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THE THEORY OF HAHN MEROMORPHIC FUNCTIONS, A
HOLOMORPHIC FREDHOLM THEOREM AND ITS
APPLICATIONS

JORN MULLER AND ALEXANDER STROHMAIER

ABSTRACT. We introduce a class of functions near zero on the logarithmic cover
of the complex plane that have convergent expansions into generalized power
series. These power series are general enough to cover cases where non-integer
powers of z and also terms containing log z can appear. We show that under
natural assumptions some important theorems from complex analysis carry over
to the class of these functions. In particular it is possible to define a field
of functions that generalize meromorphic functions and one can formulate an
analytic Fredholm theorem in this class. We show that this modified analytic
Fredholm theorem can be used in spectral theory to prove convergent expansions
of the resolvent for Bessel type operators.

1. INTRODUCTION

Asymptotic expansions of the form

f(z) ~ Zza’“(—log(z))ﬁ’”, as z—0

k,m

with non-integer ay or 3, for functions f defined in some sector in the com-
plex plane with base 0 appear quite frequently in mathematics and mathematical
physics. Classical examples are solutions for differential equations (e.g. in Frobe-
nius’ method) or expansions of algebraic functions at singularities. More recently
it was shown that low energy resolvent expansions in scattering problems are of
this form (see e.g. [1], [3] for Schrédinger operators in R™, [4] for operators with
constant leading coefficients in R", and [2] for the case of the Laplace operator on
a general manifold with a conical end).

The algebraic theory of generalized power series is well developed and can be found
in the literature under the name Hahn series or Malcev-Neumann series. In this
paper we are concerned with the analytic theory of such generalized power series,
namely we will define a ring of functions, the Hahn holomorphic functions, that
have convergent expansions into generalized power series, and we will show that
this ring is actually a division ring. We show that the quotient field, the field of

Hahn-meromorphic functions, has a nice description in terms of Hahn series and
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we generalize the notions of Hahn-holomorphic and Hahn-meromorphic functions
to the operator valued case. The theory turns out to be very close to the case of
analytic function theory. In particular one of our main theorems states that an
analog of the analytic Fredholm theorem holds in the class of Hahn holomorphic
functions.

This analytic Fredholm theorem has a straightforward application: is can be used
to derive convergent resolvent expansions for Bessel type operators.

2. HAHN HOLOMORPHIC FUNCTIONS

Let (I, +) be a linearly ordered abelian group and let (G, -) be a group. Suppose
e:I' = G,y e, is a group homomorphism, in particular

ep=1¢€Ga, Coidrys = €y, €4y forall vp,75 €T

The following definition and proposition are due to H. Hahn (see [0])

Definition 2.1. Let R be a ring. A formal series
h= Z A Ery, ay €R
yel’
is called a Hahn-series, if the support of b,
supp(h) :={g €' | ag # 0 € R},
is a well-ordered subset of T'. The set of Hahn-series will be denoted by R|[[er]].

Proposition 2.2. The set of Hahn series R|[er]|] is a ring with multiplication

(Z aaea> <Z bgeg) = Z Cery, Cy = Z anbp (1)
ael’ ger ~er

(o,B)el'xT
a+B=y

and addition

Zaaea + Zbﬁeﬁ = Z(av +by)ey

acl Ber ~er

If R is a field, then R|[er]] is a field.

If the support of b is contained in I'" = {~ | v > 0} then it is well known that
1 — b is invertible in R[[er]] and its inverse is given by the Neumann series

(1=p)" =) b~

This is due to the fact that for any well-ordered subset ¥ of I'* the semi-group
generated by ¥ is also well-ordered, see e.g. [7], Lemma 2.10. Here convergence of



HAHN HOLOMORPHIC FUNCTIONS 3

a sequence (p,,) C Rl[er]] to p € R|[er]] is understood in the sense that for every
element v € I" there exists an N > 0 such that for all n > N the coefficients of e,
in p and p,, are equal.

