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A CESARO AVERAGE OF HARDY-LITTLEWOOD NUMBERS
ALESSANDRO LANGUASCO & ALESSANDRO ZACCAGNINI

ABSTRACT. Let A be the von Mangoldt function and rgp(n) = Zm1+m§:n A(my), be
the counting function for the Hardy-Littlewood numbers. Let NV be a sufficiently large
integer. We prove that

(1—n/N)k  7l/2 N3/ 1 N /2 I'(p) 124
Z THL(TL) - = — Z T /{3 N P

= I(k+1) 2 I'(k+5/2) 2T(k+2) (k+3/2+p)

lz Do) o NPIEH2 5 Tr3/2(2mEN1/2)
2 F(k+ 1 er) k+1 = Pk+3/2

N1/4 k/2 Jir1/210(2mEN/?)

Z p P Z 7k +1/24p + Ok (1).

>1

for k > 1, where p runs over the non—tr1v1al zeros of the Riemann zeta-function ((s) and
J,(u) denotes the Bessel function of complex order v and real argument w.

1. INTRODUCTION

We continue our recent work on additive problems with prime summands. In [9] we
studied the average number of representations of an integer as a sum of two primes,
whereas in [I0] we considered individual integers. In this paper we study a Cesaro
weighted ezplicit formula for Hardy-Littlewood numbers (integers that can be written
as a sum of a prime and a square) and the goal is similar to the one in [§], that is, we
want to obtain an asymptotic formula with the expected main term and one or more
terms that depend explicitly on the zeros of the Riemann zeta-function. Letting

THL(TL): Z A(m1), (1)

m1+m§:n
the main result of the paper is the following theorem.

Theorem 1. Let N be a sufficiently large integer. We have

3 rHL(n)<1 —n/N)F g2 N¥2 1 N gl 3 Llp) e
— T(k+1) 2 T(k+5/2) 20(k+2) T(k+3/2+p)
L1 $ L(p) o NYUH2 5 Jussja(2mENY2)
T(k+1+p) Tl (k432
N1/A-k/2 NP2 Js1/o4p(2TUN2)
2 T —, > Tori/Te + Ox(1).
p >1

for k > 1, where p runs over the non-trivial zeros of the Riemann zeta-function ((s) and
J,(u) denotes the Bessel function of complex order v and real argument u.
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Similar averages of arithmetical functions are common in the literature, see, e.g., Chan-
drasekharan-Narasimhan [2] and Berndt [I] who built on earlier classical works (Hardy,
Landau, Walfisz and others). In their setting the generalized Dirichlet series associated
to the arithmetical function satisfies a suitable functional equation and this leads to an
asymptotic formula containing Bessel functions of real order and argument. In our case
we have no functional equation, and, as far as we know, it is the first time that Bessel
functions with complex order arise in a similar problem. Moreover, from a technical point
of view, the estimates of such Bessel functions are harder to perform than the ones already
present in the Number Theory literature since the real argument and the complex order
are both unbounded while, in previous papers, either the real order or the argument is
bounded.

The method we will use in this additive problem is based on a formula due to Laplace
[T1], namely

1 s v 1
2mi o v e’ dv = Ok (2)
where (s) > 0 and a > 0, see, e.g., formula 5.4(1) on page 238 of [4]. In the following we
will need the general case of (2) which can be found in de Azevedo Pribitkin [3], formulae
(8) and (9):

) Ds—le—aD
1 iDu — ifD>0
o 67.8 du = I'(s) el (3)
™ Jr (@ +iu) 0 it D <0,
which is valid for o = R(s) > 0 and a € C with R(a) > 0, and
1 1 if 1
1 _ qu-— 0 1 R(s) > 1, ()
21 Jp (a +iu)s 1/2 ifs=1,

for a € C with R(a) > 0. Formulae (3)-() enable us to write averages of arithmetical
functions by means of line integrals as we will see in §2] below.

