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Abstract A linear semi-continuum model with discrete
atomic layers in the thickness direction was developed to
investigate the bending behaviors of ultra-thin beams with
nanoscale thickness. The theoretical results show that the
deflection of an ultra-thin beam may be enhanced or re-
duced due to different relaxation coefficients. If the relax-
ation coefficient is greater/less than one, the deflection of
micro/nano-scale structures is enhanced/reduced in compar-
ison with macro-scale structures. So, two opposite types of
size-dependent behaviors are observed and they are mainly
caused by the relaxation coefficients. Comparisons with
the classical continuum model, exact nonlocal stress model
and finite element model (FEM) verify the validity of the
present semi-continuum model. In particular, an explanation
is proposed in the debate whether the bending stiffness of a
micro/nano-scale beam should be greater or weaker as com-
pared with the macro-scale structures. The characteristics of
bending stiffness are proved to be associated with the relax-
ation coefficients.
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1 Introduction

Micro/nano-scale materials and structures have recently re-
ceived considerable attention as these small-scale struc-
tures offer great potential applications. With the rapid de-
velopment of current nanotechnology, miniaturized struc-
tures with micro/nano-scale features can be precisely man-
ufactured and applied in the micro/nano-electromechanical
systems (MEMS/NEMS). The widespread availability of
MEMS/NEMS such as atomic force microscopes has re-
sulted in renewed interest in micro/nano-systems as chem-
ical, physical and biological sensors and devices. This de-
mands higher precision for the sensors, higher frequency
for the mixers, and the performance of these devices is ex-
tremely dependent on the properties of their ultra-thin beam-
like elements. These properties need to be well characterized
in order to control their functionality.

In comparison with the macro materials and structures,
some effects which are not observed at macro-size appear in
micro/nano-scale, such as the size-dependent effect. For in-
stance, according to the classical continuum theory, the stress
is singular at a crack tip despite how weak the external load
is. However, each material has limited fatigue strength and
in fact, atomic simulation and experiment proved its non-
singularity at the crack tip [1]. In a phonon scattering ex-
periment, it was demonstrated that the high frequency wave
is dispersive and the propagation velocity is related to fre-
quency [2] while, in comparison, the wave velocity is a con-
stant in classical mechanics. To analytically investigate the
size-dependent effect; the nonlocal theory [3], surface effect
theory [4] and strain gradient theory [5] have been proposed.
The nonlocal theory assumes that the stress at a point in the
continuous body is not only the function of the strain at that
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given point, but also related to the strains of all the points
in the body. Eringen’s nonlocal elasticity [3] allows one to
account for the small scale effect that becomes significant
when dealing with micro/nano-structures. Recently, Lim et
al. [6-8] proposed a new exact nonlocal stress model and
obtained some new conclusions according to Eringen’s non-
local field theory. The surface effect is present due to the
high ratio of surface to bulk in the micro/nano-scale struc-
tures, and the mechanical behaviors of several atomic layers
on surface really differ from the properties of the internal
atoms. The strain gradient theory consists of two groups,
the higher-order and lower-order sub-theories. For example,
in the higher-order theory, higher-order stresses are defined
to be the work-conjugate to strain gradient, thus leading to
the necessity of using higher-order governing equations and
boundary conditions. In recent years, a new strain gradient
theory, which was built based on the energy nonlocal model,
was presented by Yi et al. [9]. It was applied to investigate
the size effects for torsion of thin metallic wire, ultra-thin
beam bending and micro-indentation of polycrystalline cop-
per. Many papers discussed the static or dynamic properties
of nanobeams or carbon nanotubes (CNTs) based on nonlo-
cal elasticity theory [6-8,10,11]. Disregard some disputes in
the different conclusions according to the nonlocal nanoscale
field [6-8,10,11]. It is indeed found that size-effects exist
in the micro/nano-scale mechanical behaviors for buckling,
bending, wave propagation and free or forced vibration etc.
of micro/nano-scale structures.

