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Abstract This paper focuses on studying the integration
method of a generalized Birkhoffian system. The method
of variation on parameters for the dynamical equations of a
generalized Birkhoffian system is presented. The procedure
for solving the problem can be divided into two steps: the
first step, a system of auxiliary equations is constructed and
its general solution is given; the second step, the parameters
are varied, and the solution of the problem is obtained by us-
ing the properties of generalized canonical transformation.
The method of variation on parameters for the generalized
Birkhoffian system is of universal significance, and we take
a nonholonomic system and a nonconservative system as ex-
amples to illustrate the application of the results of this paper.

Keywords Birkhoffian system· Method of integration·
Variation on parameter·Nonholonomic constraint·Noncon-
servative system

1 Introduction

The integration problems of a dynamical system are major
issues worthy of continuous research [1]. The classical in-
tegration methods for dynamical equations of analytical me-
chanics include Routh reduction method, Whittaker reduc-
tion method, Poisson theorem, canonical transformations,
Hamilton-Jacobi method, and integral invariants and so
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on [1–4]. The diversity of forces and the complexity of con-
straints increase the difficulty of integration. It is an im-
portant part of analytical mechanics to research integration
methods of complex mechanical systems: one reason is to
extend the classical integration methods of holonomic con-
servative systems to the nonconservative or nonholonomic
systems to some extent [5, 6]; the other is to develop modern
methods, such as the gradient method and the field method
and their extensions [7, 8], Noether theorem and its exten-
sions [9–11], the applications of Lie theory [12–14], Mei
symmetry and its applications [15, 16] and so on.

Birkhoffian mechanics is a natural generalization of
Hamiltonian mechanics [17, 18] its core is the Pfaff–Birkhoff
principle and Birkhoff’s equations. Hamilton’s principle
is a special form of the Pfaff–Birkhoff principle, Hamilton
canonical equations are a special form of Birkhoff’s equa-
tions. Hamilton canonical equations remain the same under
a canonical transformation, and become Birkhoff’s equations
under a general non-canonical transformation. Therefore,
the theory of Birkhoffian mechanics is applicable to Hamilto-
nian mechanics, Lagrangian mechanics and Newtonian me-
chanics, and also applicable to general holonomic and non-
holonomic mechanics [18]. At the same time, Birkhof-
fian mechanics can also be applied to quantum mechan-
ics, statistical mechanics, atomic and molecular physics,
hadron physics, biological physics and engineering and other
fields [17]. In 1989, Galiullan [19] pointed out that it is an
important developmental direction of modern analytical me-
chanics to study Birkhoffian mechanics. And the integration
theory of the Birkhoffian system is an important aspect for
the study of Birkhoffian dynamics [18]. Santilli extended
the Hamilton-Jacobi method to the Birkhoffian system on
the basis of an in-depth study of the transformation theory
of Birkhoff’s equations [17]. Galiullan et al. studied the in-
verse problems of dynamics of the Birkhoffian system, the
symmetry and the integral invariants of the Birkhoffian sys-
tem and so on [19, 20]. Mei et al. [18] established the Pois-



1060 Y. Zhang

son theory of the Birkhoffian system, the field method for
integrating Birkhoff’s equations, and the inverse problems
of dynamics of Birkhoffian mechanics and so on. Recently,
Zheng and Mei [21] studied the first integrals and reduction
of the Birkhoffian system. Zhang [22] extended the Routh
method of reduction of holonomic systems to the Birkhof-
fian system. Ge [23] extended the time-integral theorems of
nonholonomic systems to the Birkhoffian system [24]. Li
and Mei [1, 25] extended the method of the Jacobi last mul-
tiplier for solving dynamical equations of holonomic con-
servative systems to the generalized Hamilton system [26]
and the generalized Birkhoffian system [27]. Liu [28] pre-
sented a general method for solving nonholonomic systems
with non-Chetaev’s constraints, i.e. the method of variation
on parameters. Zhang and Han [29] extended the method to
a system of generalized classical mechanics. In this paper
we will further apply the method of variation on parameters
to solve the integration issues of the generalized Birkhof-
fian system. The method of variation on parameters of the
Birkhoffian system is of universal importance. We bring a
nonholonomic system and a nonconservative system into the
generalized Birkhoffian system, and apply the results of this
paper to the nonholonomic system and the nonconservative
system.

