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1.  !
��������������:

Au ≡
[

A B∗

−B C

][
x

y

]
=

[
f

g

]
≡ b, (1.1)

�� A ∈ C
n×n� Hermitian !!, B ∈ C

m×n, C ∈ C
m×m� Hermitian !!, x, f ∈ R

n,

y, g ∈ Rm � m ≤ n. �""� Null(B∗)
⋂

Null(C) = {0}, #�����! A � Schur #
�! S = C + BA−1B∗ � !$. %� (·)∗ � Null(·) $Æ%"#&�!&''()���
�. *� (1.1) &()+�* ,-.+$!��, �,-/"��, 0%,.��, &1�#

'$()&$%2(3&), '*(+)4, *,+,-/5, ./0(122, 01&2-
.3� [9]. 6�+���, A, B, C �����!������! A &3/-0�, 7489
5167142 (1.1) 3�$!, %:8�9542������&;<(1=".

>6?@, 951(17"A42��8B()+ :29&(1, ;C"<4&93
/D567867:=E69;:""67&>F;. <=+>&?G, H@����I
<A0+A951(1, �?@@93/D [21], ?=@93/D [5, 11, 17, 18], J>951(
1 [6, 10, 12–14, 16, 22], HSS 951(1 [3, 8, 19], (!&951''?=1 [4, 7] 22, .3�K@
BAB [9]. %C951(1�&93/D.D=7-&(1LA;CBC, :.H@B+�
�;CBC. DA;<�EJ>951(1F87-&(1;CC"D+- PSS &J>9
3/D, EE [1] �GA&"A+- !�H@I$F (Positive-definite and skew-Hermitian

splitting, PSS) 671� [22] �GA&+- HSS &J>93/DMC�""F��&8.

* 2011 � 9 � 5 G��.
1) ÆGHH: ����JINI��ÆG�OÆG (SDY2011B01), ��JJ�KKOKLLPHH

(CX10B−029Z), ����QRMM�NL�S�MH (23320957), ����	���ONTÆG RDF.
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2. "# PSS $%&'()*+,-

D^;<2-CU (1.3) � (1.4) 6!�&+- PSS J>93/D G &.XB. U-J

>93/Db�����! A 2De&
��
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3. "# PSS $%&34567*89-:;
D^$XC+- PSS J>951671&YVB. fbE670P (1.2) &67�!^

f�

Γ = G−1(G − A)

=

[
X(G − A) 0

Y (G − A) 0

]
. (3.1)

��

X = G−1 − G−1B∗(BG−1B∗ + C)−1BG−1 ∈ C
n×n,

Y = (BG−1B∗ + C)−1BG−1 ∈ C
m×n.

U671&YVB1-.@, 670P (1.2)YV&_<3/767�! Γ&eP* ρ(Γ) < 1.

U (3.1) g@

ρ(Γ) = ρ(X(G − A)) = ρ(XG(I − G−1A)). (3.2)

��""`'67�! Γ a XG(I − G−1A) &eP*&Qf. c�"<,;a-

‖x‖∗ = ‖(αI + S)x‖2, ∀x ∈ C
n, x 	= 0,

S�hb&�!a-
‖D‖∗ = ‖(αI + S)D(αI + S)−1‖2, (3.3)

�� D ∈ Cn×n. #U (3.2) B

ρ(Γ) = ρ(XG(I − G−1A)) ≤ ‖XG(I − G−1A)‖∗ ≤ ‖XG‖∗ · ‖I − G−1A‖∗. (3.4)

cg G &!�, g@

‖I − G−1A‖∗ = ‖(αI + S)−1(αI − P )(αI + P )−1(αI − S)‖∗
= ‖(αI − P )(αI + P )−1(αI − S)(αI + S)−1‖2195 298.86 Tm
(=)Tj
/F9 1 Tf
1.7827 1 Tf
Tm
0 Tc
(c)Tj
/T1 13.69Tj
/F9 1(σ GP )(αI + P )

−1�
�I

� � 816��
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(1) 9 C � Hermitian  !!. U Sherman-Morrison-WoodburydP, .B

X = G−1 − G−1B∗(BG−1B∗ + C)−1BG−1

= (G + B∗C−1B)−1.

