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A TYPE (4) SPACE IN (FR)-CLASSIFICATION

SPIROS A. ARGYROS, ANTONIS MANOUSSAKIS, ANNA PELCZAR-BARWACZ

ABSTRACT. We present a reflexive Banach space with an unconditional basis
which is quasi-minimal and tight by range, i.e. of type (4) in Ferenczi-Rosendal
list within the framework of Gowers’ classification program of Banach spaces.
The space is an unconditional variant of the Gowers Hereditarily Indecompos-
able space with asymptotically unconditional basis.

INTRODUCTION

In the celebrated papers [11, 12] W.T. Gowers started his classification program
for Banach spaces. The goal is to identify classes of Banach spaces which are

e hereditary, i.e. if a space belongs to a given class, then all of its closed
infinite dimensional subspaces belong to the same class as well as well,

e inevitable, i.e. any Banach space contains an infinite dimensional subspace
in one of those classes,

e defined in terms of richness of family of bounded operators in the space.

The famous Gowers’ dichotomy brought the first two classes: spaces with an uncon-
ditional basis and hereditary indecomposable spaces. Recall that a space is called
hereditarily indecomposable (HI) if none of its infinite dimensional subspaces can
be written as a direct sum of two closed infinite dimensional subspaces.

Further classes were defined in terms of the family of isomorphisms defined in
a space. Recall that a Banach space is minimal if it embeds isomorphically into
any of its closed infinite dimensional subspaces. Relaxing of this notion on obtains
quasi-minimality, which asserts that any two subspaces of a given space contain
further two isomorphic subspace. W.T. Gowers obtained a dichotomy between
quasi-minimality and tightness by support in [12]. The latter notion, among other
types of tightness, was explicity defined and studied in [6]. Recall that a subspace
Y of a Banach space X with a basis (e,) is tight in X iff there is a sequence of
successive subsets I < Iy < ... of N such that the support of any isomorphic
copy of Y in X intersects all but finitely many I,,’s. X is called tight if any of its
subspaces is tight in X. Adding requirements on the subsets (I,,) with respect to
the given Y one obtains more specific notions, in particular in tightness by support
mentioned above the subsets witnessing tightness of a subspace Y spanned by a
block sequence (z,,) are chosen to be supports of (x,) [12].

V.Ferenczi and C.Rosendal have presented in [6] further dichotomies refining
Gowers list of classes: the ”third dichotomy” contrasting tightness with minimality
and the ”forth dichotomy” between tightness by range, where the subsets witnessing
the tightness of a subspace Y spanned by a block sequence (x,) are chosen to
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be ranges of (z,), with a stronger form of quasi-minimality, namely sequential
minimality. A Banach space X is sequentially minimal if it is quasi-minimal and
is block saturated with block sequences (z,) with the following property: any
subspace of X contains a sequence equivalent to a subsequence of (z,,).

The obvious observations relate some of the properties listed above to HI /uncon-
ditional dichotomy - in particular clearly any HI space is quasi-minimal and any
tight basis is unconditional. V.Ferenczi and C.Rosendal in [7] studied the spaces
already known identifying their properties with respect to the dichotomies men-
tioned above. Their study left open two particular cases. Namely, an HI and
sequentially minimal space and also a quasi-minimal and tight by range space with
an unconditional basis. The answer to the first question was provided by a version
of Gowers-Maurey HI space, as it was proved by V.Ferenczi and Th.Schlumprecht
recently [8]. We recall now the list of classes developed in [6] as stated in [§],
mentioning also some already known examples.

Theorem 0.1 ((FR)-classification). Any infinite dimensional Banach space con-
tains a subspace from one of the following classes:

(1) HI, tight by range (Gowers space with asymptotically unconditional basis
[9, 71),

(2) HI, tight, sequentially minimal (a version of Gowers-Maurey space, [8]),

(3) tight by support (Gowers space with unconditional basis [10, 6]),

(4) with unconditional basis, tight by range, quasi-minimal (?),

(5) with unconditional basis, tight, sequentially minimal (Tsirelson space [7]),

(6) with unconditional basis, minimal (¢,, co, dual to Tsirelson space [5], Schlum-

precht space [1])

The aim of the present paper is to construct a reflexive space of type (4) in the
above classification. Namely the following is proven.

