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Abstract This paper focuses on studying the integratioron [1-4]. The diversity of forces and the complexity of con-
method of a generalized Birkfitan system. The method straints increase the filculty of integration. It is an im-

of variation on parameters for the dynamical equations of portant part of analytical mechanics to research integration
generalized Birkhfifian system is presented. The procedurenethods of complex mechanical systems: one reason is to
for solving the problem can be divided into two steps: theextend the classical integration methods of holonomic con-
first step, a system of auxiliary equations is constructed angkervative systems to the nonconservative or nonholonomic
its general solution is given; the second step, the parametesgstems to some extent [5, 6]; the other is to develop modern
are varied, and the solution of the problem is obtained by usnethods, such as the gradient method and the field method
ing the properties of generalized canonical transformatiorand their extensions [7, 8], Noether theorem and its exten-
The method of variation on parameters for the generalizesions [9-11], the applications of Lie theory [12-14], Mei
Birkhoffian system is of universal significance, and we taksymmetry and its applications [15, 16] and so on.

a nonholonomic system anq a nonconservative systgm as€X- Birkhoffian mechanics is a natural generalization of
amples to illustrate the application of the results of this PaPefy 4 miltonian mechanics [17, 18] its core is the REBirkhoff

principle and Birkhéf’'s equations. Hamilton’s principle
Keywords Birkhoffian system Method of integration  is a special form of the Pfa-Birkhoff principle, Hamilton
Variation on parameteMonholonomic constraintNoncon-  canonical equations are a special form of Birkloequa-
servative system tions. Hamilton canonical equations remain the same under
a canonical transformation, and become Birfkiseequations
) under a general non-canonical transformation. Therefore,
1 Introduction the theory of Birkhd@fian mechanics is applicable to Hamilto-
nian mechanics, Lagrangian mechanics and Newtonian me-
The integration problems of a dynamical system are maj gh?mcs, .and alsho appI|C<151bIe toAgerr:eraI holonom|cBgn|:jhn?n-
issues worthy of continuous research [1]. The classical inf-.O onomic mechanics [18]. At t_e same time, Birkhot-
ian mechanics can also be applied to quantum mechan-

tegration methods for dynamical equations of analytical me- - ; ' .
g y 9 vt ics, statistical mechanics, atomic and molecular physics,

chanics include Routh reduction method, Whittaker reduc?adron physics, biological physics and engineering and other
tion method, Poisson theorem, canonical transformation elds [17]. In 1989, Galiullan [19] pointed out that it is an

Hamilton-Jacobi method, and integral invariants and so L :
important developmental direction of modern analytical me-

: : : chanics to study Birkhian mechanics. And the integration
The pI’O]ect was Supported by the National Natural Science Fouriheory Of the Blrkhman System |S an |mp0rtant aspect for

dation of China (10972151). the study of Birkhdiian dynamics [18]. Santilli extended
the Hamilton-Jacobi method to the Birkifian system on
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son theory of the Birkhilian system, the field method for method of variation of the parameters can be divided into
integrating Birkhdf’s equations, and the inverse problemstwo steps.

of dynamics of Birkhéfian mechanics and so on. Recently, In the first step, we construct an auxiliary system and
Zheng and Mei [21] studied the first integrals and reductioffind its general solution. Let the auxiliary equations corre-
of the Birkhdfian system. Zhang [22] extended the Routhsponding to Eg. (3) be

method of reduction of holonomic systems to the Birkhof- (68 6Rv)

fian system. Ge [23] extended the time-integral theorems &' = Q¥ Fr + it (4)
nonholonomic systems to the Birkfiian system [24]. Li ) . ]
and Mei [1, 25] extended the method of the Jacobi last mutASSuming that a general solution of Egs. (4) is
tiplier for solving dynamical equations of holonomic con-g = gi(q?, a2, - - ,a®1), (5)
servative systems to the generalized Hamilton system [26] i i i

and the generalized Birkffitan system [27]. Liu [28] pre- wherea* are the constants of integration whlch are the value
sented a general method for solving nonholonomic systenfd & whent = 0. Without loss of generality, we take' as
with non-Chetaev’s constraints, i.e. the method of variatiof€W variables, and make a variable substitution by Eq. (5),
on parameters. Zhang and Han [29] extended the method &'d choose

a system of generalized classical mechanics. In this papey. _ B*(a, 1) = ( _
we will further apply the method of variation on parameters ’

to solve the integration issues of the generalized Birkhof- oa’
fian system. The method of variation on parameters of th& = Rul@.t) = (@RV)(“’ 0.
Birkhoffian system is of universal importance. We bring a oR OR,
nonholonomic system and a nonconservative system into the;, = Fyiay ’:

generalized Birkhfiian system, and apply the results of this @ @

paper to the nonholonomic system and the nonconservatiie” v = Our-

system. Then we can easily obtain [17]
2 Differential equations of motion of the system at = Q“V*(% + %) (7)