]42

‖XG‖∗ =
1

2α
‖(αI + S)(G + B∗C−1B)−1(αI + P )‖2

=
1

2α
‖(αI + S)2α[(αI + P )(αI + S) + 2αB∗C−1B]−1(αI + P )‖2

= ‖(I + M1)−1‖2, (3.6)

�� M1 = 2α(αI + P )−1B∗C−1B(αI + S)−1. 6%AS*�, W C � Hermitian  !
!, <Æe+- PSS J>951671YV&, dÆ ‖(I + M1)−1‖2 ≤ 1, �4dÆ��
Re(λ(M1)) ≥ 0 W., �� Re(λ(M1)) %" M1 Tj5&$S.  λ � M1 &h"Tj
5, u1 ∈ Cn ��@&&Tj,;, i E = B∗C−1B, v = (αI + S)−1u1, #2

2αEv = λ(α2I + αP + αS + P S)v, (3.7)

@ (3.7) 2PhfjR.[ v∗
v∗v , Fc

v∗Ev

v∗v
= a1 (a1 ≥ 0),

v∗P v

v∗v
= b1 + ib2 (b1 > 0),

v∗Sv

v∗v
= ic1,

v∗P Sv

v∗v
= d1 + id2, (3.8)

�� i �k-TW. #.B

λ =
2αa1

α2 + α(b1 + ib2) + α(ic1) + d1 + id2

=
2αa1[(α2 + αb1 + d1) − i(αb2 + αc1 + d2)]

(α2 + αb1 + d1)2 + (αb2 + αc1 + d2)2
.

] a1 = 0, #UQP@ λ = 0, ]42 ‖(I + M1)−1‖2 = 1, lT% (3.5) @ ρ(Γ) < 1. [�

2- a1 > 0 &S*, �X<e_ Re(λ) ≥ 0gdÆ

α2 + αb1 + d1 ≥ 0 (3.9)

W.. �]$=ASj2-:

(i) ] b1, d1 Om

b21 − 4d1 ≤ 0, (3.10)

#@ ∀α > 0, (3.9) 8k.

(ii) ] b1, d1 Om

b21 − 4d1 > 0, d1 ≥ 0,

a

b1 > 2
√

d1, d1 ≥ 0, (3.11)

#@ ∀α > 0, (3.9) 8k.
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(iii) ] b1, d1 Om

b21 − 4d1 > 0, d1 < 0,

a

d1 < 0, (3.12)

#9 α ≥ α
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(i) ] b3, d3 Om

b23 − 4d3 ≤ 0, (3.16)

#@ ∀α > 0, (3.15) 8k.

(ii) ] b3, d3 Om

b3 > 2
√

d3, d3 ≥ 0, (3.17)

#@ ∀α > 0, (3.15) 8k.

(iii) ] b3, d3 Om

d3 < 0, (3.18)

#9 α ≥ α2 =
−b3+

√
b2

3−4d3

2 R, (3.15) 8k.

T% a2 = 0 S a2 > 0 RQ@=AS*, �.BC Re(λ(M2)) ≥ 0 &3/, ]46%C3
/�2 ‖(I + M2)−1‖ ≤ 1. #

‖XG‖∗ = lim
ε→0

‖XεG‖∗ ≤ 1.

]4U (3.4) � (3.5) B ρ(Γ) < 1, W+- PSS J>9516717YV&.

KQ.B+- PSS J>951671YV&_$3/, \\E[QTRjn8��!1.

0/ 3.1.  Γ �U (3.1) 6!�&+- PSS J>951671&67�!, �� G U

(1.4) 6!�. #�@3/="OmR, +- PSS J>9516717YV&.

(1) 9 C � Hermitian  !!R.

(i1) @ ∀α > 0, (3.10) a (3.11) 8k.

(ii1) (3.12) P8k, � α Om

α ‖73.0 Tc⊗(9)⊗(a∀5.T∈ 1 T{⊗∀6.0001 0 TD⊗(m)Tj⊗/F101 T999TJ⊗/T1 TD⊗(U)Tj⊗∈ 35∀.0∈ Tm⊗(.)Tj⊗-16n47⊗∀5.999∈.)Tj⊗-16b.