Theorem 0.2. There exists a reflexive space X4y with an unconditional basis which
is quasi-minimal and tight by range.

As we have mentioned the space X(4) is the unconditional version of Gowers HI
space which is asymptotically unconditional [10]. Banach spaces with an uncondi-
tional basis which are variants of HI spaces have occured with Gowers’ solution of
the hyperplane problem [9] and were followed by the most recent [2, 3]. Among
the features of those spaces is the non homogeneous structure. For example in
all [9, 2, 3] the spaces are tight by support. The new phenomenon in the present
construction is that the space X(4) is quasi-minimal. This is a consequence of the
definition of the norming set W, which is slightly different from the initial Gowers
definition, in the following manner. Starting with an appropriately chosen double
sequence (m;,n;); we consider the following norming sets Wy, Ws.

The set W7 is the smallest subset of coo(N) satisfying

(i) Wi contains (e )n
(ii) For every f € Wy and g € coo with |g| = |f|, then g € W1
(iii) Tt is closed in the projections on the subsets of N
(iv) Tt is closed in the even operations (msz’ An,;)
(v) It is closed in the odd operations (ﬁ,fln% ..) on special sequences

Jisfos ooy fnnyyy (Here f1, fo, ..., fn,, . is a special sequence if the weight
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if each f; is even and for 1 < ¢ the weight of f; is uniquely determined by
the sequence |f1],[f2],. .., |fi-1])

Let || - |l1 be the norm induced on cgo(N) by the set Wy and X; its completion.
Then the space X is reflexive with a 1-unconditional basis, tight by support (hence
not quasi-minimal) and shares all the properties of Gowers space [9].

Consider next the norming set Ws which satisfies properties (i), (ii), (iv), (v) of
Wi and the following

(iii)’ The set W5 is closed in the projections of its elements on intervals of N.

Denoting by ||-||2 the norm induced by W5 and X5 the corresponding completion,
the space X is reflexive with a 1-unconditional basis and quasi-minimal.

This key difference between X; and X5 permits the construction of the space
X(4). The norming set W of the space X(4) is the smallest subset of cop satisfying
all the properties of the set W5 and an additional one, called “Gowers operation”
which is used to show that the space is tight by range.

It is unclear to us what the structure of the space of the operators L£(X(4)) is.
We recall from [14] that every bounded linear operator on X; is of the form D + S
with D a diagonal operator and S a strictly singular one. Such a property seems
to fail for the space X.

We describe now briefly the content of the paper. The first section is devoted
to the definition of the norming set of the space X;. The second section contains
the basic estimations, providing tools to be used in the last two sections in order
to show quasi-minimality and tightness by range of the space X4).

1. THE NORMING SET W

Let us recall the usual basic notation. Let X be a Banach space with basis
(€i). The support of a vector x = >, w;e; is the set suppz = {i € N : a; # 0},
the range of - the minimal interval containing suppz. Given any = = >, a;e;
and finite £ C N put Ex = )7, pase; and |z] = Y, |aile;. We write x < y for
vectors x,y € X, if maxsuppz < minsuppy. A block sequence is any sequence
(z;) C X satisfying x1 < xo < ..., a block subspace of X - any closed subspace
spanned by an infinite block sequence. Given a family F of finite subsets of N we
say that a block sequence (z;)%_, is F-admissible if (minsupp(z;))%_, € F. By the
(0, F)-operation, for 6 € (0,1], we mean an operation which associates with any
F-admissible sequence (z1,...,2q) the average 8(x1 + - - - + zq).

We define the space X(4) to be the completion of (coo(N) under the norm ||-||
given by some set W C ¢go(N), described below, as the norming set. (i.e. ||z| =
sup{f(z) : f € W} for z € coo(N)).

To define the set W we fix two sequences of natural numbers (m;); and (n;);
defined recursively as follows.

We set mq = 2 and mj4q1 = m?
logy(m3,,), j > 1. We also fix a partition of N into two infinite sets Ny, N.

The set W is defined to be the smallest subset of cyo(N) satisfying the following
properties

a) It is unconditional (i.e. for f € W, g € coo(N) with |g| = |f| we have g € W).

