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Based on the second Fick’s law, the theoretical equation of gas desorption of particle coal under the non-
uniform pressure condition was developed in this paper. The analytical solution of the theoretical equa-
tion and the method of gas desorption quantity of particle coal under non-uniform pressure condition
were obtained.

� 2011 Elsevier Ltd. All rights reserved.
0. Introduction

A large quantity of gas internal energy is accumulated in the vir-
gin coal seam when the virgin coal seam is under the condition of
the high-pressure gas desorption saturation. When the coal is sud-
denly exposed by external force, the adsorbed gas in the exposed
coal body will be rapidly desorbed to free gas. Owing to the gas
pressure gradient, free gas will gush to the entry. As the exposure
time increases, the process of desorption will penetrate from the
surface of coal seam into the inside. Most of gas desorption occur
when the coal seam is exposed to the atmospheric conditions
underground. Because of the change of the atmospheric pressure
is very slight, basically in a stable constant value, the gas desorp-
tion of coal in underground mines can be considered as an isopies-
tic process. Much research has been done by others on the law of
gas desorption in the air medium. The theory equations of gas
desorption under the isopiestic condition in the air medium was
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put forward, and the analytical solution of the equations was with-
drawn (Yang, 1986). In the real work process, gas desorption under
the non-uniform pressure occurs quite often. During the research,
because the gas desorption under the non-uniform pressure condi-
tion is complicated, it is difficult to take the influence of the contin-
uously changed external pressure on the gas desorption into
consideration. For example, at the time of measuring gas content
with surface borehole, the slurry pressure born by the coal is chan-
ged continuously during core sampling. Accordingly, the gas
desorption of coal in the slurry media is a representative process
of desorption under non-uniform pressure condition (Wang,
2001). Owing to the lack of studies on non-uniform pressure
desorption, the quantity of coal core lost gas during sampling in
the media of drilling mud can only be calculated by the law of iso-
piestic desorption in the media of air, which leads to the result that
the gas content measured in this way is lower than the true value
(Gao, 1987). Consequently, it is of great theoretical and practical
significance to research the theoretical equation of coal gas desorp-
tion under the non-uniform pressure condition and its analytical
solution.
1. Theoretical model of particle coal gas desorption under the
non-uniform pressure condition

The coal can be seen as a porous material with different particle
sizes. Because of its dual pore structure, the gas migrates within
the coal seam in three forms: desorption, diffuseness and seepage
flow. With the gas pressure in the pore decreasing, the adsorbed
gas will change into free gas almost instantaneously. However,
the further desorption of gas depends on further decrease of gas
pressure in the coal. The diffusion velocity in small physical
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dimension like micro-pore is much slower than the seepage veloc-
ity in macro-pore and natural fracture. Based on the above, the cru-
cial step of controlling gas emission is the diffusion velocity in
micro-pore. It is shown in much research that the movement in
natural fracture accords with Darcy’s Law, while the migration in
small micro-pore complies with Fick’s Law (Gao, 1987):

V ¼ �D
@C
@x

ð1Þ

In this formula, V stands for the gas diffusion velocity for getting
across one square centimetre’s coal, g/(cm2 s); @C

@x stands for concen-
tration gradient along the diffusion orientation, g/cm4; D stands for
the diffusion coefficient, cm2/s.

Suppose that (Yang, 1986; Nie et al., 1999): (1) the coal is
sphere particles with homogeneous and isotropy; (2) the coal is
ametabolic at the time of gas adsorption and desorption; (3) the
migration of gas complies with law of conservation of mass and
continuity principle. According to the hypothesis above, the diffu-
sion coefficient has nothing to do with the coordinate. Now, ignore
the effect of concentration and time to the diffusion coefficient,
and set the coordinate of the sphere (see Fig. 1), and the second
Fick’s Law can be achieved:

@C
@t
¼ D

@2C
@r2 þ

2
r
@C
@r

 !
ð2Þ

In this formula, C stands for the gas concentration at the time of
the radius of particle coal equals r, cm3/g; r stands for the radius of
particle coal, cm; t stands for the time.

2. Mathematical physics equation of particle coal gas desorption
under the non-uniform pressure condition

2.1. Initial condition

For the particle coal, the gas concentration of coal is a fixed va-
lue and distributed equably when the adsorption of gas is in equi-
librium. Use c0 as the gas content when adsorption is in
equilibrium, and the initial condition is,

Cjt¼0 ¼ c0 ¼
abP0

1þ bP0
ð0 < r < r0Þ ð3Þ

In this formula, c0 stands for the initial gas concentration of
adsorption equilibrium, cm3/g; P0 stands for the initial gas pressure
of adsorption equilibrium, MPa; a and b are Langmuir constants.