We will also need Bessel functions of complex order v and real argument u. For their
definition and main properties we refer to Watson [14]. In particular, equation (8) on
page 177 gives the Sonine representation:

2)Y 2
J,,(u) — (u/ ) /()Suleseu /4s dS, (5)
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where a > 0 and u,v € C with ®(r) > —1. We will use also a Poisson integral formula
(see eq. (3) on page 48 of [14]), i.e.,

Jo(w) == /fF(Z“‘V/ i)l 3 /0 (1= 2)"1/2 cos(ut) dt (6)

which holds for #(v) > —1/2 and v € C. An asymptotic estimate we will need is

2 W

Jy(u) = (E>1/2 cos <u -5 Z> + O (u™?) (7)

which follows from eq. (1) on page 199 of Watson [14].

As in []], we combine this approach with line integrals with the classical methods
dealing with infinite sums over primes, exploited by Hardy & Littlewood (see [6] and [7])
and by Linnik [I2]. The main difference here is that the problem naturally involves the
modular relation for the complex theta function, see eq. (@); the presence of the Bessel

functions in our statement strictly depends on such modularity relation. It is worth
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mentioning that it is not clear how to get such “modular” terms using the finite sums
approach for the Hardy-Littlewood function 7y (n).
We thank A. Perelli and J. Pintz for several conversations on this topic.

2. SETTINGS

We need k > 0 in this section. Let z = a + iy with a > 0,
= Z A(m)e™™ and wy(z) = Z e, (8)
m>1 m>1

Letting further 6(z) = 327 =% we notice that 6(z) = 1+ 2ws(z) and, recalling the

functional equation for 6 (s;;, e.g., Proposition VI.4.3 of Freitag-Busam [5], page 340]):
2

1) = (2)0(%), ©)
()" =3+ () (%) (10
Z Z A(my)e —(mitm3)z _ ZTHL(n)e_"Z

m1>1ma>1 n>1

and, by ([3)-(), we see that
E rus(n) NCESY nil (1) <2m' . e z z) (11)

n<N

we immediately get

Recalling ([Il), we can write

Our first goal is to exchange the series with the line integral in (III). To do so we have
to recall that the Prime Number Theorem (PNT) is equivalent, via Lemma [ below, to
the statement B

S(a) ~a! for a — 0+,
which is classical: for the proof see for instance Lemma 9 in Hardy & Littlewood [7]. We
will also use the inequality

[w2(2)] < wala) < / e dt < a '/ / eV du < a2 (12)
0 0
from which we immediately get

> lruc(me™ | = 3" ru(n)e™ = S(ajwn(a) < a=”.
n>1 n>2
Taking into account the estimates
Lo Jent iffyl <a,
I T (13)
= if ly| = a,
where [ = g means g < f < ¢, and
|6sz—k—1|;:6Na a_f;il ﬁ‘y‘52a7
] if [y > a,

we have

/ V2271 |S(2)we(2)| 2] < a_g/QeN“</
(a)

—a
3

a

+00
a1 dy + 2/ k1 dy)



—k
a
<<a73/2€Na<afk+ - >7

but the last estimate is valid only if £ > 0. So, for £ > 0, we can exchange the line
integral with the sum over n in ([II]) thus getting

)k N
Z THL(TL)% = L /( | N RS (2)wa(2) d. (14)
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n<N
This is the fundamental relation for the method.

3. INSERTING ZEROS AND MODULARITY

We need k£ > 1/2 in this section. The treatment of the integral at the right hand side of
(I4) requires Lemma [l Letting E(a,y) be the error term in (29)), formula (I4]) becomes

S ) gy = g [, (5~ ST et

n<N
; 0( /( 1B )6 ) |dz\).

Using (I2)-([I3)) and (29) we see that the error term is

—+00

< a1/26Na</ akl/2dy+/ Y12 log2(y/a) dy)

+o0
<, eNogF (1 + / p k172 log2 vdv) <, eNaF,
1

provided that & > 1/2. Choosing a = 1/N, the previous estimate becomes <, N*.
Summing up, for £ > 1/2, we can write

> ) TG = o /(1/N) (5 - ST June)e s s+ OL(V). (15)

n<N

We now insert (I0) into (IH), so that the integral on the right-hand side of (I5) becomes

1 /2 1
— <— — Z 2 PT(p ) ( < ) — —)eNZz_k_l dz
27TZ (1/N ya 2

1

m™\1/2 /1 2
T - - —PT ) (_) Nz _—k—1 d
+ 5 (1/N)<Z) (2 zp:z (p) Jwo B ez z
== Il -+ 1-2, (16)

say. We now proceed to evaluate Z; and Z.

