Acta Mech. Sin. (2011) 27(6):911-921
DOI 10.1007510409-011-0480-6

RESEARCH PAPER

An explicit finite volume element method for solving characteristic level
set equation on triangular grids

Sutthisak Phongthanapanich- Pramote Dechaumphai

Received: 8 October 20JMRevised: 17 April 2011 Accepted: 18 April 2011
©The Chinese Society of Theoretical and Applied Mechanics and Springer-Verlag Berlin Heidelberg 2011

Abstract Level set methods are widely used for predictingthe level set principle was firstly introduced by Osher and
evolutions of complex free surface topologies, such as th8ethian [1]. It is not easy to solve these problems because a
crystal and crack growth, bubbles and droplets deformatiofflow near the interface often has strong vortical components
spilling and breaking waves, and two-phase flow phenondue to the related sharp gradients of the flow properties. To
ena. This paper presents a characteristic level set equatipredict the flow phenomena accurately, the interface needs
which is derived from the two-dimensional level set equato be tracked precisely in both time and space. The inter-
tion by using the characteristic-based scheme. An explicface normal vectors and curvatures are also needed to be ap-
finite volume element method is developed to discretize thproximate by a highly accurate numerical scheme in order
equation on triangular grids. Several examples are presentemimodel the interface precisely [2]. The level set methods
to demonstrate the performance of the proposed method fbave gained popularity mainly due to their simplicity. Appli-
calculating interface evolutions in time. The proposed levetations of the level set methods for moving boundaries and
set method is also coupled with the Navier—Stokes equatioristerfaces problems exist in many fields such as the crystal
for two-phase immiscible incompressible flow analysis withand crack growth, bubbles and droplets deformation, spilling
surface tension. The Rayleigh—Taylor instability problem isand breaking waves, multiphase and multifluid flows, front
used to test and evaluate thifegetiveness of the proposed propagations and fluid-structural interactions [3—7]. In gen-
scheme. eral, the interface is represented by a zero level contour of a
signed distance function. It is desirable to maintain the level

Keywords Characteristic level set equatioRinite volume set functiong, as a signed distance function during the inter-

element method Explicit method- Triangular grid- Two- face e\_/olution for accurate interface capturing. Calculation
phase incompressible flow of the interface normal vector and curvature from the level

set method is straightforward but may not be necessarily ac-

curate [8,9].
1 Introduction . .
During the past decade, many researchers have intro-

duced several high-order accurate numerical schemes which
Computer simulation for interface motion problems by usingare based on the finite fierence, finite element, and fi-
nite volume methods to discretize the level set equation.

S. Phongthanapanickxj For examples, Fedkiw [10] proposed a numerical method
Department of Mechanical Engineering Technology, for modeling a multimaterial flow where a domain is de-
College of Industrial Technology, composed into the separate Eulerian and Lagrangian subdo-
King Mongkut's University of Technology North Bangkok, mains. The level set function is defined at every Eulerian grid
Bangkok 10800, Thailand node whileg is defined analytically at each Lagrangian inter-
e-mail: sutthisakp@kmutnb.ac.th face node. The third-order essentially non-oscillatory local
Lax-Friedrichs (ENO-LLF) and total variation diminishing