B) It contains (£e),, where (e}), is the usual basis of coo(N).

~) It is closed on the interval projections.

and n; = 4 and n;41 = (5n;)% where s; =
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fna; i W the functional f = 371" fi € W).

e) Tt is closed under the (m,

A sequence f1 < fo < -+ < fp,,,, in W is a (2j + 1)-special sequence if the
following are satisfied

0) It is closed under the (%,Anzj )-operations (i.e. for every f1 < fo < -+ <
J

An,; . )-operations on (254 1)-special sequences.

(1) mgjp1 <maj, < <Majyy,
(2) w(f1) = ma,, for some j; € Ny,
(3) w(fi) = Mao(fy],....|f,_a)) for any 1 <i <mgjqq.
(4) For 1 < i < 2q+1 the sequence (|f1],|f2l,--.,|fi—1]) is uniquely determined
by w(f;)
The special sequences can be defined in a similar manner as in [13],[4], with the use
of a coding function o.
A functional f = m;ﬂ Szt fi with (f1, ..., fea,s,) an (25 + 1)-special se-
quence is called a (25 4 1)-special functional.
¢) Tt is closed under the G-operation, defined as follows.
For any set F' = {n1 < --- < nag} C N which is Schreier (i.e. 2¢ < n1) we set

Srf = Xu_, n2p-1,n2p) -

The G-operation associates with any f € cgg the vector g = %S rf, for any F as
above.

Remarks 1.1. (i) Clearly the natural basis (e, ), is 1-unconditional in Xj. More-
over, standard argument shows that X’ is a reflexive space.

(4i) The space X{4) is an unconditional variant of W.T. Gowers, [10], HI space
with an asymptotically unconditional basis. The key ingredient in Gowers con-
struction beyond the standard ones is an operation similar to ¢). V.Ferenczi and
C.Rosendal, [7], have shown that the Gowers space is tight by range.

(4i1) It is worth pointing out that the quasi-minimal property of X4 is a result
of the fact that the set W is not closed in rational convex combinations. Indeed
if we include the rational convex combinations in the set W (even if we exclude
property ¢)) we will get a space similar to Gowers space with an unconditional
basis [9] which is tight by support and hence not quasi-minimal [7].

1.1. The analysis of a norming functional. As in the previous cases of norming
sets defined to be closed under certain operations every functional f € W admits a
tree-analysis which in the present case is described as follows.

Definition 1.2. Let f € W. A family (fq)aca with A is a rooted finite tree of
finite sequences of N is a tree-analysis of f if the following are satisfied
1) f = fo where 0 denotes the root of f.
2) If « is maximal element of A then f, = ee}, for some ¢ = 1 or —1 and
n € N.
If @ € A is not maximal, then one of the following conditions hold
3) fo= mij Zﬁesa fs where f, = Eofu, Eo interval of N, f, = mij S fis
Sa = {(a,i) : Eof; # 0} and fg = Eqf; for f = (a,4). In this case we set
the weight w(fa) of fo to be w(fa) =m;.
4) fo = 1Sp, fs with B = (o, 1), Sa = {B}, Fa Schreier and range(fo) =
range(fp).
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Since the (25 + 1)-special sequences (fi)i<n,,, is determined by (| fi|)i<n,,,, it
is easy to see the following

Lemma 1.3. Let f € W with a tree-analysis (fo)aca and g € W with |g| = |f].
Then g admits a tree analysis (ga)aca such that |go| = |fal| for all a € A. In
particular if fo is a weighted functional then go is also weighted functional and
w(fo) = w(ga). If fo is a G-functional, i.e. of the form f, = %SFafg then also

Ja = %SFQQB'
The following follows easily.

Lemma 1.4. Let f € W with a tree-analysis (fo)aca- Let also D C A be a set
of incomparable nodes of A and for every a € D let g, € W such that |ga| = | fal-
Then there exists g € W satisfying

i) lgl =17l
i) g admits a tree analysis (Go)aca such that for every a € A, |Go| = | fa| and
for every a € D, go = go-

2. BASIC ESTIMATIONS

In this section we shall give the definition of some special vectors as well as
estimations of the functionals of the norming set on these special vectors. All the
definitions and estimations have appeared in a series of papers, [15, 13, 4], so for
the proofs we shall refer to a paper where the corresponding result has appeared.