2.2. Boundary condition

2.2.1. The first boundary condition
According to the characteristic of gas diffuseness, the boundary

condition of the centre of particle coal is
Fig. 1. The coordinate for gas diffusion through coal particle.
@C
@r

����
r¼0
¼ 0ðt > 0Þ ð4Þ

When the particle coal is exposed, the gas concentration of the
surface of the coal decreases. The concentration difference will be
formed along the radius orientation of the particle coal, and then
the adsorbed gas transforms to the free gas. Meanwhile, the gas
diffuses and migrates from the centre to the surface of the particle
coal. Under the non-uniform pressure condition, the external pres-
sure of the coal surface is a variety. As it decreases continuously
with the change of time, the gas concentration of the coal surface is

C ¼ abðP0 � ktÞ
1þ bðP0 � ktÞ ð5Þ

In this formula, k stands for the velocity according to the change
of external pressure.

2.3. Mathematical physics equation of gas desorption under the non-
uniform pressure condition

The theory equation of gas desorption under the non-uniform
pressure condition can be achieved from the given initial and
boundary condition and with the spherical coordinate system:

@C
@t ¼ D @2C

@r2 þ 2
r
@C
@r

� �
C ¼ abp0

1þbp0
; 0 < r < r0; t ¼ 0

C ¼ abðP0�ktÞ
1þbðP0�ktÞ ; r ¼ r0; t > 0

@C
@r ¼ 0; r ¼ 0; t > 0

8>>>>>>>><
>>>>>>>>:

ð6Þ
3. The analytical solution and analysis of the theory equation of
particle coal gas desorption under the non-uniform pressure
condition

3.1. The analytical solution of the theory equation

Let U = rC, and put it into formula (6), then:

@U
@t ¼ D @2U

@r2

U ¼ abp0
1þbp0

r; 0 < r < r0; t ¼ 0

U ¼ abðP0�ktÞ
1þbðP0�ktÞ r0; r ¼ r0; t > 0

U ¼ 0; r ¼ 0; t > 0

8>>>>>>><
>>>>>>>:

ð7Þ

The Eq. (7) is second-order non-homogeneous parabolic partial
differential equations, and the analytical solution can be obtained
with the separation of variables (2003).

Let U(r, t) = V(r, t) + W(r, t), and put it into formula (7), then for-
mulae (8) and (9) can be achieved:

@2W
@r2 ¼ 0
Wð0; tÞ ¼ 0

Wðr0; tÞ ¼ abðP0�ktÞ
1þbðP0�ktÞ r0

Wðr;0Þ ¼ abp0
1þbp0

r

8>>>>><
>>>>>:

ð8Þ

@V
@t ¼ D @2V

@r2 � @W
@t

Vð0; tÞ ¼ 0
Vðr0; tÞ ¼ 0
Vðr;0Þ ¼ 0

8>>>><
>>>>:

ð9Þ

When solving formula (8), let W(r, t) = A(t)r + B(t), and put the
boundary condition into the equations, then:
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Wðr; tÞ ¼ abðP0 � ktÞ
1þ bðP0 � ktÞ r ð10Þ

So, @W
@t ¼ �abk

ð1þbðP0�ktÞÞ2
r , and put it into formula (9), then:

@V
@t ¼ D @2V

@r2 þ abk
ð1þbðP0�ktÞÞ2

r

Vð0; tÞ ¼ 0
Vðr0; tÞ ¼ 0
Vðr;0Þ ¼ 0

8>>>><
>>>>:

ð11Þ

According to the homogeneous theorem (Gu et al., 2002), the
intrinsic system of functions of homogeneous equation corre-
sponding to Eq. (11) is sin np

r0
r

n o
, let:

Vðr; tÞ ¼
X1
n¼1

VnðtÞ sin
np
r0

r ð12Þ

Expanding the free term f ðr; tÞ ¼ abk
ð1þbðP0�ktÞÞ2

r in accordance with

the intrinsic system of functions makes:

abk

ð1þ bðP0 � ktÞÞ2
r ¼

X1
n¼1

fnðtÞ sin
np
r0

r ð13Þ

where

fnðtÞ ¼
2
r0

Z r0

0

abk

ð1þ bðP0 � ktÞÞ2
r sin

np
r0

rdr

¼ ð�1Þnþ1 2abkr0

npð1þ bðP0 � ktÞÞ2
ð14Þ

Put Eqs. (12) and (14) into Eq. (11) gives that:X1
n¼1

½V 0nðtÞ þ
Dn2p2

a2 VnðtÞ � fnðtÞ� sin
np
a

r ¼ 0

V 0nðtÞ þ
Dn2p2

a2 VnðtÞ ¼ fnðtÞ ¼ ð�1Þnþ1 2abkr0

npð1þ bðP0 � ktÞÞ2
ð15Þ

From the initial condition of Eq. (11), we can get: Vn(0) = 0, and solv-
ing Eq. (15) gives:

VnðtÞ ¼
Z t

0
ð�1Þnþ1 2abkr0

npð1þ bðP0 � ksÞÞ2
e
�Dn2p2

r2
0

ðt�sÞ
ds

¼ ð�1Þnþ1 2abkr0

np

Z t

0

e
�Dn2p2

r2
0

ðt�sÞ

ð1þ bðP0 � ksÞÞ2
ds

Vðr; tÞ ¼
X1
n¼1

VnðtÞ sin
np
r2

0

r

¼ 2abkr0

p
X1
n¼1

ð�1Þnþ1

n

Z t

0

e
�Dn2p2

r2
0

ðt�sÞ

ð1þ bðP0 � ksÞÞ2
ds

0
B@

1
CA sin

np
r2

0

r

Uðr; tÞ ¼ Vðr; tÞ þWðr; tÞ

¼ abðP0 � ktÞ
1þ bðP0 � ktÞ r þ

2abkr0

p
X1
n¼1

� ð�1Þnþ1

n

Z t

0

e
�Dn2p2

r2
0

ðt�sÞ

ð1þ bðP0 � ksÞÞ2
ds

0
B@

1
CA sin

np
r2

0

r

� ðn ¼ 1;2; . . .Þ ð16Þ
Because of U = rC, we get C ¼ U

r , then the analytical solution of Eq.
(6) is:

Cðr; tÞ ¼ abðP0 � ktÞ
1þ bðP0 � ktÞ þ

2abkr0

pr

X1
n¼1

ð�1Þnþ1 ð�1Þnþ1

n

�
Z t

0

e
�Dn2p2

r2
0

ðt�sÞ

ð1þ bðP0 � ksÞÞ2
ds

0
B@

1
CA sin
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r2

0

ðn ¼ 1;2; . . .Þ ð17Þ
3.2. The quantity of gas desorption and analysis under the non-
uniform pressure condition

C(r, t) is the expression of gas concentration distribution in the
coal under the non-uniform pressure condition. The cumulative
gas content Qt desorbed from the particle coal with anytime t
can be calculated via Eq. (17). And by the integral of spherical coor-
dinate (Guo et al., 1997), it can be achieved that:

Qt ¼
Z Z

v

Z
ðc0 � Cðr; tÞÞdv

¼
Z Z

v

Z
ðc0 � Cðr; tÞÞr2 sinudhdudr

¼
Z 2p

0
dh
Z p

0
sinudu

Z a

0
ðc0 � Cðr; tÞÞr2dr

¼ 4
3
pr3

0 c0 �
abðP0 � ktÞ

1þ bðP0 � ktÞ

� �
� 2abkr3

0

p2

X1
n¼1

� 1
n2

Z t

0

e
�Dn2p2

r2
0

ðt�sÞ

ð1þ bðP0 � ksÞÞ2
ds

0
B@

1
CA ð18Þ

For any variables n and t,

0 < e�
Dn2p2

a2 ðt�sÞ
< 1;0 <

Z t

0

e�
Dn2p2

a2 ðt�sÞ

ð1þ bðP0 � ksÞÞ2
ds

<

Z t

0

1

ð1þ bðP0 � ksÞÞ2
ds ¼ 1

bk
1

1þ bðP0 � ktÞ �
1

1þ bP0

� �

By the comparison discriminant of infinite series, it can be

achieved that infinite series
P1

n¼1
1

n2 ð
R t

0
e
�Dn2p2

r2
0

ðt�sÞ

ð1þbðP0�ksÞÞ2
dsÞ is convergent,

and the equation is:

lim
t!1

X1
n¼1

1
n2

Z t

0

e
�Dn2p2

r2
0

ðt�sÞ

ð1þ bðP0 � ksÞÞ2
ds

0
B@

1
CA ¼ 0 ð19Þ

When t ?1, the external pressure equals the atmospheric
pressure, namely, P0 � kt = Pf = 0.1 MPa, and at the moment, the
gas concentration on the surface of the coal is:

C ¼ abðP0 � ktÞ
1þ bðP0 � ktÞ ¼

abPf

1þ bPf
¼ cf ð20Þ

When t?1, putting Eqs.(19) and (20) into (18), it can be ob-
tained that the utmost desorbed quantity of gas in the particle
coal:

Q1 ¼ lim
t!1

Q t ¼
4
3
pa3ðc0 � cf Þ ð21Þ

Referring to the others’ research (Yang and Wang, 1986), the ut-
most desorbed quantity of gas in the particle coal is equal to that in
air medium under the isopiestic pressure condition.

It can be seen from Eq. (18) that the laws of gas desorption are
different in non-uniform pressure and isopiestic condition. The
desorption velocity is not only affiliated with the initial equilib-
rium concentration and diffusion coefficient, but also related to
the structures, size dimensions, and the variational velocity of
external pressure.

4. Conclusions

This article established the theoretical equation of particle coal
gas desorption under the non-uniform pressure condition, and
obtained the analytical solution. Besides, the cumulative gas
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desorption content Qt under the non-uniform pressure condition
with anytime t was achieved. When t ?1, the utmost desorbed
quantity of gas in the particle coal is equal to that in air medium
under the isopiestic pressure condition.
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