4. EVALUATION OF 1

We need k > 1/2 in this section. By a direct Computation we can write that

1/2
Ilzi <7T/ _1> Nz, —k=2q, _ / ZP Nz, —k=p=3/2 4,
471 (1/N) 21/2 47TZ (1/N)

/ Zr Ney kb1 4z = Ty + Fo+ o,
47T’l 1/N)

say. We see now how to evaluate J1, Jo and Js.
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4.1. Evaluation of 7). Using the substitution s = Nz, by (2] we immediately have

1/2
T = W_Nk+3/2i./ o h5/2 g _ lNk-HL./ b2 4
2 27T'L (1) 2 27TZ (1)

Tl/2 Nk+3/2 1 N+
= S 17
2 T'(k+5/2) 2T(k+2) (17)

4.2. Evaluation of J,. Exchanging the sum over p with the integral (this can be done
for k > 0, see 7)) and using the substitution s = Nz, we have

7 71/2 ZF( ) 1 Nz, —k—p-3/2 4
9= —— P)=— e "z y4
2 p 271 (1/N)

n'/? ZF( )Nk+p+1/2 1 / sg—k—p=3/2 4
= —— P — e’s S
2 = )

271

1/2

T F(p) k+1/24p
2 zp:P(k+3/2+p)N e, (18)

again by (2)). By the Stirling formula (28]), we remark that the series in J» converges
absolutely for k > —1/2.

4.3. Evaluation of [J3. Arguing as in §7l with —k — 1 which plays the role of —k — 3/2
there, we see that we can exchange the sum with the integral provided that & > 1/2.
Hence, performing again the usual substitution s = Nz, we can write

1 1 e 1 I(p)
=->»T Nk+P—/ SsTHITPds = o ) NP, 19
s 2; I i ], ’ 2;F(k+1+p) 19)

By the Stirling formula (28]), we remark that the series in J3 converges absolutely for
k> 0.

Summing up, by (I7)-({I9) and for & > 1/2 we get

/2 k32 1 NEH 172 (p)
z' — Nk+1/2+p
1 Z I(

2 T(k+5/2) 20(k+2) 2 k+3/2+p)

1 F(ﬂ) k+p
+§;F(l€+1+p)N ' (20)

5. EVALUATION OF Z, AND CONCLUSION OF THE PROOF OF THEOREM [I]

We need k > 1 in this section. Using the definition of wy(7m?/2), see (§), we have

Z, ! (E) v (Z 642”2”) N Ry
z
e>1

~2mi Joywy
1 E) 12 (Z 6_€27r2/2> (Z Z_pr(p))eNzZ_k_l dz = j4 + j57 (21)
p

271 (I/N)(Z >1

say. We see now how to evaluate J; and Js.
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5.1. Evaluation of ;. By means of the substitution s = Nz, since the exchange is
justified in §§ for & > —1/2, we get

j4 — 7T1/2Nk;+3/2 Z 2L / 656_£27r2N/58—k;—5/2 dS.
V¥ (1)

>1

Setting u = 27/ N'/? in (F) we obtain

N1/2)yY 202
J, (2m¢NY?) = M/ efe ™ EN/sgrl g, (22)
27T'L (a)
and hence we have
Nk/2+3/4 Jk+3/2<27T€N1/2)
Ji=——m Z (k1372 ' (23)
>1

The absolute convergence of the series in 7y is studied in §10

5.2. Evaluation of [J5. With the same substitution used before, since the double ex-
change between sums and the line integral is justified in §9 for k£ > 1, we see that

1
T = —7'/? Z F(p)Nk“/Q*F’ Z (% /(1) eSe P N/s g—k=3/2—p ds) .
p

>1

Using (22) we get

Nlc/2+1/4 Np/2
- Tk F(ﬂ) P
P >1

Jis1/240(2TEN?) 04
Z (k+1/24p (24)

Js =

In this case the absolute convergence of the series in 75 is more delicate; such a treatment
is again described in §I0.

Substituting (23))-(24]) in (2I) we have

_ NHREA Z Jiyj2(2ENYZ) NFZHUA (T (p) NP/ Z Jrs1/24p(2mUN'?)