In the following let Z be the logarithmic covering surface of the complex plane
without the origin. We will use polar coordinates (7, ¢) as global coordinates to
identify Z as a set with R, x R. Adding a single point {0} to Z we obtain a set
Zy and a projection map 7 : Zy — C by extending the covering map Z — C\{0}
in sending 0 € Z; to 0 € C. We endow Z with the covering topology and 7%,
with the topology generated by the open sets in Z together with the open discs
D. :={0}U{(r,¢) | 0 <r < e}. This means a sequence ((r,,¥n)), converges to
zero if and only if r, — 0. The covering map is continuous with respect to this
topology. For a point z € Z; we denote by |z| its r-coordinate and by arg(z) its ¢
coordinate. We will think of the positive real axis as embedded in Z as the subset

{z | arg(z) = 0}.

In the following Y C Z will always denote an open subset containing an open
interval (0, d) for some 6 > 0 and such that 0 ¢ Y. The set Y will denote Y U{0}.
In the applications we have in mind the set Y is typically of the form D([;J]\{O}

where D([;ﬂ ={z€Z,]0<|z| <0, |¢| <o}. For the discussion and the general
theorems it is not necessary to restrict ourselves to this case.

In the remaining part of this article we assume that G := (HOI(Y N D), -)X is a
set of non-vanishing holomorphic functions and that the group homomorphism e
satisfies the condition

Vv >0 : ey is bounded on Y and liH(l] les(2)] = 0. (E1)
2

Definition 2.3. Suppose that R is a vector space with norm |.||. A Hahn series
f = aer @ata s called normally convergent in Y N D, if its support is countable
and

> llaalllleally, < oo,

ael

ca(2)]

where |leq |y, == Sup,eynp,

Since a normally convergent series converges absolutely and uniformly, the value
of the function
f(2) :Zaaea(z), zeYND,
acl’
does not depend on the order of summation and f is holomorphic in z # 0.

Definition 2.4. Let S C T'd = I'" U {0} be a subset of the non-negative group
elements.
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o The family {e}acs is called weakly monotonous, if there exists an rg > 0
such that for every x € (0,1g) there is a radius p(x) with 0 < p(x) < x
and with the property

a €S =leally ) < leal2)]-

e The set S is called admissible for e (or simply admissible), if {€qn}acs s
weakly monotonous, and if for every B C S also the family

{eafmin B} acs
a>min B

15 weakly monotonous.
Definition 2.5 (Hahn holomorphic functions). Suppose that R is a Banach al-

gebra. A continuous function h : Yy — R which is holomorphic in Y, is called
(Y, T')-Hahn holomorphic (or simply Hahn holomorphic) if there is a Hahn-series

h= Zavev, ay €'R,
yel’

with countable, admissible support, which converges normally on'Y N Ds for some
0 >0, and

h(z) = Zavey(z), z €Y N Ds.

yell

We will denote the Hahn series of a Hahn holomorphic function h by the corre-
sponding “fraktur” letter h. Note that (E1) together with uniform convergence
imply that supp h C T’y and h(0) = ag. Of course any normally convergent Hahn
series with admissible support gives rise to a Hahn holomorphic function.

A direct consequence of the support of Hahn holomorphic functions being admis-
sible is

Lemma 2.6. Let
h(z) = Zavey(z), 2 €Y N Dy,.

yel’

be Hahn holomorphic with m = minsupp(h). Then

e-m(2)h(z) = Z (yey-m(2)

y>m

1s Hahn holomorphic.

Proof. Let p; be the radius for {e,} such that for all v € supp(h)

||6“/||p1(r) < |6v(r)|-
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and similarily let po the radius for {e,_n}. For p(r) = min{p;(r), p2(r)},

lewmllpry Y Masll ller—mll gy < lem()1 D llasllles—n(r)l =Y llayllles(r)] < oo

yel yell vel

Thus >

Ler (y€y—m converges normally on D). O

Proposition 2.7. Let f : Y — R be a Hahn holomorphic function represented by
a Hahn series f on' Y N Ds. Suppose the zeros of f accumulate in'Y U{0}. Then
f=0and§=0. In particular the Hahn series of a Hahn holomorphic function is
completely determined by the germ of the function at zero.