2.1. Special vectors.

Definition 2.1. A C' — {}-average, C > 1, n € N, is a vector z = % where
lz:]l <Cy Jlz]l >1and n <@ < zp < -+ < Ty,

Lemma 2.2. Let (x); be a normalized block sequence. Then for everyn € N there
exists I(n) € N such that for every finite subsequence (xp)nep with #F > l(n)
of (xp)k there exists a block sequence y1 < ya < -+ < yn of (zr)rer such that

Yyit++yYn __ - m
D in =k ATy 08 an 2 — (] -average.

The proof of the above lemma originates from [15, 13]. For a proof we refer to
[4], Lemma 11.22.

Definition 2.3. A block sequence (zy)y is said to be a (C,¢) rapidly increasing
sequence (RIS) if ||z || < C for each k and there exists a strictly increasing sequence
(ji) of positive integers such that

—1
Jk+1 <&,

(2) forevery k =1,2,... and every f € W with w(f) = m; < m;, the following
holds, |f(x1)| < .

(1) maxrange(xg)m

Definition 2.4. A pair (z, ¢) with z € X(4) and ¢ € W is said to be a (C, 2j)-exact
pair, where C' > 1, j € N, if the following conditions holds

(1) 1 <|z|| < C, for every v € W with w(y)) < mg; we have |[¢(z)] < %,
while for ¢ € W with w(¢) > maj, [¥(z)| < -5,
2

(2) w(g) =moy,
(3) ¢(x) =1 and range(x) = range(d).
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Definition 2.5. We shall call the sequence (x;,z});>,"" a (C,2j + 1)-dependent

sequence if

K3

(1) jl S N1 and maj, > n25+1,
(2) for every i < mgjta, (x;,2]) is an (C, 2j;)-exact pair,
(3) (21,...,25,,,, )-1s a special sequence.

2.2. Basic estimations.

Lemma 2.6. Let x be a 2— ()" -average. Then for every f € W with w(f) =m; <

mj, the following holds

Faw] 3. (21)

T

We refer to [15],[13] Lemma 5, [4] Lemma I1.23 for the proof.
The following result follows from Lemmas 2.6 and 2.2

Proposition 2.7. For every € > 0 and every block subspace Z of X4 there exists
a (3,¢e)-RIS (z1)r in Z.

The following proposition will be the main tool for the estimations we shall need
in the sequel. For the proof we refer to [4], Propositions 11.14, I1.19.

Proposition 2.8. Let (zx),", be a (C,e)-RIS with ¢ < mj_2 and f € W. Then

m; < 3Cw(f)~t if w(f) <m;
Gy 2@l < { Clw(f)lmy + 22+ mge) if wlf) = m,
In particular |72 3707 @i || < 2C.

Moreover if (fa)aeA is a tree analysis of f and for every o € A with w(fa) = m;
and every interval E of positive integers we have that

(D xi)| < C(1 + c#E)

keE

(2.2)
[

then | F(22 S0, ) < 4€.
Proposition 2.8 yields the following

Proposition 2.9. For every block subspace Z, every e > 0 and j € N there exists
a (6,27)-exact pair (x,d) with x € Z.

Proof. From Proposition 2.7 there exists (1),2; (3,¢) RIS with e < 1/m3;. Choose
xp € W with z}(zx) = 1 and range(x},) = range(xy). Then Proposition 2.8 yields
that

n2aj n2aj
DI S Z i)
"=
is an (6, 2j)-exact pair. O

Corollary 2.10. Let (x;,2});24"" be a (6,2j + 1)-dependent sequence and f =
L_py raket £ a special functional such that w(f.) # w(x}) for every i,r <

m2j+1
n2j41- Then

n2j41

TI D  p — (2.3

_ 2
P M2j+1M5; 4 o

~
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Proof. For every i < mgjy1 set

Riy = {r < ngj41 : range(f,) Nrange(x;) # Dand w(f,) < moj, }
and

R; 5 = {r < ngjt1 : range(f,) Nrange(x;) # Dand w(f,) > moy, }.
Note that for every r there exists at most two ¢’s such that r € R; 1 and range(z;) ;
range(f,). From (2.2) we get

