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THE LOCAL 7b THEOREM WITH ROUGH TEST FUNCTIONS

TUOMAS HYTONEN AND FEDOR NAZAROV

ABsTrRACT. We prove a version of the local T'b theorem under minimal integrability assumptions,
answering a question of S. Hofmann (El Escorial, 2008): Every cube is assumed to support two
non-degenerate functions le € LP and b% € L4 such that Tbé2 € L9 and T*b2Q S Lp,7 with
appropriate uniformity and scaling of the norms. This is sufficient for the L2?-boundedness
of the Calderon—Zygmund operator T', for any p,q € (1,00), a result previously unknown for
simultaneously small values of p and q. The proof is based on the technique of suppressed
operators from the quantitative Vitushkin conjecture due to Nazarov—Treil-Volberg.
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1. INTRODUCTION

The first T'b theorems were proven by David, Journé and Semmes [5], and McIntosh and Meyer
[14]. Their idea was to characterize the L?-boundedness of a singular integral operator T,

Tf(z)= g K(x,y)f(y)dy,

where K is a standard Calderon—Zygmund kernel, by its (and its adjoint’s) action just on one
sufficiently non-degenerate function b. Thus, they generalized the celebrated T'1 theorem of David
and Journé [6], where this function was required to be b = 1.

Another significant step in this type of characterizations was taken by Christ [4], who introduced
the idea of a local Tb theorem. Rather than testing T' and T* on two globally well-behaved (and
hence not so easy to find) functions by and by, the operators can be tested against a family of local
functions bb and bé, indexed by the cubes (say) @ on which they are supported, each of which is
only required to satisfy a set of conditions on its ‘own’ cube.

Besides necessary non-degeneracy requirements, Christ’s assumptions on his test functions con-
sisted of the uniform boundedness bg,, b7), Ty, T*bg, € L>. Weakening these conditions has been
a topic of subsequent developments. Nazarov, Treil and Volberg [15] showed (even in a more gen-
eral non-doubling context) that it suffices to have bb, bé € L and Tbé, T*bé2 € BMO, uniformly
in Q. On the other hand, for certain dyadic model operators, Auscher, Hofmann, Muscalu, Tao
and Thiele [I] were able to relax these conditions to a substantially lower degree of integrability,
namely

(1.1) by e LP, bhell, Tbhel?, T*b3el”
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for any p,q € (1,00), where the different L" norms are appropriately scaled relative to |Q|. The
question then became whether these testing conditions for the model case also suffice for genuine
singular integral operators. This was the first of the four open problems on local T'b theorems
formulated by Hofmann during his plenary lectures at the International Conference on Harmonic
Analysis and P.D.E. in El Escorial, 2008; it was motivated by possible applications to layer po-
tentials and to free boundary theory (see [8, Section 3.3.1]).

Towards the solution of Hofmann’s problem, the following developments have taken place. First,
Hofmann’s [7] positive result concerning the case bb c L? Tibé € L?*¢. Next, Auscher and Yang’s
[3] elimination of the e > 0 by a reduction to the dyadic case. In fact, they settled the result for
all ‘large enough’ pairs of exponents p,q € (1,00), namely, subject to the sub-duality condition
1/p+1/q < 1. Finally, Auscher and Routin’s [2] work on general pairs p, ¢ € (1,00): they gave a
direct proof of the sub-duality theorem just mentioned, and obtained a positive result for general
exponents under additional side conditions of ‘weak boundedness’ type (but rather more technical
than the usual forms of such assumptions). See also [9, [12] [13] for some related work.

In the paper at hand, we solve Hofmann’s problem for all exponents p, ¢ € (1,00). In fact, we
are going to view ([LI) as sufficient conditions for another natural set of assumptions stated in
terms of the maximal truncated singular integral

Tef ) =L@, TA@ = [ K

We make the assumption that for some u € (1, 00), we have
(1.2) by, by, Tyby, (TH)yby € LY

with appropriate uniform scaling. As we will prove, (IL.2)) for u < min{p, ¢,p’, ¢’} is a consequence
of (II). But (C2Z) seems more natural in the sense that (unlike (II]) in the super-duality case
1/p+1/q > 1) it is obviously necessary for the L2-boundedness of T, which implies the L%-
boundedness of T by classical theory. And, we show that (I2]), together with certain necessary off-
diagonal estimates, is also a sufficient condition for the L2-boundedness, as a proper Tb condition
should.

Our method of proving this result is new in the context of Hofmann’s problem, although bor-
rowed from other developments in the T circle of ideas, in particular, the approach to Vitushkin’s
conjecture by Nazarov, Treil and Volberg [16]. Namely, we show that it is possible to perturb the
rough test functions bg € L* so as to obtain better functions BQ € L, which are still well-behaved
under a suppressed singular integral

Tof(x) = /R Kole.y)f(y)dy,  Kolz,y):= o 'sz”'ﬁiﬁfé?@)m’

for a suitably chosen nonnegative Lipschitz function ®. We can then run a local T'b argument for
the suppressed operator Tg and the bounded test functions I;Q. Once the boundedness of Tg has
been established, this can be used to construct yet another set of bounded test functions, but now
for the original operator T'. Another local T'b argument with bounded test functions then allows
to deduce the boundedness of T itself.

In the following section, we give a detailed statement of the main theorems and a technical
outline of the entire argument, where the main auxiliary propositions are stated without proof.
The proofs of these intermediate results are then provided in the subsequent sections.