P. Dechaumphai (TVD) Runge—Kutta (RK) schemes were used to achieve a
Mechanical Engineering Department, high-order accurate solution. Huang and Zhang[11] used a
Chulalongkorn University, level set method to simulate a cavitation bubble. The Marker
Bangkok 10330, Thailand and Cell (MAC) projection and control volume method was
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employed to improve the velocity and pressure solutions adcheme [18,19], for approximating the Lagrangian deriva-
the second-order ENO procedure to overcome the instabiiives in time, is used to derive the characteristic level set
ity caused by the non-linear convection term. A level seequation. The advantage of the characteristic based split
method for solving the vaporizing two-phase flow problem(CBS) scheme is that the approximate level set partial dif-
where the fifth-order weighted essentially non-oscillatoryferential equation (PDE) gives a second-order accurate so-
(WENOS5) scheme is used to discretize the convective ternijtion in time. An explicit finite volume method is em-
was studied by Tanguy et al. [12]. The Petrov— Galerkin fiployed to develop the discretized equations for the spatial
nite element method was also used to discretize the level s#dmain. The advantage of the finite volume discretization
equation to achieve high-order accurate solutions on unstruis a conservative property. By combining these two meth-
tured meshes [13]. The level set method incorporated withds together with a gradient reconstruction technique, a con-
the extended finite element method (XFEM) was employedervative second-order accurate solution in space and time
to simulate the crack propagation behavior in a solid [5ith only one computation cycle is achieved. Theoretically,
where two level set functions were used to represent the opdime conservative property implies that the proposed method
boundaries. The second-order finite volume method waway give a less mass loss than other methods. The gradi-
applied to solve a two-phase flow problem through a conents at cell faces for determining the curvature term are cal-
servative level set method [9]. The second-order TVD upeulated by using the weighted-residual finite element tech-
wind method coupled with the second-order Runge —Kuttaique. Performance of the proposed method is examined
scheme was used to approximate a level set equation. by analyzing two-dimensional examples. Results are com-
many of these mentioned methods, an intermediate step wpared with the known analytical solutions #amdthose re-
added at the end of each time step to ensure that the iperted by other researchers. The presentation of this paper
terface remains constant. Recently, a high-resolution fluxstarts from explaining the theoretical formulation and corre-
based finite volume method has been introduced to approxponding characteristic-based scheme in Sect. 2. The finite
mate the level set equation on unstructured grids [14,15]. Imolume discretization of the characteristic level set equation
these papers, the results are relatively good without applying presented in Sect. 3. Performance of the proposed method
any reinitialization technigue to recover the numerical signeé evaluated in Sect. 4 by using four examples. Finally,
distance function. in order to evaluate thefféciency of proposed method, the

The major disadvantage of the level set method is SUC/‘:lharacteristic level set method is coupled with the Navier—

that it can not provide a mass conservative property. For twc)s—tOkes equations for two-phase immiscible incompressible

phase flow analysis, the interface given by a contour shoulfélow analysis with surface tension. The Rayleigh—Taylor in-

be moved at the correct interface velocity. But the contou?tabimy problem is used to test and validate the performance
does not necessary remain a distance function, thus it cz?rq the proposed scheme.

result in an irregular interface field. To heal this problem,

many reinitialization techniques have been proposed in thé Derivation of characteristic level set equation

past [8,10]. These techniques are numerical tools for heal-

ing (not for fixing) the distorted and stretched level set fieldThe level set methods have been used widely to determine
However, the reinitialization should be avoided as much athe evolution of interface problems. The methods are rela-
possible because they lead to the loss of mass and mouarely simple and able to capture topological changes such
ment of the contour [13]. Many level set methods applyas shrinking, merging and splitting easily without special
the second-order TVD-RK or the 4th-order RK time step-treatments. For a two-dimensional domain, the advection-
ping schemes to arrive at the time accurate solution at thgiffusion form of the level set function can be written as

next time step. The applications need two and four computajg )

tion cycles, to determine the flux terms. More computationaly; + V- Vo-xV4 =0, in 2xT, @)