The transformation equation (5) is a generalized canonical

o’
B- —R
ot V)(a’ 0

(6)

The diferential equations of motion of a general'Zedtransformation,and we have [17]
Birkhoffian system are [30]

B 9 da* Oa¥
According to the properties of generalized canonical trans-

whereB = B(a,{) is called a Birkhdian,R, = R,(a.t) aré  ormation, the transformation equation (5) has an inverse
Birkhoft’s functions, and the arbitrary fierentiable func- transformation and we assume that

tionsA, = Au(a,t) are called additional items and
ot = o#(al,a?,--- ,a"t). 9)

0R, OR,
9 da’ () Ssince the Formula (9) is a first integral of Egs. (4), we have

= Qo 8)

Q=

is called Birkhdt’s tensor. A mechanical system whose mo-da*  da* (9B R\ 0
tion can be described by Birkfits equations (1), or aphysi- gt * gar (@ + 7) -

cal system whose state can be described by Bifldiequa- In the second step, we vary the parameters, and work

tions (1), is called a generalized_BirIdﬁu:m syste_m [31]- out a solution of Birkhé’s equation (3). Suppose the solu-
WhenA, =0 (u=12---,2n), Birkhoff’s equations (1) o of Eq. (3) still has the form of the Formula (5), ant!
become the diierential equations of motion of a Birkfian here is no more a constant but a function of varialsiesd
system. _ _ _ timet. Differentiating Eq. (9) with respect to timewe get
Suppose that the system (1) is nonsingular, i.e. ) )
det@,,) # O, then all ofa* can be solved from Eq. (1), 4« = 9a* + o,
ot

(10)

and we get oar
o (9B R -0 (B, TR
o = O (@ + a—tV —A,,), 3 s \gae T ot
whereQ*Q,, = .. ‘%L#va(a_B R —A )
T \ow T ot ¥
Fatl H
3 Method of variation on parameters of the system _ _ZZV v, (11)

The procedure for solving Birktifis equation (3) with the By using the relation (8), Eq. (11) can be written as follows
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. o 1 t 2.2
at = —QH‘T*a—AP. (12) a‘=aj+adt- 5 arctarbt * o In(l + bet?),
a(T
Hence we obtain 2 1 1 _t 5.9
e (o e ; a a/o + aot 0 arctarbt + b 2b In(1 + b°t9), (20)
a” = 0 f 3_A t. (13) a3 — ag’

In the discussion abovg, = 1,2,---,2n. Substituting the a* = of.

Formula (13) into Eq. (5), we obtain the solution of the dif-E tion (20 th | soluti fh bl d
ferential equations (3) of motion of the generalized Birkhof- quation (. ) are e general solution ot the problem under
fian system. Therefore we have: consideration, which are in correspondence with the results

given by Mei using the field method [18].
Proposition 1. For a generalized Birkiban system (1),

if the Formula (5) is a general solution of auxiliary equa-

tions (4), then the general solution of Eq. (3) for the gener4 The application of the results

alized Birkhdfian system can be written as the Formula (5),

in whicho* is determined by the Formula (13).

Example 1. Consider a generalized Birkfimn system,

whose Birkhdiian and Birkhd’s functions are

B = SI(@)? + (@Y7,

(14)
Rl = a3, Rz = a4, Rg = 0, R4 = 0,
and the additional items are
1
A1=0, A=0, Az= b arctarbt,
(15)

— 1 212
Ag = 5 In(1+ 79,

Let us try to find the motion of the system with the method(s=1,2,---

of variation on parameters.

It can be divided into two steps to solve this problem.
First of all, we construct an auxiliary system and find its so-

lution. For this problem, Eq. (4) give

al=as a=a*, a*=0 a*=0. (16)
The solution of Eq. (16) is
al = ol + o, a2 = o? + o™,

17)

3

a8 = a3, 4

at = ao?,

wheree* (u=1,2,---

give
at = 1 arctarbt, a? = 1 In(1 + b?t?),

b 2b (18)
@® =0, a*=0.