Acknowledgements. T.H. is supported by the European Union through the ERC Starting Grant
“Analytic—probabilistic methods for borderline singular integrals”, and by the Academy of Finland
through projects 130166 and 133264. This research was started during T.H.’s visit to the Kent
State University in October 2011.
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2. TECHNICAL OUTLINE

Let T be a linear operator given by
(2.1) Tf)= [ K(zy)fly)dy,
R
where K is a Calderén—Zygmund standard kernel:

d+a |K(1‘,y) - K(x/ay”
yl ;
|z — 2’|

_ !
|K(z,y) — K(z,y)| <1
ly =y’
for all z,2',y,y with |z — 2’| + |y — /| < 3|z — y| and some fixed a € (0, 1]. For convenience, we
assume that K is also bounded, qualitatively, so that formulae like ([ZI) are meaningful, but this
will never be used in the quantitative estimates.

22) |z —ylK(z,y) + |z - + |z — y|*Te

2.3. Definition (Accretive system). Let p,u € [1,00]. A (p, u)-accretive system for an operator T
is a family of functions bg, indexed by all dyadic cubes @, such that

(2.4) supp bg C Q,

(2.5) ][ bodz = 1,
Q

(2.6) (f o ar) <1,

(2.7) (]é ITbol dx)l/u <1,

with the usual reformulation if p or u is co. We call it a buffered (p, u)-accretive system for T if
@77 is replaced by the stronger condition that

(2.8) (7{@ |TbQ|“dx)1/u <1.

Solving a problem posed by Hofmann [8, Section 3.3.1], we prove the following;:

2.9. Theorem (Solution to Hofmann’s problem). Let p,q € (1,00). Suppose that there is a buffered
(p, ¢')-accretive system for T, and a buffered (q,p’)-accretive system for T*. Then |T||p2—r2 s
bounded by a constant depending only on the implied constants in (22)), (Z8) and (23)).

The first theorem of this flavour was proven for so-called perfect dyadic operators [I]. For
Calderon—Zygmund operators, prior to our work, it was known in the subduality case: 1/p+1/¢ <1
[2,8]. For 1/p+1/g > 1, it had only been verified under additional technical assumptions [2].

2.10. Remark. In the subduality case, a (p, ¢')-accretive system is automatically buffered, i.e., 28]
already follows from the other conditions by the following Hardy inequality:

/3Q\Q (/Q |;|va(y;||d d?/)udw Sltefllte,  we(1,00).

Whether one can remove the word ‘buffered’ from Theorem [2.9] for general exponents remains
open.

We deduce Theorem as a corollary to a variant, where (2.8)) is replaced by an assumption
on the maximal truncated operator

Tefr) =g LA, TSE@= [ K fwd

Let us first observe that the above conditions on 7" imply certain conditions on 7%, as defined
next:
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2.11. Definition (Ample collection; off-diagonal estimates). We say that 2 is an ample collection
of dyadic subcubes of a given cube Q with ezceptional fraction o € (0,1), if the maximal subcubes
Q C Q with Q ¢ 2 satisfy the estimate 3 |Q| < o|Q|.

We say that an accretive system bg for an operator 1" satisfies off-diagonal estimates if for all
Q and o > 0, there exists a bound C, (independent of @) so that

(2.12) £, rUearboldr < C:,

for all ' in an ample collection of dyadic subcubes of @) with exceptional fraction o.

2.13. Proposition. Suppose that bég is a buffered (p,q') accretive system for T, and b2Q s a buffered

(¢,p") accretive system for T*. Then bb is also a (buffered) (p,u) accretive system for Ty, and b2Q

is a (buffered) (q,v) accretive system for (T*)g, for any w < min{p, ¢’} and any v < min{q,p'}.
Moreover, the system bb satisfies off-diagonal estimates for Ty, and the system b2Q for (T*)4.

Since u < p, the (p,u) accretive system bb is automatically buffered by Hardy’s inequality;
similarly for bQQ. Thanks to Proposition 213 and observing that a (p,u) accretive system is also
a (t,t) accretive system for ¢ < min{p, u}, Theorem 29 is a consequence of our main result which
reads as follows:

2.14. Theorem (Main theorem). Let T be a Calderon—Zygmund operator, and suppose that for
some p € (1,00) there exist (p, p)-accretive systems with off-diagonal estimates, bé for Ty and bé
for (T*)u. Then | T||p2—12 is bounded by a constant depending only on the implied constants in
22, (IQZ]), (IZ._'_H) and (IZZZI) with Ty and bé, or (T*)4 and bé, in place of T and bq.

If T is antisymmetric, the assumption “with off-diagonal estimates” can be dropped.

By antisymmetric, we mean that T* = —T', or in terms of the kernel, that K (y,z) = —K(x,y).
This is a slightly easier case than the general one as it makes the off-diagonal estimates redundant.
This has no consequence for the solution of Hofmann’s problem in Theorem [2.9 since the off-
diagonal estimates are implied by its assumptions in any case.

We will consider the antisymmetric case on the side of the general one, pointing out simplifi-
cations at selected places. Observe that whenever T is antisymmetric, an accretive system for T’
(or T) is automatically an accretive system for T* (or (1)) as well. Thus, when discussing the
antisymmetric case, it is always understood that the two accretive systems bb and b2Q coincide.

2.15. Remark (Necessity of the conditions). As in the usual T theorems, the assumptions of
Theorem [2.14] are also necessary. Namely, if T is L?-bounded, it follows from standard theory
that the maximal truncation T is LP-bounded for all p € (1,00). Thus, for an L2-bounded T,
any function by with properties (Z4) and ([2.6) will also satisfy ([2.7)) for T in place of T'. For the
off-diagonal estimates, we can take the ample collection for a cube Q to consist of all Q' C @ with
fQ’ [Mpbg, + Tyby]dx <1 (where, adjusting the implicit constant, the exceptional fraction o can
be forced as small as we like), for then

1
][ T#(l(g@/)cbb) dx ,S f T#bb dzx +][ T#(ng/bé2>d$ 5 1 + YRS 1/ ngQ/bep ,S 1
Q' Q' Q' |Q | P
by Hélder’s inequality and the LP boundedness of Tl.