DINATHESY % (2.4)

reR; 1 rcR; 1
and 6
| Z fr(@i)] € ——#Ri2 (2.5)
ms,.
T‘ERiyg Ji
Using that w(f,) > maj, > naji1, by (2.4),(2.5) we finish the proof. O

3. THE QUASI-MINIMALITY

We shall prove the quasi-minimality in two steps. In the first step we shall handle
a special case. More precisely we shall consider block sequences (yx), 2", (2k)p2y "
n2j41

such that z, = yr + 2z, k € N for some dependent sequence (xy, f;g)k:1 . For a
suitable splittings of (z) we show that for every f € W there exists g € W such

1 ' 31 '
that /(222 Y, ) — 231 < g(M2s 5 2)),
In the second step we prove the quasi-minimality of X; basing on the first step.
Let (zk, fr)p2y" be a (6,2 + 1)-dependent sequence such that each exact pair
(zk, fr) is of the form as in the proof of Proposition 2.9. Split each z and fi as

follows.

ngjk /2 1 ngjk /2
mM2jy *
Tk =Yk +2p = — E (Yk,i + 21,0)s fro = — E (Yki + 21i)s
ik =1 M2k =

where for every i, y,i < 2k < Yk,i+1, Ui ;(Uki) = 1 = 2 ;(2,i) and range(y; ;) =
range(Yk,i)s range(z;i) = range(zy,;).

Set
n2j41 n2j+41 n2jk/2
y= m2j+1 . = maj+1 M2y, Yhi
= = E = i
n2j+1 =1 n2j+1 k=1 T2y =1
and
m n2j41 m LETAR . N2, /2
2j+1 2j+1 2j
Z:—n 7+ E ZE = n?+ E n]k E Zk,i
2j+1 k=1 2j+1 k=1 2k i=1

Proposition 3.1. Let y,z be as above. For all f € W there exists g € W such
that |f| = |g| and

(3.1)

Proof. Let (fa)aca be a tree analysis of f. Set I to be theset of k € {1,...,n9;11}
such that there exists ay € A with w(fa,) = mz_jlel, for = Ea, m;ﬂ AR I
be a special functional satisfying

A) range(xy) C Eq, .

B) 1" = Ifxl-




8 SPIROS A. ARGYROS, ANTONIS MANOUSSAKIS, ANNA PELCZAR-BARWACZ

C) Ilp<a, w(fp) <majir.
We define Iy as I; with the exception that C) is replaced by
C1) lpza, w(fp) = majt1.
The complement of I; U I is denoted by I3. Set

wi = 2L N gy fori = 1,2,3.
M2j+1 ieT,
We shall estimate f on wy, ws, ws.
Lemma 3.2. The following holds
24
|fws)] < P (3.2)
J

Proof. By Proposition 2.8 it is enough to show that for every o € A with w(f,) =
mo;4+1 and every interval I the following holds

fal D2 @)l <O+ #E/m3; ). (3.3)
kelsNE
Note that if kK € I3, « € A with f, = m2_j1+1E0t SR e and range(fa) N
range(zy) # 0

either |f&| # |fx| or |f&] = |fx| and range(xy) € Eq.
Let ko = min{k : range(f,) Nrange(xy) # 0} and k; = min ¥ where

Y ={k < ngji1: |f| # [ fk| and range(fo) Nrange(zy) # 0}

If ¥ = () it follows that range(f,) Nrange(zx) # 0 for at most two k and hence (3.3)
holds. For every k > ki we have that w(ff*) # maq,, for every i. Corollary 2.10
yields that
1
o i) K —5—mmm. 3.4
g (kg,;l o M3 o Majt1 (3:4)
For all kg < k < k1, k € (I1 U Iz) except maybe for ky. Indeed assume that
some ko < k < k1 is not in (I; U I3). Then by the definition of k; it follows that
|f2] = |fi| and range(xy) ¢ range(E,), which yields a contradiction since k € I3
and range(fy) = range(fx) C range(xy) C range(Ey).
Thus for ko (or k1) there exists at most one i with w(f*) = ma;, (or w(f{) =
majy ), hence

12 1

o(Tr, + @ < . 3.5
|f ( ko k1)| Maji1 m2j+1m§j+2 ( )
To finish the proof note that (3.4) and (3.5) yield (3.3). O
Lemma 3.3. The following holds
moj+1 6
)| = |f (22§ )] < (36)
2541 kel maj+1

Proof. Note that for k € I it holds that range(f;) C range(xy) and |f*| = |fx|.

