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A STUDY ON MULTIPLE ZETA VALUES FROM THE VIEWPOINT OF
ZETA-FUNCTIONS OF ROOT SYSTEMS

YASUSHI KOMORI, KOHJI MATSUMOTO AND HIROFUMI TSUMURA

ABSTRACT. We study multiple zeta values (MZVs) from the viewpoint of zeta-functions
associated with the root systems which we have studied in our previous papers. In fact,
the r-ple zeta-functions of Euler-Zagier type can be regarded as the zeta-function associated
with a certain sub-root system of type C,. Hence, by the action of the Weyl group, we can
find new aspects of MZVs which imply that Zagier’s well-known formula for MZVs coincides
with Witten’s volume formula associated with the above sub-root system of type C,. Also,
from this observation, we can prove some new formulas which especially include the parity
results of double and triple zeta values. As another important application, we give certain
refinement of restricted sum formulas, which gives restricted sum formulas among MZVs
of an arbitrary depth r which were previously known only in the cases of depth 2,3, 4.
Furthermore, considering a sub-root system of type B, analogously, we can give relevant
analogues of Zagier’s formula, parity results and restricted sum formulas.

1. INTRODUCTION

Let N, Ny, Z, Q, R, C be the set of positive integers, non-negative integers, rational
integers, rational numbers, real numbers, and complex numbers, respectively.
We define the Euler-Zagier r-ple zeta-function (simply called the Euler-Zagier sum) by

1
Cr(Sl,...,Sr) = Z m, (11)
0<ni<--<n, 1 2

where s1,..., s, are complex variables. When (s1, s2,...,8,) € N” (s, > 1), this is called the
multiple zeta value (MZV) of depth r first studied by Hoffman [7] and Zagier[38]. Though
the opposite order of summation in the definition of (.(s1,...,s;) is also used recently, we
use the order in (LIJ) through this paper because it is natural in our study. In the research
of MZVs, the main target is to give non-trivial relations among them, in order to investigate
the structure of the algebra generated by them (for the details, see Kaneko [11]).

In our previous papers [13]-[20] and [28], as more general multiple series, we defined
and studied multi-variable zeta-functions associated with root systems of type X, (X =
A,B,C,D,E,F,G) denoted by (.(s1,...,5,; X,) where n is the number of positive roots of
type X, (see definition (2))). In particular when s; = -+ = s, = s, ((s,...,s; X,) essen-
tially coincides with the Witten zeta-function (see Witten [36] and Zagier[38]). An important
fact is

¢ (2k, 2k, ..., 2k; X,) € Q- 72" (k € N), (1.2)
which is a consequence of Witten’s volume formula given in [36]. Since we considered multi-
variable version of Witten zeta-function, we were able to determine the rational coefficients
in (L2) explicitly in a generalized form (see [19, Thoerem 4.6]).

Recently, in our previous paper [21], we regarded MZVs as special values of zeta-functions
of root systems of type A,, and clarified the structure of the shuffle product procedure for
MZVs from this viewpoint. In fact, we showed that the shuffle product procedure can be
described in terms of partial fraction decompositions of zeta-functions of root systems of type
Ay

The main idea in the present paper is to regard (1)) as a specialization of zeta-functions of
root systems of type C,. (see below). It is essential in our theory that C, is not simply-laced.
In fact, there exists a subset of the root system of type C, so that the Euler-Zagier sum (L.TI)
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is the zeta-function associated with this subset (see Section Hl). This subset itself is a root
system, and hence the Weyl group naturally acts on (LI)). General fundamental results will
be stated in Section Bl and their proofs will be given in Section [@ As a consequence, it can
be shown that a kind of formula (I.2]) corresponding to this sub-root system implies Zagier’s
well-known formula

¢r(2k, 2k, ..., 2k) € Q-7 (k €N)
(see Corollary [£.2)).

Furthermore, based on this observation in the cases when r = 2,3, we will give explicit
formulas for double series and for triple series (see Proposition [5.] and Theorem [5.2]) which
include what is called the parity results for double and triple zeta values (see Corollary [B.3]).

Similarly we can consider analogues of those results corresponding to a sub-root system of
type B,. In fact, we can define a B,-type analogue of (.(s) by

do= Y [[——t , (1.3)

1 .
mi,....,mp=114i=1 (2 Z;:r—i+1 m; + mr)sl

which is a “partial sum” of the series of (,(s) (see Section [B6). From the viewpoint of root
systems, we see that this has some properties similar to those of (,(s), because the root
system of type B, is a dual of that of type C,. Actually we can obtain an analogue of
Zagier’s formula for this series (see Corollary [6.2). We also prove a formula between the
values of Cg(s) and the Riemann zeta values (see Theorem [6.4]), which gives the parity result
corresponding to type B, (see Theorem [6.4]). This result plays an important role in a recent
study on the dimension of the linear space spanned by double zeta values of level 2 given by
Kaneko and Tasaka (see [12]).

The fact that parity results hold in those classes implies that those are “nice” classes. In
Section [§] we will study those classes from the analytic point of view, and prove that those
classes, as well as the subclass of zeta-functions of root systems of type A, introduced in [21],
are “closed” in a certain analytic sense.

Another important consequence of our fundamental theorem in Section B] is the “refined
restricted sum formulas” for the values of (,(s) and Cﬁ(s), which are embodied in Corollaries
4T and One of the famous formulas among MZVs is the sum formula, which is, in the
case of double zeta values, written as

K-1
> QK —j,j) = (EK) (K € Z3). (1.4)
j=2

Gangl, Kaneko and Zagier [6] obtained the following formulas, which “divide” (L)) for even
K into two parts:

> a2 = 2N eQ- Y (N €Zs),

a,beN
a+b=N

S GRa—1,2041) = ig(zN) Q-1 (N €Zs),

a,beN
a+b=N

(1.5)

which are sometimes called the restricted sum formulas. More recently, Shen and Cai [33]
gave restricted sum formulas for triple and fourth zeta values (see (7.I)) and (7.2))). As we will
discuss in Section [, our Corollaries [4.1] and give more refined restricted sum formulas for
¢r(s) and for Cﬁ(s) of an arbitrary depth r. From these refined formulas we can deduce the
restricted sum formulas for an arbitrary depth r, actually in a generalized form involving a
parameter d (see Theorems [7.1] and [7.3]).

A part of the results in the present paper has been announced in [22].
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2. ZETA-FUNCTIONS OF ROOT SYSTEMS AND ROOT SETS

In this section, we recall the definition of zeta-functions of root systems studied in our
papers [I3]-[19]. For the details of basic facts about root systems and Weyl groups, see
[5, 8, @].

Let V' be an r-dimensional real vector space equipped with an inner product (-,-). The
dual space V* is identified with V' via the inner product of V. Let A be a finite irreducible
reduced root system, and ¥ = {aq,...,a,} its fundamental system. We fix A, and A_ as
the set of all positive roots and negative roots respectively. Then we have a decomposition
of the root system A = A, [TA_. Let Q = Q(A) be the root lattice, Q" the coroot lattice,
P = P(A) the weight lattice, PV the coweight lattice, and Py the set of integral strongly
dominant weights respectively defined by

Q:ézah széza;/7
=1 =1
T T T
P=@zr, P =@zx, P.=@PNx,
=1 =1 =1

where the fundamental weights {)\;}’_; and the fundamental coweights {\Y}’_, are the dual
bases of UV and W satisfying (o, \;) = d;; (Kronecker’s delta) and (A, ;) = d;; respectively.
Let 04 : V = V be the reflection with respect to a root a € A defined by

0o v v —{a¥ v)a.

