( EX

2
)
p�2

= c �
�

n= 1
n

- ( 1+ p�2)
< � .综上可知, ( 9) 式成立.

定理 5 � 设{ Xnj , 1 � j � n , n � 1} 为零均值的行间 NA阵列.设存在随机变量 X ,对某个 p � 2, 有

E | X |
p

< � , 且 EX
2

< � .若对 �x > 0, 有 P( | Xnj | � x ) � P ( | X | � x ) , 则对 Snn = �
n

j= 1
X nj , 有

�
�

n= 1

P( max
1 � k � n

| Snk | � �n�) < � , 其中 �= 1�2+ 2�p .

证明 � 令 Yj ( n) = X njI ( | X
nj

| � n
�

) + n
�
I ( X

nj
> n
�

) - n
�
I ( X

nj
< - n

�
) � Tm = �

m

j= 1
Yj ( n) , 1 � m � n.

| ETm | �n
�
� n

- �

�
m
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| E ( Xnj - Yj ( n) ) | � n

- �

�
m

j= 1
( E | X nj | I ( | X

nj
| � n

�
) + n

�
P ( X nj > n

�
) ) �

n
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m

j= 1
( n
�
n

- �p
E | X |

p
+ n

- �( p- 1)
E | X |

p
) = 2 �

m

j= 1
n

- �p
E | X |

p
.

故

max
1 � m � n

| ETm | �n� � 2n
1- �p

E | X |
p � 0 � � n � � . ( 11)

记 An = �
n

j = 1
( | Xnj | � �n

�
) , Bn = �

1� i< j � n
( ( Xni > n

�
, Xnj > n

�
) � ( Xni < - n

�
, X nj < - n

�
) ) , Cn = ( max

1� m � n

| Tm | � 2�n
�
) . 则对充分大的 n,有( max

1 � m � n
| Snk | � 4�n

�
) � An � Bn � Cn .由 Markov不等式,有

�
�

n = 1

P ( A n ) � �
�

n= 1
�
n

j= 1

P ( | X nj | � �n�) � �
�

n= 1
�
n

j = 1

P( | X | � �n�) � c �
�

n= 1

n
1- �p

E | X |
p

< � . ( 12)

由{X nj , 1 � j � n, n � 1} 的NA性可知,

�
�

n= 1

P ( Bn ) � �
�

n= 1
�

1 � i< j � n

( P( Xni > n
�
) P ( X nj > n

�
) + P ( X ni < - n

�
) P( X nj < - n

�
) ) �

2 6

]

n= 1
6

1 [ i< j [ n

P ( | Xni | > n
A
) P( | X nj | > n

A
) [ 2 6

]

n= 1
n

2
P ( | X | > n

A
) [

2 6

]

n= 1

n
2( 1- Ap)

( E | X |
p
)

2
< ] . ( 13)

当 n充分大时,由( 11) 式可知 P( Cn ) [ P( max
1 [ m [ n

| Tm - ETm | \ En
A
) .令 Bp = : sup

n, j
E | Yj ( n) - EYj ( n) |

p
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< ] , p \ 2, B2 = : sup
n, j

E | Yj ( n) - EYj ( n) |
2

< ] .则由Markov不等式及( 3) 式, 有

6

]

n= 1
P ( max

1 [ m[ n
| Tm - ETm | \ En

A
) [ cn

- Ap
E( max

1 [ m[ n
| Tm - ETm | )

p
< ] . ( 14)

由( 12) 至( 14) 式可知结论成立.

定理 6  设{Xnj , 1 [ j [ n, n \ 1} 是行间NA阵列.设对某个 p \ 2, 有 Bp = : sup
n, j

E | Xnj |
p

< ] , 对

任意自然数 a , n,有 6

]

n= 1
6

n- a

j= 0

P ( | X n, a+ j | < n
1P2+ 2Pp

) < ] . 记 S
( n)
a, k = 6

k- a

j= 0

X n, a+ j , 1 [ k [ n,则 S
( n)
a, nP n

1P2+ 2Pp
y

0, a. s.

证明  记 Xcn, a+ j = X n, a+ jI ( | X
n, a+ j

| < n
1P2+ 2Pp

) , Sc
( n)
a, k = 6

k- a

j = 0

Xcn , a+ j , 1 [ k [ n. 由Markov不等式可知,

6

]

n= 1

P( G
n- a

j= 0
( Xn , a+ j X Xcn, a+ j ) ) [ 6

]

n= 1
6

n- 1

j = 0

P ( | Xn , a+ j | > n
1P2+ 2Pp

) [

6

]

n= 1
6

n- 1

j = 0
n

- ( 1P2+ 2Pp ) p
E | X n, a+ j |

p
[

6

]

n= 1
n

- ( p+ 2)P2
Bp < ] .

由Bore-l Cantelli引理可知 S
( n)
a, n与Sc

( n)
a, n在极限意义下是一致的,故这里只需证明 n

- (1P2+ 2Pp)
Sc

( n)
a, n y 0, a. s. 由

Kronecker引理可知, 需证明下面两式成立:

6

n- 1

j= 0

n
- ( 1P2+ 2Pp )

EXcn, a+ j y 0,

6

n- 1

j = 0
n

- ( 1P2+ 2Pp )
( Xcn, a+ j - EXc n, a+ j ) y 0, a. s. ( 15)

而 | 6

]

n= 1
6

n- a

j = 0
n

- (1P2+ 2Pp)
EXc n, a+ j | [ 6

]

n= 1
6

n- a

j= 0
P ( | X n, a+ j | < n

1P2+ 2Pp
) < ] .令 X̂ n, a+ j = Xc n, a+ j - EXcn, a+ j , Ŝ

( n)
a, k =

6

k- a

j = 0
X̂ n, a+ j , B̂p = : sup

n, j
E | X̂ n, a+ j |

p
< ] .欲证( 15) 式,只需证明对 P E > 0, P( sup

m[ i [ n, n \ 1
| i

- ( 1P2+ 2Pp )
Ŝa , i

( n)
| \

E) y 0, m y ] .而

P ( sup
m[ i [ n , n \ 1

| i
- ( 1P2+ 2Pp)

Ŝ
( n)
a, i | \ E) = lim

n y ]
P ( max

m[ i [ n
| i

- ( 1P2+ 2Pp)
Ŝ

( n )
a , i | \ E) [ lim

n y ]
P( max

1 [ i [ n
| Ŝ

( n )
a , i | \ En

1P2+ 2Pp
) [

c l im
n y ]

n
- ( 1P2+ 2Pp ) p

E ( max
1[ i [ n

| Ŝ
( n)
a, i | )

p
[ c lim

n y ]
n

- 2
B̂p = 0.

由Kronecker 引理可知, lim
m y ]

P ( sup
m [ i [ n, n \ 1

| i
- ( 1P2+ 2Pp)

Ŝ
( n)
a, i | \ E) = 0.从而有 S

( n)
a, nPn

1P2+ 2Pp
y 0, a. s.
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Abstr a ct : The author establishs a probability inequatility and a series of moment inequatilities for NA random matric

sequences, and convergence in propability, complete convergence and almost sure convergence are studied.
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