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Abstract

We consider in this paper the collection of near maxima of the discrete, two dimensional
Gaussian free field in a box with Dirichlet boundary conditions. We provide a rough description
of the geometry of the set of near maxima, estimates on the gap between the two largest
maxima, and precise (in the exponential scale) estimate for the right tail on the law of the
centered maximum.

1 Introduction

The discrete Gaussian free field (GFF) {7, : v € Vx} on a 2D box Vy of side length N with Dirichlet
boundary condition, is a mean zero Gaussian process which takes the value 0 on 0V and satisfies
the following Markov field condition for all v € Viy \ 0Viy: 1, is distributed as a Gaussian variable
with variance 1 and mean equal to the average over the neighbors given the GFF on Viy \ {v} (see
later for more formal definitions). One facet of the GFF that has received intensive attention is
the behavior of its maximum. In this paper, we prove a number of results involving the maximum
and near maxima of the GFF. Our first result concerns the geometry of the set of near maxima
and states that the vertices of large values are either close to or far away from each other.

Theorem 1.1. There exists an absolute constant ¢ > 0,

lim lim P(Jv,u € Vy:r < |v—u| < N/r and ny,n, = my — cloglogr) =0, (1)
r—00 N—o00

where my = Emax,cyy -

(The asymptotic behavior of my is recalled in ({]) below.) In addition, we show that the number
of particles within distance A from the maximum grows exponentially.

Theorem 1.2. For A >0, let Axy = {v € VN : gy, = my — A} for A > 0. Then there exist absolute
constants ¢, C' such that

lim lim P(ce™ < [Aya| < Ce“Y) =1,
A—o00 N—00 ’
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Another important characterization of the joint behavior for the near maxima is the spacings of
the ordered statistics, out of which the gap between the largest two values is of particular interest.
We show that the right tail of this gap is of Gaussian type, as well as that the gap is of order 1.

Theorem 1.3. Let 'y be the gap between the largest and the second largest values in {n, : v € Vi }.
Then, there exists absolute constant C' > 0 such that for all A > 0 and all N € N

A) < Ce™N, (2)
5)=0. (3)

ce” N < P(T

lim lim sup P(T°

=0 Nooo
Finally, we compute the exponent in the right tail for the maximum. Set My = max,, 7.

Theorem 1.4. For any ¢ > 0 there exists a constant C- such that for all A € [0,+/log N),
C’;le_(‘/ﬂﬁ))‘ <P(My >mpy + ) < C’ge_(m_a))‘.

Related work. The study on the maximum of the GFF goes back at least to Bolthausen, Deuschel
and Giacomin [I0] who established the law of large numbers for My/log N by associating with
the GFF an appropriate branching structure. Afterwards, the main focus has shifted to the study
of fluctuations of the maximum. Using hypercontractivity estimates, Chatterjee [I5] showed that
the variance of the maximum is o(logn), thus demonstrating a better concentration than that
guaranteed by the Borell-Sudakov-Tsirelson isoperimetric inequality, which is however still weaker
than the correct O(1) behavior. Later, Bolthausen, Deuschel and Zeitouni [I1] proved that (M,, —
EM,,) is tight along a deterministic subsequence (ng)ren; they further showed that in order to
get rid of the susbequence, it suffices to compute a precise estimate (up to additive constant) on
the expectation of the maximum. An estimate in such precision was then achieved by Bramson
and Zeitouni [14], by comparing the GFF with the modified branching random walk (MBRW)
introduced therein. They showed that the sequence of random variables My — my is tight, where

mN:2\/2/7r(logN—@loglogN)+O(1). (4)

Using the “sprinkling method”, this was later improved by Ding [19], who showed that there exist
absolute constants C, ¢ > 0 so that for all N € N and 0 < A < (log N)?/3

ce AN <P(My = my +A) < Ce™*, and ce 0 < P(My <my — ) < Ce—c™ (5)

Note that our Theorem [[.4] gives a partial improvement upon ([l).

In contrast with the reasearch activity concerning the maximum of the GFF, not much has
been done concerning its near maxima. To our knowledge, the only work in literature is due to
Daviaud [16] who studied the geometry of the set of large values of the GFF which are within a
multiplicative constant from the expected maximum, i.e. those values above nmy with n € (0,1).

In contrast with the GFF, much more is known concerning both the location of the maximum
and the structure of near maxima for the model of branching Brownian motions. The study of the
maximum of the BBM dated back to a classical paper by Kolmogorov, Petrovskii, and Piscounov
[26], where they studied its connection with the so-called KPP-equation. The probabilistic inter-
pretation of the KPP-equation in terms of BBM, described in McKean [30], was further exploited
by Bramson [12], [13]. It was then proved that both the left and right tails exhibit exponential



decay and the precise exponents were computed. See, e.g., Bramson [I3] and Harris [24] for the
right tail, and see Arguin, Bovier and Kistler [§] for the left tail (the argument is due to De Lellis).
In addition, Lalley and Sellke [27] obtained an integral representation for the limiting law of the
centered maximum.

More recently, the structure of the point process of maxima of the BBM was described in great
detail, in a series of papers by Arguin, Bovier and Kistler [8, [7, 6] and in a paper by Aidékon,
Berestycki, Brunet and Shi [3]. These papers describe the scaling limit of the process of extremes
of BBM, as a certain Poisson point process with exponential density where each atom is decorated
by an independent copy of an auxiliary point process.

Our results in this work are a first step in the study of the process of extrema for the GFF. In
particular, Theorem [[T] is a precise analog of results in [§], while Theorems and [[.3] provide
weaker results than those of [7].

Finally, a connection between the maximum of the GFF and the cover time for the random walk
has been shown in Ding, Lee and Peres [21] and Ding [I8]. In particular, an upper bound on the
fluctuation of the cover time for 2D lattice was shown in [20] using such a connection, improving
a previous work of Dembo, Peres, Rosen and Zeitouni [I7]. It is worthwhile emphasizing that the
precise estimate on the expectation of the maximum of the GFF in [I4] plays a crucial role in [20].

A word on proof strategy. A general approach in the study of the maximum of the GFF,
which we also follow, is to compare the maxima of the GFF and of Gaussian processes of relative
amenable structures; this is typically achieved using comparison theorems for Gaussian processes
(see Lemmas and [Z0]). The first natural “comparable” process is the branching random walk
(BRW) which admits a natural tree structure (although [I0] do not use directly Gaussian compar-
isons, the BRW features implicitly in their approach). In [14], the modified branching random walk
(see Subsection [2.1]) was introduced as a finer approximation of the GFF, based on which a precise
(up to additive constant) estimate on the expectation of the maximum was achieved.

Our work also uses comparisons of the GFF with the MBRW/BRW. One obstacle we have
to address is the lack of effective, direct comparisons for the collection of near maxima of two
Gaussian processes. We get around this issue by comparing a certain functional of the GFF,
which could be written as the maximum of a certain associated Gaussian process. Various such
comparisons between the GFF and the MBRW /BRW are employed in Section 2l In particular, we
use a variant of Slepian’s inequality that allows one to compare the sum of the m-largest values for
two Gaussian processes. Afterwards, estimates for the aforementioned functionals of MBRW /BRW
are computed in SectionBl Finally, based on the estimates of these functionals of the GFF (obtained
via comparison), we deduce our main theorems in Section [l

Along the way, another method that was used often is the so-called sprinkling method, which in
our case could be seen as a two-level structure. Sprinkling method was initialized by Ajtai, Komlds
and Szemerédi [4] in the study of percolation, and found its applications later in that area (see, e.g.,
[5,9]). In the context of the study of the maximum of the GFF, this method was first successfully
applied in [19]; an application to the study of cover times of random walks appears in [18].