For a subset A C A, let W(A) be the group generated by reflections o, for all « € A. In
particular, W = W(A) is the Weyl group, and {0; := 04, |1 < j < r} generates W. For
w € W, denote A, = Ay Nw tA_. The zeta-function associated with A is defined by

Gr(s,y; A Z 27y, H W7 (2.1)

)\€P++ Q’EA+

where s = (Sq)acA, € ClA+l and y € V. This can be regarded as a multi-variable version of
Witten zeta-functions formulated by Zagier [38] based on the work of Witten [36].

Let A* be a subset of Ay. We call A* a root set (or a root subset of Ay) if, for any A;
(1 < j < r), there exists an element o € A* for which (o, Aj) # 0 holds. We define the
zeta-function associated with a root set A* by

Gsyia = Y e I W (2.2)

)\GP++ aEA*

In the case y = 0, this zeta-function was introduced in [I5]. When the root system is of type
X,, we write A = A(X,), A* = A*(X,), and so on.

Remark 2.1. The notion of ¢,.(s,y; A*) depends not only on A*, but also on A, because the
summation on (2.2]) runs over all strongly dominant weights associated with A .

3. FUNDAMENTAL FORMULAS

In this section, we state several fundamental formulas which are certain extensions of our
previous results given in [15] 16, 19]. Proofs of theorems stated in this section will be given
in Section

Let 7 be the set of all bases V.C A,. Let V* = {ME]}BGV be the dual basis of VV =
{8Y}pev. Let L(VY) = @gey ZBY. Then we have |QY/L(VY)| < oo. Fix ¢ € V such that
(o, ,ug> # 0 for all V € ¥ and § € V. If the root system A is of Ay type, then we choose
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¢ = . We define a multiple generalization of the fractional part as
AN (¢, 1Y) > 0),
{yIvs= \% \%

where the notation {z} on the right-hand sides stands for the usual fractional part of z € R.
Let T = {t € C| |t| < 2r}IA+].

Definition 3.1. For t = (to)aca, € T and y € V, we define

F(t,y; A Z(H - vv>

vey ~yeAi\V t,y o ZﬁEV tﬁ <,}/ Mg >

1 3 (H tgexp tB{Y‘HZ}VB))

“1QV/L(VY)] 1 (3.1)

gEQV/L(VY) BEV
the

> Plky;A) i,

kEN‘A-H CMGA+
which is independent of choice of ¢.

Remark 3.2. In [16], F(t,y;A) is defined in a different way. The above is [16l Theorem 4.1].
In particular when A = A(A;), we see that

tet{v}
et — 1’

which is the generating function of ordinary Bernoulli periodic functions { B ({y})}.

F(t,y; A(Ar)) =

Let .
“A) = 27y, A\) 9
S(s,y:4) > e II (¥, Nysa’ (3.2)

AEP\Hxv aEAy

where Hav = {v € V' | {(a",v) = 0 for some a € A} is the set of all walls of Weyl chambers.
For s € (C'A”, we define (ws)y = 8y,-14, Where if wla € A_ we use the convention s_, = Sq.

Proposition 3.3 ([19, Theorem 4.4],[16, Proposition 3.2]).

skyia) =3 (I 0F)ew Kk wy:a)

weW oA NwA_

- <—1>A+P<k,y;A>< I (2“)%>

k!
Q’EA+ o

(3.3)

for ko € Z>o (o€ A ).

Remark 3.4. It should be noted that the formula (3.3]) holds in the cases ko, = 1 for some
a € A, while it does not hold in the cases k, = 0 for any a € A .

For v € V, and a differentiable function f on V, let

(Ou)(y) = lim fly + h;) — f(y)

and for « € Ay,

A P
Ota s, —o
Let A* C Ay be aroot set and let A = Ay \ A* ={v,...,vn} C Ay, and define

Da=Dyy Dy,
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Similarly we define

1 02
D2 =725 2, (3.4)
¢ 2062, _o @
Da2=Duy2 Dy 2. (3.5)

Further, let A; = {v1,...,vj} 1 <j<N-1), Ag =0, and
Ya={Ve? | v ¢Lh[VNA]0<j<N-1)},

where L.h.[ - ] denotes the linear hull (linear span). Let % be the set of all linearly independent
subsets R = {f,..., 8,1} C A and

Ny = U (L.h.[RV] +q). (3.6)

Remark 3.5. It is to be noted that y € $4 if and only if (y + ¢, ,u};’) € Z forsome V € ¥ 3 €
V,q € Q". In fact, if y € 5 then we can write y = 77— ! 1458) +q (a; € R). We can find
an element 3, € A such that V.= {f1,...,5,} € ¥. Then (y — q,,uﬁr> = 0 € Z. Conversely,
assume (y + q,,uﬁ> =c¢ € Z. Write V. = {f1,...,5,—-1,8}. Since this is a basis, we may
write y +¢ = 37_ la]ﬁv + afY with aj,a € R. Then ¢ = (y + ¢, M6> = a, especially a € Z.
Therefore afY — q € QV which implies y € 4.

Definition 3.6. For Ay \ A* = A = {vy,...,un} C Ay, tar = {ta}acar- and y € V, we
define

Fa-(tas,yiA) = > (=1)AWVI
vVeva

% < 11 . ) (3.7)

’y€A+\(VUA) ZBEV\A tp (v Mg >

1 tp exp tﬁ{y +atv,s)
“IQVLVY)] Z (1 )
q€QY/L(VY) BeV\A

Theorem 3.7. For AL \ A* = A= {v,...,un} C Ay, tar = {tatacar andy € V \ H4.
we have

(DAF) (tas,y; A) = (DapF)(tar,y; A) = Fax(tax,y; A), (3.8)
and hence is independent of choice of the order of A. The function Fa~(tax,y;A) is the
continuous extension of (’DAF) (tax,¥;A) in y in the sense that (’DAF) (ta,y + co; A)
tends continuously to Fa=(ta-,y;A) when ¢ — 0+, and is holomorphic with respect to ta«
around the origin.

Definition 3.8. For A* C A and ta+ = {tq}aca*, we define Pax(kax,y; A) by
Fax(tax,y:A)
= Y Palaewd) IT 5
kax NG agAr

Theorem 3.9. For s = k = (kqy)aca, with ky € Zxo (€ A¥), ko =0 (a € Ay \ A¥), we

have
Z < H (_1)ka>Cr(w_1k,w_1y; A)

weW acArNwA_

i)k
:(—1)|A+|PA*(kA*,y;A)<H (2k)' ) (3.9)

aEA* ar

provided all the series on the left-hand side absolutely converge.
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Assume that A is not simply-laced. Then we have the disjoint union A = A; U Ag, where
Ay is the set of all long roots and A is the set of all short roots.

Note that if there is an odd k;, then both hand sides vanish in (8.9). On the other hand,
when all k/s are even, by applying Theorem B.9 to A* = A; or Ay, we obtain the following
theorem immediately, which is a generalization of the explicit volume formula proved in [19]
Theorem 4.6].

Theorem 3.10. Let Ay = A (resp. Ag), Ao = Ag (resp. Ay), and Aj = AjNAL (j=1,2).
Then Ajy (7 =1,2) is a root subset of A. Fors; = ki = (ka)aca,, with ko =k € 2N (for
alla € A1y ) and v € PV /QV, we have

1)+ AL
%PAH(M,V;A)( 11 (Qka)! > (3.10)

a€A1 4

Remark 3.11. Let s = k = (kq)aeca, with ko =k € 2N (o € A14) and ky = 0 (o € Agy).
Then obviously ¢, (ky,v; Ary) = G (k,v;A). Our proof of Theorem B.10]is actually based on
the latter viewpoint.