I, =
Tkt (k+3/2 Tk P (k+1/2+p
>1 o £>1

(25)
Finally, inserting (20) and (28) into (6] and (I5) we finally obtain

T(k+1) 2 I'(k+5/2) 2T(k+2) 2 k+3/2+p)

1 r Nk/2+3/4
T . (O N/
2 - Lk+14p) ktl

Nlc/2+1/4 Np/2 Jk+1/2+p(2ﬂ-€N1/2) N
- YT ; i oY), (26)
P >

(N _ n)k ai/2 Nk+3/2 1 NE+1 /2 P(p) h1/24
Z T‘HL(TL) ; P( N P

n<N

J]H_g/g (27T€N1/2)
Z £k+3/2
£>1

for k > 1. Theorem [ follows dividing (28] by N*.
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6. LEMMAS

We recall some basic facts in complex analysis. First, if z = a + iy with a > 0, we see

that for complex w we have
27 = |z| 7" exp(—iw arctan(y/a))
= || F@=SW) exp ((—iR(w) + (w)) arctan(y/a))
so that
|27 = |2] 7R exp(S(w) arctan(y/a)). (27)

We also recall that, uniformly for x € [xq, 23], with 21 and z, fixed, and for |y| — —+o0,
by the Stirling formula we have

D(z + iy)| ~ v/2me ¥ 2 [y[e71/2, (28)

see, e.g., Titchmarsh [13, §4.42].
We will need the following lemmas from Languasco-Zaccagnini [§].

Lemma 1 (See Lemma 1 of [8]). Let z = a + iy, where a > 0 and y € R. Then
~ 1 B
§(2) = £ = 32 = (0) + Ba.y)
p
where p = [ + iy runs over the non-trivial zeros of ((s) and

a |12 1 iflyl <a
Blay) < {1+log2<|y|/a> #lyl > a 29

Lemma 2 (See Lemma 2 of [§]). Let p = S + iy run over the non-trivial zeros of the
Riemann zeta-function and o > 1 be a parameter. The series

Hoo 1\ d
Z 75_1/2/ exp<—7 arctan —) 4
L u/) uoets

p:y>0

converges provided that a > 3/2. For a < 3/2 the series does not converge. The result
remains true if we insert in the integral a factor (logu)®, for any fized ¢ > 0.

Lemma 3 (See Lemma 3 of [§]). Leta > 1, z =a+iy, a € (0,1) andy € R. Let further
p = B+ iy run over the non-trivial zeros of the Riemann zeta-function. We have

d
Z \7\51/2/ exp<fy arctan 2 — z|”y|> yw L a
p Y1UYo a 2 |Z|a

where Y1 = {y € R: yy <0} and Yo = {y € [—a,a]: yy > 0}. The result remains true if
we insert in the integral a factor (log(|y|/a))¢, for any fized ¢ > 0.

7. INTERCHANGE OF THE SERIES OVER ZEROS WITH THE LINE INTEGRAL

We need k£ > 0 in this section. We have to establish the convergence of
> I0(p)l 2121 7* 732127 |de], (30)
P (1/N)

where, as usual, p =  + ¢y runs over the non-trivial zeros of the Riemann zeta-function.
By (27) and the Stirling formula ([28), we are left with estimating

_ ™ dy
S [ exp(sarctan(Ny) = S1) et (31)
p
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We have just to consider the case vy > 0, |y| > 1/N since in the other cases the total
contribution is < N**! by Lemma Bl with o = k +3/2 and a = 1/N. By symmetry, we
may assume that v > 0. We have that the integral in (B1) is

o 1 dy
E -1/2 _ )y
< 7 / exp( v arctan Ny) NEETEE:

p: >0
oo 1 du
— Nk B~B—1/2 — B
=N Z NP~ /1 exp< fyarctanu>uk+3/2+6.
p: >0

For k > 0 this is < N**! by Lemma Bl This implies that the integrals in (3I)) and in
([B0) are both <, N*! and hence this exchange step is fully justified.