Discussions and open problems. There are a number of natural open problems in this line of
research on the GFF, of which establishing the limiting law of the maximum and the scaling limit
of the extreme process are of great interest. Even partial progresses toward these goals could be
interesting. For instance, it would be of interest to provide more information on the joint behavior
of the maxima by characterizing other important statistics, or to obtain more refined estimates on
the tails of the maximum. Let us also point out that we computed the exponent only for the right



tail as in Theorem [[.4], but not for the left tail. A conceptual difficulty in computing the exponent
in the left tail is that the MBRW has Gaussian type left tail (analogous to BRW) as opposed to
doubly-exponential tail in ([B) — the top levels in the MBRW could shift the value of the whole
process to the left with a Gaussian type cost in probability, while in GFF the Dirichlet boundary
condition decouples the GFF near the boundary such that the GFF behaves almost independently
close to the boundary. Therefore, it is possible that a new approximation needs to be introduced in
order to study the left tail of the maximum in higher precision (merely using the sprinkling method
as done in [18] seems unlikely to yield the exponent).

Three perspectives of Gaussian free field. A quick way to rigourously define GFF is to give
the density function. Denoting by f be the density function of 7,, we have

2

Fl(@) = Zo~ 16 Luno(Tu—2v) 7 (6)

where Z is a normalizing constant and z, = 0 for v € V. (Note that each edge appears twice in
@.)

Alternatively, a slower but more informative way to define GFF is using the connection with
random walks (in particular, Green functions). Consider a connected graph G = (V,FE). For
U C V, the Green function Gy (-, -) of the discrete Laplacian is given by

Gu(z,y) = E(X ' 1{Sk = y}), forall z,y € V, (7)

where 77 is the hitting time of the set U for random walk (Sy), defined by (the notation applies
throughout the paper)
v =min{k >0: S, € U}. (8)

The GFF {n, : v € V} with Dirichlet boundary on U is then defined to be a mean zero Gaussian
process indexed by V' such that the covariance matrix is given by Green function (Gy(z,y))zyev-
It is clear to see that 7, = 0 for all v € U. For equivalence of definitions in (6) and (@), c.f., [25].

Finally, we give a connection between the GFF and the electric network. We can view the
2D box Vi as an electric network where each edge is placed a unitary resistor and the boundary
is wired together. We then associate a classic quantity to the network, the so-called effective
resistance, which is denoted by Reg(-,-). The following well-known identity relates the GFF to the
electric network, see, e.g., [25, Theorem 9.20].

E (nu - 771))2 = 4Reff(u7 U)- (9)

Note that the factor of 4 above is due to a different normalization we are selecting in the 2D lattice
(in general, this factor is 1 with a standard normalization).

2 Comparisons with modified branching random walk

In this section, we compare the maxima of Gaussian free field with those of the so-called modified
branching random walk (MBRW), which was introduced in [14].



2.1 A short review on MBRW

Consider N = 2™ for some positive integer n. For k € [n], let By be the collection of squared boxes
in Z? of side length 2* with corners in Z2, and let BD}, denote the subsets of By, consisting of squares
of the form ([0, 2% —1]NZ)2 + (i2%, j2%). For v € Z2, let Bi(v) = {B € By : v € B} be the collection
of boxes in By that contains v, and define BDg(v) be the (unique) box in BDj that contains v.
Furthermore, denote by B,iv the subset of By, consisting of boxes whose lower left corners are in Viy.
Let {ak,B}k>0,BeBp, be iid. standard Gaussian variables, and define the branching random walk
to be

Uy = Zzzoak,lﬂ)k(v) . (10)

For k € [n] and B € BY, let b p be independent centered Gaussian variables with Var(by, g) = 22k,
and define
bljg\jB = bk,B’, for B ~y B e B]iv, (11)

where B ~py B’ if and only if there exist 7,j € Z such that B = (iN,jN) + B’ (note that for
any B € By, there exists a unique B’ € Bliv such that B ~y B’). In a manner compatible with
definition in (II), we let dy(u,v) = Mming~ ., |[u — w|| be the £2 distance between u and v when
considering Vi as a torus, for all u,v € Viy. Finally, we define the MBRW {¢Y : v € Vy} such that

&) = S ho0 X BB ()hB - (12)

The motivation of the above definition is that the MBRW approximates the GFF with high preci-
sion. That is to say, the covariance structure of the MBRW approximates that of the GFF well.
This is elaborated in the next lemma which compares their covariances (see [14, Lemma 2.2] for a
proof).

Lemma 2.1. There exists a constant C' such that the following holds with N = 2™ for all n.

]Cov(giv,ff,v) —(n— logg(dN(u,U)))] < C, for all u,v € Vi,
!Cov(niN,nﬁN) - 21?T—gz(n — (0 Vlogy lu —v|))| < C, for all u,v € (2N,2N) + Vy .

2.2 Comparison of the maximal sum over restricted pairs

In this subsection, we approximate the GFF by the MBRW based on the following comparison
theorem on the expected maximum of Gaussian process (See e.g., [23] for a proof).

Lemma 2.2 (Sudakov-Fernique). Let A be an arbitrary finite index set and let {Xy}aca and
{Ya}aea be two centered Gaussian processes such that

E(X, — X3)2 > E(Y, - Y;)?, foralla,be A. (13)
Then Emax,c g4 Xq 2 Emaxgcq Y.

Instead of directly comparing the expected maximum as in [I4], we compare the following two
functionals for GFF and MBRW respectively. For an integer r, define

i, = max{n) +n5 tu,v € Vy,r < lu—v|| < N/r}, (14)
& =max{€) + & 1u,v € Vy,r < lu—v|| < N/r}.

The main goal in this subsection is to prove the following.



Proposition 2.3. There exists constant k € N such that for all r,n with N = 2"

2log 2 2log 2
(:rg ESE*”N,T < E”?V,T < ?.—g Egg"N,r .
In order to prove the preceding proposition, it is convenient to consider
~ AN 4N .
N, = max{n,} onon) + Mur@nany U0 € Vi, < |lu—v| < N/r}.
We start with proving the next useful lemma.

Lemma 2.4. Using the above notation, we have
(Z) En?\fﬂ“ g Eﬁ})\ﬂr;
(ii) P(maxyeyy 1Y = ) < 2P(max,ey, 77U+(2N o) A) for all X € R.

Proof. Denote by Vi, = {v+(2N,2N) : v € Vy}, and consider the process n™ as indexed over the set
V. Note that the conditional covariance matrix of {nAN }vev& given the values of {771(;4N) }vve\V]{z
corresponds to the covariance matrix of {1 }vev&. This implies that

law
{m™ v e Vi} E ) + By [ {nY cu e Vi \Vi}) rv € Vi), (15)
where on the right hand side {n) : v € V}} is independent of {ni" : u € Vyn \ VX }. Write
¢ =Em™ [ {0, cu e Van \ Vi) = B | {ni - u € OV }).