time and computer memory are thus required. Additional NUznere s — (x, 1) defines the implicit interface by its zero
merical dissipations are alsp included |n.the process. ,The?&/el set which is chosen to be positive outside, nega-
schemes are t.hus not verjieient for long time computation 4 inside~, and zero on interfacé)Q), andt € (0, T)
of many transient two-phase flow problems. for T < co. The velocity fieldV = V (x, Vé(x, t),t) can be
The objective of this work is to develop an explicit defined in several ways depending on applications [3]. For
finite volume element method for solving the characterisexample, the externally generated velocity field (advection)
tic level set equation in a two-dimensional triangular dods u (x,t), the velocity field for constant motion in the nor-
main. Recently, the combination of the conventional finitemal direction isaV¢/|V¢| whereb is a constant, and the
element and finite volume methods for solving fluid flowcurvature isx = V - (V¢/|V¢[). The initial condition is de-
problems is of interest by many researchers [16,17]. Howfined forx € Q with @ ¢ R? andQ = Q* U Q™ U 0@, by
ever, the idea for using the finite volume scheme to discretizé(x, 0) = ¢o(X).
the characteristic level set equation has never been investi- By following the procedure described in Refs.[18,19],
gated. In this paper, the concept of the characteristic-baséd). (1) is semi-discretized along the characteristic line so
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that it can be written in the form = B(x, t")dx — At f ni(v) - {V (, tg(, t")
_(¢n+l' _ n| ) @ o
A e P laone —bIV $(x, Y[V (v, t")/IV $(r, )]
1

= S adveD, ,, + (Vo)™ | 3 —%V(v, MV (X, ") - V (x, t7)}dv
where¢ = ¢(x’,t) andx’ is the path of the characteristic
wave. The incremental time periatt is fromnton + 1, +At L [p(x, tV -V (x,1")
and the incremental distané& is from x — Ax to x. The At '
local Taylor’s series expansion in space is applied to the sec- _EV(X’ t") - Vo(x, NV -V (x, t")]dx, (8)

ond term on the left-hand side and to the right-hand side

terms. The incremental distange along the characteristic Wheren;(v) is the unit outward normal vector ok2;. The
path is then approximated byx = V"™1/2At, wherev /2 approximation to the cell average pbverQ; at timet" and
is the average velocity along the characteristic line at tim&"" is represented by [14]

t = n+ 1/2 [19]. Equation (2) can then be written in a fully 1

explicit form e ¢(X t")dx,
)
1
Z@i-gn = |-V Vo +bave n n
At o= 1o J,, o0 tx.
+§(V¢V “VV +VV - V2p) n. (3) Wwhere|@j| is the measure of. For any control volume,
2 the flux integral ovevQ; appearing on the right-hand side
By utilizing the vector identity of Eq. (8) could be approximated by the summation of fluxes

passing through all adjacent cell faces. Hence, by apply-
ing the midpoint quadrature integration rule to the second
the characteristic level set equation becomes integration term on the right-hand side of Eq. (8), the flux
integral ovenQ; is

VeV -VV +VV V2=V .VV .V, )

1 n+1 ny — At "
~@ —¢)_(—V-V¢+bK|V¢|+7v-vv -V¢) (5)

Finally, Eg. (5) can be written preferably in the conservatiorJa‘Qi

3
o) -V, (v, tdy = Z ILini; - VR, (10)
form for applying the finite volume method as =

G — N = —AUV - (V) + ¢V -V — bV || j; o) b|V ¢ (x, t")|[V ¢ t")/|V ¢, t")| v
(At)z 3 V n
SV (VVG-V) =V - VgV - V] (6) o Yo
- ofear] 33 i e a

3 Explicit discretization At

f ni(v) - EV(V, t"Va(x,t") - V(x,t")dv
0Q;

The computational domain is first discretized into a col- 3

i - i At
lection of non-overlapping convex polygon control volumes = VN vgn Z TaiY

= 12
Qe Qi=12---,N, that completely cover the domain 2 (12)
N

Vi

=1

such thaQ = UQ" Q #0,and2; N Q; = 0ifi # j. Equa- The term that appears in the third integration term on the
right-hand side of Eq. (8), is approximated as the source

i=1
tion (6) is intelgrated over the control volumi to obtain terms by
n+l _ 4n
L@ f SOV -V (X, )X = ¢ ijm., ", (13)
= f —A[V - (V) + ¢V -V — bc|V ¢[]"dx and
Qi
(At)2 f gV(x,t”) -Vo(x, t"V -V (x,t"dx
LV (VV$-V) -V VeV -V]'dx. (7)) Ja 2
fol
. . . . At
The divergence theorem is applied to some spatial termson = EV{‘ Vo Z 51 n; VI“I (14)
the right-hand side of the equation to yield ji=1