Let us then discuss the proof of Theorem 214l It consists of a reduction to the easier case
of Hofmann’s conjecture with the help of so-called suppressed operators. For any nonnegative
function ® with Lipschitz constant 1, we define

|z — yP" K (2,y)
Tef(x) = | Ke(z, dy, Ke(z,y) := ,
where m > d/2 is fixed. Note that Tef = T f if supp f C {® = 0}.

Given the assumptions on T, our goal is to construct a better behaved accretive system for
the suppressed operator Tg. To achieve this, we need to relax the notion of an accretive system
a little, so as not to demand the supply of test functions for every cube, but only an appropriate
subcollection of them.
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2.16. Definition (Accretive system on a sparse family; special off-diagonal estimates). Let Qg be
a cube. A sparse family of dyadic subcubes of Qg is a collection 2, containing @Qq, such that for
some 7 > 0 and for all @ € 2 we have

U Ql=a-nil
Qe2
QEQ
ie., for all Q € 2, the family {Q} U{Q’ C Q : Q' ¢ 2} is an ample collection with exceptional
fraction 1 — 7.
A (p, u)-accretive system for T' on sparse subcubes of Qo is a family of functions by, indexed by
a sparse family 2 of dyadic subcubes of g, with the properties ([24) the following strengthening

of @.3), .0) and @.1):
}][ dex‘ >1,

1/p
(£ BoPas) <1
Q/
1/u
(f mara)” 51
Ql

whenever Q' C Q € 2 is a dyadic subcube, which is not contained in any smaller Q C @ with
Qe 2.

If, for all Q € 2 and all Q' C @ as before (which form an ample collection of subcubes of Q,
with exceptional fraction 1 — 7), there also holds

F Tueybo)lds S1,
Q/
the system of functions bg is said to satisfy special off-diagonal estimates.

2.17. Proposition. Suppose that there is a (p,p) accretive system for Tw. Then, for a fived
0 € (0,1) and any cube Qo, there exists a nonnegative function ® with Lipschitz constant 1 such
that

{® > 0} < 0| Qol,
and there exists an (0o,p) accretive system for Te on sparse subcubes of Qo. If the accretive
system for Ty has off-diagonal estimates, then the system for Te can be arranged to have special
off-diagonal estimates.

Starting from two (p,p) accretive systems with off-diagonal estimates, bég for Ty and bé for
(T*)x, this gives us two Lipschitz functions ®1 and @2, and two (0o, p) accretive systems on sparse
subcubes with special off-diagonal estimates — l;é for Te, and I;é for Ty, —, but we may arrange
the construction so that &1 = &y =: ®.

Given an accretive system for T on all dyadic subcubes of @, it follows from a standard
stopping time argument that we can extract a subsystem, which is an accretive system for T on
a sparse family of subcubes of (). This is typically one of the first steps in the proof of a local
Tb theorem; see [15], for instance. For us, it will be important that it is actually enough to only
have an accretive system for the sparse subcubes from the beginning:

2.18. Proposition (Baby Tb theorem). Let T be an operator with Calderén—Zygmund kernel,
let Qo be a cube, and suppose that there are (0o,t) accretive systems bb for T and bé for T*, on
sparse subcubes 21 and 2o of Qo, respectively. Assume, moreover, the following weak boundedness
property:

(2.19) (T (1gbger), 1Qbgaz)| S 1Q,
whenever Q is a dyadic subcube of Qo and Q%" is the minimal member of 2; which contains Q.
Then
(T f,9) S N Fllsllgllr Qo' = 8" € (max{t’, 2}, 00],
for all f,g € L* (Qo) (Ls/ functions supported on Qo).
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Note that (0o, t) accretive systems are in particular (r, ') accretive systems for r = max{4,t'} <
oo, ' = min{%, t} < t. Hence, in principle, we are in the setting of Hofmann’s conjecture in the
known case that 1/p+1/¢ = 2/r < 1/2 < 1. But contrary to the usual, we only assume an
accretive system on sparse subcubes of Q).

For the verification of the technical hypothesis ([2.19), we have the following.

2.20. Proposition. Under the assumptions of Proposition [2.18, the weak boundedness property
@I9) holds under any one of the following additional sets of hypotheses:
e T is antisymmetric, and the accretive systems {bfy : Q € 21} and {b, : Q € 2o} coincide,
e or the two accretive systems on sparse subcubes also satisfy special off-diagonal estimates,
e or the two accretive systems on sparse subcubes are restrictions of accretive systems on all
dyadic cubes, by a usual stopping time construction.

Assuming all the auxiliary results formulated above, we can now give:

Proof of Theorem [2.17} By assumption, for some p € (1, 00), there are two (p, p) accretive systems
of functions, bb for T and bé for (T*)4, with off-diagonal estimates (or, alternatively, just one
system bb for Ty, where T' is antisymmetric). Without loss of generality, we may assume that
p € (1,2).

Fix a cube Qq. Then, by Proposition 2.17 there exists a nonnegative function ® with Lipschitz
constant 1 such that

(2.21) {® > 0}] < 0|Qol,
for some fixed p € (0,1) (independent of @), and there exist (0o, p) accretive systems Bé? for T

and l;é for T} on sparse subcubes of Q. Moreover, we either have Te antisymmetric (if 7" is), or
the new accretive systems satisfy special off-diagonal estimates.