Note that ¢, is a linear combination of {ni" : u € 9V} }, and thus a mean zero Gaussian variable.
By the above identity in law and the independence, we derive that

Eﬁ})\/,r > E(n?\ﬂr + ¢ry + bry) = En?\ﬂr )

where (71, 72) is the pair at which the sum in the definition of 77?\/,7« is maximized. This completes
the proof of Part (i). Part (ii) follows from the same argument, by noting that

AN N
max 7, > maxi,’ + ¢,
veVy veVN

where 7 € VY is the maximizer for {n}" : v € V{}. The desired bound follows from the fact that
¢- is a centered Gaussian variable independent of max,cv, nN. O

Proof of Proposition 2.3l For the upper bound, by the preceding lemma, it suffices to prove
that E’F}?V,r < K& N For this purpose, define the mapping ¢ : Viy = Vasn by

Y (v) = (252N, 2°72N) 4+ 273y | for v € Vy. (16)

Applying Lemma 2. we obtain that there exists sufficiently large x (that depends only on the
universal constant C' in Lemma [21)) such that for all v,u, v, u" € Vy,

N N N N
E(1y Y an 2y T Ty 2828y — Tt 2N .2N) — Tt 2828))°
SEER(EE ) + St — Sty — o) (17)




A key observation in order to verify (I7) is that the variance of ¢2° N (U grows with « while the

covariance between &2V on () and &2 i N () does not, for all u,v € Viy (this allows us to select x large to
increase the right hand side in (I7))). Now, an application of Lemma [2.2] on the processes

{773-]:(21\/,21\/) + 773]—1\-7(2N any F U, € Vv, r < lo —ul| < N/rj,

and { 21(7)rg2(§i’j\;]\(fv + §¢N(u ) tu,v € Vy,r ”U - u” N/T}

yields that E7jg, . < 4/ 21°g2E£2KNT, Here we used the fact that r < |[¢n(v) —¥n(u)|| < 28N/r for

all u,v € Viy such that r < [jv —u|| < N/r.
The lower bound follows along the same line, which we now sketch. Analogous to (7)), we can
derive that for all u,v,u/,v" € Vo-up

N N N N 2o 2l0g2m 2 "N | (27KN _ (27KN _ 27FN\2
B0, ) T Moy )~ Moy g @) ~ Moy )™ 2 T BEy T & T =&y T =G )
Combined with the fact that r < [[¢g—xn(v) — Yo—npy(u)|| < N/r for all u,v € Vo-wpy such that
r < |lu—v| < 27%N/r, another application of Lemma [2.2] completes the proof.

2.3 Comparison of the right tail for the maximum

In this subsection, we compare the maximum of GFF with that of MBRW in the sense of “stochastic
domination”, for which we will use Slepian’s [31] comparison lemma.

Lemma 2.5 (Slepian). Let A be an arbitrary finite index set and let {Xg}taca and {Ya}aca be
two centered Gaussian processes such that (I3) holds and Var X, = VarY, for all a € A. Then
P(maxgea Xog = A) = P(maxgeq Yo = N), for all X € R.

Remark. The additional assumption on the identical variance allows for a comparison beyond the
expectation, and meanwhile requires a careful treatment when carrying out the comparison.
The main result of this subsection is the following.

Lemma 2.6. There exists a universal integer k > 0 such that for all N and A € R

2log2 +27F*N > 2log2 2N > )\)

tP(max,ey, > \) < P(maxyevy7n = ) < AP(maxyevy. /) 22262 N >

27KN ™ v

Proof. We first prove the upper bound in the comparison. In light of Part (ii) of Lemma [2.4] it
suffices to consider the maximum of GFF in a smaller central box (of half size), with the convenience
that the variance is almost uniform therein. Indeed, by Lemma 21| we see that for a universal
constant C' > 0

| Var gtV — Var V| < €, for all u,v € (2N,2N) + Vy . (18)

Let ¥ be defined as in (I0)). It is clear that for s sufficiently large (independent of N), we have
Var 7734]\_’(2 N.2N) < 21°g 2 Va rfw ) for all v € V. Therefore, we can choose a collection of positive

numbers {a, fyevy such that

Var(ﬁif(zN,zN) +apX) = 210g2 Var 51/;1\;(1) ; (19)




where X is an independent standard Gaussian variable. Furthermore, due to (I8) and the fact that
the MBRW has precisely uniform variance over all vertices, we have for a universal constant C' > 0

lay, —a,| < C, for all u,v € Vy.
This implies that
E((1,Y on oy 00 X) = (Y on oy +0uX))? < E((153 an any — Ty o 2ny) 2 +C?, for all w0 € Viy.

Combined with the fact that E({ijvj\(’u) - 51%;]\(77}))2 grows (linearly) with x and Lemma 2] it follows

that for s sufficiently large (independent of N) and for all u,v € Viy

E((1yan2n) + @X) = (1Y onan) + auX))? < 21(?21[*3(55; — 5% (20)

Combined with (I9]), an application of Lemma yields that

P(maxveVNnﬁf(QNzN) + a, X > )\) < ]P’( 21°g2maXU€VN£¢N(U > )\) , for all A € R. (21)

It is clear that

P(maxveVNngf(QNzN) +a,X 2 )\) > P(maxveVanjf@N’zN) ANX > 0)
1 AN
= ip(maxveVNUw@N,w 2 )

Combined with (21), the desired upper bound follows.
We now turn to the proof of the lower bound, which shares the same spirit with the proof of the
upper bound. Recall the definition of 19—« as in (6]). Using Lemma 2] again, we obtain that

| Var nﬁziﬁN(v) - VarnQJLiNN(u)\ <O, for all u,v € Vo—rp .

It is also clear from Lemma 2] that Var 771127 ) > 21(7)rg2 Var €27V for  sufficiently large (in-
27:"?/

dependent of N) and for all v € V,-xy. Continue to denote by X an independent standard
Gaussian variable. We can then choose a collection of positive numbers {a} : v € Vo } satisfying
lal, — a!,| < C such that

Var nfzng(U) = M’Tg2 Var(€2 "N 4 al X), forall v € Vy-ry .
Analogous to the derivation of (20]), we get that for x sufficiently large (independent of N),
E((UQ%N@) — niﬁwN(u))2 > 282 (27N 4 o) X)) — (627N 4+ al,X))?, for all u,v € Vyny .

Another application of Lemma yields that for all A € R

P(max,evy, KanTNN(v) >\ = P( 210g2n[1a><;vev2 oy (o 2N palX) =\
>IP’( 2log2maxvev2 . 2N >\ X 20)
Combined with the fact that 15— (v) € Vi for all v € Vo—x y, this completes the proof. O



2.4 Comparison of the sum of large particles

We conclude this section with a comparison between the Gaussian free field and branching random
walk, which will be used in the proof of Theorem
We need the following variant of Slepian’s inequality.

Lemma 2.7. Let X = (X; : i € [n]) and Y = (Y1,...,Y,) be two mean-zero Gaussian processes
such that EX? = EY? and EX;X; < EY;Y; for all i,j € [n]. Fiz 1 < m < n, and define
Sm(x) =max{d ;. 7 : A C [n],|A| = m} for x € R". Then ES;,(X) > ES,(Y).

Proof. For B > 0, define Fz : R" — R by

Fy(x)=B""log Y &4,

AEQ,
where we denote by Q,, = {A C [n] : |[A| = m} and x4 = >, 4 ;. We prove below that
O?Fp/0x;02; <0, i#j. (22)
Then, by [29, Theorem 3.11], one has that
EFs(X) > EF5(Y).

Taking 5 — oo yields the lemma.
It remains to prove ([22)). For k € [n] and I C [n], we set Q;I ={B C [n]\I:|B| =k}. Then,
for ¢ # j,
82FB /Beﬁ(mz‘l'xj) ZBEQEE%} eBxB Beﬁ(xz‘l'xj) ZBeQT\;7 eBxB ZBIEQT\7§7 eBxB’

_ 1 1

Ox;0x; > acq,, €7%4 N (X aeq,, €7%4)?