‖73.0 Tc⊗(9)⊗(a 0∀.4(≡)T ∈3.∀∈∈66.∈b.)Tj⊗-0 0 9.9{⊗∀73∀.0 Tc{⊗∀73∀.31∈ 9993∈7.16.0001∈.‖73.0 Tc⊗(9)⊗(a 049 4T -∀.14.0001∈.)Tj0.0059 Tc⊗1 T∀33∈ 35∀.0∈ Tm⊗.1 T{⊗0.1∈ 0 0-∈7.1/T1-0.175∀3∀∀0∈ 3∀∈.74 Tm⊗0 Tc∈(9)Tj⊗/F10 1 T{⊗9.96∈6 0 0 9.96∈6 106.0∀0∈ 3∀∈∀33∀m⊗(C)Tj⊗/T3 1 T{⊗0.1∈ 0 0 -0.1∈ 117.∈40∈ 3∀∈.74 Tm⊗(∈∀33∀m⊗(C T{⊗9.96∈6 0 0 9.96∈6 130.440∈ 3∀∈.74 T∈∀33∀m⊗(C c⊗[(Her)-7.∈(m)1.∈(itia)-6.6(n)]TJ⊗/T∈ 1 ∈∀33∀m⊗(C0 -0.1∈ 177.∀40∀ 3∀∈.74 Tm⊗0 Tc⊗( )Tj⊗/T4 1 T{⊗9.96∈6 0 0 9.96∈6 1∈6. 1 T{⊗∀6∈∀33∀m⊗(C)Tj⊗/TP∈6.∈40∈ 406.9∀ Tm⊗(.)Tj⊗/T∈ .96∈6 0 0 9.96∈6 173.09.96∈6 0 0 9.96∈6 ∈1∀.640∀ 3∀∈.74 Tm⊗(.)Tj⊗-1∈.599∈ -∈.4∀13 TD⊗-0.0013 Tc⊗[((i∈∀⊗/F1∀6∈∀33∀m⊗(C())-5093.635-0.1∈ 113.760∈ 35∀.0∈ Tm⊗0 T∈⊗(@)Tj⊗/F9 1 T{⊗9.96∈6 0 0 9.96∈6 1∈6.960∈ 35∀∈64999⊗(∀)Tj⊗/F10 1 T{⊗0.5541 0 TD⊗0.∈∀∀5 Tc⊗(≡>)Tj⊗/F1 1∈64999⊗(∀) 0 TD⊗0.0059 Tc⊗[(0,)-319.4(()∀.5(3)0(.)5.9(10))]TJ⊗/T1 1 T{⊗0.1∈ 0 0 -0.1∈ 19∈.1∈09 35∀.0∈ Tm⊗0 Tc⊗(a)T6⊗/F1 1 T{⊗9.96∈6 0 0 9.96∈6 ∈05.3∈09 35∀∈64999⊗(∀)Tj⊗/F1⊗[(()∀.5(3)0(.)5.9(11))]TJ⊗/T4 1 T{⊗0.1∈64999⊗(∀)T ∈34.001∈ 35∀.0∈ Tm⊗0 Tc⊗(∀)T7⊗/T1 1 T{⊗∀5.9999 0 TD⊗(‖)Tj⊗/F1 1 T{⊗9.∈64999⊗(∀)Tj⊗/F1∈54.161∈ 35∀.0∈ Tm⊗(.)Tj⊗-16.4415 -1.9995 TD⊗0.0059 Tc⊗[(()∀.5(i)5.9∈64999⊗(∀) ))-509.5(()∀.5(3 1 T9(1∈))]TJ⊗/T3 1 T{⊗0.1∈ 0 0 -0.1∈∈14∈.5605 33∀.1 Tm⊗0 Tc⊗(P)Tj∀/T4 1 T{⊗∀6 0 TD⊗(∀)Tj⊗/T1 1 T{⊗∀6 0 TD⊗∈440∈ 0 TD⊗(9)Tj9.96∈6 0 0 9.96∈6 173.0406 33∀.1 Tm⊗(,)Tj⊗/T3 1 T{⊗0.1∈ 0 0 -0.1∈ 179.∈∀06 33∀.1 Tm⊗(�)∈440∈ 0 TD T{⊗9.96∈6 0 0 9.96∈6 19∈.4∀06 33∀.1 Tm∈440∈ 0 TD  1 T{⊗0.1∈ 0 0 -0.1∈ ∈0∈.∈007 33∀.1 Tm⊗(O)∈440∈ 0 TD {⊗∀6.0001 0 TD⊗(m)Tj⊗/F10 1 T{⊗9.96∈6 ∈440∈ 0 TD  ∈4∀.∀∀ 316.9∀ Tm⊗(≡)Tj⊗/F9 1 T{⊗0.9∈75 0 TD⊗(‖73.0 Tc⊗(9)⊗(a∀5.T∈ 1∈∈3.∀6.0001 0 TD⊗(m)Tj⊗/F101 T999TJ⊗/T1 TD⊗(U)Tj⊗∈ 35745∈ Tm⊗(.)Tj⊗-16n47⊗∀5.999∈.)Tj⊗-16b.)Tj⊗-0 0 9.9{⊗∀73∀.0 Tc{⊗∀73∀.