By Proposition[2.20 (either the antisymmetric case, or the case of special off-diagonal estimates),
the operator Ty and these new accretive systems satisfy the weak boundedness property (ZI9).
Thus Proposition 218, applied to T in place of T, implies that

(2.22) (To f,9)] S [ £llsllgllo|Qo[* =" " € (', 0],
for all f,g € L*(Qo).
Let
|Qol

bg, = ——————1 —0-
© Qo {@ = o) et
By (Z21), we have |Qol|/|Qo N {® = 0}| < 1, and hence

f bade=1 ol S 1.
0

Since supp bg, C {® = 0}, we have Tobg, = Tbg, and likewise T3bg, = T*bg,. By an application
of [Z22) to f = bg, and an arbitrary g € L¥ (Qo) of norm 1, we deduce that

. 1/S L/ _ s/ s
([ mvaufar) ™ < @0 1-@ol!2 = ol
0

Similarly, applying (Z22)) to g = bg, and an arbitrary f € L*'(Qo) of norm 1, we obtain
1/s
([ 17oba,lds) " S Qo
Qo

The above reasoning applies to any cube @ in place of Q)g. Hence, for every @, there exists a
function bg with

supp bg C @, ]ébca dr =1, [bglle 1, ]élTb’ledz + ]é IT*bg|* < 1.

In other words, there exists an (0o, s) accretive system for the original operator T' and its adjoint
T* on all dyadic cubes. By a standard stopping time construction, for any @y, we can extract
(00, 5) accretive systems for T' and T* on sparse subcubes of QQg. By Proposition [Z20) (the case
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of stopping time restrictions of accretive systems on all dyadic cubes), the weak boundedness
property (ZI9) holds for T and these accretive systems
Another application of Proposition 2.I8] to the operator T itself, shows that

(T £ S N F Il gl | Qo> v e (', o0,

for all f,g € L" (Qo), for any cube Qo. We apply this to f = 1o, and an arbitrary g € L (Qo) of
norm 1, and to g = 1g, and an arbitrary f € LT,(QO) of norm 1, to deduce that

r 1r 1/r * r Yr 1/r
([ iriara)” siorr ([ irriol )’ 5 ol
Qo Qo

But this brings us to the setting of the well-known standard local T'1 theorem, which gives us the
desired bound ||T||z2— 2 < 1. This completes the proof. O

3. PREPARATORY ESTIMATES; PROOF OF PROPOSITION 2. T3

We show how to obtain the testing conditions for the maximal truncated operator 7% from
testing conditions for T, and provide some auxiliary results on the suppressed operators T for
the subsequent sections.

3.1. Lemma. If bég is a buffered (p,u) accretive system for T, then (Z8) improves to the global
estimate

ITbG ] e < 1QIM™.

Proof. By (2.8)), it only remains to estimate 1(2Q)ch%2. But

L*((2Q)°)

by (y)| dy S/QIQIU“Ilbb(y)Idy <1QJM,

o Tole = [[o = | K pp ]

< / ||.CC — K(ZL', y)”Lu((QQ)c)
Q
by a straightforward estimate of the L*((2Q)¢) norm of z + |K(z,y)| < |z —y| @ forz € Q. O

3.A. Maximal truncations. We have the following version of Cotlar’s lemma:
3.2. Lemma. Suppose that there is a buffered (q,v) accretive system for T*. Then
Tuf S My(Tf)+ My f.

Proof. Fix zg and € > 0. Let @ be the unique dyadic cube containing xy and of diameter £/8;
thus B(zg, cqae) C 2Q C B(zg,¢). For all x € @, we have

T:f(z0) = T f(z0) — T(flag)e) (@) + T'f(x) — T(fl2q)(x),

where

i) Tl =] [ Keopsay- [ Ko

| K (o, y)|[f(y)|dy

y—xo|<e
ye(2Q)”

- /<2Q>c K (20, y) — K (z,9)[[f(y)dy + /

e 1
< i)l dy+ / L 17w dy < M),
/|yxo>cds ly — $0|d+a cqe<|y—zo|<e el
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Thus
T. f(zo) :7[ b da - T f (o)
Q

= O(M f(x0)) +][ by - Tfdx — ﬁ/T*bQQ flagdx
ot + (f 1) (f oo as)™
+ (]iQ |T*b2Q|vdz)1/v(]€Q 1 dz)l/ '

S M f(zo) + My (T f)(w0) + My f(20)- O

3.3. Lemma. Let bb be a buffered (p,q') accretive system for T, and bé a buffered (q,p") accretive
system for T*. Then

QI 12qTybp |l Q1712 Tybollo £ 1, < s:=min{p,q¢'}.
In particular, bé is a buffered (p,u) accretive system for Ty for all uw < min{p, q'}.

Proof. We apply Lemma B2 the quasi-triangle inequality and the monotonicity in the exponent
of the weak norms, the boundedness of the maximal operators M, : LP — LP**° and My : L9 —
L7 Lemma 3.1} and finally the assumptions on bég to deduce

Q7 112 Tubgll e = < 1QI7Y* 120 [Mq (T) + Mpbgy]|| e,
S1QITY 120 My (Tho) || v o + Q17120 Mypbgy | L.
S1QITY T Lo + Q17 Plbgl e S 1. O

Note that we have now completed the proof of the first part of Proposition 2.13]

3.B. Off-diagonal estimates. We turn to the off-diagonal estimate as formulated in (ZI12). We
first study this estimate for 7 itself, and then for the maximal truncation 7%.