The inequality ([22)) follows from the following combinatorial claim. O

Claim 2.8. For alli,j,m € [n] and 8 > 0, we have

S Y ve Y on Y o
AEQm Beq\t! BeQY | Beal |
Proof. Fix a sequence (ai,...,a,) such that ay € {0,1,2} for all £ & {3,j}, a;,a; € {0,1} and
Syar = 2m — 2. We count the multiplicity of the term eX-¢/%¢ in the left (denoted by L)
and right hand sides (denoted by R), respectively. Let k = [{¢ € [n]\ {4,j} : ap = 1}|. Tt is
straightforward to verify that

k . k .
(k/2+1)7 if a; +a; =0, (k/2)’ if a; +a; =0,
k—1 . k—1 .
L= ((k—l)/z) ,ifa;+a;=1, and R= ((k—l)/2) ,ifa;+aj =1,
k—2 . k—2 .
Therefore, we always have L < R, completing the proof of the claim. O

We now demonstrate a comparison for the sum of large values between the GFF and the BRW.



Lemma 2.9. For N = 2" withn € N, let {n, : v € Vi } be the Gaussian free field and {9, : v € Vy}
the branching random walk as defined in ([I0). For ¢ € N, define

Sen = max{Y e : |A| =6, ACVy}, and Ren = \/ 222 max{>, 40 : |[A] = 6, A C Vy}.
Then, there exists absolute constant k € N such that ES; y < ERg now.

Proof. Consider 9}, = 9, + kX, where X, are i.i.d. standard Gaussian variables, and define RZ N=

v2log2/mmax{} U} : [Al = {,A C Vy}. Clearly, ER} y < ERynox. Let X be another
independent standard Gaussian variable and choose a non-negative sequence {a, : v € (2N,2N) +
Vn'} such that

Var(nN 4 a,X) = Var 9, for all v € (2N,2N) + Vy . (23)

By Lemma 2] we see that |a, — a,| < C for an absolute constant C' > 0. Further define

Using similar arguments as in the proof of Lemma [2.4], we deduce that ES; x < ES; - Therefore,
it remains to prove ESZ N < ER*NI. To this end, note that we can select kK = 4C such that for all
u,v € Vy

E(939;) < E((ngf(w,w) + av+(zN,2N)X)(nﬁf(2N,2N) + av+(2N,2N)X)) .
Combined with (23]) and Lemma [2.7] it completes the proof. O

3 Maxima of the modified branching random walk

This section is devoted to the study of the maxima of MBRW, from which we will deduce properties
for the maxima of GFF.
3.1 The maximal sum over pairs
The following lemma is the key to controlling the maximum over pairs. Set my = \/W “Mmp.
Lemma 3.1. There exist constants c1,co > 0 so that

2my — cploglogr < ELY . < 2y — cploglogr.

We consider first a branching random walk {X7" : ¢ = 1,...,4"}, with four descendants per
particle and standard normal increments. Note that {9, : v € Viy} as defined in (I0) is a BRW
with four descendants per particle and n generations. We use different notation in this subsection
that allows us to ignore the unnecessary underlying “lattice” structure for BRW. Let T, be the
maximum of the BRW after n generations. Let ¢* = 2y/log?2, ¢ = (3/2)/c* and t,, = ¢*n — clogn.
The following estimates are standard. We refer e.g. to [I] and to [32] (2.5.11),(2.5.13)].

Lemma 3.2. The expectation ET, satisfies
ET,, = c*n—clogn+ O(1). (24)
Further, there exist constants ¢,C > 0 so that, for y € [0,+/n],
ce Y <P(Ty >ty +y) <C(1L+1y)%e Y, (25)

with the upper bound holding for any y > 0.
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(In fact, more is known through the convergence results of [2], but we only need the crude
estimates (25]).) We remark that the upper bound in (25 for y > y/n is an immediate consequence
of a union bound. Further, ([28) implies that with 7/ an independent copy of T),, there exists a
constant C' such that

P(T,, + T, > 2t, +2y) < O(1+y)le >V (26)

for any y > 0 and any positive integer n.
For x € Z, let
Ep(r)=#{1<i<4" : X e[ty —x—1,t, —x]}

be the number of particles in the BRW at distance roughly « behind the leader. The following is
essentially folklore, we include a proof since we have not been able to find an appropriate reference.

Proposition 3.3. For some universal constant C, and all x € Z,
EZ, () < Cnet™#=+/2n (27)
Further, for any u > —x so that 0 < z +u < y/n/2,
P(E, () > e (1)) < e uwtClog, (w+u) (28)

Note that the interest in (28]) is only in situations in which x + u is at most at logarithmic scale
(in n).

Proof. The estimate (27)) is a simple union bound: with G a zero mean Gaussian with variance n
we have
E=,(z) =4"P(G € [tn, —x — 1,t, — z]).

Using standard estimates for the Gaussian distribution and the value of ¢,,, the estimate (27]) follows.

We write the proof of ([28) in case x > 0, the general case is similar. We use Lemma Fix
§>0,r=2x+u)? and y = u — clogr. Note that clogr + y + = < /7. With K an arbitrary
positive integer,

]P)(Tn—i-r 2 tntr + y) = ]P)(En(‘r) 2 K) {1 - (]P (TT’ <t + EIOgT Tyt Elog(l + T/n)))K
. _ K
> P(E(x) > K) [1 — (1 - geme wreeionn) } | (29)

*(z+u)

where in the last inequality we used the lower bound in ([25]). Taking K = e° we have that

e~ ¢ (ytatelogr) i i yniformly bounded below and therefore
P(Tosr > busr +9) > B(En(z) > K).
Using the upper bound in (25]) we get that
P(Z,(z) > K) < Ce ™ Y(1 +y)2.
This yields (28). O

In what follows, we write ¢ ~ j if the particles X;* and X" had a common ancestor at generation
n—s.

11



Corollary 3.4. There exists a constant C > 0 such that, for any s < n/2 positive integer, and any
z positive,

P(Ji~sj: X'+ X] > 2t, —clogs +2) < Cle™09¢% 4 ¢=0-45¢72=0.Tlogs] (30)
Similarly,
P(Ji s j: X'+ X > 2t, — Clog s + 2) < Cle” 977 4 ¢ 045¢7270Tlogs] (31)
In particular, there exists an ro such that for all v > ro and all n large,

E jmez?x ](XZ-" + X7') < 2t, — (¢/4)logr. (32)
irvgd,s€[r,n—r
Proof. We first provide the proof of ([B0); the claim (31) follows similarly and (B82]) will then be an
easy consequence.

In what follows we set u* = u*(x,2) = max(|z|,z) and j* = j*(x,z) = [u*]. We also define
zV =7 N{z :|z|] < (2 + ¢logs)/2}, z® =7_n {z :|x| > (2 +clogs)/2} and Z, = {x € Z :
0<z+u* \/— /4}.

The starting point of the proof of ([B0) is the following estimate, obtained by decomposing over

the location of particles at generation n — s.