As mentioned above, the classical continuum theory
fails at micro/nano-scale, some new approaches should be
constructed in addition to the traditional nonlocal theory, sur-
face effect theory, strain gradient theory, etc. in order to
suit for the development of new nanotechnology. As a re-
sult, the semi-continuum model emerged owing to the strin-
gent requirements of engineering and nanotechnology. The
semi-continuum model for lattice vibration of graphite was
proposed by Nagamiya and Komatsu [12] in the middle of
the 20th century and it was successful to express the disper-
sion relation of lattice vibration analytically. Based on this
work, Nihira and Iwata [13] discussed the temperature de-
pendence of lattice vibration and reported an analysis of the
specific heat of graphite. The mechanical properties of ultra-
thin films were initially addressed by Sun and Zhang [14]
based on a semi-continuum model, and it was useful for the
nanostructured materials that possess a plate-like geometry.
The work presented by Sun and Zhang [14] indicated that
the values of Young’s modulus and Poisson’s ratios strongly
depend on the number of atomic layers. Bao et al. [15] in-
vestigated the elastic modulus of nanometer silicon mem-
brane and concluded that the elastic modulus increases with
increasing membrane thickness. A recent work by Tang et
al. [16] pointed out two opposite types of size-dependence
for elastic modulus, which concluded an increase or decrease
with respect to thickness of the structures. The opposite ef-
fects were caused by long range attractive and repulsive in-
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teractions in pair potentials u(r;;) between atoms i and j [16].

In the present paper, a semi-continuum based method
for bending of an ultra-thin beam is developed. Two typical
end supporting conditions, i.e. fully clamped and cantilever
beams, are investigated. In contrast to the classical contin-
uum mechanics, the semi-continuum model accounts for dis-
crete nature in the thickness direction because the beam is ul-
tra thin. The paper extends the works of Sun and Zhang [14]
and Bao et al. [15] by building in relaxation and applying
into each one atomic layer on the upper and lower surfaces.
A comparison with classical mechanics shows that the re-
laxation coefficient is a key factor to the two opposite types
of size-dependence mentioned by Tang et al. [16]. Com-
parisons with finite element method (FEM) and experiment,
further determine the magnitude of relaxation coefficient in
specific cases. In particular, special attention is paid to the
influence of the relaxation coefficient on the deflection or
bending stiffness of the ultra-thin beam subjected to a con-
centrated load.

2 Semi-continuum model

Consider an ultra-thin silicon beam, with length L, width B
and thickness H, as shown in Fig. 1. The coordinate axes x
and y locate on the mid-surface and the z-axis is perpendic-
ular to this surface. The beam is assumed to be sufficiently
restrained in order to prevent lateral torsional buckling and
it is modeled in a regular tetrahedron lattice of atoms. The
cross section of the beam is illustrated in Fig. 2, where the
discrete black dots represent atoms and / denotes the atomic
layer ordinal. The distance between two adjacent atomic lay-
ers is the crystal lattice parameter a. The beam is thus as-
sumed to have N + 1 (N = 0,2,4,---) atomic layers and N
crystal lattices with the distance a between each lattice along
the thickness. Although only odd atomic layers N + 1 are
assumed for mathematical simplicity in theoretical deduc-
tion, the semi-continuum model is also applicable to ultra-
thin materials composed of even atomic layers [14]. The
traditional continuum mechanics is valid on the mid-plane
and other parallel planes but it is not suitable in the thick-
ness direction because of discreteness and divided layers of
atom. In this model, the atom bond is assumed to be spring
and the interatomic binding forces are equivalent to spring
potential function with an elastic coefficient k and the elastic
coefficient can be derived by the lattice dynamics for each
material [17]. This model considers only the forces of adja-
cent atoms and the interaction among nonadjacent atoms is
neglected.

Compared to the crystal lattice parameter, the thickness
of each atomic layer is assumed small enough to be ignored.
Note that much work on relaxation phenomenon have been
studied and published [18,19]. Because atoms on the free
surface have a smaller coordination number than its bulk,
the relaxation phenomenon usually exists both at macro and
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nano scales. Since the nano scale materials and structures
have much smaller external characteristic scales, the relax-
ation phenomenon should be considered even further. Due to
the relaxation effect, the atom bond in some surface atomic
layers may be different from the inner atoms and the crys-
tal lattice parameter in the surface could become ra, where
r is the relaxation coefficient [19]. In this paper, each layer
on the upper and lower surfaces is postulated to yield re-
laxation phenomenon, namely the distance of two adjacent
atomic layers is ra on the upper and lower surfaces while the
distance between the other adjacent atomic layers is still a.
Therefore, we have H = (N — 2 + 2r)a.
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Fig. 1 Sketch of an ultra-thin beam
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Fig. 2 The semi-continuum model for an ultra-thin beam