where I5; is the segment of boundar§®; between two

1
¢(x, 1" )dx adjacent control volume®; and ©;, which is defined by

Q
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3
roblem.
a.Qi:UFi,— andFij :6QmaQ,-. P

i=1 . . .
By substituting Eqgs. (9)—(14) into Eq. (8), a fully ex- 4-1 Rotation of an expanding circle

plicit formulation for solving a characteristic level set equa- _ _ ) )
tion (1) is obtained in the form The first benchmark problem is a rotation of an expanding

circle in a square domain @® = (-1,-1) x (1,1). This
example has an analytical solution [9,14] so that the com-
puted solution can be compared. Initially, the circle with

3
At At
o7 = 07— o D Ing V|4 - ST V)
= a radius of 0.25 is centered at((4, 0.0) and is rotated with

At n 3 d non divergence-free velocity field (advection velocity and in-
+@bIV¢i IJZ; \j1nij - W terface normal velocity) given by
V¢
3 V = (2ny, —27X) + Vy, ) a7
+%(¢P—%VP~V¢F)Z|H1|I‘I” -Vin]-, (15) V¢l
' j=1 The divergence-free velocity field case wheyge- 0 is firstly
where the quantities at tim8 aregb{} = ("), ¢ = i(t"), e_\xamine_d. The _final time is selected_as 1.0, which is the
Vinj = Vij(t"), andV! = V;(t"). time period required for one turn rotation. The exact solu-

tion at the final time is then described by a circle centered
gt (-0.4,0.0) with the radius of 0.35. To assess the order
for convergence of the proposed method, the simulations are
performed on the uniform grids S1-S4 consisting ok32
n—gn G Xi) - VD (16) _ _
=+ (Xij = xi) - Ve, (Ax = Ay = 1/32), 64x 64, 128x 128, and 256< 256,
wherex; andx;; are the cell centroid and the face centroidéspectively. Example of the uniform triangular mesh S1 is

locations, respectively, as shown in Fig. 1. For the oppositg"oWwn in Fig. 2. The zero level contour plots of the exact
direction of velocity, the values af? could be computed and numerical solutions at the fourfldirent times of 0.25,

ij . . .
from Eq. (16) but by using the values from the neighboringo-s* 0.75,and 1.0 are pres_ented in Fig. 3 These figures show
control volumes according to the upwinding direction, e‘gjchat the diferences of the interface position between the ex-

n _ 4n LX)V en act and numerical solutions are quite small. They also show

i — i 1] ] it . . .
¢ = 7+ (Xij — ) - Vo

that the proposed method provides a smooth interface sim-

ulation even though the grid size is relatively coarsen (S1).
The||Ly,|| norm of numerical error is used to measure the
difference of the numerical interface position from the exact
solution which is defined by [21]

The level set functiog]; at cell face at the full time step
t", is approximated by applying the Taylor’s series expansio
in space such that

1
Ll =7 [ M) ~ Hodiix, (18
Q
wherelL is the perimeter size of interface. The Heaviside
function H is defined byH(¢) = 1if ¢ < 0 andH(¢) = 0
. . otherwise.
Fig. 1 Control volume and two adjacent cell faces
1.0 gz

The gradient term for calculating the curvatumgbf},
is approximated by the weighted residuals method [19]. De- NN NN N SN
tailed explanation of the procedure for approximating this 0.5 KRPRPKPKPDKT
gradient term is described in Ref. [20] where it was applied ST
to the unsteady reactionftlision problems.