~

P(Ji~s g Xi" + X7 > 2t, — clogs + 2)
<Y PEns(x) > e @)

T€EZ

J (:v z)
( > > PEn-o(z) > e ) CHIIR(T, + T > 2t, + 2+ 22 + clog, s)+
z€Z4+NZ, j=0

(m 2)
( D PEn-s(x) = e THN) T EHIIP(T, + T > 2t + 2 + 22 + clog, 5)+

mGZ(l)ﬂZ Jj=l=|

> E(En—s(2)P(Ty + T) > 2t, + 2+ 2z + clog,, s)+

zezPnze
Y EEns(@)P(To+ T > 2t + 2+ 2w+ clog, 5) + Y P(Ep_o(z) 2 1)

T€EZLNZE zez?

= A+ Y A+ ) As@)+ Y A+ Y As(@)+ ) As()
TEZL xEZ+ﬂZn IGZg)mZn ZBEZQ)HZ,CL Z‘EZ+OZ,,CL (EGZ(E)

= A1+ As+ A3+ Ay + A5 + Ag, (33)

where T is an independent copy of Ts. The contribution to A; from x € Z,, can be estimated using
([28)) and one finds

&)
Y A@) <O ) e Ol E 490y e OB T < Oz 4 1) (34)

TEZ, lz|<z =z

12



A similar computation using (28)) and (26]) yields

*

u
Z AQ(.Z’) < C Z Z eI +Clog (z+]) e* (z+j+1) g —c" (2+2z+Clog s) (Z + ‘x’ + ¢log 8)4
zENZiNZT z€ZyNZy, j=0
< C(1+log 8)4e01°gze_c*z ) (35)

To control A3, we repeat the last computation and obtain

u*
Z Ag(x) < C Z Ze—c*j+C1og+(x+j)ec*(x+j+1)e—c*(z+2x+élogs)(z + ’x‘ + ¢log 8)4
zezPnz, zezMnz, 170
< C(l + log 8)460logze—c*z/2—c*élogs/2 ] (36)

To control Ag over Z,, we repeat the estimate as in controlling A; and obtain

Z Ag(z) < C(1 + log s + z)e ¢ #/2erelogs/2 (37)

:cEZ(,z)ﬂZn

The estimate for x ¢ Z,, is easier, using this time ([27). Indeed, in such a situation either |z| or
z are at least of order y/n. One has

Z A1($) <C Z (EEn_s(x))e—c*(w—l-u*) < Z Cne—c*u*—m2/n < e—0.90*2—2logn.
€ Zn, TEZn g Zp

In particular, since log s < logn we get

D Ay(x) < Cse0E, (38)
rZZn
Similarly,
Z As(z) < C Z (1424 2+ clog s)4ne_c*(x“)_mz/%_c*élogs < e 097 (39)
r€Z4NZS T€L{NZS

For negative x one has to exercise some care, this is the reason for the definition of Z(_l) and Z(_2).
One has

Z Ay(z) < C Z n(l+ z + |z| + clog s)le~¢ (zH=+clogs)
zezMnzg zezMnze
< Ce—0.450*z—0.990*610g8 < e—0.450*z—0.710g5’ (40)

where we have used that ¢*¢ = 3/2. Finally, just using (27)), we get similarly

Z Aﬁ(az) < Z Cnec*x—x2/2n < e—0.45c*z—0.7logs ) (41)

zezPnze zezPnze
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Summing (34)- (@I yields (30). As mentioned before, the proof of (1)) is similar. Because ¢*¢ = 3/2
and 0.9 - 3/2 > 1 we also have then that

P(3s e {r,...,n/2},Fi ~sj: X"+ X7 > 2t, — (¢/4)logr + 2)
n/2
< Z C[e—O.Qc*(z+610g(5/7’1/4)) + e—0.450*(z+610g(s/r0'25))—0.710gs] < Oe—0.45c*z )

S=T

A similar estimates holds for the range s € {n/2,...,n — r}. Summing those over z yields (31I).
We omit further details. d

We can now provide the
Proof of Lemma [B.J. We begin with the upper bound. The argument is similar to what was
done in the proofs in Section 2] and therefore we will not provide all details.

Let SY be a BRW of depth n and set R = (1 —en)SY + G, where G, is a collection of i.i.d.
zero mean gaussians of variance o2 to be defined (independent of N) and ey = O(1/n). Choosing
o and ey appropriately one can ensure that E((RY)?) = E((¢))?) and that E((RY — RY)? >
E((&N —¢M)?). Applying Lemma 27l and Corollary 3.4, we deduce the upper bound in Lemma 3.1l

We now turn to the proof of the lower bound. The first step is the following proposition. In
what follows, g’?\,’r is defined as 57\/,7« except that the maximum is taken only over pairs of vertices
at distance at least N/4 from the boundary, and the top two levels of the MBRW are not added.

Proposition 3.5. There exist constants C1,Cy > 0 such that for all N large and all r,
P(&Yy, = 2my — Crloglogr) > Ca. (42)

We postpone the proof of Proposition[3.5land show how to deduce the lower bound in Lemma [3.1]
from it. Fix C' = 2¢ > 1 integer and consider the MBRW &])V ‘“ in the box Von with levels up to
n = logy(N/4) (that is, the last ¢+ 2 levels are not taken), and define £§ -, in a natural way. By
independence of the field in sub-boxes of side N/4 that are at distance at least N/2 of each other,
we get that

o ~ 2\C?/2
P({X o = 2mn — Crloglogr) > 1 — (1 —C3) .

Adding the missing c+ 2 levels we then obtain, by standard estimates for the Gaussian distribution,
P(&&y,, > 2y — Ciloglogr —y) > 1— (1 — C3)7"/2 — Cye™@av'/e.
Renaming N, we rewrite the last estimate as
(&3, > 2y — C loglogr — y — Cse) > 1 — (1= CH)O*/2 — Cye=Cuv*/e,

Choosing y = Csc and summing over ¢ we obtain that Eg&r > 2mpy — Cgloglogr, as claimed.

Proof of Proposition We consider Vi as being centered. There are two steps.
Step 1 We consider the MBRW from level n — logr — 1 to level 1. That is, with r fixed define

n—logy r—1

2 N_\?
N N
&) = E E b, and Ap, = VNN < . Z> . (43)

k=0  BeBy(v)
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For each z € A, ,, let Vi, (x) denote the 7Z? box centered at x with side N/2r. We call y € Ay, ,
a right neighbor of x € A, , if x5 = yo and y; > z; satisfies y; = x1 + N/r, and we write y = zg.
Finally, we set, for x € Ay,
A = max &V,
£N’T’w veEVN () gv

Note that, by construction, the collection {§}, ,}zea,, is ii.d.

n,r

A straight forward adaptation of [14] shows that
P(EN, e = Minyr — €) 2 g(c) (44)
where g(¢) —c—o00 1 is independent of N, r. Let (; y be the (unique) element of Vi () such that
ENpa =& - Let
MNye={z € Apy: S\f,r,x Z My — ¢ S}kV,r,xR Z My — c}.
By independence, we get from (44]) that there exists a constant ¢, independent of N,r, so that
P(|Mnyel > 72/4) > § . (45)

Step 2. For x € My, ., set fj‘vm = 5}*\,77,@—1—5}‘\777“7”; note that for such x, one has EN,T,SU > 2my/—2c.

Define, for v € Vy,
n
N N
LD DR DR (46)
k=n—log,  BEBy (v)
and for x € Ay, set
N _ N N
Zy = YC;,N T YC;R,N ’
Conditioned on the sigma algebra Fy , generated by the collection of variables {C; ~ |, the collection
{ZN1}, is a zero mean Gaussian field, with (conditional) covariance satisfying
E(Z2' Z,") — 4(logy r —loga(|z — y|/(N/7))| < C,

for some constant C' independent of N, r; here, E denotes expectation conditioned on Fy ;.