CGr(ki, v Ary) =

4. MULTIPLE ZETA VALUES AND ZETA-FUNCTIONS OF ROOT SYSTEM OF TYPE C,

Now we study MZVs from the viewpoint of zeta-functions of root systems of type C,. For
A = A(C,), we have the disjoint union AY = (Aj4)Y U (Asy)Y, where Ay = A (Cr) =
A(CH)NAL(CH), Ay = Ag1 (Cr) = A (C )N AL(C,), and

(AlJr)\/:{a;"/a 047\,/714-@;4/, 2+C¥ 1+ar7--'7a}/+"'+a;‘/}'
Since PY/QY = {0, A}, Therefore, for s; = (s4)aca,, , we have

(51,0, 014 (Cr)) = Z H 1

b
. S;
mi,.. ,mr—lz 1 j =r— Z+1m]+m7’) ‘

(s, N3 ALL(C)) = Z H

mi,....mr=11= 1

m'r

S;
] =r— z+1m]+m7") !

where the first equation is exactly the Euler-Zagier sum (,.(s1,...,s,) (see (II))). In order
to apply Theorems B.9] and B.I0 to MZVs, we rewrite the root system of type C, in terms
of standard orthonormal basis {ej,...,e.}. We put a;/ =e¢ —ejyp for 1 <¢ <r—1 and

a = e,. Then we have

(A ={a) =er, @) 1+ =e1, o) ot+a) 1 +a) =€ o, ..., +-+a =e}.
In this realization, we see that W (C,) = (Z/2Z)" x &,., where &, is the symmetric group of
degree r which permutes bases, and the j-th Z/2Z flips the sign of e;. Since the sign flips

act trivially on the variables s;, from Theorem we obtain the following formulas. These
are the “refined restricted sum formulas” for (,.(s), which we will discuss in Section [7]

Corollary 4.1. Let A = A(C,). For (2k); = (2ka)aca,, = (2k1,...,2k.) € (2N)" and
y =veP’/QY,

1 = T (2mi)? 25k
> Gl 2K Ary) = 5 P (2K, v; MTT k)] Q- m2i=ki (4.1)
o€6, j=1 77"
In particular when v = 0,
—1) L (2mi) %k .
> G @hpr(ays s 2k = ( QT) Pa,, ((2k);, 0; A)H( %)')' Q- m2Xi=1hi, (4.2)
o€, j=1 77

Also Theorem B.I0lin the case of type C, immediately gives the following.
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Corollary 4.2. Let A = A(C,). For (2k); = (2k,...,2k) with any k € N,

(2m’)2kr

{R)1r

Remark 4.3. The fact that (.(2k,...,2k) € Q- 72*" was first proved by Zagier [38]. More
generally, it is known that

G (2K, 2k, ..., 2k) = (_1)T7JAH((21<)1,0; A) € Q- mkr. (4.3)

27!

) (27.”')2/{:7‘

=c
¢r(2k,...,2k) =C; 2T

(4.4)

where

n
B _1 o = LS i (2 g, 0™
Formula (4] was first published in the lecture notes [I], [2] written in Japanese (Exercise
5, Section 1.1 of those lecture notes). See also Muneta [31]. We emphasize that (@4]) can
be regarded as a kind of Witten’s volume formula (£.3). Because (£3) and (£4]) in the case

r =1 are both Euler’s well-known formula
(2i)%k
2k) = —Bog 1 keN 4.5
we can see that Pa, ((2k);, 0; A) and c® are different types of generalizations of the ordinary
Bernoulli number Byy.

Example 4.4. Let A = A(C3) be the root system of type Cy. By Theorem B.7] we have

titaetv2ity
F)(ty,t A =1
(D F)(t, b2, y1,y2:A) =14 @ — 1)t — 1)
titaetyzltz tytae(I— v —y2b)ti+{y1}t2
(-1t +h) | (-1 1)
t1tae(I— {2y —y2})ta titgel2yi—y2}t

(etl — 1)(t1 + tg) (€t2 — 1)(t1 + t2)

> th1ghe
- Z PA[+(klak25ylay2;A) 1_2 .
k1lks!

k1,k2=1

Set (y1,y2) = (0,0) and k = (0, k1, k2,0). Then (2(0,k1,k2,0;y1,y2; A) = (o(ky, ko) for
A = A(C3). Hence it follows from (3.9) that

(14 (=D)™M) (A + (=1)")Ca (b1, ko)
+ (L+ (1)) (1 + (1)) Ca(ka, k1)

(27Ti)k1+k2
= (1) Py, (ki b2, 0,0 ) 2= — (4.6)
for /{?1, kQ Z 2.
For example, we can compute
4.4.0,0:A) = ——
Pa, (4,4,0,0:4) = 7255

from the above expansion. Hence we obtain
(-n* 1 @2m)® 78
8 6300 (4))2  113400°

Similarly we can compute (2(2k,2k) for k € N, though in this case we can also compute
(2(2k, 2k) by using the well-known harmonic product formula for double zeta values

C(s)C(t) = Cals,t) + Calts s) + (s + 1) (4.7)

©) (47 4) =
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In the next section, we introduce a slight generalization of Corollary 2l which gives evaluation
formulas of (5(k,1) for odd k + [ in terms of {(s) (see Proposition [(5.1]).

Remark 4.5. In the general C, case, considering the expansion of (Da,, F)(ta,,,0;A(C;))
similarly, we can systematically compute (,(2k, ..., 2k). Moreover, considering the case v # 0
for (. (s,v; A(C))), we can give character analogues of Corollary for multiple L-values,
which were first proved by Yamasaki [37].

5. SOME RELATIONS AND PARITY RESULTS FOR DOUBLE AND TRIPLE ZETA VALUES

In Theorem [3.9] we considered the sum over W on the left-hand side of (3.9). Here, more
generally, we consider the sum over a certain set of minimal coset representatives on the
left-hand side of (8.9)). In this case, it is not easy to execute its computation directly. Hence
we use a more technical method which was already introduced in [I8]. First we show the
following result for double zeta values corresponding to a sub-root system of type Cso, where
the number of the terms on the left-hand side is just the half of that on the left-hand side of

a).

Proposition 5.1. For p,q € N>o,
(14 (=1)?) Ga(p,q) + (1 + (=1)) C2(q, )

[p/2]
—2 Z (p e )<<2j>c<p+q —2j)

[q/2] q
+22< >C(2j)C(p+q—2j)—C(p+q)-

Proof. The proof was essentially stated in [I8 Theorem 3.1] which is a simpler form of a
previous result for zeta-functions of type Ay given by the third-named author [35, Theorem
4.5]. In fact, setting (k,1,s) = (p,q,0) in [I8, Theorem 3.1], we have

C(p)¢(q) + (=1)PC2(p, @) + (—1)%¢a(q, p)
p/2] p+q—25—1
=2 Z ( ><<2j)<<p +q—2j)

q—1
[9/2]
+q—25—-1 . .
#23 (p =% >C(21)C(P+q—2j)-
Combining this and (£.7]), we have the assertion. O

In particular when p and ¢ are of different parity, we see that (2(p, q) € Q[{¢(j+1)|j € N}]
which was first proved by Euler. For example, we have

G(2,3) = 3(2)(3) ~ 5 <)

Next we consider triple zeta values. From the viewpoint of the root system of Cs type,
we have the following theorem. Note that, unlike the case of double zeta values, this result
seems not to be led from the result on the case of type Az (cf. [28, Theorems 5.9 and 5.10]).