The displacements in x-, y- and z-axes are denoted by ,
v and w, respectively. Based on the semi-continuum model
and the equivalent spring method, the strain potential energy
of unit volume in the /-th layer for the bending beam is de-
rived similar to the approaches of Sun and Zhang [14] and
Bao et al. [15], as

k(N - 1) I I / 202 (2
m[( (v))c+8$v)+5§z))2+7§3 +7§cz) +7§z)]

k
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where k is the elastic coefficient of the spring, the number
of atomic layers N is assumed to satisfy N > 2, the super-

script (/) denotes the I-th layer and the strain components are
defined as [14]
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3 Linear model

The displacements are assumed to be small and, hence, the
axial load yielding by the bending can be ignored. Here,
only the strain potential energy due to bending deformation
is accounted for and the displacements in x- and y- axes are
much smaller than the one in z- direction. Because of very
thin atomic layers, we further have u* x O YD 5 0
and w*Y ~ w®_ For simplicity, the strain tensor in Eq. (2)
has only one nonzero component, given as

2
g(l) _ _Zd w
XX d_x2 M

The linear model which neglects axial elongation is
built for fully clamped and cantilever beams. Some com-
parisons of the linear semi-continuum model with the classi-
cal continuum model, exact nonlocal stress model and linear
FEM are presented below in detail.

3)

3.1 Fully clamped beams

For a fully clamped ultra-thin beam subjected to a downward
concentrated load P at the mid-point (x = L/2), the deflec-
tion function may be expressed as

2
(o) = = (1—c s%) O<x<L),

where wys is the maximum deflection occurring at the mid-
point.
The strain potential energy is defined as

4)

Na/2
Eine = f f U(l)adxdy (%)
z=-Na/2
From Egs. (1) to (5) above, one obtains
kBr*a*N(N + D)(N + 2)w2 [N — 1 1 6
- & + .
n 6(N -2 +2r)L3 6 r(r2 +2) ©
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For an ultra-thin beam with a concentrated load, the ex-
ternal work done by the concentrated load is given by

Wos
Wex = f P(wy)dws. )
0

According to the work-energy theorem, the work done
by the external load is converted to the strain potential en-
ergy. Energy in the two forms should be equal, or the varia-
tion 0(Ein — Wext) = 0. Hence, we have the following formu-
lae of static behaviors for the dimensional and dimensionless
deflections wg, and wps, and the bending stiffness Dy, re-
spectively

_ 3(N-2+20PL [N -1, ]71 s
Y0 T BRENN T DN+ )L 6 iR+l
_  3(N-2+429)P [N-1 1 7!
Vs = NN+ DN+l 6 P+ 2)] . (8b)
_ kBr*a®N(N + )(N +2)[N - 1 1 ] ©
T T3 -2+ 200 6 2+l

where wos = wos/L, P = P/kB and T = a/L is a parameter
common in nonlocal theory to be interpreted in detail in due
course.

The relation between dimensionless maximum deflec-
tion and the number of atomic layers is shown in Fig. 3
for some different dimensionless loads and relaxation coef-
ficients. The maximum deflection decreases quickly with
increasing atomic layers, especially when the number of
atomic layers is very small. When the number of atomic lay-
ers becomes large enough, deflection changes very slowly
and its value is close to the macro beam solution as will
be shown in the next part for a cantilever ultra-thin beam.
Therefore, the micro/nano-scale materials and structures
with fewer layers have significantly marked deflection. For
instance, when there are 10 atomic layers, the mid-point de-
flection of the ultra-thin beam is more than 200 times that of
70 atomic layers.

0 10 20 30 40 50 60 70

Fig. 3 Dimensionless maximum deflection versus the number of
atomic layers for a fully clamped beam with 7 = 0.1
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To demonstrate the size-dependent effect clearly, de-
flection without relaxation (» = 1.0) should be eliminated.
The ratio of dimensionless maximum deflection is shown in
Fig. 4, where the deflection with r = 1.0 is used as a nor-
malized denominator. Two kinds of size-dependence are ob-
served in Fig. 4, i.e. the deflection ratio decreases with in-
creasing atomic layers (for » > 1.0) and the deflection ratio
increases with increasing atomic layers (for » < 1.0). This
observation is similar to the size-dependence of elastic mod-
ulus proposed by Tang et al. [16] through intermolecular
potentials. The similar conclusion is obtained via two differ-
ent ways. This is because the relaxation coefficient is related
to molecular potential. Moreover, in tensile or compressive
tests at macro-scale, the stress-strain ratio (i.e. Young’s mod-
ulus) is a constant for a specific material even for test pieces
of varying sizes, namely, it is size-independent for materials
of macro-sizes. On the contrary, size-dependence is signifi-
cant for test pieces at micro/nano-scales. For linear deforma-
tion, relaxation coefficients induce changes of the thickness
and it is the main reason for size-dependence.