It is then straightforward, using the argument in the proof of Proposition 5.2 in [14], to verify
that Z, = maxzemy,., ZY is comparable to twice the maximum of MBRW run for log, 7 genera-

tions, i.e. that on the event |[My .| > 72/4 there exist positive constants ci, c2 independent of 7, N
(but dependent on c¢) such that

P(Zy = 2m, —c1) 2 2,
We now combine the two steps. Let z}, be the (unique) random element of My, . such that
Zy = Zajz\}{\,‘ Then, on the event |My .| > r%/4, we have
v = 235, + 2y — 2.
Therefore, with probability at least g(c) - co, we get that
g?w > 2(my + M) — ¢4 = 2y — csloglogr,
completing the proof of the proposition. O

Combined with Proposition 2.3l Lemma B.1] immediately gives the following consequence.

Corollary 3.6. There exist absolute constants ci,c,C > 0 so that

2my — cploglogr — C < Eny, < 2my — cyloglogr + C'.

15



3.2 The right tail for the maximum

In this subsection, we compute the exponent in the right tail for the maximum of the MBRW.

Lemma 3.7. For any € > 0 there exists a constant C. such that for all X € [0,/n) and n large

enough,
Cgle‘@@*a)* < ]P’(maxvgf)v >my +A) < Cge_@\/@_a))‘.

Proof. The upper bound is an immediate comparison argument. Consider the MBRW ¢, and
consider the associated BRW &V. As noted in [I4, Prop. 3.2], E(¢))? = E(£))? and there exists a
constant C' such that for v # v/,
E&,'€) +C > BEYEY
Let G, G, be iid Gaussian variables of zero mean and variance C, independent of the fields {¢,£}.
Set Y = €N + G and i)Y = &£V +G,. Clearly, it is still the case that E(u2)? = E(z)Y)?, while now,
for v # v/,
Epd ul) > Eal @ .

We conclude from Slepian’s lemma that
P(max, iy >t) > P(max,pul >t) > %P(maxvffjv >t).

(The last inequality because P(G > 0) = 1/2.) On the other hand, max, ;! is trivially stochasti-
cally dominated by max, ELC]
bound in the lemma.

The proof of the lower bound is very similar to the argument in [I2], see Section 6 in [I4]. One

just replaces there A,, by A, +y (which is allowed for any y > 0 independent of n). O

N Combining these with the upper bound in (25]) yields the upper

Combined with Lemma 2.6l the preceding lemma directly yields Theorem [[.4]

4 Maxima of the Gaussian free field

This section is devoted to the study of the maxima of the GFF, for which we will harvest results
from previous sections.

4.1 Physical locations for large values in Gaussian free field

This subsection is devoted to the proof of Theorem [[.TI We first briefly explain the strategy for
the proof. Suppose that there exists a number £, A\ > 0 such that the limiting probability in () is
larger than ¢ along a subsequence {ry}. Then, we can take N’ < N/e such that the same limiting
probability with N replaced by N’ will approach almost 1. This would then (roughly) imply that
the expected value of n?V’mk will exceed 2my — 2X\ — O(1), contradicting with Corollary as
k — oo. The details of the proof are carried out in what follows.

We start with the following preliminary lemma.

Lemma 4.1. For N’ > 8N, consider a discrete ball B of radius 8N in a box Vy: of side length N'.
Let B* C B be a box of side length N such that the centers of B and B* coincide. Let {n, : v € Vy}
be a GFF on Vi with Dirichlet boundary condition and let

Uy :E(nv ‘ {nu U € 8B})
Then for v € B*, we have Var 1, = O(log(N'/N)).
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Proof. We need the following lemma, which implies that the harmonic measure on 0B with respect
to any v € B* is comparable to the uniform distribution.

Lemma 4.2. [28, Lemma 6.3.7] Let C,, C Z* be a discrete ball of radius n centered at the origin.
There exist absolute constants c,C > 0 such that for all x € C,,/4 and y € 9Cy,

c/n < Py(roe, =y) < C/n.

A specific property of GFF allows to write the conditional expectation for GFF at a vertex
given values on the boundary as a harmonic mean for the values over the boundary (see e.g. [22]
Thm. 1.2.2]). Combined with the preceding lemma, this implies that for v € B* C B, we have

Yy = Z Ay ", Where ¢/N < ayy < C/N . (47)
weOB
Therefore, we have
Var i, = O(1/N?) Y Gov,, (u,w). (48)
u,weOB

In order to estimate the sum of Green functions, we use the next lemma.

Lemma 4.3. [28, Prop. 6.4.1] For { <n and x € C, \ Cy, we have

log |z| — log ¢+ O(1/¢
B, < moe ) — 1l oz +001/1)

logn — log ¢
By the preceding lemma, we have
Pu(Tovy, < Tip) = O(1/(Nlog(N'/N))) for all u € 9B,
where 7, = min{t > 1: S, € 9B}. Thus, > weon; Govy, (u,w) = O(Nlog(N'/N)). Therefore,
Var(¢,) = O(log(N’/N)), for all v € B*. O

The following lemma, using the sprinkling idea, is the key to the proof of Theorem [Tl In the
lemma, for £,5 > 0 we set C(d,¢e) = 2logd/log(l — ).

Lemma 4.4. There ezist a a constant C' > 0 such that, if
PEv,u e Viy :r < v —u| < N/r and ny,ny = my — ) > ¢ (49)

for some e, A > 0 and N,r € N, then for any 6 > 0, setting N’ to be the smallest power of 2 larger
than or equal to C(d,e)N and v = C(y/log C(d,€)/d), the following holds

Py}, = 2mn =20 —v) =21 —-9.

Proof. Let N' = N2F3 with k = [logy C(6,€) — 3]. Bi,...,Box C Vi be disjoint discrete balls of
radius 8N, and for i € [2¥] let B} C B; be a box of side length N such that these two centers (of the
ball and the box) coincide. Let {n, : v € Vv} be a GFF on Vi with Dirichlet boundary condition,

and for i € [2¥] let {nf,i) :v € B;} beiid. GFFs on B; with Dirichlet boundary condition. We first
claim that for all i € [2¥]

P(3v,u € B :r < |v—u| < N/rand 0V + () > 2my —2)) > /2. (50)
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In order to prove the preceding inequality, we consider the decomposition of {m(,i) :v € B} (by
conditioning on the values at 0B analogous to (I5)) as

nW =D 4 g, for all v € B

where {ngi)’* :v € B} is a GFF on B} with Dirichlet boundary condition and is independent of the
centered Gaussian process {¢, : v € B/}. Note that ¢, here denotes the conditional expectation of
i, given the values on 0B;. Let 11(i), 72(i) € B} be the locations of maximizers of

max{nz(f)’* + nz(f)’* cu,v € BYyr < |[v—u| < N/r}.
By Assumption [{@3]), we have

P 4" > omy — 22) >

71(4) T2(i) &

()% (@),

Since ¢, ;) + ¢ry(;) s a centered Gaussian variable that is independent of 7. () T 7, (*), we can

deduce (IBIII) as required.
Let us now consider the decomposition for {7} : v € Vys}. We can write

n, =0l + ¢, for ve B and i € [2¥],
where {1, : v € B} is a Gaussian process independent of {ngi) 21 € [2¥],v € B;}, and furthermore
Yy, =K, | {n., :u € dB;}), forve Bf.