3.4. Lemma. Let bb be a buffered (p,q’) accretive system for T, and b2Q a buffered (q,p’) accretive
system for T*. Let Q' C Q be a dyadic subcube such that

(3.5) Mpb, dz +][ My (Th,)dz < 1.
Q’ Q’
Then
sup IT(1301)<b5)| S 1.

Proof. Let x € Q. Then
T(1301)<bg)(x) = ]{2 [T(1(3Q/)cbb)(z) — T (L3q)ebg) )by (y) dy
f / K(z,2) K(y,zﬂbég(z)dz b (y) dy
!’ 3Q )C

(T(bg), 0y ) —

(13q1bg, T*0%),

IQ | IQ’I



THE LOCAL Tb THEOREM WITH ROUGH TEST FUNCTIONS 9
and hence
“Qr )
1T (15 bh)(@)] < f / _HQE 1 () dz 0 (4)] dy
BQHYQ 30y |Z _x|d+oz Q

+ (]é/ |Tbé2|q’)1/q’(]é/ 12 ,|’1)1/q
+ (]iQ/ |bb|p) 1/17(]£Q, T2 /|p/)1/1)/

g][ 1nbe§2-|b2,(y)|dy+15][ Mby +1 51 O
Q@ Q

3.6. Lemma. Let b, be a buffered (p,q') accretive system for T, and b7y a buffered (q,p") accretive
system for T*. Let Q' C Q be a dyadic subcube such that B3] holds. Then

(3.7) ]é, T4 (1301cb6)| da < 1.
Proof. Let x € Q" and € > 0. Then
T(l(gQ/)cle)(l‘), ife < K(QI),
(3.8) T-(1(3q1)<bg) (x) = § T(1p(a.c)en(3q)-bg) (@), if H(Q') <& < cal(Q"),
Tobg (), if e > ¢cgl(Q").
For £(Q") cgl(Q'), we can argue as in the previous Lemma B4 with B(z,£)° N (3Q")¢ in

<e<
place of (3Q’)° to find that

T(Lnge.cyenagn-bh) (@) = f / K (z,2) — K(y, 2)]bb(z) dz b () dy
" J B(z,e)°N(3Q")¢

1 1y p2 1 1 g2
+ @(T(bQ),b /> — @<1B(I,E)U3Q’bQ’T b />,

where the second term is exactly as in Lemma[3.4] and the first term has the same bound as there,
since it was dominated with absolute values inside, and we now integrate over a smaller set. For
the last term, since ¢ < ¢4¢(Q)) and hence B(x,&) C CyQ, we have

1 1 rrewe2 lpl/P 2 1/p’
gl eacaaty T¥ < (. WoP) " (f 1%l) " st
d d
Thus, using Lemma B4 directly for e < £(Q’) and the above modification for € ~ £(Q"), we find

from (38) that
T#(l(gQ/)cbb)(ac) <1+ T#bb(x) Vr € Q/.
Hence

][ Ty (1isgnebly) de S 1 +][ Tybhdz < 1 +][ [Mybh + My (Thh)] dz < 1. O
Q’ Q’

Completion of the Proof of Proposition[213. It remains only to verify the off-diagonal estimates.
To this end, take a A > 0, and consider the maximal dyadic cubes Q' C @ which violate the
condition ([B.5]) with implies constant A\. Then

D 1Q'1 < {M 1o(Mybg + My (Thy))] > A}

1
3 /Q [Mpbey + My (Thg,)] d

’

IN

A

1 /
S [QI7 1My 1 +1QU 10 (T
1

A
>

QI 11641y + QI 1T 4]

D fire)” sy f o )] 12

A
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Thus, by Lemma[B6] the inequality ([B8.7) holds for all @ in an ample collection of dyadic subcubes
of @), where the exceptional fraction C/\ can be made as small as desired, in accordance with the
definition of off-diagonal estimates. (I

4. MODIFIED TEST FUNCTIONS; PROOF OF PROPOSITION 217

Given a family of rough test functions for 7%, we want to construct better test functions for
Te, where @ is suitably chosen. We start with some preparations.

4.A. Generalities on suppressed operators.

4.1. Lemma. For any nonnegative function ® with Lipschitz constant 1, we have
Tof| S Twf + Mf.

Proof.

d d
Tof(a (/K¢zy Aﬂm o, e S ay

+f (Ko (,y) — K(2,9) f () dy + Ty a0/ (2)
|z—y|>32(x)

For |z — y| < 1®(z), we have ®(y) > ®(z) — |z — y| > 1®(x), hence
[z —y*™ |z -y

|Ko(z,y)| < |K(2,y I( S © Bl

and thus
(279 (x))2m—d
< \& "¥\))
’/|m y|<i <1>(x) @y)f dy’ Z/ v O (z)2m |f(y)ldy

19 (2)<|e—y| <2 B(2)

oo

sy 2 f FWldy S MF ()

lo—y|<2-70(x)
And for |z — y| > 1®(z), we have ®(y) < ®(z) + |z — y| < 3|z — y|, so that
(@(2)2(y))™ <1 o@mz—yl"

Hole) = Kl = e = e ~ i e

and hence
/ (o) — K(o.) () dy
lz—y[>3®(x)
- P(z)™
S v (W) dy
= /211<P(1)<m—y§2j<1>(z) (21 ®(z))d+m
sy 2 )y S M),
= jo—y| <20 B(a)
Finally, it is clear that [Ty g, f(2)| < T f(2). O

4.2. Lemma. Let bég be a (buffered) (p,u) accretive system for Ty, where p > 1. Then it is also
a (buffered) (p, s) accretive system for any Te, where s = min(p, u).