Theorem 5.2. For a,b,c € N>o,
(1+ (=D)"G(a,b,¢) + (1 + (=D"){G(b,a,¢) + G(b ¢, )} + (1) (1 + (=1))¢s(e, b, a)

[a/2] a—2¢
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[b/2) a1
+Z< 2) Z<w+b 25) <“+Z:°f_2><2(b—25+w+1,a+c—1—w)
= w=0

[e/2] —2¢
ZC ) Z < b—l)<a+c—a2_§1—w—1>Cz(b+w,a+c_2£_w)

[b/ 2] c

Zg (2¢) Z(‘”b—%) <“+Z:°‘1’_2><2(b—2§+w+1,a+c—1—w)}

— Gala+ b, ¢) = (L+ (=1)")¢a(b,a+¢) = (=1)°¢a(b+ ¢, a).

The proof of this theorem will be given in Section
This theorem especially implies the following result which was proved by Borwein and
Girgensohn (see [4]).

Corollary 5.3. Let
= Q{6+ 1) oI+ D} jien] -

namely the Q-algebra generated by Riemann zeta values and double zeta values at positive
integers except singularities. Suppose a,b,c € N>o satisfy that a + b + c is even. Then
¢3(a,b,c) € X.

Proof. We recall the harmonic product formula
<3(CL, b, C) + <3(b’ a, C) + <3(ba ¢, (Z) = C(a)<2(b? C) - <2(b? c+ CL) - C?(a + b? C) (51)

for a,b,c € N>o (see [11).

Let a,b,c € N>g satisfying that a + b+ c is even. First we assume that a, b, ¢ are all even.
Then, combining Theorem and (5.1)), we see that (3(c,b,a) € X.

Next we assume that a is even and b,c are odd. Then, by Theorem B2, we see that

¢3(a,b,c) € X.
As for other cases, we can similarly obtain the assertions by using Theorem [5.2] and (5.1).
Thus we complete the proof. ]

Remark 5.4. The following property of the multiple zeta value is sometimes called the parity
result:

The multiple zeta value (-(ki,ka, ..., k.) of depth r can be expressed as a rational linear
combination of products of MZVs of lower depth than r, when its depth r and its weight
> j—1kj are of different parity.

The fact in case of depth 2 was proved by Euler, and that of depth 3 was proved by
Borwein and Girgensohn (see [4]). Further they conjectured the above assertion in the case
of an arbitrary depth. This conjecture was proved by the third-named author [34] and by
Thara, Kaneko and Zagier [10] independently. It should be stressed that our Corollary (.3
gives an explicit expression of the parity result for the triple zeta value under the condition
a,b,c € N>o.

Therefore it seems important to generalize Theorem in order to give an explicit expres-
sion of the parity result of an arbitrary depth.

Example 5.5. Putting (a,b,c) = (2,2,4) in Theorem [5.2] we have
203(2,2,4) + 2{(3(2,2,4) + (3(2,4,2)} +2¢3(4,2,2)
=20(4)(2(2,2) + ((2){8¢2(4,2) + 12¢2(3,3) + 16(2(2,4) + 16¢2(1,5)}
—16¢2(6,2) — 20¢2(5,3) — 25¢2(4,4) — 24¢2(3,5) — 17(2(2,6).
Therefore, using (5.0]), we obtain
(3(4,2,2) = ((4)2(2,2) + €(2){4¢2(4,2) + 6(2(3,3) + 7C2(2,4) +8C2(1,5)}
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~8G(6,2) ~ 106(5,3) — 2 (4, 4) ~ 126(3,5) — 4 :(2,6) € X

Note that this formula can be proved by combining known results for MZVs given by the
double shuffle relations and harmonic product formulas (see, for example, [30, Section 5]).

Remark 5.6. If we replace (I0.3) (in Section [I0]) by

Z Z (_1)l+mxlymei(l+m)€,

leN meZ*

and argue along the same line as in the proof of Theorem [5.2], then we can obtain
(1+ (=1)%) (1+ (=1)°) {Gala,b, ) + Gala,0,b) + Ga (e, a,b))
(14 (1)) A+ (1) {Gale.bya) + Golbye,a) + (b, a,0))
€ QUG +1)1j € NY]

for a,b,c € N>g. In particular when a, b, ¢ are both even, we have Zagier’s formula (£4) for
the triple zeta value which can be regarded as a kind of Witten’s volume formula (4.3]) (see
Section M]). Furthermore, when a is odd and both b and ¢ are even, then

Cale,b,a) + Ca(b, ¢,a) + Ga(bya,¢) € QUG +1) |5 € NY].
Note that this result can also be deduced by combining (5.]) and Proposition (.11

6. MULTIPLE ZETA VALUES ASSOCIATED WITH THE ROOT SYSTEM OF TYPE B,

In this section we discuss the B.-analogue of our theory developed in the preceding two
sections.
As for the root system of type B,, namely for A = A(B,), we see that

(As)Y ={a), 20 1+ ), 2a) 5 +20) {1 +a),....2a) +---+2a) 1 +a'}.

Therefore for s, = (Sa)aca,, we have

Gr(8s,0; Mgy (By)) = Z H —1 ! ) (6.1)

=1 i1 (2 D i i1 My M)

which is a partial sum of (,(s). For example, we have

o0

1
1 0; Ast (B = — 2
<2(S +( 2)) lmzl msi (2[ + m)82 (6 )
s 1
G3(8s, 0 Ast-(Bs)) = lgl ns1(2m + n)52(21 + 2m +n)s3’ (6.3)

where s; = Sa; corresponding to o; € Ay,

From the viewpoint of zeta-functions of root systems, values of (6.1I) at positive integers
can be regarded as the objects dual to MZVs, in the sense that B, and C, are dual of each
other. Hence we denote (1) by ¢Z(s1, ..., sr).

Since W (B,) ~ W(C,), just like Corollary L1 from Theorem we can obtain the

following result, which gives the “refined restricted sum formulas” for C,@(s).

Corollary 6.1. Let A = A(B,). For (2k)s = (2ka)aca,. = (2k1,...,2k,) € (2N)" and
y=veP/QY,

(2mi) ki

(="
r (2]{])'

Z Cr(a_l(Qk)sﬂ/?AlJr) = B PAs+((2k)S=V§ A)H

0'667‘ ]:1

cQ-m2Xi=ki (6.4)
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In particular when v =0,

T T N
Pa., ((2k)5,0:A) T (?;?}),J eQ-n2Xi1ki. (.5)
j=1 7

-1
ST G 2kg-rys- - 2k () = ( 2r)

0'667‘

From Theorem [B.I0, we obtain an analogue of Corollary [£2] which is a kind of Witten’s
volume formula and also a B,-type analogue of Zagier’s formula (4.4)).

Corollary 6.2. Let A = A(B,). For (2k)s = (2k,...,2k) with any k € N,

(_1)r " (27Ti)2kj
CH(2k,... 2k) = g Pa. (2k)5,0;8) ] k)] c Q- n2kr,
j=1
Example 6.3.
o
89 9) — S
6(2,2) Z n2(2m + n)? 320"
m,n=
oo
“(4,4) = ! -
(3(4,4) Z n*(2m +n)4 14515200 "
mn=1
o0
6 6 1 _ 1369 12
(2(6,6) m; nS(2m +n)® 871782912000

These formulas can be obtained by calculating the generating function of type By similarly
to the case of type Cy in Example 4] (see Section []). Also we can obtain these formulas by
Theorem [6.4]in the case (p, q) = (2k, 2k) for k € N. However, unlike the ordinary double zeta
value, these cannot be easily deduced from (4.7]).