By Lemma (1] we obtain that Var, = O(k) for all v € B} and i € [2F].
Next, let ¢ € [2¥] be the location of the maximizer of

max{n\) ) +nlh, i € 2"}

By the independence of {n.(i)} for i € [2¥], we deduce that

P(n() —1—77() 2mN—2)\)>1—(1—6)2k

T1(1) T (L)

Conditioning on the location of ¢ and 71(¢), 72(¢), we see that Var(¢,, () +¢r,(,)) = O(k). Therefore,

Pl ) + Ty = 2miy — 20 —7) = (1= (1 - )*)(1 = L),
With our choice of k,~, this completes the proof. O

We next bound the lower tail on 77N from above. To this end, we first show that the maximal
sum over pairs for the GFF has fluctuation at most O(loglogr).

Lemma 4.5. For any r < N, let 77})\,77, be defined as in ({I4). Then sequence of random variables
{n%, — En},.)/loglogr}n,, is tight along N € N and r € {0,...,N}.
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Proof. For simplicity of notation, we consider the sequence N = 2" in the proof (the tightness of
the full sequence will follow from the same proof with slight modification by considering n(N) =
max{k € N:2¥ < N}). To this end, we first claim that

ET}%N,T > EmaX{Zh Z2} ’ (51)

where 71,7y ~ 1%, and Z; is independent of Z;. The proof of (BI0) follows from the similar
argument as in the p7roof of Lemmal[2.4] as we sketch briefly in what follows. Consider Vi, V{; C Van
where Viy and V}; are two disjoint boxes of side length N. Using a similar decomposition as in (IH]),
we can write n2V = n2 + ¢, for v € Viy and n2N = 7Y + ¢, for v € V};, where nV and #V are two
independent copies of GFF in a 2D box of side length N. This would then yield (5Il). Now using

a+b+|a—b|
2

the inequality a V b = , we deduce that

E|Z, — Z5| < 2(Engn, — EZ1) < 2Cloglogr,
where the last inequality follows from Corollary This completes the proof of the lemma. [

Based on the preceding lemma, we prove a stronger result which will also imply that the number
of point whose values in the GFF exceed my — A\ grows at least exponentially in A\. We will follow
the proof for the upper bound on the lower tail of the maximum of GFF in [19, Sec. 2.4]. For
N,r € N, define

Eny={(u,v) e Vy x Vy:r <|u—v| < N/r}.

Lemma 4.6. There exists absolute constants C,c > 0 such that for all N € N and r,\ > C

_ecA log log r

P(3A C En, with |A| > logr : V(u,v) € A:ny+ 1y = 2my — 2Xloglogr) > 1 — Ce
Proof. The proof idea is similar to [19], and thus we will be brief in what follows. Denote by
R = N(logr)~™10 and ¢ = N(log )=, Assume that the left bottom corner of Vi is the origin
o = (0,0). Define o; = (if,2R) for 1 < i < M = |N/2¢] = (logr)*1%0/2. Let C; be a discrete
ball of radius r centered at o; and let B; C C; be a box of side length R/8 centered at 0;. We next
regroup the M boxes into m blocks. Let m = (logr)?% and let €; = {C; : (j — 1)m < i < jm}
and B ={B; : (j —1)m <i<jm} for j=1,...,M/m.

Now we consider the maximal sum over pairs of the GFF' in each B;. For ease of notation, we
fix j = 1 and write B = B; and € = €;. For each B € B, analogous to (3], we can write

Ny =g5 + ¢, forallve BCCec,

where {g” : v € B} is the projection of the GFF on C with Dirichlet boundary condition on
oC, and {{g5% : v € B} : B € B} are independent of each other and of {n, : v € 9¢}, and
¢p = E(ny | {nu : w € 0€}) is a convex combination of {n, : v € 9€}. For every B € B, define
(Xl,BaXZB) € B x BN Ep, such that

B B B B
gLXB + gXQ,B = Sup G + u -
u,vEBXBNEN, -

Since A is large enough, we get from Corollary and Lemma that

]P)(91B7XB + 95273 >2mpy — Aoglogr) > 1/4.
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Let W = {(x1,B,X2,B) : ngB + gi , = 2my — Aoglogr, B € B}. By independence, a standard
concentration argument gives that for an absolute constant ¢ > 0

P(W < tm) <e ", (52)

It remains to study the process {¢, + ¢, : (u,v) € W}. If ¢, + ¢, > 0 for (u,v) € W , we have
Ny + 1w = 2my — Aloglogr. The required estimate is summarized in the following lemma.

Lemma 4.7. [19, Lemma 2.3] Let U C UpepB x B such that [U N B x B| < 1 for all B € B.
Assume that |U| = m/8. Then, for some absolute constants C,c > 0
cA

P(¢y + ¢y < O for all (u,v) € U) < Ceclo8T)

Despite the fact that we are considering a sum over a pairs (instead of a single value ¢,) in
the current setting as well as slightly different choices of parameters, the proof of the preceding
lemma goes exactly the same as that in [19]. The main idea is to control the correlations among
(¢u+ ¢y) for (u,v) € U. Indeed, one can show that the correlation coefficient is uniformly bounded
by O(Aloglogry/R/¢). Slepian’s comparison theorem can then be invoked to complete the proof.
Due to the similarity, we do not reproduce the proof here.

Altogether, the preceding lemma implies that

P(maxpep maxy veBx By, Mu + Mo 2 2my — 2Alogrlogr) > 1 — Cleellogn)™

Now, let (x1,5, x2,5) € Bj x B;j N En, be such that

4+ . = max max +
M1,y T Txa, BEB; (uw)eBxBNEy,, T T s

and let A = {(x1,5,x2;) : 1 < j < M/m}. A union bound gives that min, ,yca 7 + 70 =
2my — 2\ loglog r with probability at least 1 — Ce—cllog”

)c/\

, concluding the proof. O
The following is an immediate corollary of the preceding lemma.

Corollary 4.8. There exist absolute constants C,c > 0 such that for all N € N and A\,r > 0

cAloglogr

P(ny, = 2my —2X\loglogr) > 1 — Ce™

We are now ready to give
Proof of Theorem 1.3l Suppose otherwise that there exists £, A > 0 and a subsequence {ry}
such that for all k&

limsupP(Fv,u € Viy : rp < |[v —u| < N/ry, and 0y, 1, = my — cloglogry) > €.
N—ro00

Then by Lemma [£4] for a 6 > 0 to be specified and C(e,d) > 0, we have

limsup P(Jv,u € Vo syn 7k < [v—u| < C(e,0)N/rg ,nu+ny = 2my—2cloglogry—C(e,0)) = 1-6.

N—oo

Combined with Corollary 48] it is clear that for a certain § > 0 along a subsequence {N;}

Eng(aﬁ)NJ_’rk > 2my; — 2cloglogry, — C(e,6) — (c1/2)loglogry for all k € N, (53)
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where ¢y is the constant in Corollary Setting ¢ = ¢1/8 and sending k — oo, we obtain a
contradiction with Corollary This completes the proof. O

We conclude this subsection by providing
Proof of Theorem The lower bound on Ay y follows immediately from Lemma A
straightforward deduction from Theorem [[.T] together with a packing argument yields an upper
bound of merely doubly-exponential on Ay n. In what follows, we strengthen the upper bound
to exponential of A. Continue denoting Sy v and Ry n as in Lemma Following notations in
Section Bl we see that

Ren <ATy — 7= log {1z RCE

* —
4c N,(c*)~Llog

where =} . = Ui, 1, E~n(i). Applying @25) and @8), we deduce that there exists a constant
¢ > 0 such that for sufficiently large ¢

ERen < 4(+/2log2/mmy — clogl).