4 Numerical test cases

—05F

In this section, performance of the proposed method is ex-
amined by using five examples. All examples are tested on
uniform triangular grids. These examples are: (1) the rota- K 2SS SNSRI
tion of an expanding circle; (2) the rotation of a slotted disk; ._0].0 ~0.5 0 05 1.0
(3) the reverse vortex test; (4) the motion by mean curva-

ture of a star shape, and (5) the Rayleigh—Taylor instabilit§ig- 2 Example of an uniform triangular grid S1
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1.0 The values oflLy,|| error norms and the rate of conver-
1=025 si gence are tabulated in Table 1. The table shows that the rate
' s3 of convergence is approximately two. To assess the robust-
ness and numerical accuracy for a longer time simulation, the
problem is tested again by extending the final time+£o4.0
(four turns rotation). The comparison of the interface posi-
tions between the exact and numerical solutions is shown in
Fig. 4a. The figure indicates that all numerical solutions are
good as compared to the exact solution, except the one ob-
tained from the course mesh of grid S1. Figure 4b shows the
level set function at = 4.0 obtained from grid S4. It can
1=075 be seen that the signed distance function (used as the initial
-1.0 ! ! ! | level set function) is preserved during simulation without the
-0 -05 0 0.5 1.0 application of a redistancing technique.
Fig. 3 Comparison of exact and numerical solutions on four grid
sizes of Problem 4.1

Table 1 ||Ly,|| error norms for dierent grid sizes of Problems 4.1, 4.2, 4.3

Problem 4.1 Problem 4.2 Problem 4.3
Grid size [ILayll Grid size 1Ll Grid size (1Ll
S1 (332) 2.675&10°° S2 (164) 6.378%10°° S2 (364) 2.840 %1072
S2 (364) 6.966 41074 S3 (¥128) 1.981%10°3 S3(3/128) 1.2756107?
S3(1128) 1.509 %10 S4 (Y256) 5.30110* S4 (1256) 3.858 %1073
S4 (1256) 2.728410°° S5 (¥512) 1.223%10* S5 (1512) 1.232&10*
Convergence rate  2.21 Convergence rate  1.87 Convergence rate  2.61

o0r . b 10

Exact
Sl
52
S3

0 -
—0sk —05k\
1.0 L L L ' 1.0
20 05 0 0.5 1.0

Fig. 4 Comparison of exact and numerical solutions on four grid sizes atttiné.0 of Problem 4.1a Zero level set functionb Level
set function (grid S4)

Finally, the non divergence-free velocity field casedifferences of the interface position between the exact and
wherev, = 0.1 is examined. The final time is selected as 1.(humerical solutions are still very small. The signed distance
where the radius of circle is 0.45. The zero level set funcfunction is also preserved during the simulation as depicted
tion of the exact and numerical solutions obtained from foum Fig. 5b.
grid sizes are presented in Fig. 5a. The figure shows that the
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Exact
- 81
52

54

“1.0 , ' '
-1.0 0.5 0 0.5 1.0

Fig. 5 Comparison of exact and numerical solutions on four grid sizes atttent0 of Problem 4.1\, = 0.1). a Zero level set function;
b Level set function (grid S4)

4.2 Rotation of a slotted disk level set functions at = 1.0 obtained from grids S4 and S5
in which the signed distance function is preserved during the

The second benchmark problem is a rotation of a slotted dissimulation. The grid S5 (522512) yields very sharp corners

in a square domain @? = (0, 0) x (1, 1) [21,22]. This exam- of the slotted disk similar to those of the exact solution.

ple has an analytical solution so that the numerical solution

can be compared. Initially, the slotted disk with a radius of

0.15 is centered at (0.5, 0.75) with a slot width of 0.05. The

function ¢q is defined as the signed distance function from

the object. The slotted disk is rotated with the divergence-

free velocity field defined by

V = [2x(y - 0.5), —2x(x — 0.5)]. (19)

Although this problem involves only with the divergence- 0.5 F
free velocity, but the computation is more severe than the first
problem. The problem has sharp corners with the notch that

tends to difuse if the numerical dissipation is too large. To

assess the convergence order of the proposed method, simu-

lations are performed on uniform grids S1 to S4 again. Com-

parison between the analytical and numerical zero level set 0
functions at the four dierent times of 0.25, 0.5, 0.75, and 0 0.5 1.0