Integrating Eq. (18), we have

at=a} - % arctarbt + 50 In(l + b?t?),
a?=aj - 1 arctarbt + — t In(1 + b?t?),
02 b b (19)
o= ag,
a/4 = O,’é.

Substituting Eqg. (19) into Eq. (17), we obtain

,4) are the constants of integration.
Second, we make a variation of constants, and find th
motion of the generalized Birkidan system. Equation (12)

As Birkhoffian mechanics is a generalization of Hamiltonian
mechanics, and all holonomic systems and nonholonomic
systems can be brought into Birkfian systems [18], and
the method of variation on parameters is a basic method for
solving diterential equations, so this method of variation on
parameters for generalized Birkfian system is of univer-
sal significance. Here we only take a nonholonomic system
and a nonconservative system as examples to illustrate the
application of the above results.

First of all, let us study on a nonholonomic system.

Suppose that the configuration of a mechanical
system is determined by generalized coordinatesgy
,n). The system is subjectedgddeal nonholo-
nomic constraints of Chetaev's type

fst,d, =0, p=12,---,0

The diferential equations of motion of the system can be
written in the form

doL L Y (‘3fﬁ
dtogs dgs aq$
wherelL is the Lagrangian of the systent, are the constraint
multipliers. Assuming that the system is non-singular, we
can seekls as the functions of, g, g before integrating the
%ifferential equations of motion [2].

Introducing the generalized momenta and the Hamilto-
nian

(21)

s=1,2---,n, (22)

oL .

=—, H= -L, 23
Ps = 56 Psds (23)
then Egs. (22) can be written partially in the canonical form
. oH _ oH

=—, =—— + P, =12---,n, (24
% = 7n. Ps=—7g. * Ps s n, (24)
where
Let

> M:1929""n’
&= % (25)
Pu-n; u=n+1n+2 ---,2n,
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R = P p=12---.n, (26) Letal = qi, a® = Gp, @ = O3, a* = p1, @ = Pz, @ = ps, we
0, u=n+1n+2.-.-,2n, have
- 1 1
[ Pe m=12000m ony @@ R
“1 o, g=n+1n+2--,2n, Ry = &, Ry = 2,
whereP, = P,(t,a) = P,(t.q(a), p(a)), then Egs. (24) can R, = 25, R, = 0,
be written in the contravariant algebraic form
oH Rs =0, Rs =0,
a“:Q"V( —AV), =1,2---,2n. 28 37
oar K (28) Ay = —}a“a6 tanas, Ay = %a“ae, 37)
The motion of the nonholonomic systems (21) and (22) can
be found in the motions of system (28), if only the initial con- A3 =0, A4 =0,
plitions satisfy the nonholonomic constraints equation (21)4; = 0, Ag = 0.
ie. - . :
- The auxiliary equations (30) give
fa(t,a) = 0, =12,---,0. 29
ﬁ( ag) ﬂ . g . ( ) alza4 'aZ:a5 '3_3:1'a6
The auxiliary equations corresponding to Eq. (28) is ’ ’ k (38)
. oH at=0, a =0, a=0.
A= ——, u=12.-.-,2n (30)
oa Equation (38) have a following solution
Therefore we have: Al = ot + ot 2= o+ o5t
Proposition 2. For a nonholonomic systems (21) and (22),
if the Formula (5) is a general solution of auxiliary equationsa® = o + East’ at=a?, (39)
(30), then the general solution of equations for the nonholo- 5 5 5
nomic system can be written as the Formula (5), in wlith @ =a a’=a,
is determined by the Formula (13) and the initial conditionsyherea” (u = 1,2,- - - , 6) are the constants of integration.
satisfy the condition equation (29). Equation (12) give
Example 2. As an example, we study the inertial motion of t 1
Chaplygin sled [32]. The Lagrangian of the system is at = Ra“aG tan(a3 + Raet),
1., . 1.
L= E(x2 +V2) + §k¢2, (B1) 42- _£a4ae
wherek is a constant. The nonholonomic constraint equationys _
is ’ 1 1 (40)
y = Xtang. (32) at = _Ea4a6 tan(a3 + Eaﬁt)’
Letgr = X, G2 = Y, O3 = ¢, the diferential equations ., 1 , 6,
(22) of motion give TR
01 = -Atangs, G2=4, kdz=0. (33) a°=0.
From Egs. (32) and (33), we can easily find the multiplier agntegrating Egs. (40), we have
. b
A= i SO T & Sm(% ot)
The generalized momenta and the Hamiltonian of the system ag cosag k
are, respectively, oAt ob 4
. . i - cos(a/g + ?Ot) - —2 tana,
Pr=01, P2=02, P3=K04s, - cosa3 g
1 1 4 6
- 50D 0d o= om0
The forces corresponding to the nonholonomic constraint o €Oy
(32) are agt , ( 3 a/g kozg
———=Ssin(« +—t)+—, 41
Py =~ pipstang cosag LT K ag ()
1= —7,MLM3 35
. %) ¢
P2 = —p1ps, (36) 4 6
k 4 @y 3 @y
a” = 3 COS(G’O + —t),
P; = 0. coSa k