Combined with Lemma 2.9] it follows that for sufficiently large ¢

ES, ny < l(v/2log2/mmy — clog ). (54)

At this point, the proof can be completed analogous to the deduction of (53)), as we sketch below.
Suppose otherwise that for any a > 0 there exists a subsequence {ry} such that for all k& there
exists a subsequence N}, ; with

P(|ANn, ;| =€) > €, foralli €N,

where £ > 0 is a positive constant. Then, following the same sprinkling idea in Lemma 4.4l we can
show that for any § > 0, there exists C(e,d) such that for N , = C(d,e)Ny; and v = (e, ), the
following holds 7

]P’(]AN]/”M_W\ >eYF) >1-94.

Combined with Lemma [£.6] it follows that
ESeore ;- 2 €™ (y/2log2/mmy; — (14 dda)ry, —7),

where ¢ > 0 is a constant that arise from the estimate in Lemma Now, setting § = (¢/2¢),
a = 4/c and sending r, — 00, we obtain a bound that contradicting with (54]), completing the
proof of Theorem

4.2 The gap between the largest two values in Gaussian free field

In this subsection, we study the gap between the largest two values and prove Theorem L3l
Upper bound on the right tail. In order to show the upper bound in (2)), it suffices to prove
that for some absolute constants C,c > 0 and all A >0

PA<Ty <A+1) <Py <1)-Ce . (55)
To this end, define

Q= {(zv)vevy 1 Y((z0)) € A A+ 1]} forall A >0,
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where v((x,)) is defined to be the gap between the largest two values in {x,}. For (x,)sevy € Qi,
let 7 € Vn be such that 1, = max,cv, z,. We construct a mapping ¢y : Q) — (g that maps
(xU)UEVN € Q) to (y’l))’UEVN such that

Yo =Xy fv#7, and y, =z — \.

It is clear that the mapping is 1-1 and (yy)vevy € Q0. Furthermore, the Jacobian of the mapping
¢ is precisely 1 on Q. It remains to estimate the density ratio f((z,))/f((y»)). Using (@), we get
that

L

F(@)) = Ze 16 Zumv@u=20)* = 76715 ZunoWu=90)" =5 Tunr (@20 =(u=v)") < f((y,))e" 2N .

It then follows that ,
P((n)) € ) < e 2P((n)) € Q)

completing the proof of (55).

Lower bound on the right tail. In order to prove the lower bound on the right tail for the gap,
we first show that with positive probability there exists a vertex such that all its neighbors in the
GFF take values close to my within a constant window. To this end, we consider a new Gaussian
process {(, : v € Vn} defined by

Co = T2t for v € Vy \ OV, and (|oy = 0. (56)
It is natural to suspect that sup, ¢, =~ sup, 7y, as stated in the next lemma.
Lemma 4.9. For every € > 0, there exists a constant C. > 0 such that
P(max,eyy ¢y = my —Ce) 21 —¢.
Proof. We will apply Lemma For k € N to be specified later, define ¢ (+) : Vo—sy — Vn by
dr(v) =2, for all v e Vo-uy .
Let {n?2 "V :v € V-xn} be a GFF on V-« y. We claim that for large s (independent of N)

E(Copiu) = Con))? Z E(m N —n3 "N)?, for all w,v € Vaony - (57)
In order to see this, we note that by (@) and the triangle inequality
Var(n,) = Varn, + O(1) = Cov(ny,n,) + O(1), for all u ~v.
This then implies that
E(Cy — Cu)? = E(py — n0)? + O(1), for all u,v € Vy .
Now again using the fact that
E(U%(u) - 77(17&(1)))2 - E(UZ%N - 7712)7NN)2

grows with , we could select  large (though independent of N) to beat the O(1) term, and thus
obtain (57)). At this point, an application of Lemma and () yields that

Emgmx Gw=mn+0(1). (58)

In addition, it is clear that max, ¢, < max, 7,. Therefore, (0] implies an exponential right tail for
max, (. Together with (G8]), this completes the proof of the lemma. O
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Combined with (fl), the preceding lemma yields that

P(max (, > maxn, — C) > 1/4, for an absolute constant C' > 0. (59)

In light of the above, we define
Q% = {(2y) : max, 1>, , Ty > max,z, — C}.

For (z,) € %, let v* be such that

Tyt Tu = MAX TS, T
Let O = {(zy) € Wt e — 13", vy € (—1,0)}. By Lemma .9} we see that

P((n,) € Q%) > 1/100. (60)
For A > 0, define a map ¥ : Q* = RYN by ¥((z,)) = (y,) with
Yy = Xy, for all v # v*, and Y« = 2(max, Ty, + A) — Typr

By definition, we have that v((¥x((xy)))) = A for all (x,) € Q*. It is also obvious that ¥, is a
bijective mapping and that the determinant of the Jacobian is 1. In addition, it is straightforward
to check (by definition of 2*) for some absolute constants ¢, C* > 0

FO((20)) = ce O f((2,)), for all (z,) € QF.

Integrating over Q* and applying (60), we complete the proof for the lower bound in (2).

Lower bound on the gap. In this subsection, we prove the lower bound on the gap as described
in [@B). For any € > 0, an application of Lemma 9] and (f]) gives that there exists C. > 0 such
that P((1,) € Q) > 1 — ¢, where Q. = {(z,) : max, 13w Tu = max, z, — C-}. Denote by 7 the
maximizer of max, »_, . %, and by 7' the maximizer of max, z,. It is then clear that there exists
C7 > 0 such that P(Q}) > 1 — 2e, where Qf = Q. N {(zy) : ©r = z» — CZ}. Also, by Theorem [[.2]
there exists C, > 0 such that P(Q}) > 1 — 3¢, where

Q=N {(zy) : |xy 22 —CZ—1] = CF}.

Consider 0 < 0 < 1, and define C; = {(z,) : (i—1)0 < v((zy)) < id} for all i > 1. We then construct
a mapping ®; : QXN Cy — C; UCitq1 by (say ®; maps (z,) to (yy)) defining

Yv = Ty if v Q {7—77—,}7 and Yr = Ty +Z(57
and in addition y,» = x, if 7 # 7. For all (x,) € Q. and i = 1,...,1/4, it is clear that
f(z0)) < CLF(@i((20)))

where C! is a constant that depends on C. and C?. In addition, for all (z,) € Q. NC; we see
that ®;((z,)) € C; UCiy1, where whether the image is in C; or C;y1 depends on whether 7 is the
maximizer for max, x,. Furthermore, every image has at most C} + 1 pre-images in QN C;. In
order to see this, we note that there are two cases when trying to reconstruct (x,) from (y,): (1)
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7 = 7/, in which we obtain one valid instance of (z,); (2) 7 # 7/, in which we obtain at most C*
valid instances of (x,). This is because by definition 7 is the maximizer of max, y,; and 7’ satisfies
that y» = xr > x — C*, and there are at most C} locations whose values in y. is no less than
x7 — C*. Once we locate 7 and 7/, the sequence (z,) is uniquely determined by (y,). Altogether,
we obtain

P((n,) € 21 C1) < CUCE + DP((,) € Ci N Cisa)

for all 1 < i< 1/0. Since C;’s are disjoint, we obtain that
P((ny) € QN C1) < 2CLCE +1)6.

Now, sending § — 0 and then ¢ — 0 completes the proof.
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