Similarly, calculating the generating function of type Bs, we have explicit examples of
Corollary

o0
1 1

£2.2.2) = = ¢

o0
L(4.4.4) = ! = > .

o0
o6 ) 1 _ 1997 18
(3(6,6,6) ”;_1 n8(2m + n)8(2l + 2m + n)o 17030314057236480000

Also, similarly to Proposition [B.I, we can obtain the following result whose proof will be
given in Section [I0l

Theorem 6.4. For p,q € N>o,

1+ (D) (p ) + (L + (~1)1)¢h (g, p)
[p/2]

1 —1-29
=2 Z oPta—2 (p—i—qq_ 1 ]>C(21')C(P+q— 2j)
=0

la/2] .
1 p+q—1—23
+22; 2p+q2j< p— 1

j:

Theorem in the case that p and ¢ are of different parity implies the following.

><<2j><<p Fq—2)—Clpta). (6.6)

Corollary 6.5. Let p,q € N>o. Suppose p and q are of different parity, then
Gp.0) € QUCU +1) [ €N},
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which is a parity result for Czﬁ

Remark 6.6. This parity result for Cg (p,q) is important in a recent study of the dimension of
the linear space spanned by double zeta values of level 2 given by Kaneko and Tasaka (see

[12)).

For example, setting (p,q) = (3,2) in (6.6]), we have

[e o]

323 = Y e = —50) + §CRKE)

m,n=1

It should be noted that this property can be given by combining the known facts for double
zeta values and for their alternating series

Actually we see that
1
C5(s1,82) = B {Ga(s1,82) + pa(s1,82)} -
When p and ¢ are of different parity (p,q € N and ¢ > 2), Euler proved that

Ca(p,q) € Q{C(j +1)|j € N},

and Borwein et al. proved that

2(p,q) € Q{C(H +1)|j € N}]

(see [3]), from which Corollary [6.5 follows. However (6.6) gives more explicit information on
the parity result for Cg(p, q).

Furthermore we can obtain the following result which can be regarded as an analogue of
Theorem for type Bz. This can be proved similarly to Theorem (.2, hence we omit its
proof here.

Theorem 6.7. For a,b,c € N>o,

(1+ (=) (a,b,¢) + (1 + (=1)"){C (b, a,¢) + (b, c,a)} + (=1)°(1 + (1)) (c, b, a)

[a/2] a—2§
— gl-a=b= C{Z2£C 2¢) Z <w+£_1><a+c_c2_£1_w_1>Cg(b+w,a+c—2§—w)
w=0
[b/2] a—1
+Z2§g(2§)z<w+i_2£><Q+Z:(;_2>C2(b—2§+w+1,a+c—1—w)
= w=0
le/2] % w+b— atc—2—-w-1
22%25 Z( )( o )cz<b+w,a+c—2§—w>
[b/Q} ¢ - w+b— 2§ at+c—w—2
+ (-1 Zung( )( o )Cg(b—2§+w+1,a+c—1—w)}
§=0 =

—la+be)— 1+ (1)) b, a+ ) — (~1)°Gb + c,a).

Remark 6.8. In [24], we study zeta-functions of weight lattices of semisimple compact con-
nected Lie groups. We can prove analogues of Theorem [B.9 for those zeta-functions by a
method similar to the above. We will give the details in a forthcoming paper.
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7. CERTAIN RESTRICTED SUM FORMULAS FOR (,(s) AND FOR (ﬁ(s)

In this section, we give certain restricted sum formulas for (,(s) and for Cﬁ(s) of an arbitrary
depth r which essentially include known results.

As we stated in Section I Gangl, Kaneko and Zagier [6] obtained the restricted sum
formulas (LE) for double zeta values. Recently Nakamura [32] gave certain analogues of
(L.3).

More recently, Shen and Cai [33] gave the following restricted sum formulas for triple and
fourth zeta values:

Co(2ar, 2az, 2a3) = 2C2N) — SC(2)C2N =2) € Q- 72N (N € Zsg),  (T.1)
ay,ag,a3€EN 8 4
S G(2a1, 22,205, 204) = %g(m) - %((2)((2N _9eQ- N (N €Zsy)

aj,ag,a3,a4€N
aj+tagtaz+tag=N

(7.2)

Also Machide [25] gave certain restricted sum formulas for triple zeta values.

Now recall our Corollaries 1] and In the above restricted sum formulas, the summa-
tions are taken over all tuples (aq,...,a,) satisfying a; +- - -+a, = N. On the other hand, the
summations in the formulas of Corollaries A1l and are running over much smaller range,
that is, just all the permutations of one fixed (a1, ...,a,) with a; 4+ --- + a, = N. Therefore
our Corollaries give subdivisions, or refinements, of known restricted sum formulas.

Summing our formulas for all tuples (ay,...,a,) satisfying a1 +- - -+a, = N, we can obtain
the r-ple generalization of (LH), () and (Z2). Moreover we can show the following further
generalization, which gives a new type of restricted sum formulas.

For d e Nand N € N, let

I.(d,N) ={(2day,...,2da,) € (2dN)" |a; + -+ +a, = N}.

Denote by P, the set of all partitions of r, namely

T

Pr= {01, d) €NV [Gi 4y =)

v=1

For J = (41, -+ ,J») € P, we set
A (d, N, J) = {((2dh1)bﬂ, o (2dR) Y € (A, NY | hy < - < hy} ,

where (2h)V! = (2h,...,2h) € (2N)/. Then we have the following restricted sum formulas of
depth 7.

Theorem 7.1. Ford € N and N € N with N > r,

Z ¢r(2day, . .., 2da,)

_1\r T i 2dk,
oy LY pa(eagnoac) [T &2

Lo gy " (2k,)!
J=Giri e, T o (2F)

(2dk), €A, (d,N,.J)
Remark 7.2. In the case d = 1 and r = 2, 3,4, we essentially obtain (LHl), (ZI)), (Z2]). Also,
in the case N = r, we obtain Zagier’s formula stated in Corollary

GQ'WZdN.

Proof of Theorem [71]. Let (2day,...,2da,) € I,(d, N). Denote a set of different elements in
{a1,...,a,} by {h1,...,hy}, and put j, = #{am|am = hu} (1 < p < v). We may assume
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hi < --- < hy,. We can easily see that there exist o € &, and ((2dhy)1, ..., (2dh, )" €
A(d,N,J) with J = (j1,--- ,ju) € P, such that
(2day, . .., 2da,) = ((2dh)), .. (2dh, )00y,
where we use the notation
(1, k) = (ko) s Kor))-

On the other hand, the set {((thl)[m7 cee (2dh,,)[j”})7 | T € &,} contains j;!- - - j,!-copies of
each element. In fact, if we denote by &(1, ..., j1) the set of all permutations among {1, ..., j1 },
then

v—1 v
X)) =61, 1) XS+ 1. g+ ha) X x SO g+ 1) jy) C 6,
p=1 p=1

forms the stabilizer subgroup of ((2dh1)V", ..., (2dh,)U")), and hence $X(J) = ji!---7j,..
Therefore, using Corollary 1], we have

> ((2day, ..., 2day) = 3 ¢ (2day, .. ., 2day)

ay,..., ar€eN (Zdal,...,Qdar)EIr(d,N)

- ¥ _ S S Gk 2dkg ()

1]
J=(rim el IV Gany eany) oee,

€Ay (d,N,J)
(-1) 1 o (2mi)2dke
=% > T > Pay(c)((2dK);, 0;4) Rk
J=(j1, jv)EPr Y* (2dk) €A (d,N,J) p=1 2
This completes the proof. ]

Similarly, using Corollary [6.1] we obtain the following.
Theorem 7.3. Ford € N and N € N with N > r,

Z ¢t (2day, . .., 2da,)

_ (=) 1 ) 7 (2mi)? e 24N
= > T > Pa., ((2dk)s, 0, A(B) [ | @R € Q- 7™,
J=(j1, jv)EPr Y (2dk)s€Ar(d,N,J) p=1 P

8. ANALYTICALLY CLOSED SUBCLASS

In this section we observe our theory from the analytic point of view.