8. INTERCHANGE OF THE SERIES OVER { WITH THE LINE INTEGRAL

We need k > —1/2 in this section. We have to establish the convergence of

Z/ Nz||z|—k—5/26—7r2£2§]%(1/z) |dZ| (32)
e>1 7/ (A/N)
A trivial computation gives
N N it [y < 1/N
R(1 = > - 33
(1/2) = T, {1/(Ny2) if [y > 1/N. (33)
By ([33), we can write that the quantity in (32) is
1/N 2N e~/ (Ny?)
< / [2]F+572 dy + Z/ TFE dy =U + Uy, (34)
>1 70 >1
say, since the 72 factor in the exponential function is negligible. Using (I2))-(I3), we have
Uy < N¥P3/20,(N) < N (35)
and
oo g8/ k/2+3/4 N k/2—1/4
+ — —u
U2<<Z/ dey<<N ng—l—?’/Z/ U e “du
> YN Y >1
<T 2k +3 NH/2+3/4 Z <, Nk/2+3/4 (36)
= 4 (k+3/2 Ok
e>1

provided that k > —1/2, where we used the substitution u = ¢?/(Ny?).
Inserting (B35)-(B6) into ([B34) we get, for k > —1/2, that the quantity in ([B2) is < N+,
9. INTERCHANGE OF THE DOUBLE SERIES OVER ZEROS WITH THE LINE INTEGRAL
We need k > 1 in this section. We first have to establish the convergence of

3 / [ | STl 4009 gz (37)
1
p

>1

Using the PNT and (29]), we first remark that

7m0 = [5() = £ = Bl )| < N+ o+ B )



N if |yl <1/N
271 4 [2]?1og® (2N [y[) if |y > 1/N.
By ([83) and (38)), we can write that the quantity in (37) is
o~ o~/ (Ny?) e/ (Ny?)
< NZ/ EEEE dy +Z/ N dy+Z/ log”(2Ny) BEX dy
>1 >1 >1

— Vi + Vo + Vi, (39)

say. V1 and V5 can be estimated exactly as Uy, Uy in §8 hence we have
Vi + Vo < N (40)

provided that k£ > —1/2.
Using the substitution u = ¢2/(Ny?), we obtain

+0o0 _62/(1\@2) Nk/2 1 02N 4€2N
V< Z/ log?(2Ny) “—r—dy = > g_k/ /21 10g2< : )efu du
¢>1 71N y* 0

Hence a direct computation shows that

loo?(¢ N 22N 2N
V3<<Nk/2z og” (¢ )/ W21 qy +Nk/2z / W2 og? (u) e du
0

gk
o>1 £>1
log?(¢(N
<5 D(k/2)NM2Y " % + N*? <« N¥210g? N (41)
>1

provided that k£ > 1. Inserting (40)-(&T) into (B9) we get, for k£ > 1, that the quantity in
B7) is <« NFL.

Now we have to establish the convergence of
SISO [N ), (2
>1

By symmetry, we may assume that v > 0. For y € (—o0, 0] we have 7 arctan(y/a) —

57 < —%57. Using (33), (I3) and the Stirling formula (28), the quantity we are estimating
becomes

B-1/2 K+3/246 ,~CN TN gm0/ (N
+3/2+
<Y Y e~ 2y / N dt [ )

£>1 p: v>0
&) NFH3/2 Z e N Z yP-12 exp<—§7)
>1 p: >0
NB/2 T 2N
k/24+1/4 B—1/2 o k/2—3/4+8/2 —u
+ N bzlﬁ’““/z Z 7 vy exp( 27)/0 u e “du
k-+1 Bk 1 k/2+3/4 1 B—1/2 n
< N*7°+ (mﬁaxl"(§+§+z>>N/ / Z£k+1/2 Z 7P=12 exp —57
>1 p:y>0
<x NkJrl (43)

provided that k& > 1/2, where we used the substitution u = —¢?/(Ny?), (I2) and standard
density estimates.
9