Proof. If the zero set of f has accumulation points in Y then the statement follows
from the fact that f is holomorphic in this set. It remains to show that if f # 0 then
0 can not be an accumulation point of the zero set of f. Let f be a Hahn series that
represents the function on Y N D,. Let f # 0, hence f # 0. Let m = minsupp f.
If there is no other element in the support of § then f(z) = amen(z) and the
statement follows from the fact that e, has no zeros in Y. Otherwise, let m; be
the smallest element in supp f which is larger than m. Then

F(2) = 3" aaealz) = en(2) (an + emn(2) D atam(2)) = en(2)(am + h(2))

with a Hahn holomorphic function A(z) such that h(0) = 0. Since h is continuous

and ey (2) # 0 this shows f(z) # 0 in a neighborhood of 0. O

In the following suppose Y,I' and the family of functions (e,),er is fixed and
satisfies (E1).

We want to show that the space of Hahn holomorphic functions at 0 with values
in a Banach algebra R is a ring. To that end we need

Lemma 2.8. Let Ay, Ay C I'" be admissible sets. Then the sets A1 U Ay, Ay + A
andn- Ay = Ay + ...+ Ay (n times), J,_,n- Ay are admissible.

Proof. First we show that A; U Ay, Ay + Ay and n - A; are weakly monotonuos.
Let p;, @ = 1,2 be the radius for A; and p(x) = min{p;(z), p2(z)}. Then p is a
radius for A; U Ay and as well for A; + Ay, because for o; € A;,
”eal+a2”p(r) < ”eaal(r) ”easz(r) < Heal”pl(r) ”easzg(r)
< Jea (r)leay ()] = l€ar4a, ()]
The same argument shows that p; is a radius for n - A;.

Now let B C A := A; + Ay. Then B = B; + B, for some B; C A;,i = 1,2 and
min B = min B; 4+ min By. Let o € A with a = a1 + an, a;; € A;. Let p;(r) be the
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radius for {€qs, —min 5, } and p = min{py, po}. The estimate

||6a—minB||p(r) - ||6a1—minB1+a2—mint||p(r) S ||6a1—minB1 ||/)1(7") ||6a2—mint||p2(7»)

shows that A; + A, is admissible. The other statements are proven similarily. [

Let f(2) = >_, aaa and g(z) = >_;bses be Hahn holomorphic functions on Yy
and Y, respectively. First it is easy to see that f + g is Hahn holomorphic on
Y =Y;NY,. Since f and g are Hahn-series with support contained in I'j, also
supp(f - g) C Iy for the multiplication as defined in (). From Lemma we
obtain that the support of f - g is admissible. We claim that h(z) = f(z) - g(2) is
represented by the product of Hahn-series h = - g on Yy NY,. Because f and g
are normally convergent,

ST aabslllles <37 (D Haalllbsl) lles
v atB=y v atB=y
< (D laall leal ) O Nbsll llesll )
a B

so that the series - g is normally convergent in Y;NY,. Thus the series §- g defines
a Hahn holomorphic function on Y with values in R which equals A(z).

Altogether we have found

Proposition 2.9. Let R be a Banach algebra. The Hahn holomorphic functions
with values in R on'Y form a ring under usual addition and multiplication, and
the map Vg : f > f is a ring isomorphism onto its image in R|[e,]].

Corollary 2.10. The ring of Hahn holomorphic functions on'Y with values in an
integral domain R is an integral domain.

Proof. By looking at the coefficient ¢, with v = minsupp f in (), we observe
that R[[er]] is an integral domain, if R is an integral domain. Because % is an
isomorphism, the Hahn holomorphic functions must be an integral domain. O]

Theorem 2.11. Let R be a Banach algebra and suppose f : Yy — R is Hahn
holomorphic and f(z) is invertible for all = € Yy. Then f(z)~' is also Hahn
holomorphic on Yj.