1.0 are presented in Fig. 6. These figures show that the grid _ i _ i
S1is too coarse and the notch disappears after one rotati ﬁg 6 Comparison of exact and numerical solutions on four grid
However, the dterences of the interface position between 2€° of Problem 4.2
the analytical and numerical solutions decrease for grid S2,

and are very small for grids S3 and S4. The values of the  The conservation of area is examined for grids S2 to S5
IL1.1]l error norms and the rate of convergence are tabulateas shown in Fig. 8, where the area inside the zero level set is
in Table 1. The convergence rate for this problem is less thagefined byA(t) = fQ H(¢num)dx. This figure shows that the
second order of about 1.87 due to the presence of the sharass loss increases rapidly on grid size S2 because the grid
corners. The order for the solution accuracy of this problersize is not small enough. The mass conservative property is
is still closed to two because the slope limiter function is notmproved significantly as the grid is refined, such as for grid
applied to Eq. (16) to prevent oscillations along discontinusize S5 where the history line of mass conservative property
ity of the zero level set function. Figures 7a and 7b show theés flat.

1.0 -
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An explicit finite volume element method for solving characteristic level set equation on triangular grids 917

0.5 1.0

Fig. 7 Plot of level set function on fine grid sizes for Problem 4%rid S4;b Grid S5

0.061 the pinch df [9] appears during the evolution. The interface

0.060

T
|
|
|
|
w
kS

0.059

remains well resolved by using the refined grids S3 and S4.
The comparison between exact and numerical solutions at
timet = 2.0is shown in Fig. 10. The fferences of the inter-
face position between the exact and numerical solutions are
very small for grids S3 and S4.

To investigate the conservation of area property of the
A, proposed numerical scheme, this problem is tested again on
e a very fine grid S5. The conservation of areas for grids S2
to S5 are examined as shown in Fig. 11. The mass loss in-
creases rapidly for grid size S2 because the grid size is not
small enough. The mass conservative property improves sig-
00 . . nificantly as the grids are refined, such as for grids S4 and
' 5(’0 0.5 1.0 S5 where the history line of mass conservative property is
/ flat. By comparing with the second benchmark problem, the
Fig. 8 Plot of area conservation of numerical solutions of Problemconservatlv.e property of the propose_d numerical SCheme. IS
4.9 stable apd |mproved as compared with the one that consists
of the discontinuous zero level set function. The values of
thel|Ly,|| error norms and the rate of convergence are listed
in Table 1. The convergence rate for this problem is second

order of about 2.61.
The third benchmark problem is a very complicated advec-

tion flow in a square domain @@ = (0,0) x (1,1) [9]. A Finally, this problem is tested again on grids S4 and S5

circle with radius of 0.15 centered at (0.5, 0.75) is used afor & longer final time of = 4.0 to investigate its robust-
initial condition. The velocity field is defined by ness and to ensure that the proposed numerical scheme doe

) ) ) _ not need the reinitialization in order to heal the distorted and
V = [-sir(xx) sin(2ny), sin’(zy) sin(2r3)]. (20)  stretched level set field for a long time simulation. The plots

The problem is tested at the final tifie= 2.0. The flow field ~ Of the zero level set of both grids S4 and S5 are shown in
is reversed at a half time of= T/2 for which the exact solu- Figs. 12a and 12b, respectively. There is no pinghiro

tion att = 2.0 must coincide with the initial condition. The these figures as compared to those presented in Ref. [9].
given condition causes the flow to return to its initial state aff e humerical results are comparable with those reported
timet = T so that the quantitative error of the computed soluby Ref.[23] where more complicated Lagrangian particle
tion can be measured easily. The maximum distortion frorfevel set method is incorporated with frequently remeshing
the initial interface shape occurstat T/2. As the rever- technique and reinitialization. This example suggests that
sal periodT becomes larger, the interface stretches furthethe proposed numerical schemgfeos advantages suitable
away from its initial circular shape. Comparisons of zerdor implementation in the commercial software, such as the
level set functions obtained from grids S1-S4 at 0.25, second-order solution accuracy, conservative and simple im-
0.5, 0.75, and 1.0 are presented in Figs. 9a—9d, respectiveg}ementation, low resources requirement and improved com-
These figures show that grids S1 and S2 are coarse becaipational diciency.