2 Differential equations of motion of the system

The differential equations of motion of a generalized
Birkhoffian system are [30]

Ωµνȧν −
∂B
∂aµ
−
∂Rµ
∂t
= −Λµ, µ, ν = 1,2, · · · ,2n, (1)

whereB = B(a, t) is called a Birkhoffian,Rµ = Rµ(a, t) are
Birkhoff’s functions, and the arbitrary differentiable func-
tionsΛµ = Λµ(a, t) are called additional items and

Ωµν =
∂Rν
∂aµ
−
∂Rµ
∂aν
, (2)

is called Birkhoff’s tensor. A mechanical system whose mo-
tion can be described by Birkhoff’s equations (1), or a physi-
cal system whose state can be described by Birkhoff’s equa-
tions (1), is called a generalized Birkhoffian system [31].
WhenΛµ = 0 (µ = 1,2, · · · ,2n), Birkhoff’s equations (1)
become the differential equations of motion of a Birkhoffian
system.

Suppose that the system (1) is nonsingular, i.e.
det(Ωµν) , 0, then all ofȧµ can be solved from Eq. (1),
and we get

ȧµ = Ωµν
(
∂B
∂aν
+
∂Rν
∂t
− Λµ

)
, (3)

whereΩµνΩντ = δµτ.

3 Method of variation on parameters of the system

The procedure for solving Birkhoff’s equation (3) with the

method of variation of the parameters can be divided into
two steps.

In the first step, we construct an auxiliary system and
find its general solution. Let the auxiliary equations corre-
sponding to Eq. (3) be

ȧµ = Ωµν
(
∂B
∂aν
+
∂Rν
∂t

)
. (4)

Assuming that a general solution of Eqs. (4) is

aµ = aµ(α1, α2, · · · , α2n, t), (5)

whereαµ are the constants of integration which are the value
of aµ whent = 0. Without loss of generality, we takeαµ as
new variables, and make a variable substitution by Eq. (5),
and choose

B∗ = B∗(α, t) =
(
B−
∂aν

∂t
Rν
)
(α, t),

R∗µ = R∗µ(α, t) =
(
∂aν

∂αµ
Rν
)
(α, t),

Ω∗µν =
∂R∗ν
∂αµ
−
∂R∗µ
∂αν
,

Ωµν∗Ω∗ντ = δµτ.

(6)

Then we can easily obtain [17]

α̇µ = Ωµν∗
(
∂B∗

∂αν
+
∂R∗ν
∂t

)
. (7)

The transformation equation (5) is a generalized canonical
transformation, and we have [17]

∂αµ

∂aρ
Ωρσ
∂αν

∂aσ
≡ Ωµν∗. (8)

According to the properties of generalized canonical trans-
formation, the transformation equation (5) has an inverse
transformation and we assume that

αµ = αµ(a1,a2, · · · ,a2n, t). (9)

Since the Formula (9) is a first integral of Eqs. (4), we have

∂αµ

∂t
+
∂αµ

∂aν
Ωνρ
(
∂B
∂aρ
+
∂Rρ
∂t

)
= 0. (10)

In the second step, we vary the parameters, and work
out a solution of Birkhoff’s equation (3). Suppose the solu-
tion of Eq. (3) still has the form of the Formula (5), andαµ

here is no more a constant but a function of variablesa and
time t. Differentiating Eq. (9) with respect to timet, we get

α̇µ =
∂αµ

∂t
+
∂αµ

∂aν
ȧν

= −
∂αµ

∂aν
Ωνρ
(
∂B
∂aρ
+
∂Rρ
∂t

)
+
∂αµ

∂aν
Ωνρ
(
∂B
∂aρ
+
∂Rρ
∂t
− Λρ

)
= −
∂αµ

∂aν
ΩνρΛρ. (11)

By using the relation (8), Eq. (11) can be written as follows
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α̇µ = −Ωµσ∗
∂aρ

∂ασ
Λρ. (12)

Hence we obtain

αµ = α
µ
0 −

∫
Ωµσ∗

∂aρ

∂ασ
Λρdt. (13)

In the discussion above,µ = 1,2, · · · ,2n. Substituting the
Formula (13) into Eq. (5), we obtain the solution of the dif-
ferential equations (3) of motion of the generalized Birkhof-
fian system. Therefore we have:

Proposition 1. For a generalized Birkhoffian system (1),
if the Formula (5) is a general solution of auxiliary equa-
tions (4), then the general solution of Eq. (3) for the gener-
alized Birkhoffian system can be written as the Formula (5),
in whichαµ is determined by the Formula (13).