∈∀1T∈ 1∈∈9.14.000131 T{⊗0.1∈ 0 0 -0.1∈ 9∈.76 4∈1.9)∀.Tm⊗1∈J⊗/5∀∈66.∈∀03 40F101 0 TD⊗(3.),)T.∀6999J⊗/T1 TD⊗ET⊗q⊗35-7.∈0.1∈j⊗/F10 m⊗1 0∀.36⊗1∈39.60∈ 19⊗cm⊗/Im1 Do⊗Q⊗BT⊗0.9∈75 0 TD⊗(‖73.0 Tc⊗(9)⊗(a 0∀.4(≡)T∈J⊗/5∀∈66.∈b.)Tj⊗-0 0 9.9{⊗∀73∀.0 Tc{⊗∀73∀.31∈ 9991 1 T6.0001∈.)Tj/F10 ∀770∈ Tm⊗3∈ 0 T⊗0.5541 0 TD⊗0.∈∀∀5 Tc⊗(≡>1∈09 4T∈J⊗/5∀∈66.∈−1 T{⊗0.1∈ 0 0⊗(3.),)T⊗∀.004 TD⊗0.0059 Tc⊗[(0)]TJT⊗∀.00d.)Tj⊗-0 0 9.9{⊗∀73∀.0 Tc{⊗∀73∀.339.61∈∈9.14.000131 T{ET⊗q⊗74∀.1 {⊗∀6j⊗/F10 m⊗1∈69TJ⊗79∀≡>∈Tj⊗F1∀017⊗cm⊗/Im1 Do⊗Q⊗BT⊗0.975 0 TD⊗(‖73.0 Tc⊗(9)⊗(a 049 4T∈3∀∈.9(1)0(∈.)Tj0.0059 Tc⊗1 T∀33∈ 35∀.0∈ Tm⊗.1 T{⊗6∈6 0 0 9.96∈6 19∈.4∀06705.36.36.0001�.96∈6 0 0 9.96∈6 ∈1∀.6 1 T{⊗0.1∈ 0 0 -0.1∈ ∈0∈.∈007 33∀95.505.36.36.0001b.)Tj⊗-0 0 9.9{⊗∀73∀.0 Tc{⊗∀73∀.99 T{5.340∈4.0001 1 T{⊗0..1∈ 0 0 -0.1∈ 117.∈40∈ 3∀∈.4∀.15.36.36.0000U)Tj∈ 177(,d.)Tj⊗-0 0 9.9{⊗∀73∀.0 Tc{⊗∀73∀..960∀∀5.340∈4.000⊗(9)Tj 1 T{⊗0..1∈ 0 0 -0.1∈ 117.∈40∈ 3∀∈1∀.3∈5.36.36.0000U)Tj∈ 177(,b.)Tj⊗-0 0 9.9{⊗∀73∀.0 Tc{⊗∀73∀.1∈7.0∀5.340∈4.000⊗(9)Tj31 T{⊗0..1∈ 0 0 -0.1∈ 117.∈40∈ 3∀∈31.505.36.36.0000U)Tj∈ 177(,d.)Tj⊗-0 0 9.9{⊗∀73∀.0 Tc{⊗∀73∀..41 ∈05.340∈4.000⊗(9)Tj31 T{⊗ 0 0 9.9⊗(∀)Tj⊗/T1 1 T{⊗∀∀⊗/05.36.36.0001U T{⊗0.1∈ 0 0 -0.1∈ 179.∈∀06 33∀.6∈ ∈05.36.36.0000∈ 35∀.0∈ Tm⊗0 3⊗(@)Tj.∀⊗(@)Tj⊗/F9 1 T{⊗9.96∈6 0 0 9.96∈6 ∈05.∈ T0∈ 3∀.36.36.0000(9)Tj� T{⊗0.1∈ 0 0 -0.1∈ 179.∈∀06 33∀.99 1∀035.36.36.0000U∈34.001∈ 35∀.0∈ Tm⊗0 Tc⊗(∀)T4/T4 1 T{⊗∀6 0 TD⊗(∀)Tj⊗/T1 1 T{∈∈7.∀⊗(O).36.36.0000(9)Tj6.96∈6 0 0 9.96∈m⊗(≡)Tj⊗/F9 9.96∈6 0 0 9.96∈6 ∈1∀.6c⊗[(Her)-7.∈(m)1.∈(itia)-6.6(n)]∈5∀.36(O).36.36.000⊗.1 T{⊗00 0 9.915(355)Tj⊗/T15(355)T∈450∀∀5.61.46.0000U∈3≡)T9∀
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Rn+m iB�oÆ2 (x∗, y∗) = (1, 1, · · · , 1)T ∈ Rn+m. Ol67,;U��,;, W u0 =