Area

0.058 77 el

0.057

4.3 Reversed vortex test
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0 0.5 1.0 0 0.5 1.0
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0.050F —
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Fig. 10 Comparison of exact and numerical solutions at timeFig. 11 Plot of area conservation of numerical solutions of Problem
t = 2.0 of Problem 4.3 4.3
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2 1.00 b 1.00
_-‘-““*:.-.
0.75 b 0.75
0.50 |- 0.50 |-
025 025 F
O 1 1 1 U 1 1 1 1
0 0.25 0.50 0.75 1.00 0 0.25 0.50 0.75 1.00

Fig. 12 Plot of level set function on fine grid sizes at tite 4.0 of Problem 4.3a Grid S4;b Grid S5

4.4 Motion by mean curvature of a star shape The challenging task of this test case is to verify the
Grayson’s theorem [24] such that all simply closed curves
The fourth test case is used to examine the performance e¥entually collapse to a round point. Due to thEeet of
the proposed method for calculating the curvature of a stahe curvature, the initial star shape will deform into a round-
shape [3], where the motion of simply-closed curve collapsshape. Numerical solutions are presented by using only grids
with the speed proportional to the local curvature. This probS1 and S2 herein because the solutions from grids S3 and S4
lem is tested by using the same domain size as describedane similar. The initial form of the star shape in 2D and 3D
the previous problems. The initial condition of the star shapelots are shown in Figs. 13a and 13b, respectively. Figure

is given by 14a shows the zero level set functions obtained from grid S1
y att = 0.25, 0.5, 0.75, and 1.0, respectively, and Fig. 14b
p(xy)=r1- 0-2[ COS(7 tan)—() + 2.5], (21)  shows the similar solutions but are obtained from grid S2.

These solutions are similar to those reported in Ref. [3].
wherer = /X2 +y2 and the cofficient of curvature ternb  The numerical solution at time = 1.0 confirms that the
is set to 0.02. Grayson’s theorem is numerically verified.

' Y
05F (s
Ny S
0F ¥ D)
/ -~ \_ _
05k | \\5 J-l
-1.0 L ! ! |
-1.0 -0.5 0 0.5 1.0

Fig. 13 Plots of initial condition of Problem 4.4 2D zero level set functiorly 3D plot
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10 bror
— — =0 1=0
1=0.25 —-—1=025
1=0.50 P e 1 =0,50 .
0.5 —— =075 0 -1 0.5 —— =075 I'r'“‘.__\‘ S
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Fig. 14 Comparison of numerical solutions at four final times of Problemd@@rid S1;b Grid S2

4.5 Rayleigh—Taylor instability problem explained by Traivivatana et al. [25]. Finally, the hybrid fi-
nite elemenfinite volume solver is derived for solving the
The Rayleigh—Taylor instability problem is selected as théwo-phase immiscible incompressible flow problem. The
last example to evaluate thdfieiency of the proposed Rayleigh—Taylor instability problem is associated with the
scheme for simulating two-phase immiscible incompressiblacceleration of a heavy fluid into a light one under the ac-

flow phenomena. The governing equations are [21] tion of a gravitational field [26]. The domain is defined by
Q=(0,1)x(0,4), and fluid properties are given by
%(9) +VV =0 (22)
ot ’ p1=017kgm?, 1 =16x10°N-s/m? (29)
p(¢)(aa_\t/ +V-VV ) — _Vp+V(2uD) - ok(@)5($)V e, (23) P2 = L2kg/m’, pz =3.0x 10°N - s/n?, (30)

where the coficient of surface tension and gravity is
0h015 Nm and 9.87 i, respectively. This problem is
%sted on triangular mesh with 40160 nodes. The sim-

wherep and u are the density and viscosity, respectively.
These properties are constant in each fluid and can be writt

as ulation is terminated at the time ¢of= 1.0. Snapshots of

p(9) = p1+ (02 — p1)H(9), (24)  typical results shown by Fig. 15 explain development of the
instability as the heavy fluid penetrates through the light fluid