—a— 7, (r=14)/7, (r=1.0)
1.4 1 —— 7, (r=12)/7,,(r =1.0)
—a— 7, (r=0.8)/w, (r=1.0)
% 1.2 4 —— 7, (r=0.6)/7, (r =1.0)
‘g ] _0 E AR
8
2 081
0.6 4
0 20 40 60 80 100
N

Fig. 4 Size-dependence for a fully clamped beam with 7 = 0.1

Table 1 presents a comparison between the present
linear semi-continuum model and the linear FEM, where
the latter employs a commercial package ANSYS for
a fully clamped silicon nanobeam by Sundararajan and
Bhushan [20]. In their example, the upper width of the
beam was assumed to be a little different from the lower
one. For proper comparison, the following parameters [20]
are adopted: L = 6um, B = 389.5nm, H = 255nm,
and the other parameters for the linear silicon model are
a = 0.5431nm and £k = 261.432N/m [15,17]. Because
the width includes the upper width of 295 nm and the lower
width of 484 nm [20], an averaged value is assumed to make
an approximate comparison.

The results obtained by the present semi-continuum lin-
ear model are found to be consistent with linear FEM for
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r = 0.3. Equivalently, in this FEM case [20], the relaxation
coefficient of each atomic layer on the upper and lower sur-
faces of silicon beam is 0.3 or so. Note that the magnitude
of the relaxation coefficient calculated here is related to both

the model assumption, such as the number of atomic layers
to be relaxed, and the specific parameters used in the FEM
example.

Table 1 Comparison of the linear semi-continuum model and linear FEM with a = 0.543 1 nm, £ = 261.432 N/m, L = 6 um,
B =389.5nm and H = 255nm

Wos/nm
P/uN -
Linear FEM [20] r=12 r=10 r=0.8 r=0.3 r=0.1 r=0.05
0 0 0 0 0 0 0 0
20 247.7 255.7 254.5 253.2 247.6 236.8 223.2
40 492.8 511.5 509.1 506.5 495.2 473.6 446.3
60 739.6 767.2 763.7 759.8 742.8 710.3 669.5
According to classical continuum mechanics, the bend- 0.4
ing stiffness of a fully clamped beam with a concentrated
load at its mid-point is given by 0.2 ~
192EI _ 16EB(N -2 +2r)°d’ S
Oc = 3 = 3 s (10) = 0 -
L L
where E is the elastic modulus, and I = BH*/12 = B(N — I 0.2 1 =150
2 + 2r)*a’/12 is the moment of area for a rectangular cross Q —e— r=140
section of beam. -0.4 At 0
. . . ——r=120
When there are many atomic layers, bending stiffness —a—r=1.00
predicted by the semi-continuum and classical continuum —0.6 ——r=080

models should be identical. From Eqs. (9) and (10), we ob-
tain the elastic modulus for bulk material as E = n*k/288a.
It can be applied approximately to calculate the bulk Young’s
modulus from some micro parameters. For instance, a =
0.543 1 nm and k£ = 261.432 N/m are taken into account for
silicon, and the value is thus found to be 162.81 GPa. It is
consistent with Young’s modulus of the bulk silicon obtained
by experimentation or other approaches.

The difference of classical and semi-continuum bend-
ing stiffness (Do, — Dos)/Dos With respect to the thickness
of a fully clamped beam H is shown in Fig. 5 for a silicon
beam with a = 0.543 1 nm, £ = 261.432 N/m and for classi-
cal bending stiffness the Young’s modulus E = 162 GPa.

The difference between classical and semi-continuum
bending stiffness is strongly dependent on relaxation coef-
ficients. It is interesting that the stiffness in both models is
approximately equal when r =~ 1.36. For relaxation coeffi-
cients below 1.36, the semi-continuum bending stiffness is
larger than the classical continuum result, while for relax-
ation coeflicient above 1.36, the classical continuum bend-
ing stiffness is larger than the semi-continuum one. It pro-
vides a possible explanation for a current argument that the
bending stiffness of nano scale structures should be enhanced
or weakened in comparison with that predicted by classical
continuum model [6-8,10,11,21]. Meanwhile, for increas-
ing atomic layers, the thickness of the beam size is no longer
within nanometer scale and hence the bending stiffness with
all relaxation coefficients shows good agreement.