First consider the case of type C,. In Section @] we have shown that the zeta-functions
corresponding to the sub-root system of type C, consisting of all long roots are exactly the
family of Euler-Zagier sums. On the other hand, it is known that the Euler-Zagier r-fold sum
can be expressed as an integral involving the Euler-Zagier (r — 1)-fold sum in the integrand.
In fact, it holds that

Cr(S1y---y8r)

1 /( | s + Z)P(_Z)Cr_l(sl, ey Sp—2y Sp—1 + Sp + 2)((—2)dz (8.1)

" 2mi (sy)

for r > 2, where —Rs, < kK < —1 and the path of integral is the vertical line from xk — ioco to
K+ ioco (see [26 Section 12], [27, Section 3]). This formula is proved by applying the classical
Mellin-Barnes integral formula (([82]) below), so we may call (81)) the Mellin-Barnes integral
expression of (.(s1,..., ;).

Formula (8J]) implies that the family of Euler-Zagier sums is closed under the Mellin-
Barnes integral operation. (Note that the Riemann zeta-function, also appearing in the
integrand, is the Euler-Zagier sum with » = 1.) When some family of zeta-functions is closed
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in this sense, we call the family analytically closed. The aim of this section is to prove that
the subclasses of type B, and of type A, discussed in our theory are both analytically closed.

Proposition 8.1. The family of zeta-functions (,(ss,0; As1(B;)) defined by (6.1)) is analyt-
ically closed.

Proof. Recall the Mellin-Barnes formula

(142 27172 /( )%Azd@ (8.2)

where s, A € C with s > 0, A # 0, |arg A\| < 7, & is real with —Rs < k < 0.
Dividing the factor (2(my + -+ 4+ m,_1) +m,) " as

_ 2mq o
2 +ootmp_1)+m.) " 1+
(2(ms r-1) +my) ( 2ma + -+ my_1) +mr>

and applying ([82) to the second factor with A = 2my/(2(mg + - -+ 4+ m,—1) + m,), we obtain
CT((Sla e 557'); 07 As+(Br))

1 [(s, + 2)I'(—2) 1
2ri /(,.@) I(s,) Z H

mi,...,mp=11i=1 j =r— z+1m]+m7’)

2m1 >Z
dz
2(mo + -+ mp_y) + my

X (2(m2 + o+ mr—l) + mr)_ST <

o0

_ 1 [(s, + 2)I'(—2) e
o 271, (k) F(Sr) Z (2 1)

mi1=1

1
X (2(mo + -+ mp_1) +my) T 2
mg,;nT 1 zl—[l ] =r—i+1 m; + mT)
1 I'(sp +2)'(—=2) .,
=5 ( ) )2 C(2)CGr—1((515- -+, Sr—2,8r—1 + 8r + 2),0; Ay (Br—1))dz. (8.3)
70 J () I'(sy)

This implies the assertion. O

Next we consider the subclass of type A, which we studied in [21], and prove that it is also
analytically closed. This part may be regarded as a supplement of [21].
The explicit form of the zeta-function of the root system of type A, is given by

r r+h—j Shj
CEOAU) — S Hn(z ) .4)

mi,....,mr=1h=1j=h k=h

(where s = (spj)p,j; see [21) formula (13)]). Let a,b € N, ¢ € Ng with a + b+ ¢ = r. The
main result in [21] asserts that the shuffle product procedure can be completely described by
the partial fraction decomposition of zeta-functions (8.4) at special values s = d = (dp;)n,;-
where dy,; for

h=1,1<j<c
h=1,b+c+1<j<a+b+c (8.5)
h=a+1, a+c+1<j<a+b+c

are all positive integers, and all other dj; are equal to 0. Let A(a be) = Aif’b’c)(Ar) be the set
of all positive roots corresponding to s;; with (h, j) in the list ([EED Then this is a root set,

and the above special values can be interpreted as special values of zeta-functions of Agf’b’c).

Theorem 8.2. The family of zeta-functions (s 0; Ag’b’c)(Ar)) is analytically closed,
where (99 = (sp,:)p.; with (h, §) in the list (85).
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Proof. We prove that zeta-functions (.41 belonging to the above family can be expressed
as a Mellin-Barnes integral, or multiple integrals, involving (, also belonging to the above
family. Let a,b € N, ¢ € Ny with a + b+ ¢ = r. We show that all of the zeta-functions (41

associated with (i) A(f“’b’c), (ii) A(f’b“’c), (iii) ASf’b’c—H) have integral expressions involving

the zeta-function of Aff’b’c).
From (8.4]) we see that
o C
7b7 —_ .
¢ (s\9) 0; Agf V(A4,)) = Z H(m1 +mo + - Mgghret1—g) Y
M1, Matbtc=17=1
a+b+c
] (ma+ma+- 4 magpperaog) Y
j=b+c+1
a+b+c
X H (Mag1 +Mag2 + -+ Mogppperi—j) "o, (8.6)
j=a+c+1

which is, by renaming the variables,

e}

= > (mat e ) T (e mgbe)

M1, Mgiptre=1
1—821 (ml + m2)7522 . (ml 4+ ma)fs2a

—s32 .. (ma+1 ot ma_i_b)fsi“b, (8.7)

X m
—S831
X Mg 11 (Mat1 + Mat2)

Now we consider the above three cases (i), (ii) and (iii) separately.

The simplest case is (iii). When we replace ¢ by ¢ + 1 in (87, the differences are that
the summation is now with respect to mq,...,mgiprcr1, and a new factor (mq + -+ +
Maibrer1) "ot appears. Dividing this factor as

(ml + e + ma+b+c+1)*31,c+1

Matbictl Tobett
= (my + -+ Maapre) “bet! (1 + aroTe )

m1+ -t Matbre

and apply (B2) as in the argument of (83]), we find that the sum with respect to mgipiet1

is separated, which produces a Riemann zeta factor, and hence the zeta-function of Ag?’b’cﬂ)

can be expressed as an integral of Mellin-Barnes type, involving gamma factors, a Riemann

zeta factor, and the zeta-function of Aff’b’c).
Next consider the case (ii). When we replace b by b+ 1, (87 is changed to

[e.9]

- > (M1 4 4 Magppa) " (Mo Magpgern)

M5y Mg qbpet1=1

% mISQI (ml + m2)—822 . (ml + . + ma)—82a
X m;f’il (May1 + May2) 532 - (M1 + -+ Mgyp) 52
X (Ma+1 + + Maypr1) "0 (8.8)

The last factor is

Matbil —S53,b+1
= (May1 + -+ Mgpp) *3b+1 <1+ )

Ma+1 +  + Mayp
= (Mas1 + -+ Mgpp) B0+
1 r I'(— ?

X -
21 J (1) [(s3p41) Mart + -+ Mars
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The factors (mi + -+ + Mayptn) 271 (2 < n < c+ 1) also include the term mgipyr1. We
divide these factors as
(M1 + -+ Magp + Magpr2 + o+ Magpin) 0"

Ma4+b+1 Tt
x [ 1+
my+ -+ Matb + Matpr2 + 0+ Matbin
and apply (8.2]) to obtain

(ml 4+ ma+b+n)_81’"7l

= (m1+ -+ Moty + Marpr2 + 0+ Magprn) """

% i F(Sl,nfl + Zn)r(_zn) < Ma+b+1 >Zn dz
210 J (k) I(s1,n-1) my -+ Mgy + Magbpy2 + -0+ Matbin "
(8.10)

for 2 < n < ¢+ 1. Substituting (89) and (BI0) into (88), we find that the sum with

respect to mgyprq is separated and gives a Riemann zeta factor ((—zo — -+ — ze11 — 2).