(@) = 1 + (2 — )H(9)- (25) {0 form the mushroom shape. Thiet of surface tension is

In the above equationg,is the pressurd) is the rate of de- cIearI)_/ seen from_ the fig_ure for which the growth rat_e of the
formation tensor, an#i(¢) is a smeared out Heaviside func- Rayleigh—Taylor instability decreases to make the interface

tion such as [9] smoother and more compact.
O, ¢ < -g,
1 1
H(g¢) = —[1+¢—S+ —S|n(”—¢)], —-e<¢<e, (26)
2 e &
1, $>e,
and the smoothed delta function is defined by
1
—[1—cos(”—¢)], -e<¢p<eg,
5(p) = 2¢ & (27)
0, otherwise
. . Fig. 15 Snapshots of results atftérence time steps for Problem
The curvature of the interfacejs expressed as 45
\"/
K=V (—¢) . (28) _
[Vel/lg-0 5 Conclusions

The characteristic-based split finite element method is ap-
plied to Egs. (22) and (23) by following the same idea ag he paper presents an explicit finite volume element method
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for solving the characteristic level set equation in a two- 9 Olsson, E., Kreiss, G.: A conservative level set method for two
dimensional domain. The theoretical formulation of the phase flow. J. Comput. Phy31((1), 225-246 (2005)
characteristic level set equation developed by using thé0 Fedkiw, R.P.: Coupling an Eulerian fluid calculation to a La-
characteristic-based scheme was explained in details. The fi- grangian solid calculation with the ghost fluid method. J. Com-
nite volume method was used to derive the discretized equa- Put- Phys1741), 200-224 (2002)

tions for the spatial domain. Gradients at cell faces for de2® Huang, J., Zhang, H.: Level set method for numerical simu-
lation of a cavitation bubble, its growth, collapse and rebound

termining the.curvaltu.re term are determined by applying _the near a rigid wall. Acta Mech. Sir3(6), 645-653 (2007)
weighted-residual finite element technique. Four numerical, 1nquy.'s., Menard, T., Berlemont, A.: A level set method for
examples were used to evaluate the performance and to de- vaporizing two-phase flows. J. Comput. Phy21(2), 837—
termine the order of accuracy of the proposed method. These gs3 (2007)

examples have shown that the method provides convergeid Barth, T.J.: Numerical schemes for the Hamilton-Jacobi and
solution with improved accuracy as the grid is refined, and level set equations on triangulated domains. J. Comput. Phys.
the conservative property is preserved without reinitializa- 1451), 1-40 (1998)

tion in order to heal the distorted and stretched level set fieldl4 Frolkovic P, Mikula K.: High-resolution flux-based level set
Finally, the proposed level set method was coupled with the Method. SIAM J. Sci. Compu9(2), 579-597 (2007)
Navier—Stokes equations for analyzing the two-phase immisL® Frolkovic, P., Mikula, K.: _FIu>§-based level set method: a finite
cible incompressible flow with surface tension. The hybrid ~ Yolume method for evolving interfaces. Appl. Numer. Math.

" e : 57(4), 436-454 (2007)
finite el.ememflnlte vglume method ng derived and tested16 Aboubacar, M., Webster, M.F.: Development of an optimal hy-
by solving the Rayleigh—Taylor instability problem.

brid finite volumeelement method for viscoelastic flows. Int.
J. Num. Meth. Fluid911(11), 1147-1172 (2003)

17 Chandio, M.S., Sujatha, K.S., Webster, M.F.: Consistent hy-
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