Example 1. Consider a generalized Birkhoffian system,
whose Birkhoffian and Birkhoff’s functions are

B =
1
2

[(a3)2 + (a4)2],

R1 = a3, R2 = a4, R3 = 0, R4 = 0,
(14)

and the additional items are

Λ1 = 0, Λ2 = 0, Λ3 =
1
b

arctanbt,

Λ4 =
1
2b

ln(1+ b2t2).
(15)

Let us try to find the motion of the system with the method
of variation on parameters.

It can be divided into two steps to solve this problem.
First of all, we construct an auxiliary system and find its so-
lution. For this problem, Eq. (4) give

ȧ1 = a3, ȧ2 = a4, ȧ3 = 0, ȧ4 = 0. (16)

The solution of Eq. (16) is

a1 = α1 + α3t, a2 = α2 + α4t,

a3 = α3, a4 = α4,
(17)

whereαµ (µ = 1,2, · · · ,4) are the constants of integration.
Second, we make a variation of constants, and find the

motion of the generalized Birkhoffian system. Equation (12)
give

α̇1 = −
1
b

arctanbt, α̇2 = −
1
2b

ln(1+ b2t2),

α̇3 = 0, α̇4 = 0.
(18)

Integrating Eq. (18), we have

α1 = α1
0 −

t
b

arctanbt+
1

2b2
ln(1+ b2t2),

α2 = α2
0 −

1
b2

arctanbt+
t
b
−

t
2b

ln(1+ b2t2),

α3 = α3
0,

α4 = α4
0.

(19)

Substituting Eq. (19) into Eq. (17), we obtain

a1 = α1
0 + α

3
0t −

t
b

arctanbt+
1

2b2
ln(1+ b2t2),

a2 = α2
0 + α

4
0t −

1
b2

arctanbt+
t
b
−

t
2b

ln(1+ b2t2),

a3 = α3
0,

a4 = α4
0.

(20)

Equation (20) are the general solution of the problem under
consideration, which are in correspondence with the results
given by Mei using the field method [18].

4 The application of the results

As Birkhoffian mechanics is a generalization of Hamiltonian
mechanics, and all holonomic systems and nonholonomic
systems can be brought into Birkhoffian systems [18], and
the method of variation on parameters is a basic method for
solving differential equations, so this method of variation on
parameters for generalized Birkhoffian system is of univer-
sal significance. Here we only take a nonholonomic system
and a nonconservative system as examples to illustrate the
application of the above results.

First of all, let us study on a nonholonomic system.
Suppose that the configuration of a mechanical

system is determined byn generalized coordinatesqs

(s= 1,2, · · · ,n). The system is subjected tog ideal nonholo-
nomic constraints of Chetaev’s type

fβ(t, q, q̇) = 0, β = 1,2, · · · ,g. (21)

The differential equations of motion of the system can be
written in the form

d
dt
∂L
∂q̇s
−
∂L
∂qs
= λβ
∂ fβ
∂q̇s
, s= 1,2, · · · ,n, (22)

whereL is the Lagrangian of the system,λβ are the constraint
multipliers. Assuming that the system is non-singular, we
can seekλβ as the functions oft, q, q̇ before integrating the
differential equations of motion [2].

Introducing the generalized momenta and the Hamilto-
nian

ps =
∂L
∂q̇s
, H = psq̇s − L, (23)

then Eqs. (22) can be written partially in the canonical form

q̇s =
∂H
∂ps
, ṗs = −

∂H
∂qs
+ Ps, s= 1,2, · · · ,n, (24)

where

Ps = Ps(t, q, p) = λβ(t, q, p)
∂ fβ
∂q̇s

(t, q, p).

Let

aµ =

 qµ, µ = 1,2, · · · ,n,

pµ−n, µ = n+ 1, n+ 2, · · · , 2n,
(25)
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Rµ =

 pµ, µ = 1,2, · · · ,n,

0, µ = n+ 1,n+ 2, · · · ,2n,
(26)

Λµ =

 P̃µ, µ = 1,2, · · · ,n,

0, µ = n+ 1,n+ 2, · · · ,2n,
(27)

whereP̃µ = P̃µ(t, a) = Pµ(t, q(a), p(a)), then Eqs. (24) can
be written in the contravariant algebraic form

ȧµ = Ωµν
(
∂H
∂aν
− Λν

)
, µ = 1,2, · · · ,2n. (28)

The motion of the nonholonomic systems (21) and (22) can
be found in the motions of system (28), if only the initial con-
ditions satisfy the nonholonomic constraints equation (21),
i.e.

f̃β(t,a
µ
0) = 0, β = 1,2, · · · ,g. (29)

The auxiliary equations corresponding to Eq. (28) is

ȧµ = Ωµν
∂H
∂aν
, µ = 1,2, · · · ,2n. (30)