Proof. Let o € {1,2} according to whether the system is buffered (o = 2) or not (o« = 1). By
Lemma [4.J] and the boundedness of M on LP, we have

QI INaTebglle S Q17 Ilaq(Tybs + Mbg]|lL-
< 1QI7V [ La@Tybg |l +1Q1™ 7 tagMbb | Lr S 1. 0
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4.B. First step of the modification and key estimates. We turn to the actual construction
of the modified test functions bg,.

Consider a fixed cube @y, and abbreviate b := bbo. Let %, = %1(Qo) be the maximal dyadic
subcubes Q C Qg with fQ b]P > 1, and Q := ey, Q- Let

(4.3) bi=by, =lacb+ > (olo=b— Y (b—(g)lo=b— > dqg

QEPB Qe%B Qe

be the good part of the usual Calder6n-Zygmund decomposition of b.
4.4. Lemma. If ® is a 1-Lipschitz function with

(4.5) ®(x) > sup dist(z, (3Q)°),
QEPB
then
Q) dta
T b—b < Ted _
Talb =Bl < 3 1T 5 3 (g7 o))
= Y dolr) = eh,(2),
QEPB

where for all u € [1,00),
legollze < 1Qol™/*

Proof. For z € (2Q)¢,

Y/ @ Y/ d+a
Tado(e)] = [ atr.) - Karcoldoan] < ez el < (o)™

For z € 2Q,y € Q, we have dist(x, (3Q)°), dist(y, (3Q)°) = £(Q), hence ®(x)®(y) > £(Q)?, and
therefore

|‘T - y|2m—d < 1

(4.6) |Ka (7, y)| S 0(Q2™  ~ Q)4

provided that m > d/2. Thus

Tada@) = | | Kotwpidat)ay| 5 7 [ ldawlay <1

Altogether we have

Tpdg(x)| < (ﬁi)_%')ﬂa =: ().

By duality, for a suitable g > 0 with ||g||.. = 1,

| 3 soll, =[5 3 005 X 1aigrnias fots 52 10 < pats] 3 1],

Q @1 QEP/BI

where ||Mg|lw < llgllw =1 by the maximal inequality, and

Ju
| > e = (3 @) <1l
QE% Qe

by the disjointness of the cubes Q € %4;. O

Concerning off-diagonal estimates, we have the following;:

4.7. Lemma. If ® satisfies [LH) and Q' is a dyadic cube, then

][ |T¢(1(3Q/)c(b—l~7))|dx < ][ elQU dzx + Mbdz.
Q' Q' Q'
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Proof. Clearly, by Lemma [ we have

T (b — b)| da: 5][ ey, dz,
QI

QI
and hence it suffices to estimate the integral average of
To(lagr (b= b)) < Y |Ta(lagrdg)l.
QEPB

Here, we only need to consider those Q € %; with Q N3Q" # @. Both Q and Q' are dyadic.
If £(Q) < £(Q’), the intersection condition implies that @ C 3Q’. Since the cubes Q € %; are
pairwise disjoint, there are at most 27 cubes @ with £(Q) > £(Q’) that intersect with 3Q’. Now

Y Te(lsgrdo)l = Y Taldo)| S eb,
Qs Qe
QC3Q’ QC3Q’

by the previous Lemma [£4], and the bound for the integral average follows.
For the boundedly many remaining cubes @ € %; with £(Q) > £(Q’) and Q N 3Q" # T, we
have for x € Q' C 2Q and y € Q, as in [@8), that |Ks(z,y)| < Q)¢ < £(Q")~%, and hence

T(120d0)(0) < | |Ko(e.)lldo@)dy S ldalu)ldy
3Q’ 30
< f_ Iy 10l < . Ay .

We want to interpret the new function Béo, and similarly constructed functions for subcubes
of Q, as test functions for the operator Tg. Note that the choice of ® will be fixed only after a
stopping time construction, by which we construct the remaining functions I;%? Before we fix this
choice, it is important that all the estimates are valid for any ® with the property (£X).

For any such ®, we have by Lemmas [4.1] [£.4] and 7 that
(4.8) Tabg,| < |Tobg,| + |To(bh, — bo, )| S Tubh, + Mbh, + €5, »

and

7[@ T (1 sy by, )| o < ]é/ T (13- by )| dz + ]é/ T (1 (Bl — b))

< ][Q, T#(l(ng)cbbo)dz + ]{2, MleU dz +][ elQU dz.

Q/

(4.9)

4.C. Different stopping conditions. We refer to the maximal dyadic subcubes Q C Qg with
fQ lbg,|P > C/§ as its b-stopping cubes. They satisfy

1
1G] = el P> /) < o / b, P < 51Qu].
QeAB1(Qo)
1

The function ef,, depends on these cubes, and thus on &; however, the bound |eg [lu < |Q]*/"
depends only on the parameter 4.