0
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ot a8
a® = a2 + —2_ sin(ad + -2t) - o2 tanad,
0 3 0Tk 0 0
S
0
6_ 6
a® = ag.

Substituting Egs. (41) into Egs. (39), we obtain

ka2 . a8 kot
al=aj+ 6—03 sm(ag + —Ot) - —60 tana3,
af cosay k :
04 6
& =al+aft- ——— cos(ag + —Ot)
abcosad

lows [7]
1. . . .
L= é((ﬁ +05), Qf = —Q, 7 = —Q1. (48)

Let us try to find the motion of the system with the above
method.

From Eq.(48), the generalized momenta and the
Hamiltonian of the system are

) . 1
Pr=th,  P2=G  H=3(+p) (49)
The nonconservative forces are
Qi = —p2s Y = —p1. (50)

1 (42) Letal=aq, a® =g, a® = p1, a* = pz, then we have
a3 = Cl’g + Ragt, 1
4 6 H= E[(aa)z + (@],
at = 20 _cogfad + 20
- cosa? T ) Ry = a3, R, = a,
g ad Rs =0, Ry =0, (51)
5_ 5 inf 3 4 04 _ 4 3 . ~
a’=ap+ - (3) sm(ao + " t) agtanag, A =0 = —a, Np= 0 = a8,
616 = Clg. A3 = O, A4 =0.
The condition equation (32) gives The auxiliary equations corresponding to Eq. (47) give
a/g = ag tanag. (43) al=ad a2 = a*, 52)
Therefore, the solution of the problem is given by Formulaed® = 0, a*=0.
(42_) and (_43),_ in which there are five !ndependent constantsr.he solution of Egs. (52) is
This solution is in correspondence with the results given by
Ref. [32]. al=at+a%, & =ad?+a,
Second, let us study on a nonconservative system. 53 _ 43, a* = o?, (53)

The diferential equations of motion of the system can

be written as follows

dJiL oL
- - =1.2---.n 44
dtogs 0gs s’ S=Len (44)

Equation (44) can still be written in the contravariant alge-43 = —g4, ot = —ab.

braic form

- Av), M= 17 27 RS 2n7 (45)
where

As = Q4 = Q4(t, @) = Q¢(t, q(a), p(a)), )
Anis =0, s=12---,n

The auxiliary equations corresponding to Eq. (45) are

. oH
F=O— 4y=12---,2n 47
s M (47)

Therefore we have:

3
Proposition 3. For a nonconservative system (44), if the a

whereo* (u = 1,2, 3,4) are the constants of integration.
Equation (12) gives

al = o’t, a? = o,
(54)
Integrating Eq. (54), we have
at = af — a(tcht — sht) + (1 - cht + tstt),
a? = a + a3(1 - cht + tsht) — af(tcht — sh), (55)
ad = agcht - a/ésft,
at = —agsft + a/écht.
Substituting Eq. (55) into Eq. (53), we obtain
al = af + a3sht + (1 - cht),
al = aé + ag(l — cht) + agsft, (56)

_ .3 4
= agcht — agsht,

Formula (5) is a general solution of auxiliary equations (47)a* = agcht - agsh.

then the general solution of Egs. (45) for the NONCONSENE: o Eormulae (56) are the general solution of the problem.

This solution is in correspondence with the results given by
Vujanovic using the gradient method in Ref. [7]. For this

tive system can be written as the Formula (5), in whi€hs
determined by the Formula (13).

Example 3. Let us study a nonconservative system as folproblem, our method is simpler than the gradient method.
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