Therefore we have:

Proposition 2. For a nonholonomic systems (21) and (22),
if the Formula (5) is a general solution of auxiliary equations
(30), then the general solution of equations for the nonholo-
nomic system can be written as the Formula (5), in whichαµ

is determined by the Formula (13) and the initial conditions
satisfy the condition equation (29).
Example 2. As an example, we study the inertial motion of
Chaplygin sled [32]. The Lagrangian of the system is

L =
1
2

(ẋ2 + ẏ2) +
1
2

kϕ̇2, (31)

wherek is a constant. The nonholonomic constraint equation
is

ẏ = ẋ tanϕ. (32)

Let q1 = x, q2 = y, q3 = ϕ, the differential equations
(22) of motion give

q̈1 = −λ tanq3, q̈2 = λ, kq̈3 = 0. (33)

From Eqs. (32) and (33), we can easily find the multiplier as

λ = q̇1q̇3. (34)

The generalized momenta and the Hamiltonian of the system
are, respectively,

p1 = q̇1, p2 = q̇2, p3 = kq̇3,

H =
1
2

(p2
1 + p2

2) +
1
2k

p2
3.

(35)

The forces corresponding to the nonholonomic constraint
(32) are

P1 = −
1
k

p1p3 tanq3,

P2 =
1
k

p1p3,

P3 = 0.

(36)

Let a1 = q1, a2 = q2, a3 = q3, a4 = p1, a5 = p2, a6 = p3, we
have

H =
1
2

[(a4)2 + (a5)2] +
1
2k

(a6)2,

R1 = a4, R2 = a5,

R3 = a6, R4 = 0,

R5 = 0, R6 = 0,

Λ1 = −
1
k

a4a6 tana3, Λ2 =
1
k

a4a6,

Λ3 = 0, Λ4 = 0,

Λ5 = 0, Λ6 = 0.

(37)

The auxiliary equations (30) give

ȧ1 = a4, ȧ2 = a5, ȧ3 =
1
k

a6,

ȧ4 = 0, ȧ5 = 0, ȧ6 = 0.
(38)

Equation (38) have a following solution

a1 = α1 + α4t, a2 = α2 + α5t,

a3 = α3 +
1
k
α6t, a4 = α4,

a5 = α5, a6 = α6,

(39)

whereαµ (µ = 1,2, · · · ,6) are the constants of integration.
Equation (12) give

α̇1 =
t
k
α4α6 tan

(
α3 +

1
k
α6t
)
,

α̇2 = −
t
k
α4α6,

α̇3 = 0,

α̇4 = −
1
k
α4α6 tan

(
α3 +

1
k
α6t
)
,

α̇5 =
1
k
α4α6,

α̇6 = 0.

(40)

Integrating Eqs. (40), we have

α1 = α1
0 +

kα4
0

α6
0 cosα3

0

sin
(
α3

0 +
α6

0

k
t
)

−
α4

0t

cosα3
0

cos
(
α3

0 +
α6

0

k
t
)
−

kα4
0

α6
0

tanα3
0,

α2 = α2
0 −

kα4
0

α6
0 cosα3

0

cos
(
α3

0 +
α6

0

k
t
)

−
α4

0t

cosα3
0

sin
(
α3

0 +
α6

0

k
t
)
+

kα4
0

α6
0

, (41)

α3 = α3
0,

α4 =
α4

0

cosα3
0

cos
(
α3

0 +
α6

0

k
t
)
,
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α5 = α5
0 +

α4
0

cosα3
0

sin
(
α3

0 +
α6

0

k
t
)
− α4

0 tanα3
0,

α6 = α6
0.

Substituting Eqs. (41) into Eqs. (39), we obtain

a1 = α1
0 +

kα4
0

α6
0 cosα3

0

sin
(
α3

0 +
α6

0

k
t
)
−

kα4
0

α6
0

tanα3
0,

a2 = α2
0 + α

5
0t −

kα4
0

α6
0 cosα3

0

cos
(
α3

0 +
α6

0

k
t
)

+
kα4

0

α6
0

− α4
0t tanα3

0,

a3 = α3
0 +

1
k
α6

0t,

a4 =
α4

0

cosα3
0

cos
(
α3

0 +
α6

0

k
t
)
,

a5 = α5
0 +

α4
0

cosα3
0

sin
(
α3

0 +
α6

0

k
t
)
− α4

0 tanα3
0,

a6 = α6
0.