The Tb-stopping cubes of () are defined as the maximal dyadic subcubes ) C Q¢ that satisfy
any of the following conditions: either

1
(4.10) ][ [Tubo, + Mbg, + €5, > =
Q
or (if we assume the off-diagonal estimates for T, but not in the antisymmetric case)
(4.11) ]{QT#(1(3Q)C%O) > Oy,

where C, is as in Definition 2.IT] of off-diagonal estimates, or

(4.12) ‘72650’ <7



THE LOCAL Tbh THEOREM WITH ROUGH TEST FUNCTIONS 13
The measure of the cubes in ([@I0) is at most

(M (1, Tybl, + Mbly, +cb ) > 1/e}| e [ [Tybly, + Mby, + el S <l

Qo

For the cubes in ([{I1]), we have
> 1QI < 0|Qof
Q

as a direct consequence of Definition [Z1T] of off-diagonal estimates (if we assumed them). Finally,
for the cubes in [@I2), we compute

_| [

- ’ /bQo

@l = [,
+/ b5, |
onue

<> [,
Q

<> nlQ1+1Qo \ [ J QM 1154, Iy
Q

< nlQol + (1@l - > Q)" 1o,

by using |04, ll» < 1b&, ll» < |Qol'/? in the last step. From here one can solve

el {1- (2 Yal,

Altogether, taking n < 1 and € and o sufficiently small, the measure of the Tb-stopping cubes is
at most a fraction (1 —7) < 1 of |Qo.

4.D. Iteration of the stopping conditions. We iterate the following algorithm, starting from
an arbitrary but fixed dyadic cube Q.

e We choose the b-stopping cubes B = %1(Qo) of Qp, and the Tb-stopping cubes .73 =
F1(Qo) of Qo as explained above.

e Assuming that the collections % and .7} are already constructed, for every Q € 9%, we
choose (using bg,) the b-stopping cubes %1 (Q) of Q, which determine the functions Bé? and

eg, and then (using bg), l;b, and eg)), the Th-stopping cubes 71(Q) of Q. We let
Bn= ) 2Q), FGn= %@
QET QET
By iterating the bounds 3/ 4, () Q'] < 0|Q| and 3 5/ ¢ 7 (o) IQ'] < (1 — 7)|Q|, we arrive at
> lel<(-7"Ql, Yoo lQIl<d Y lQl<6-7)"Qol,
QETk(Qo) QEABK(Qo) Q€ T-1(Qo)
where we interpret 75(Qo) := {Qo}. Hence the measure of all b-stopping cubes satisfies

)OI DI IS SURS e EteN]
k=1

k=1 Qe (Qo)

The parameter § can be made small independently of 7, and hence we can make the fraction ¢/7
as small as we like.
Then we can define

®(z) := sup{dist(z, (3Q)°) : Q € U B }.
It follows that

(4.13) o0 =|U U 3| <3212 = ol

k=1 Qe By,
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where the fraction ¢ can be made arbitrarily small.

4.E. Construction summary; completion of the proof of Proposition [Z.17. Given a cube
Qo, we find the stopping cubes |J—; ZBr(Qo) and Ur—; Zk(Qo). Let us also call Qg itself a
stopping cube, and denote 7(Qo) := {Qo}. The stopping cubes determine the function ®. For
each Q € 7(Qo) := Uy—o k(Qo), there is a function l;é, the good part of the Calderon—Zygmund
decomposition of bb, thus

1bglloe < 1.

~

For every Q € 7(Qo), we can apply the estimate (£8) for @ in place of Qp. Indeed, it suffices
to check that the chosen @ satisfies the analogue of (£5) with Q € 7 (Qo) in place of g, namely,
that

d(z) > sup dist(z, (3Q")°).
Q' €%1(Q)

But this is clear from the definition of ®, since %;(Q) C B(Qo) for all Q € T(Qy), and P is the
supremum over this larger set. Thus, by ([&38)) and ([@3) applied to @ in place of Qq, we have

|Tobsy| < Tybgy + Mbg, + ef,
and
]é/ |T¢(1(3Q/)cl~)b)| 5 72/ T#(l(BQ’)CBb) + 72/ Mbég + 7[/ eé

for any dyadic @' C @ € 7(Qo), which is not contained in any smaller Q" € 7 (Qo), equivalently,
not in any Q" € Z1(Q). Consider any such Q' C @ € J(Qo). Then, by the construction of the
Tb-stopping cubes 77 (Q), this means that

][ Tobp|” < ][ [Tyubg + Mbg + eg)P S 1,
Q’ Q’
and, if T satisfies off-diagonal estimates,

f T (Lo Bo)| < 1,
Q/
as wella s
Bz @can @ezaedqi@.

(We are suppressing the dependence on the parameters e, 7, since they are now fixed and no longer
relevant to us.) Recall also that

Y. Q< -l
Q' eEZ(Q)
Summa summarum, associated to every Tb-stopping cube @ € .7 (Qo), there is a non-degenerate
test function bf, € L>(Q) such that 19Tsb, € L'(Q) (with the correct normalization), and the
special off-diagonal estimates hold for Ty, if the off-diagonal estimates hold for 7. Moreover,

[{® > 0} < 0|Qol.

Of course, starting from the original test functions b2Q and T in place of T', we can similarly
produce new test functions Z;QQ € L>(Q) with lQTq*;Z;QQ € LYQ) for another set of Th-stopping
cube Q € 7%(Qo). To have the same ® both for 7' and T*, we should define

O (z) := sup{dist(z, (3Q)°) : Q € U (B U B2},
k=1
where f%’,i and 55,3 are the b-stopping cubes related to bé and b2, respectively. Clearly, this still
satisfies the bound ([@I3) , with at most twice the original constant o, which we can make arbitarily
small in any case.
This completes the proof of Proposition 2,17
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5. THE BABY T'b THEOREM; PROOF OF PROPOSITION 2. 1§

Let us denote the reference cube in which we operate by Q°, as we will need the notation Qg
for another purpose below. Let us first deal with just one accretive system bg defined on a sparse
family 2; later on, these results will be applied to both bé on 27 and bé on 25. We also refer
to the members of .2 as stopping cubes. For every Q C Q°, let Q® be the minimal stopping cube
which contains ). Then

‘][ bo, dx’ >1, ][ lbo, [P dz < 1, ][ Tbo, P dz < 1.
Q Q Q

We start by recalling the adapted martingale difference framework for a local T'b theorem from
[15] and [9, I1]. (Also the subsequent analysis borrows from these papers, even when this is not
always stated. On the other hand, we take the opportunity to simplify several details, as we are in
the simpler case of the Lebesgue measure, rather than a non-doubling one; this allows us to work
with the fixed system of standard dyadic cubes, instead of their random translation.)