It follows

M2j41 1 moj1 6
| fon (2 )| = ——— =22 f ()| <

n2j+1 M2j+1 N2j41 n2j+1




A TYPE (4) SPACE IN (FR)-CLASSIFICATION 9

Property C1) implies that |f(%xk)| < nzﬁfﬁ Summing over I we obtain

(3.6). O

It remains to estimate f on w;. We shall consider a partition of w; into three
vectors which is imposed by the G-functionals.

Let @ € A such that @ < «y for some k € I; and f, = %Sfﬁ is G-functional
determined by the intervals ¢, < nf <--- <ng . We set

¢ ={(k,i) : k€ 1,a < ayand existsd < g, withng € range(yx,; + 2x,;) for somei},
LS = {(k,i): k€ I, < o, and existsd < qo /2 with range(yr,i + 2r,:) C (P54, 1544 1)}s
Lg ={(k,i): k€ I1,a < ay and (k,7) ¢ LT U L5}
We also set
I'={aeA:a=< qgfor some k € I and f, is G-functional},

and L; = UgerL§ for i = 1,2,3. Without loss of generality we can assume that
these sets define a partition of the whole vector ws.

Remark 3.4. An easy inductive argument yields that for every (k,i) € L3 and
every a < ay, we have that supp(yk,;+2k,:)supp(fo) = supp(y,i+2k,:)Nsupp(fa,)-
Indeed, for a G-functional f, the above follows from the definition of the set L§,
as fo has one successor fz and satisfies fo(yr,i + 2k:) = %fg(a:kyi + 2k
If f, is weighted functional then there exists a unique 5 € S, such that supp(yx,;+

2k,i) Csupp(fp) and fo(yri + 2r) = mfﬁ(irk,i + 2i)-
The following lemma give us an upper bound for the cardinality of the set I'.

Lemma 3.5. Let (fo)aca be a tree analysis of a functional. Let
B={acA: H w(fp) < majq1}
pZa
Then #B < (bng;)'os2(m2i+1)—1 < n;ﬁl
For the proof we refer to the proof of Lemma I1.9, [4].
The sets LY, L§ and L§ implies the following partition of w;.

M2j4+1 majy, .
uj = —— E —* E (Yryi + 2r,i), 1=1,2,3.
241 per, " (wler,

Lemma 3.6. We have that f(uz) = 0.
Proof. Let (k,i) € L% for some a. From the definition of L§ it follows that

supp(f3) Nsupp(zk,;) = 0 for every 8 < a. It follows that f(uz) = 0. O
Lemma 3.7. It holds that
maj i1 maj 1
[Flu)] = [F(ZE2 D020 Y 0 i+ o))l < —— (37
2041 ger, " kel M2jt1

Proof. Let f, be a G-functional determined by the intervals ¢, < nf{ < --- < ng‘a.
Let ko be the smallest k such that (k,7) € L for some ¢ < ngj;,. It follows that
do < maxsuppi,. If ko < ngjy1, as (x, z})r is a dependent sequence, we have
that g, < maxsuppxy, < M2y 41 - Therefore

#{(k,l) S L(lx k> ko} < m?jk0+1'
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The above inequality implies the following.

fal D %(?Jl@,i‘f’zk,i)ﬂzzua(?:%k > Wi+ 2k0)]

(kiyeLe 2k kel 2k kel

Mo, 1
< ok || + Z 6majy, n27k <64+ —— <7
k>ko 29k n2j4+2

Since for every k € I; we have H6<ak w(fg) < majt1, Lemma 3.5 yields that

#T < (5ng;)'o82(mai) =1 < n;ﬁl Therefore

mosg mosq

F)] <22 fal D0 =L (i + 20.4))]
N2j41 , ng;
JTL aer (kyi)eLy =k

m2j+1 ., 1/3 1
Sy S g
n2j+1 mai11

It remains to estimate the action of f on wus.