Proof. Since 1/ f is holomorphic in Y we only have to show that there is a Hahn
series for f(z)~! that converges normally on some Yy N D.. Since f(z)™! =
FOO) L (f(2)£(0)1) ™" we can assume without loss of generality that f(0) = Id.
Thus we can write f(z) = Id — h(2), where m := minsupp (h) > 0.
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By assumption the series b := ) | aqeq defining h(z) converges normally on the
set Yp N Ds, for some ¢y > 0. The function h defined by

= laalllleallyy s < llemlly,e D lall llea-mlly, ¢
acl’ a>m

converges to 0 for ¢ — 0 due to (E1) and Lemma 2.6 Therefore we can choose
d > 0 so small that h := h(0) < 1/2. Because |h(z)| < h for z € Yy N Ds, the

geometric series
oo
T=2 M)
n=0

then converges normally on Yy N Dy . But we also know that | is invertible:

= Z h" =: Zbaea, with supp(f ') C S := U supp(h™).
n=0

a€eS n>0
JFrom Lemma we obtain that & is admissible. It remains to show that

> wes ba€a(2) is normally convergent on Yy N Dy and represents f(z) ™!

Note that if 30 h" =3¢ ca(N)e, then

aeS

> llea(™)] HeaH<Zh" in YoM Ds

a€eS n=0

as a simple consequence of the triangle inequality. For every fixed finite set A C S
there exists an Ny > 0 such that for all N > Ny

Zhn_ Z b _Ca(N>)€a

aceS\A

has support away from A. In particular c,(N) = b, for « € A and N > Ny.
Therefore for N > Ny

N
S bl lleall <7 llea(N) [ leall <Y 0" < —
acA a€eS n=0

and this proves convergence since this bound is independent of A.

In particular ) ¢ baeq(2) converges absolutely in R, hence it converges and the
value does not depend on the order of summation. After reordering,

D baealz) =Y h(2)

a€S
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Because of Lemma[2.6] every complex valued Hahn holomorphic f can be inverted:
Let m := minsupp(f) > 0, then

(2 =a.'e n Z (1—ay'e—m(z)f(2)"

Theorem 2.12. Suppose that f : Yy — C is a Hahn holomorphic function with
Hahn series §. Suppose that U is an open neighbourhood of f(0) and h: U — C 1is
holomorphic. Then h o f is Hahn holomorphic on its domain.

Proof. Since holomorphicity away from zero is obvious it is enough to show that
h o f has a normally convergent expansion into a Hahn series. Replacing f(z)
by f(z) — f(0) and h(z) by h(z — f(0)) we can assume without loss of generality
that f(0) = 0 and thus supp(f) € T'*. Since h is holomorphic near f(0) it has a
uniformly and absolutely convergent expansion

=Y a(z— f(0)"
k=0

Thus,

2) =Y a(f(2))

Note that >°.° ay f* is a Hahn series. A similar argument as in the proof of

Theorem 2111 shows that this Hahn series is normally convergent and represents
ho f(z). O

3. HAHN MEROMORPHIC FUNCTIONS

Definition 3.1. A meromorphic function h : Y — C is called Hahn meromorphic
if h is represented by a Hahn series by in'Y N D, for some ¢ > 0 and there exist
Hahn holomorphic functions f, g # 0 on Yo N D, such that b - g = §.

In this sense a Hahn meromorphic function can be written as a quotient h = f/g
of Hahn holomorphic functions in a neighborhood of 0.

zlogz

Example 3.2. The logarithm log z = 1s Hahn meromorphic for I' C Z x Z.

Remark 3.3. Since C-valued Hahn holomorphic functions form an integral do-
main, the Hahn meromorphic functions form a field. More generally let R be a
(commutative) integral domain. ;From Corollary [Z10 we know that Hahn holo-
morphic functions with coefficients in R are a commutative integral domain, so
that their quotient field is defined. Furthermore, the map [ — | induces an in-
jective morphism from the quotient field of Hahn holomorphic functions to the
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quotient field R((er)) of Hahn series R|[er]]. Note that R((er)) = Rller]], if R is
a field.