Since the remaining sum produces the zeta-function of Agf’b’c), we obtain that the zeta-

function of Aif’bﬂ’c) can be expressed as a (¢+1)-ple integral of Mellin-Barnes type involving

(=29 — -+ — zey1 — 2) and the zeta-function of A(f’b’c).
The case (i) is similar; we omit the details, only noting that in this case the variable to be
separated is mgqy1. The proof of Theorem is now complete. O

9. PROOF OF FUNDAMENTAL FORMULAS
In this section we prove fundamental formulas stated in Section Bl

Lemma 9.1. For BC Ay and V € ¥V, we have
Lh[VNB]={veV | (v,uy)=0 forall 3 €V \ B}. (9.1)
Proof. Let v be an element of the right-hand side. We write v =73, v, ¢3f and have ¢z = 0
for all 8 € V\ B and hence
v= Y c¢gBeLh[VNBE] (9.2)
BEVNB
The converse is shown similarly. O

Proof of Theorem[3.7. For t = (ta)aca, € T,y €V, Ve ¥, BC Ay and g€ QY/L(VY),
let

t
F(t.yiV,B.q) = (-)PVI( ] L)
seanvon) i T 2sevip a0 1) (9.3)
X < I tgexp(tp{y + q}v,/s)) '
ets — 1 ’
BEV\B
so that 1
< |QV/L(VV)| £~
ver q€QV/L(VY)
Assume y € V' \ %, and let
We calculate ®,, , F;. First, since y ¢ $%, noting Remark we find that
By Fj = ( 3 tg(u;/_,_l,,ug})Fj. (9.6)

BEV\A;
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Consider the case vj11 € V. Then (v’ vl g V) = 0,415 and
Z tB<V]\‘/+1aM/\§I> =tj+1, (9.7)

BEV\A;
where we write b,y = tin for brevity. Hence we have (9ij+le = tj41F;. Therefore we
obtain

t
A.
Duja b = (_1)‘ ]\V|< H ty— > . tg(yV V>>
veA\(VUuA) T BEV\(A4;U{v;11}) UB\T o g

(9.8)

tgexp(tply + a}v.5)
% H els —1 >
BEV\(A;U{vjt1})
which is equal to F}j 1 because AL \(VU(A;U{v;11})) = AL\(VUA;) and |(A;U{rj;1})\ V| =
145 \ VI.
Next consider the case vj1 ¢ V. If <V]\‘/+1’/‘X> =0 for all 3 € V\ Aj, then

3]v+1F‘=< Y sy ]+17u5>>F 0 (9.9)
BEVAA;
and hence ©,, , F; = 0. Otherwise, since
9 ( tj+1 ) = 1 (9.10)
Otji1ly,, =0 \tiv1 = Ypevia, L8V 1o 1Y) ZﬁeV\A ta(vin 1Y)

we have

. t
D, F; = (_1)\AJ\V\+1< I1 = gl v >>
YEA\(VUA; u{uﬁl}) pev\a, ta(Ys 1y

<( TI ts eXp(tij_J; q}v, ﬁ))

(9.11)

BEV\A;

By noting V \ (4; U{vj11}) = V\ 4; and |(4; U{vju1}) \ V| = |4, \ V| + 1 we find that
the right-hand side is equal to F} 4

We see that the condition (vj41, ,u?;’) =0 for all 5 € V\ 4, is equivalent to the condition
vj41 € Lh.[V N Aj]. Therefore the above results can be summarized as

0 (vj41 € L[V N A;)),
D, F= / / 9.12
17 {F+ (11 ¢ LIV 1 4. 912
Hence
0 (V ¢ 7a),
DAFy = 9.13
ATO {FN (V€ 7). (9.13)

Similarly to the above calculations, we see that D 4 2 Fp gives the same result as (O13). Thus,
since Fy = F(t,y; V,0,q), from ([@.4]) we obtain (3.8].
The continuity follows from the limit

lim {y +g¢+codtvs={y+atvs (9.14)
c—0+

(see the last part of the proof of [16] Theorem 4.1].) Finally, since F'(t,y;A) is holomorphic
with respect to t around the origin, so is (’DAF) (tax,y; A) with respect to tax. The proof
of Theorem B.7is thus complete. O



A STUDY ON MULTIPLE ZETA VALUES 19

Proof of Theorem[3.9. First assume y € V'\ 5. Let k' = (k,)aea, with &), = ko (o € AY),
kl, =2 (a € Ay \ A* = A). Then by Proposition B.3] we have

. 1
/oo _ 2mwi{y,A
SK,y;A)= Y &m0V ] v )k

AEP\H v Q€A

=3 (IT *)ew Kty (9.15)

weW oA NwA_

i) Fa
- ey T 5.

OéeA+

Applying [[,ca (ﬁv to the above. From the first line we observe that each (ﬁv produces the
factor (2mi{a", \))2. Hence the factor (.(w'k’,w~ly; A) on the second line is transformed
into (27i)24!¢. (w™ Tk, wy; A). Therefore we have

(27i) 1Al Z < H (—1)ka)Cr(w_1k,w_1y; A)

weEW a€ALNwA_
_1)\A+\(H aiv)P(k/’y;A)< 11 (27];@')'%) (9.16)

a€cA aEAL ar
Since
(2mi)ka\ (2mi)ka (2mi)?
I =)= (I =) (=5 )
aEA L o aEA* o acA
we have
Y
ke -1 1)/a+ , (2mi)"e
S I oo ke y:a) = (0T 522 )P A)(H o)
weEW a€ALNWA_ acA aEA* o
(9.17)
From (Bj]) it follows that
(H Sam| B Feyia = Y (T] 50 )Pemysa) [T =5 0as)
alta=0 _ « Mo
o€ m=(Ma)aca, acA acA
ma ENg(a€A™)
ma=2(a€A)
By Theorem [B.7], we see that the left-hand side of (@.1I8]) is equal to
e
Fas(tas,y;A) = > Pa(ma-,y;A) ] et (9.19)
mA*ENl)A*‘ acAx Y
Comparing ([0.18) with (9.19]) we find that
<H 5 ozv) A) = Pa+(ka-,y; A).

a€cA

Therefore (Q.17)) implies the desired result when y € V' \ $5. By the continuity with respect
to y, the result is also valid in the case when y € 4. O

Remark 9.2. It is possible to prove Theorem B.9 by use of © 4 instead of © 4 . In this method,
we need to consider the case k, = 1 for some a € A and such an argument is indeed valid.
(See [19, Remark 3.2].)
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10. PROOFS OF THEOREMS AND

In this final section we prove Theorems and The basic principle of the proofs of
these theorems is similar to that of the argument developed in [I8], Section 7]. We first state
the following lemma.

Lemma 10.1. For an arbitrary function f : Ng — C and d € N, we have

d k (i) [d/2]
Y old—kear Y flk—v)—— = ——f —-1)+ Zq 2¢) f(d — 2€), (10.1)
k=0 v=0

V.

where we denote the integer part of x € R by [z], ej = (1 + (—=1)7)/2 (j € Z) and ¢(s) =
Y oms1 (=) m T = (275 = 1) ¢(s).