Lemma 3.8. Let Y3 = us|suppy and 23 = Us|supp». There exist a functional g € W
with |g| = |f| satisfying

o(23) = 3/ (as). (33)

Recall that for every k € I; it holds that |f,"*| = | fx| and range(zx) C Eq,. Also
since H6<ak w(fg) < majt1 it follows that the nodes oy, a; are incomparable for
k#lel.

Let g be the functional defined by a tree-analysis we obtain by replacing each
¥ by fi for every k € I;. Lemma 1.4 yields that the resulting functional is a
norming functional.

Setting Y31 = uslsuppy, and 23k = U3|suppz, and using that |f*| = |fi| we
have the following

2 (s )] < 2f(z5.0) (3.9)

Remark 3.4 yields that for every v < aj we have that

| fy (yr,3)| < H w(fs)™ | 1 (yn3)l-

Y202k

Lemma 1.4 yields also that g, (23,1) = ( H w(fs) ™) fu(z3x) for every v < ay,.

yRé=2a
Therefore
|fy (y3.e)| < H w(fs) ™| 1feE (ysa)] < 294(23.8)- (3.10)
YR6=2ay
The above inequality proves (3.8). ([
Combining (3.2), (3.6), (3.7) and (3.8) we obtain that
1 31
z)> = -2 .
9(2) = 5f(y) pr—

Theorem 3.9. The space X4y is quasi-minimal.
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Proof. The proof is based on the arguments we use in the proof of Proposition 3.1.

Let Y, Z be two block subspaces of X(4). Inductively, by Proposition 2.9, we
choose a a sequence (x;, ] )ien such that (z;, ;) is a (24; + 1)-dependent sequence,
3 < ji /* +o0o, which splits as in the first step i.e.

n2j+1/2
2Jl+1
=Y+ 2= E Yk + 2Lk
n2j,+1 1

maj, , e
where ;1 + 21,6 = (Yi,k,1 + 2061+ + Yiknay, T Zknsy, , ) and addition-
2j1,k ' ’
ally yirs €Y, 210 € Z.

We may also assume that the weights that appear in the choice of the dependent
sequence (z;,z;) are bigger than the weights we use in (z;—1, 2] ;).

Let ||>°, aiy|l = 1 and let f € W with f(3>°, ayi) > 1/2. Let (fa)aca be a
tree-analysis of f.

We define for every [ € N the set I} 1, I} 2, 1; 3 as in Proposition 3.1. For each of
the sets I; 1, I; 2 we get
24

maj,4+1

FOY ik + 28) <

k611,3

and
6

maj,+1

FOY - ik + 28) <

kel o
For the sets I;; as in Proposition 3.1 we define the sets L;1,L;2 and L;3 and
vectors ug 1, U2, uy,3. As before we obtain that f(u;2) = 0 and f(u;,1) is dominated
by M-
For the sets L;; we work as in Lemma 3.8 substituting f % (which corresponds to
" of Lemma 3.8) by the functional f; (which corresponds to fr of Lemma 3.8).
In this way we get a functional g such that |g| = |f| and

1
g(; alul,3|suppzl) Z 5.][(; alul,Blsuppzl)-

The above yields that

9> wz) > % Zazyz _2Z|al|
I

which ends the proof. O

U\|P—‘

m2ﬂ+1

4. TIGHTNESS BY RANGE

We show now, using G-operations, the following
Theorem 4.1. The space Xy is tight by range.

Proof. Let (z;) be normalized block sequence. We show that there exists no
bounded operator T such that supp T'(z;) Nrange(z;) = § and T can be extended
to an isomorphism from [(x;)] to X. This will prove that X4 is tight by range.

Let T be an operator as above and assume without loss of generality that ||T']| <
1. By the reflexivity of the space and passing to a subsequence we may assume that
(T'(z;)); is a block sequence and moreover

range(z; + Tz;) < range(x;+1 + Txi41) Vi € N,
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Let j € N. By Lemma 2.2 we can choose w = ZL(Z?) apTy(j)+, such that w is an
2 — {™i-average and [(ng;) < w.