An important difference with usual meromorphic functions is that Hahn mero-
morphic functions may have infinitely many negative exponents. For example the

function
- 1 1-1/n
flz) = E ﬁz

n=1
is Hahn holomorphic and therefore
i izfl/nfl _ f(2)
n? 22
n=1

is Hahn-meromorphic.

It follows from our analysis for Hahn holomorphic functions that every C-valued
Hahn meromorphic function A can be written as

h(Z) - eminsupph(z)f(z)a
where f is Hahn holomorphic. Moreover, if h # 0 then f(0) # 0. In particular this
implies that Hahn meromorphic functions which are bounded on (0, ) are Hahn
holomorphic in some neighborhood of 0.

We can also define Hahn meromorphic functions with values in a Banach algebra:

Definition 3.4. Let R be a Banach algebra. A function h : Y — R is called Hahn
meromorphic if it is meromorphic on Y and there exists a 6 > 0 and a non-zero
Hahn holomorphic function f on YoN Dy such that f(z)h(z) is a Hahn holomorphic
function on Yy N Dg with values in R.

Remark 3.5. Let R > 0 and o > 0. If there exists one non-zero Hahn holomorphic
function on Y N Dl[g] one can use the Weierstrass product theorem together with
theorem [2.12 to show that the set of complex valued Hahn meromorphic functions
onY N Dl[g] can be identified with the quotient field of the division ring of Hahn

holomorphic functions on'Y N Dgf;].

4. A HAHN HOLOMORPHIC FREDHOLM THEOREM

Let H be a complex Hilbert space and denote by K(H) the space of compact
operators on H.

Theorem 4.1. Suppose Yo C Z is connected and let f : Yo — K(H) be Hahn
holomorphic. Then either (Id — f(z)) € B(H) is invertible nowhere in Yy or its
inverse (Id — f(z))~1 ewxists everywhere except at a discrete set of points in Yy and
defines a Hahn meromorphic function. Moreover, all the negative coefficients in
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its Hahn series are finite rank operators and the residues of the poles away from 0
are finite rank operators, too.

Proof. The proof generalizes that of Theorem VI.14 of [5]. Let A be a finite rank
operator such that || f(0)—A|| < 1/2 and let 6 > 0 be such that || f(z)—f(0)|| < 1/2
for all z € Ul .= D([;J] NY. Then || f(x) — A|| < 1 and thus (Id — f(z) + A)~!
exists and is Hahn holomorphic by Theorem ZI1l Consequently g(z) = A(Id —
f(z) + A)~' is a Hahn holomorphic function on U!°! with values in the Banach
space B(H,rg(A)). It is easy to see that

(Id = f(2))~ = (Id = f(2) + A)~(Id = g(z)) (2)
where equality means here that the left hand side exists if and only of the right
hand side exists. Let now P be the orthogonal projection onto rg(A) and let

G(z) be the endomorphisms of rg(A) defined by restricting g(z) to rg(A), i.e.
G(z) =g(x)o P.
Invertibility of (Id — g(x)) in B(H) is equivalent to invertibility of P(Id — g(z))P,

and this is equivalent to det(Id.y ) — G(x)) # 0. Moreover, a straightforward
computation shows

(Id — g(x))™" = (P(Id = g(x))P)"" (P + g(z)(Id = P)) + (Id = P). ~ (3)