(42)

The condition equation (32) gives

α5
0 = α

4
0 tanα3

0. (43)

Therefore, the solution of the problem is given by Formulae
(42) and (43), in which there are five independent constants.
This solution is in correspondence with the results given by
Ref. [32].

Second, let us study on a nonconservative system.
The differential equations of motion of the system can

be written as follows
d
dt
∂L
∂q̇s
−
∂L
∂qs
= Q′′s , s= 1,2, · · · ,n. (44)

Equation (44) can still be written in the contravariant alge-
braic form

ȧµ = Ωµν
(
∂H
∂aν
− Λν

)
, µ = 1,2, · · · ,2n, (45)

where

Λs = Q̃′′s = Q̃′′s (t, a) = Q′′s (t, q(a), p(a)),

Λn+s = 0, s= 1,2, · · · ,n.
(46)

The auxiliary equations corresponding to Eq. (45) are

ȧµ = Ωµν
∂H
∂aν
, µ = 1,2, · · · ,2n. (47)

Therefore we have:

Proposition 3. For a nonconservative system (44), if the
Formula (5) is a general solution of auxiliary equations (47),
then the general solution of Eqs. (45) for the nonconserva-
tive system can be written as the Formula (5), in whichαµ is
determined by the Formula (13).

Example 3. Let us study a nonconservative system as fol-

lows [7]

L =
1
2

(q̇2
1 + q̇2

2), Q′′1 = −q̇2, Q′′2 = −q̇1. (48)

Let us try to find the motion of the system with the above
method.

From Eq. (48), the generalized momenta and the
Hamiltonian of the system are

p1 = q̇1, p2 = q̇2, H =
1
2

(p2
1 + p2

2). (49)

The nonconservative forces are

Q′′1 = −p2, Q′′2 = −p1. (50)

Let a1 = q1, a2 = q2, a3 = p1, a4 = p2, then we have

H =
1
2

[(a3)2 + (a4)2],

R1 = a3, R2 = a4,

R3 = 0, R4 = 0,

Λ1 = Q̃′′1 = −a4, Λ2 = Q̃′′2 = −a3,

Λ3 = 0, Λ4 = 0.

(51)

The auxiliary equations corresponding to Eq. (47) give

ȧ1 = a3, ȧ2 = a4,

ȧ3 = 0, ȧ4 = 0.
(52)

The solution of Eqs. (52) is

a1 = α1 + α3t, a2 = α2 + α4t,

a3 = α3, a4 = α4,
(53)

whereαµ (µ = 1,2,3,4) are the constants of integration.
Equation (12) gives

α̇1 = α4t, α̇2 = α3t,

α̇3 = −α4, α̇4 = −α3.
(54)

Integrating Eq. (54), we have

α1 = α1
0 − α

3
0(tcht − sht) + α4

0(1− cht + tsht),

α2 = α2
0 + α

3
0(1− cht + tsht) − α4

0(tcht − sht),

α3 = α3
0cht − α4

0sht,

α4 = −α3
0sht + α4

0cht.

(55)

Substituting Eq. (55) into Eq. (53), we obtain

a1 = α1
0 + α

3
0sht + α4

0(1− cht),

a2 = α2
0 + α

3
0(1− cht) + α4

0sht,

a3 = α3
0cht − α4

0sht,

a4 = α4
0cht − α3

0sht.

(56)

The Formulae (56) are the general solution of the problem.
This solution is in correspondence with the results given by
Vujanovíc using the gradient method in Ref. [7]. For this
problem, our method is simpler than the gradient method.
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5 Conclusion

The method of variation on parameters for integrating a gen-
eralized Birkhoffian system is presented. With the method
of variation on parameters, the integration of a generalized
Birkhoffian system can be carried out in two steps. The first
step, an auxiliary system is constructed and solved. The cor-
responding free Birkhoffian system is chosen as an auxil-
iary system, and its general solution is found. The second
step, the variation on parameters is given, and the problem
comes down to solving Eq. (12). The method of variation on
parameters is a basic method for solving differential equa-
tions. A Birkhoffian system is a more universal dynamical
system than a Hamiltonian system, and the integration the-
ory of a Birkhoffian system is not only suitable for Hamil-
tonian and Lagrangian systems, also suitable for the general
holonomic systems and the nonholonomic systems. In this
paper, we bring nonholonomic systems and nonconservative
systems into generalized Birkhoffian systems, and apply the
method of variation on parameters for a generalized Birkhof-
fian systems to nonholonomic systems and nonconservative
systems. The method and results of this paper are of general
significance, which can be further used in other constrained
systems, such as the system of generalized mechanics, the
system of electromechanical dynamics and so on.
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