0 20 40 60 80
H/nm

100 120

Fig. 5 Effects of the thickness and relaxation coefficients on the dif-
ference of bending stiffness with @ = 0.543 1 nm, k& = 261.432 N/m
and E = 162 GPa

3.2 Cantilever beam

For an ultra-thin cantilever beam with a downward concen-
trated load P at the free end (x = L), the deflection function
is assumed as

ws(X) = wos sinﬂ, O0O<x<L).

2L (in

Substituting Eq. (11) into Eq. (3), and using Egs. (1),
(2) and (5), one obtains

. kBr*a®N(N + D)(N + 2)w2 [N — 1 1
int = +
' 384(N — 2 + 2r)L3 6 r(r2 +2)

(12)

The deflection function and the dimensionless maximum de-
flection from Eqgs. (7) and (12) are, respectively, given by

192(N -2 + 2r)PL?
kBr*a’N(N + 1)(N +2)

ws(x) =
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N-1 1 -1 X
| sinZE 13
176 +r(r2+2)] ST (13)
_ 192(N =2 +2r)P [N -1 1 7!
s = + . 14
Wos T EANN DN+l 6 TR +2) (14)

Equations (13) and (14) imply similar size-dependence
and deformation capability with respect to those of the fully
clamped beams.

The deflection function and maximum deflection based
on the classical continuum model, and the maximum deflec-
tion based on an exact nonlocal stress model [7] are, respec-
tively, given by

2
we) = 2X 3L~ ),

15

6EI (152)
PL?

Woe = E’ (15b)
PL?

L= 4 + 1272

Won = TErt T T

. 37(4 = 72)(1 — ™) = 3072el/" ’ 16)

1+e2r

where 7, in nonlocal theory, is a dimensionless parameter as-
sociated with the ratio of the internal to the external charac-
teristic scales of the material (e.g. the ratio of crystal lattice
parameter to the length of the beam a/L).

The difference between the semi-continuum and classi-
cal continuum models from Egs. (13) and (15a), using the
normalized form, is shown in Fig. 6. The parameters for
silicon beams are ¢ = 0.543 1nm, k = 261.432 N/m, and
the Young’s modulus £ = 162 GPa is adopted for the clas-
sical deflection in Eq. (15a). It reveals that the difference
is strongly dependent on the position, the thickness and the
relaxation coeflicient.

0.8
1 —=— N=10,r=09
0.6 ’ ’
B | —— N=20,r=10
Z 044 —— N=30r=12
= { —— N=30,r=15
:.\._.'“ 0.2 4
| 4
= 0
0.2 1
_0'4 4

Fig. 6 The normalized difference between semi-continuum and
classical continuum deflections, where x = x/L, a = 0.543 1 nm,
k =261.432N/m and E = 162 GPa

Table 2 illustrates a comparison among the semi-
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continuum, classical continuum and exact nonlocal stress
models for a fully clamped silicon beam. It is found that
the difference between the classical continuum model and
semi-continuum model or exact nonlocal stress model is ob-
vious when there are fewer atomic layers. With increasing
atomic layers, the thickness goes beyond micro/nano scale
and there is no obvious difference. The classical continuum
model overestimates deflection as compared with the semi-
continuum model under certain conditions, i.e. r = 0.8 in
this case. Similar conclusions were reported via other ap-
proaches, such as the exact nonlocal stress model [7], or a
modified couple stress theory [21].

Table 2 Comparison of the semi-continuum, classical continuum
and exact nonlocal stress solutions for a cantilever silicon beam
with a = 0.543 1 nm, k = 261.432N/m, L = lum, B = 200 nm,

P= lO'SuN, E =162GPa,r=0.8and v = 0.1

N 10 20 30 40 90

Wos/NM 4.71 0.74 0.24 0.11 0.01
Woe/nm 8.71 1.02 0.30 0.12 0.01
Won/NM 5.39 0.75 0.22 0.10 0.01

4 Conclusions

The static bending behaviors of ultra-thin beams are studied
via a new linear semi-continuum model. The bending stift-
ness may be enhanced or reduced due to a different relax-
ation coefficient. If the relaxation coefficient is greater or less
than one, the deflection based on the semi-continuum model
could be larger or smaller than that based on the classical
continuum model. Good agreement for deflection is demon-
strated for the semi-continuum, classical continuum and ex-
act nonlocal stress models when the beam is in macroscopic
size. Two opposite trends of size-dependence are observed
in the semi-continuum model and they are caused by relax-
ation coefficients. The results reported in this paper could be
useful for designing MEMS/NEMS using fully clamped or
cantilever beam-like structures.
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