(0, 0, · · · , 0)T ∈ Rn+m. �R67--l= 500 -a#@mmOm

‖b −Auk‖
‖b −Au0‖ ≤ 10−7,

#67pq. 62*_�6 Matlab7.0 �rV.

6������ (1.1) �, n-�! A &D?!��� [1, 22]:

A = diag(A1, D2, D3) ∈ R
n×n, B =

[
0 B̂ −I I

]
∈ R

m×n,

�� A �?@@!, B �VOW!, �

A1 =

[
1
2I Â1

Â2 D1

]
∈ R

2q×2q ,

�� (Â1)ij = e−2((i/3)2+(j/3)2) ∈ Rq×q, (Â2)ij = e−3((i/3)2+(j/3)2) ∈ Rq×q. D1 = I ∈ Rq×q �

TW!, Di = diag(d
(i)
j ) ∈ R2l×2l(i = 2, 3) ��@@!, !���

d
(2)
j =

{
1, 1 ≤ j ≤ l,

10−5(j − l)2, l + 1 ≤ j ≤ 2l,
d
(3)
j = 10−5(j + l)2, 1 ≤ j ≤ 2l.

B̂ U���?T;�!

B̂ =

[
B̃ ⊗ Ip×p

Ip×p ⊗ B̃

]
,

�� B̃ UhASj 2-

B̃ =

⎡
⎢⎢⎢⎢⎣

1 −1

1 −1

. . .
. . .

1 −1

⎤
⎥⎥⎥⎥⎦ ∈ R

p×(p+1). (4.1)

�

B̃ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

2 −1

−1 2 −1

. . .
. . .

. . .

−1 2 −1

−1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
∈ R

p×p. (4.2)

6%D�����, l = p2, 9 B̃ U� (4.1) R q = p(p + 1), 9 B̃ U� (4.2) R q = p2. cg
[Q!�2 n = 2q + 4l, m = 2l.

6'*�, \\n8so&��p%o,;(1�so&951��p%o,;(1 [20]

 42������ (1.1), ��so-U� 20, 93/D G �& (1,1) ?$ÆU� GPSS ,

GHSS � Gskew . 4 GPSS , GHSS � GSkew $Æ%"J>93/D G �& (1,1) ?$ÆU
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GPSS , GHSS � GSkew . @-G!&�����! A, J>93/D GHSS � GSkew & (1,1)

?&U17p"Æ!&, 4b P SS 671"n, J>93/D GPSS & (1,1)? GPSS .[2

+AU1. �C'*(p, DAE GPSS �& P � S U� [1]

P = D + 2LH , S = L∗
H − LH + Ŝ,

�� D671
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5. HzzI
DA+-42 Hermitian  !8B()+& PSS 671 [1] �+-42������

& HSSJ>951(1 [22],H@������;CC"Aw&+- PSS&J>93/D. A

�$XC PSS J>93/D&"CBYF_YC951671&YVB. -5TR%Y, +

- PSS &J>93/D7"<34&93/DgTÆ7\UC%x&3-5=`, .[��
<{951671&YV:=. |7, b+- HSS &J>93/D��yu3-&671"
n, 0/3-&$. 0 
87 0 TD
(>)Tj
/T2 766331612 04i

> D
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Abstract

In this paper, a PSS-based constraint preconditioner, in which the (1,1) block of the

preconditioner is constructed by the PSS iterative method for solving the non-Hermitian

positive definite linear systems, is presented for the generalized saddle point problems with

non-Hermitian (1,1) blocks. The invertibility of the PSS-based constraint preconditioner is

analyzed and the convergence of the preconditioned iteration method is proved. Numeri-

cal experiments are illustrated to show the efficiency of the preconditioner as well as the

corresponding preconditioned iterative method.
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conditioner

2000 Mathematics Subject Classification: 65F10