Let fo € W be a functional such that fo(w) > 1. Without loss of generality we
may assume that range(fo) = range(w). For k <1(na;)/2 set

Esp—1 = range(2,(j)42k—1) and Eop = (maxran 2,(;)42k—1, MiNSUPP Ty (j)42k+1),

It follows that (Ek)z(gj) are consecutive intervals and I(ngj) < By < --- < Ep,;.
Then the functional f = % Zi’l/ 2 FEok—1fo € W and without loss of general-
ity we may assume f(w) > 1/2. Otherwise we can take the restriction of f to

Ug range(z,.(j)+2r)- It follows that f satisfies
1
flw) > 3 and supp(Tz;) Nsupp(f) =0 Vi € N. (4.1)

Definition 4.2. We shall call the pair (w, f) a (2,n2;)-special pair disjoint from
(Tz;) if w is an 2 — £} -average and (4.1) holds.

Let j € N. Inductively, by Proposition 2.9, we choose a (6, n2;1)-dependent
sequence ((U;, fi))i<na,,, such that

. . _ maj, noj, -

P1) (w, fi) is a (6,¢;)-exact pair of the form u; = nzj; wei Uik and f; =
1 n2j; g, .
iy, 2ok=1 Jik for any 1,

P2) (uik, fir) is a (2,n9y, ,, )-special pair disjoint from (T'z;); for every i, k,
P3) (f1,--., [ns;41) is @ (25 + 1)-special sequence.

Note that
m Mn2j+1 1 n2j+1 m n2j+1 1
2j+1 2j+1
ui|| > i u;) > —. 4.2
I B DG DIVES (12)
Moreover supp(f) Nsupp(Tz;) =0 for all f = m21~+1 EY "2 by and |hy| = | fi] for
J
all 4.
Lemma 4.3. The following holds
] et
Tui < 25m5; 4.3
Iy 2o Tl < 25ma, (4.3

_ . — 1 T 7.
Proof of Lemma 4.3. Let u; ) = ZjeDi,k ajr; = o — (Ziga1 + - "$Z7k7n2ji,k) be a

2 — 0,7 average. We set y; ; = Y jep:  a;Tx; where D}y = D; . \ {max D; . }.
Note that maxsupp y; < maxsupp ulk,

Yik = (Yika + -+ ﬂi,k,n%m)

1235, 1
and ||Yi ki1l < [|T[|[|Zik,5]| < 2 for all j.

ma;, N9 .
Set w; = n;“ i yi. Since
k3

’n,zji n2ji

Moy, maj, 1 1
I Tui = wil] < =23 | Tuigs — yisl < —2 S
n2j; 3 N2j; 37 M2di maj,

it is enough to show that

n2j41

> will <24m3t,

=1

1

Nn2j+1
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To get the above inequality we shall use Proposition 2.8. We show that (ylk)Z:i
is a (3,¢;)-RIS.

Indeed as in Lemma 2.6 we obtain that for all f € W with w(f) = m, < maj,,
it holds that 5

P

|f(yik)| <

Also since 7712_]411_,16+1 max supp u; < €; and maxsupp y; < maxsupp u;  we get that

(Yi.k)k<nsy, is a (3,;)-RIS. By Proposition 2.8 and P3) we have that (w;);2}"" is a
(6,5, 1)-RIS.

We will show now that for every f € W with w(f) = m27j1+1 and every interval
E we have that
#E

FCwl <61+ A
i€E 2j+1
Let f = E——5""%" h, be a special functional. Let ip = min{i : |h;| # |fi|}.

majt1
If 4o > 1 it follows that for every i < ig f(w;) = 0, since by P2) f(Tw; ) = 0 for
every (i,k) with ¢ < ig. For every i > iy the assumptions of Corollary 2.10 hold,
hence

- (4.4)

ms.
i>10 25+2

For the w;,, w(hi,) = w(f;,) and hence using Corollary 2.10 we get

1
|f (wiy)] <6+ — (4.5)
M3j42
It follows 4B
[FQ_wi) <6(1+ ——)
i€E 2j+1
Proposition 2.8 yields
maj+1 i 24
|2 SN < —,
n2j41 = maj+1
which ends the proof of the lemma. (I
Notice that combining (4.2) and (4.3) we get that T is not an isomorphism,
which ends the proof of the theorem. O
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