Proof. This can be immediately obtained by combining (2.6) and (2.7) (with the choice
g(x) =irf(x —1) ) in [29, Lemma 2.1]. O

Proof of Theorem [1.2. From [18] (4.31) and (4.32)], we have
-1 0
Z( ) ¢’ _22(?@_]6&](2]") -0 (10.2)

for @ > 2 and 6 € [—m, 7|, where Z* = Z ~ {0}. For z,y € R with |z|] < 1 and |y| < 1,
multiply the above by
Z( 1)l+mxlymez(l+m)9 (10.3)
l,meN
Separating the terms corresponding to l+m +n =0, we obtain

l+m+n ymei(l-l—m—f—n)g

> o e

I,meN  nez*

l+m+n7#0
. . m m 1 m 7/9 j
223" fa—feay 3 (—1yFmatymeitrmo O
j=0 1,meN J:
xlym
=" X T
I,meN (l T m)

for 6 € [—m, 7]. The right-hand side of the above is constant with respect to §. Therefore we
can apply [I8, Lemma 6.2] with h =1, a; = a, d=c¢ > 2,

l,m
'y
C(N) - E na
l,meN,neZ*
l+m+4+n=N

D(N’r’l):{zlimil\j\fxy ( Z & )7

0 (otherwise)

in the notation of [18]. The result is

l+m+n m i(l+m+n)€

y
Z Z ne(l +m +n)°

I,meN nez*
l+m+n#0

a l+m1.lymez(l+m) (20)5

j—&+c— ¢
_22 ¢(a_ €a— ]gzo< ]_g > ] Z l+mc+]§ é‘l

J=0




c i - -1
2 ¢<c—j>ec_j§(” R (G

—10

Replace = by —ze
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aly™ (i)
Z (l_|_m)a+j—§ &!

I,meN

=0.
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and separate the term corresponding to m + n = 0 in the first member

on the left-hand side, and apply [I8, Lemma 6.2] again with d = b > 2. Then we can obtain

DORD D

m+n ym i(m-+n)o

m+n b(14+m+n)°

I,meN mnef;o
l+m+n##0
a J i€ :
w+b—1 j—€&é—w+c—1 e
-3 bl ]zz( T G [Ch
j:0 £=0 w=0
mxlymezmg (Za)f

X Z merw l_|_m)c+j E—w 5!

e R Y 2 e

j=0 £=0 w=0
wly™ (i6)¢
Xlge: mJ—&tw+l l+m)a+c—1—w é‘l
c J J=¢ :
‘ w+b—-1 wli—&¢—w+a—1 e
SO IRCETEND 35 DI i ISV bbb [T
§=0 g:Ow—o
y Z )lxlyme 10 (29)
lmEN b+w l+m)a+j §—w é“l
' w+j— wfo—1—w+c—1 a—
Z RIS 35 B QAR [ Gkt ST
Jj= £=0 w=0
aly™ (i60)*
Xlge:N j £+w+1(l+m)a+c 1-w gl (10'4)

Since a, b, ¢ > 2, we can let x,y — 1 on the both sides because of absolute convergence. Then
set # = 7, and consider the left-hand side of the resulting formula first. The contribution of
the terms corresponding to m + 2n = 0 is obviously (—1)%Ca(a + b, ¢). The contribution of
the terms corresponding to [ +m + 2n = 0 is (with rewriting —n by n)

1
Z nete(m —n)b’
m,neN
m#n,m<2n

(=1*

which is, by separating into two parts according to n < m < 2n and 0 < m < n, equal to
(—=1)*(1+(=1)")¢2(b, a+c). We can also see that the contribution of the terms corresponding
tol+2m+2n=01is

0" Y iy = (D e+ )

m,neEN
n>m
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The remaining part of the left-hand side is

1
Z Z n®(m +n)b(l +m + n)°

Il,meN neL*
+n#0
m+2n#0
l+m+n##0
l+m+2n#0
I+2m—+2n#0
1
= (3(a,b,¢) ; .
nt(m —n)°(l + m —n)°
IR D T CE T
m#Qn
l+m#n
l+m#2n
I+2m#2n

On the above double sum, replace j = m —n and k = n — m correspondingly to m > n and
m < n, respectively. On the part corresponding to m > n, we further divide the sum into
three parts according to [+ j < n, j <n <l+j, n < j and find that the contribution of this
part is

(_1)(1 {C3(b’ Gy a) + <3(b’ a, C) + C3(aa b’ C)} :

Similarly we treat the part m < n. Collecting the above results, we obtain that the left-hand
side is

(—1)a{(1 + (=1)")¢(a,b,¢) + (1+ (=1)") (G3(b, @, ¢) + (3(b, ¢, a))
+ (=1L + (=1)°)¢s(c,b,a) + (a(a +b,c)
+ 1+ (=D, a+c) + (=1)°G0b +e¢, a)}.

On the other hand, applying Lemma [I0.J] we can rewrite the right-hand side to

la/2] a—2¢
{ZCQE Z<w+£_1><a+c_c2_£1_w_1>Cz(b+w,a+c—2£—w)
(/2] a—1
w+b— at+c—w—2
+Z<2§wzo< )( o )Cg(b—2§+w+1,a+c—1—w)

0/2] c—2¢
w*O

b/2 c—1
w+b—28\(a+c—w—2
2¢) -2 1 —1- .
Zc (2¢) Z( g >< o ><z(b +w+latc w)}
This completes the proof of Theorem O

Finally we give the proof of Theorem

Proof of Theorem[6.4 Let p € N>g and s € R+ ;. It follows from [23, Equation (4.7)] that

(_1)l+mxmei(l+m)€ p ' sl ( 1)mxmezm9 (20)_]
Z 1Pms _QZ ¢p = J)ep— Z ms ;!

m=1
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for § € [-m, 7] and x € C with || < 1. Setting x = —e' on the both sides and separating
the term corresponding to [ + 2m = 0 of the first term on the left-hand side, we have

1)teili+2m)0

Z (_ Pms

leZ* ,meN

l+m#0
1+2m=£0
p X 2imb N\ J
. e (i0)7
—2§:¢@—Jkpj{§: s} -
, m 7!
7=0 m=1
oo ( 1)m 1mb co
—1)\P A S A - -
+( 1) Z ms+tp Z —29m pms'
m=1 m:l

By [18, Lemma 6.2] with d = ¢ > 2, we obtain
(_1)lez‘(l+2m)€

Z Pms(l + 2m)e

j £ > 2imo 29)

P J

_ J—&+q-1

—22 p 35PJZ< j—¢& >2q+]£ZmS+Q+]§ &!
- —0

q -1 = ;
j=&+p—1\ (=1 1 (i0)°
-2 Z: ¢(q €q J Z < j _5 ) Ip+j—& Z—:l mstpti—¢ g'

7=0
co (_1)mezm9
— (=1)P Z:l — (10.5)
Let 6 = 7 and using Lemma [I0.1l Then the right-hand side of (I0.5) is equal to
[p/2]
1 p+qg—1—2¢
R =] (AR ORI RS
[a/2]
1 p+q—1-—-2¢

+A Y, e (T e v a-2)
= (=1PC(s+p+a) (10.6)

On the other hand, we can see that the left-hand side can be written in terms of the zeta-
function of By. Recall that

Ca(s1, 82,83, 545 Ba2) = C2((s1, 52, 83, 54), 0; A(B2))

1
Z Z mitms?(my + mag)3(2my + mg)s4

mi=1mso=1

The contribution of the terms with { > 0 to the left-hand side is obviously (a(s,p,0,q; Ba).
As for the terms with [ < 0, we rewrite —I by [, divide the sum into three parts according
to the conditions | < m, m <1 < 2m and [ > 2m, and evaluate each part in terms of the
zeta-function of By. The conclusion is that the left-hand side is

CQ(Sapa qu, BQ) + (_1)1)(2(071)7 S,4; BQ) + (_1)pC2(07 q,S8,D; BQ)
+ (1) (s,4,0,p; B). (10.7)

We combine (I0.6) and (I0.7) and multiply by (—1)P. Then we can set s = 0 because (I0.6])

and (I0.7) are absolutely convergent for s > —1. Noting (2(0,p,0,q; B2) = Cg(p, q),
complete the proof of Theorem
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