Now note that G(x) is a Hahn holomorphic family of endomorphisms of rg(A4). In
particular det(Id — G(x)) is a Hahn holomorphic C-valued function. As such, it is
holomorphic in U\ {0}, and together with Proposition 2.7 this shows that the
set
S ={zec U |det(Id — G(z)) = 0}
is either discrete in Ul or S = Ul
If det(Id — G(x)) # 0, then after a choice of basis of rg(A) the inverse (Id—G(z)) ™!
can be computed with Cramer’s rule, showing that with respect to this basis
det(Id — G(z))(Id — G(z))~" € Mat( dimrg(A), C[ler]])
is represented by a matrix with Hahn holomorphic entries. After the identification
Mat ( dimrg(A), C[ler]]) = Mat( dimrg(A), C)[[er]]

we see that the function (Id — G(z))~! is Hahn meromorphic with coefficients in
End(rg(A)) if there is only a single point in U} for which it exists. Consequently,
due to @) and @), (Id— f(z))~! is Hahn meromorphic with all negative coefficients
being of finite rank, if there is only a single point in U for which (Id — f(z)) is
invertible.

So far we have proved the statement in Ul°). By the usual analytic Fredholm
theorem, invertibility of (Id — f(x)) at a single point in Y implies that the inverse
exists as a meromorphic function on Y. Conversely, we have seen that invertibility
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of (Id — f(x)) at a single point in Ul implies that (Id — f(x))~" exists as a Hahn
meromorphic function on Ull. By the usual holomorphic Fredholm theorem it
then exists as a Hahn meromorphic function on Y. O

5. z*-HAHN HOLOMORPHIC FUNCTIONS

The prominent class of Hahn holomorphic functions is defined by convergent power
series with non-integer powers.

Let I' C R be a subgroup with order inherited from the standard ordering of R.
As the group G we will take the group generated by the set of functions

ea(2) == 2% ze DIN\{0}.

In this definition we choose the principal branch of the logarithm with | Imlog z| <

7 for z € C\ (—00,0] and as usual set log(re®) = logr + ip, || < o and
S0 — ealogz.

A z*-Hahn holomorphic function f with values C then is a holomorphic function
on DLU}\{O} such that the generalized power series

f(z) = Zayzv, ay, € C

is normally convergent in Y N D([;ﬂ for some 0 > 0.

Note that every well-ordered subset of W C I'" is admissible for e, because for
every a € W,

|2 = [2|* < [2"™Y, 2 e D, (4)
Example 5.1. If I' = Z and ey(z) = 2* then the set of Hahn series corresponds
to the formal power series and the set of z-Hahn holomorphic functions can be
identified with the set of functions that are holomorphic on the disc of radius § > 0
centered at the origin.

Example 5.2. The series

o sz
2 (2k)!
k=0

converges normally on D, for anyr > 0 and defines a z-Hahn holomorphic function
for I' = nZ + 27.

Example 5.3. Puiseux series and Levi-Civita series as defined in e.g. [8] are spe-
cial cases of Hahn series with certain I' C Q. In case they are normally convergent
they define z-Hahn holomorphic functions.
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6. zlog z-HAHN HOLOMORPHIC FUNCTIONS

In the following let R? be equipped with the lexicographical order and let I' C R?
be a subgroup with order inherited from that of R2. In the following Y = DE‘;]Q for
fixed o > 0. The group GG will be generated by

e(a,p)(2) == 2% (—log z)_ﬁ, |z| < 1.

With the inclusion R x {0} C R? this comprises the power functions z* from the
previous section. Note that

liH(l]e(aﬁ)(Z):O — a>0V(a=0ApB>0)
zZ—r

which is equivalent to (a, 3) > (0,0) in the lexicographical ordering of R.

The monotonicity (@) of power functions 2z, has to be replaced by the following
“weak monotonicity” property.

Lemma 6.1. Let S C T'" = {y € T' | v > 0} be a set such that there exists an
N € No with
— B < Na foral (a,p)€S. (%)

Then

a) There exists ry < 1 such that for (o, 5) € S and |0] < o the function
i |re’® | log(re’)| 7

is monotonously increasing on [0,7y).
b) Given x with 0 < = < ry, there exists py(z) < x such that for all z with
0 <|z| < pn(x),|argz| < o we have

(@.f)eS = le@p(2)] < enp)(@)
Proof. The proof is elementary and will be omitted here. O]

It is not difficult to see that if S satisfies (), then a similar inequality holds for
the set (S — A) NIt where A C S and the constant N depends on A. Thus a set
S with (%) is admissible for e.