Let now y > 0. Using the Stirling formula (28)) and (33)) we can write that the quantity

in ([42) is

51 - 1/N 6421\/
<X Y ew(-T) [
£>1 p: v>0 4 0 |Z|
00 —2/(Ny?)
B-1/2 STy
+ ;p;ov / exp (v(arctan(Ny) 2)) o[ dy
=Wy + Wy, (44)
say. Using (I3) and (I2), we have that
W, < Nk+3/226—z21v Z ~B1/2 exp(—%v) < Nk (45)
>1 p:y>0
by standard density estimates. Moreover we get
v e
Wo s 3o 30 o [y e (< = )
{>1 p: v>0 Yy Yy
= Nk/2+1/4z 1 Z 7Nﬁ/276_1/2 vy P28 oy <——va — U2> dv
[k+1/2 /B ; p N ’

>1 p: >0

in which we used the substitution v? = ¢*/(Ny?). Remark now that, for k& > 1, we can
set e =¢e(k) =(k—1)/2 >0 and that k —e = (k +1)/2 > 1. We further remark that

max, (v "%e~*") is attained at vy = ((k —e)/2)"/2, and hence we obtain, for N sufficiently
large, that
1 Nﬁ/z,yﬁ—uz /N v
W, <, Nk/2+1/4 7/ LB—1/2+e exp<_ ) dv
2™k Z (k172 Z 0B 0 VN

>1 p: >0

Making the substitution u = yv/(¢v/N) we have

Wy < NM/21/242/2 3 1{ 3 1+€/ B-1/24e —u g,

>1 p: >0
< Nk/2+3/2+6/2z i Z _E (maxf(6+ +€)> <), NF/23/24e/2 (46)
>1 7>0

by standard density estimates.
Inserting (45)-(#6]) into (44) and recalling ([43]), we get, for £ > 1, that the quantity in
[@2) is < NF+L,

10. ABSOLUTE CONVERGENCE OF J; AND J5

To study the absolute convergence of the series in J; we first remark that, by (&) and

23), we get
1/2
Z | Jet3y2(2mEN )| N—k/2- 3/42/ Nz“z|—k—5/2€—7r2€2%(1/z) |dz|

(k+3/2
0>1 >1

which is the quantity in ([B2). So the argument in §8 also proves that the series in J

converges absolutely for & > —1/2.
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In fact a more direct argument leads to a better estimate on k. Using, for v > 0 fixed,
u € R and u — +o00, the estimate

| (w)] <, u?

which immediately follows from (7)) (or from eq. (2.4) of Berndt [I]), and performing
a direct computation, we obtain that J; converges absolutely for & > —1 (and for N
sufficiently large) and that Jy < N®*+1/2,

For the study of the absolute convergence of the series in [J5; we have a different sit-
uation. In this case the direct argument needs a more careful estimate of the Bessel
functions involved since both v and u are not fixed and, in fact, unbounded. In fact it
is easy to see that () can be used only if v € C is bounded, but we are not in this
case since v = k + 1/2 + p, where p is a nontrivial zero of the Riemann (-function. On
the other hand, (@) can be used only for u bounded, but again this is not our case since
u = 2m¢N'/? and ¢ runs up to infinity. Moreover, the use of the asymptotic relations
for J,(u) when v € C and u € R are both “large” seems to be very complicated in this
setting.

So it turned out that the best direct approach we are able to perform is the following.
By a double partial integration on (), we immediately get

|u") 2|20 — 1 1(
) 142 —3) 1| dt
|V|2|u|%(u)—2
14 ) 47
SR D 1/2)] 7

where the last two estimates hold for R(v) > 3/2 and u > 0. Inserting ([47) into (24) and
using the Stirling formula (2§]), a direct computation shows the absolute convergence of
the double sum in J5 for k > 2 (and for N sufficiently large).

Unfortunately, such a condition on k is worse than the one we have in §9l So, coming
back to the Sonine representation of the Bessel functions (Bl) on the line f(s) = 1 and
using the usual substitution s = Nz, to study the absolute convergence of the double
sum in J5 we are led to consider the quantity

Np/ Jk+1/2+p 27T€N /2)
Z) £k+1/2+p

<< N~ k/2— 1/42‘1‘\ |Z/ NZ"z|—k—3/2|Z—p‘6_ﬂ2£2§R(l/z) |dZ‘,

>1

which is very similar to the one in (@D (the sums are interchanged). It is not hard to see
that the argument used in ([@2)-(46) can be applied in this case too. It shows that the
double series in J5 converges absolutely for £ > 1 and this condition fits now with the
one we have in §9

11
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