Now the assumptions from section [2] are all satisfied and we can consider Hahn
holomorphic and meromorphic functions: A zlog z-Hahn holomorphic function
with values in a Banach algebra R is defined by a normally convergent series

f@) = D awp(—log2)™,  aupeER,  z€ DE‘;}Q,
(a,B)el

such that supp(f) is contained in a set S U {(0,0)} with S as in Lemma [6.1
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Note that the property (x) is invariant under addition and multiplication of Hahn
holomorphic functions, so that zlogz-Hahn holomorphic function indeed are a
ring, and all results from section 2] apply.

Example 6.2. The series

o0

Zz" —log2)" = (1+ zlogz)™*

n=0

is a Hahn series in I' = 7 x Z with support {(n,—n) | n € Ng}. It converges
normally on the set {z € Z | |zlog z| < 1/2} and therefore defines a zlog z-Hahn

holomorphic function on )i for any o,r > 0.

Example 6.3. The formal series

Z i, (—log 2)"

n=0

1s not a Hahn series for I' = Z X 7, because the support
{(1,—n) [ n € No}
is not a well-ordered subset of T'.

Example 6.4. The series

n=1m=1

defines a zlog z-Hahn holomorphic function neighborhood Dl for any o > 0 and
for small enough € = €(o) with I' = Z x Q and support

{(n,1—2n—1/m) | n,m € N}.

7. APPLICATIONS: HAHN MEROMORPHIC CONTINUATION OF RESOLVENT
KERNELS

7.1. Suppose that a > 0. Then the differential operator

P N a®— 1

oz x?
is essentially self-adjoint on the space {f € C2°([1,00)) | f(1) = 0}, equipped with
the inner product inherited from L?((1,00),dr). In the following we will denote
the self-adjoint extension of B, by the same symbol B,.

B, = Id
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Let Ha(tl) and HC(LZ) be the Hankel functions of order a of the first and second kinds
respectively, and

j::[éj)<)\7x) = \/E77 j € {172}

The following lemma summarizes some elementary properties of these functions.

Lemma 7.1.

a) The function ¥y(z) = ﬁél)()\,x) is the unique solution of the boundary value
problem
(Ba — M)y =0, (1) =1, (5)
such that ¥y € L*((1,00),dz) for all \ € C with Im A > 0. Similarly, H? s
the square integrable solution for Im A < 0.

b) Furthermore, H,(\,z) is a Hahn holomorphic function in X for all a > 0.
c) The cylinder function

Galh,2) = 5 (HP WV HP () — HO W) HP (\a)) (6)
is the unique solution of the initial value problem
d 2
(By — M)G,(N,-) =0, GaM1) =0, —G,(\,2)|p=1 = ——.
dx s

Moreover, G,(\, z) is holomorphic and even in \.

Proof. We will only sketch the arguments. All formulas can be found in [9] and
the references there.

a) The Hankel functions HY are solutions of the Bessel equation. That H{" is a
square integrable solution then follows from the asymptotics

. 2 L E,. T
FIEIBPMVETSS o N 7

b) The Hankel function of the first kind is related with the Bessel function through

7 .

—zaﬂrJa _ Jia . 8
()~ T a(2) 0
There is an even, holomorphic function h, such that the first Bessel function

has the representation

H(z) =

za

Ja(2) = (5) a2,
which shows that J, is a z-Hahn holomorphic function with support in Z + vZ.
This shows that A —» HY )()\,x) is a Hahn holomorphic function for a ¢ N,
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with support contained in 2Ny+2vNy. For a = n € Ny, one has to take the limit

a — n in (§)), which leads to logarithmic terms. In this way one obtains that

A HY )()\, x) is zlog z-Hahn holomorphic with support contained in Z x Z.
¢) That G,(+,z) is holomorphic and even in A follows for non-integer a from

Ga(M, 1) = (Pa(Nh—a(Az) = h_a(\ha(Az))

sin am
as above and is the result of a lengthy computation in the case when a is an
integer. This can however also be derived more directly from the fact that
this function is the unique solution to an initial value problem for an ordinary
differential equations whose coefficients depend holomorphically on 2. O]

The spectral resolution of B, is well known and given by the Weber transform,
which we recall now. Let f € C§°(1,00). For any a € R, define

W (f)(A) = /1 N Hél)c?;())};?)()\)f(x)xdx € C°((0,00)).

It is well known that the Weber transform W, extends continuously to a unitary
map

W, : L*([1,00), z dx) — L*([0,00), HV (N HP (M)A dN) =: £.

Let n : L?((1,b),zdx) — L*((1,b),dx) by the isometry given by n(f)(z) :=
Vaf(z). The Weber transform diagonalizes the operator B, in the sense that

Wan™ Ba(Wan ™) f(X) = A f(N)
and the domain of B, can be described as
{f € L2([1,00),d) | (A = X*(Wan ™' /)(V)) € £},
Thus W, gives full control over the functional calculus of B,.

The kernel of the resolvent (B, — A?)™! can be constructed directly out of the
fundamental system of the Sturm-Liouville equation (Bl) and this results in

z xGa)\,:chgl))\ , 1<a<
ravk(x,y):{2f< (), 1<a<y

~ 9
g\/ﬁGa(A,y)Hy)(}\x), y<x<oo )

Lemma 7.2. For any r > 0 and o > 0 the resolvent (B, — \*)™! extends, as a
function of A\, to a Hahn meromorphic function on DF with values in

B(L2((1, o), e**dx), L*((1,00),e 2" da:))

In a neighborhood of zero this function is Hahn holomorphic.
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Proof. From this explicit description of its kernel and the asymptotics () one
easily deduces that away from zero the integral kernel is meromorphic and defines
the desired expression. It is therefore enough to show that HS” (A)7raa(z,y) defines
a Hahn holomorphic family of operators with values in

B(LQ((I, 00), e**dx), L*((1,00),e 2™ d:p))

If a is an integer then Ha(tl)()\x) can be written as (log \)Fi(A, z) + F»(A, z), where
both Fj(A, x) and Fy(A, z) are holomorphic in A. If a is not an integer then,
similarly, Hc(bl)()\x) = NFi (N z) + A *Fy(\, z) with F} and F5 holomorphic in
A. This splitting can be used to show that the resolvent kernel has the form
g1 (A F1(N)+92(N) Fy(N), where g1 and gy are Hahn-meromorphic function with val-
ues in C and Fj(\) and F(A) is a holomorphic family of operators. One can check
directly, using the asymptotics (), that in this case F} and F, are indeed holomor-
phic functions of A with values in B(L*((1,00), e* dx), L*((1,00), e **dz)). O

7.2. The matrix valued case. Let H be a finite dimensional Hilbert space and
suppose A is a postive operator. On the Hilbert space L?*((1,00),dz) ® H define
operator

0? 1 B

BA = —@ ®Id+?®(14 - ZId)
on compactly supported functions on (1, 00) with values in M and Dirichlet bound-
ary conditions at x = 1. The operator B, is an unbounded selfadjoint operator on
the Hilbert space L?((1,00),dz) @ H. Of course, H = ®L, Hy, where H;, are the
eigenspaces of A, and L?((1,00),dz) @ H = &M | L?((1,00),dz) ® Hy. On each of
the spaces L*((1, 00), dz) ® H;, the operator B, acts only on the first tensor factor
as B,, ®Id. Therefore, B4 can be written as a direct sum

By =&l B, ®1d

of self-adjoint operators. Of course then also the resolvent (B4 — A\)~! is a direct
sum

(Ba—AN)"'=@M (B, — N 'eld

Then for any r > 0 and o > 0 the resolvent (B4 — A?)~! extends (as a function of

A) to a Hahn holomorphic function on DI with values in

B(L*((1,00),e** dx) @ H, L*((1,00), e " dz) @ H).
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