We have the expectation (averaging) operators

(fa
(bga)q’ "

EQ f = 1gbge o =1q(fe,

and the difference operators

2d
]D)Z?f ::ZEbifiEZ)f
=1
2d ) |Q| i
- 1g,bgs ——— — 1gbga ———— . ) §
;( T oo |Q|<an>Q)<f>Ql ;%, (Ha

where the i-sum goes through the dyadic children @; of Q. A direct computation shows that

(Dlé>2fDléf221Q(<an>szaQ 7an) <f>Q
— ' \(bgs)a, (b@e)e

=D’ f— .
Qi>QZ Qf WQ<f>Q

Note that 1g,wq is nonzero only if Qf # Q¢ i.e., only if @Q); is a stopping cube. Thus wg is
nonzero only if () has at least one stopping child. Combining the above formulae, we get

2d 2d
(5.1)  Dhf=DH)f +welfle =Y 0iDhfa. +we(flo = ¢a.i(Dh,f)qe.
=1 1=0

where Qo := @, ¢g,0 := wg and

Dy f, ifi=1,...,2%
DY if = Eqf, ifi=0andQ has a stopping child,
0, if 1 = 0 and @ does not have any stopping children.

We have the following important estimates. The L? case is from [I5], and its generalization to
L" from [II]. (Both these papers deal with more general non-doubling situations, the latter even
vector-valued—a generality that do not consider here.)

5.2. Proposition. For all r € (1,00), i =0,1,..., 2¢ and f € L", we have

/ /
[(Z b))+ (100 12) 7, s 061
Q Q
In particular,

/ /
(S ibar3) ™ + (b s12) " < 1l
Q Q
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For every f € L"(Q), we have the decomposition
f=Egf+3 Dol
Q

To simplify writing, we redefine ID)%O f as E’éo f+ DIZ?(, f, so that we can drop the first term from

the sum above. Thus
(Tf.9) =Y (TDRfDRg) = Y +
QR QR QR
LQ)SUR)  UQ)>LU(R)
By symmetry, it suffices to estimate the first half. This we reorganize as follows:

>, (IDgfDrey=3 > > >  (IDgf.Dgg)

Q.R k=0meZd R QCR+L(R)m
LQ)<L(R) 0(Q)=2"%4(R)

b b2
= Z Z Z T]D)Rl+,e )mfv]D)Rg>a
k=0mezd R
where (S := R+ £(R)m)
DgFf= Y Daf
QCS
2@)=27"£(9)

Below, we will also use the notation Dlg;k (with additional subscript i € {0,1,...,2%}) similarly
defined with Dgﬁ ;, on the right as well.

5.A. Disjoint cubes. We further analyse the part of the m sum with m # 0, thus Q@ C R+m/l(R)
is disjoint from R. By (&), we can expand

(TDY f, D g) = Z<]D>b1 o (Toh: % ;) (Drjg)r,,  hence, summing in Q,

(T]D)gl’kf, Dng Z// ]D)b1 K” k( ,y)ID)II’%ng(:E)dx dy, where

19,(y) 1, (z)
1,73k i
Kifwwi= 3 ST 6k
QCSs J
2Q)=2"%¢(S)
5.3. Lemma. For m # 0, we have
5 17%+Z(R)m||L2(1Rded) <27 kmm{a’2}(1 + k)Pesz ||,

where 6.1/2 is Kronecker’s delta.

Since we can always decrease the Holder exponent of the Calderén-Zygmund kernel, we will
henceforth assume that o < %, and write the above bound in the simpler form

HKR R+e(R)mHL2(]Rd><]Rd) S27 ka|m| e

Proof. Note that Q # Q° in this sum. Indeed, £(Q) < ¢(R) < #(Q°) so the only way that we
could have Q@ = Q° is £(Q) = ¢(R) = £(Q"), and then (since Q° is the only cube of sidelength
2(Q%), @ = R = Q°. But then m = 0, a contradiction. Thus ]D)g is always given by the original

definition, i.e., without the addition of EQlU, and then all the ¢1Q,i have mean zero. Hence we can
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write

(T 11 ) = / K (2, y)0h 5 ()% s (2) da dy
RxQ

- // K (2,9)¢0,:(y)¢n,;(z) de dy
RN3QXQ
K(z,y) — K(x, 1Z_ 2 da dy,
+//R\(3Q)XQ[ (@) = K(2,¢Q)1ég,(y) 9, (v) dz dy

and then estimate

Cdzdy 20Q)”
|<T¢Q 15¢R,J | ~ // — // ﬁdxdy
RN3QXQ |$ yl? R\(3Q)xQ |z — cq

If |m|oo > 1, the first term vanishes, and estimating the second term we get

[ «
(T, )] S~

Rl < 27}6& —d—o
| ~ diSt(Q,R)d+a |Q|| | ~ |m| |Q|’

and then || K375, o oo S 275 |m|=4=/|R|.
If |m|s = 1, then the first term is nonzero (and then bounded by |Q|) only if dist(Q, R) = 0,

while the second term is estimated by

{(Q)*Q)]
max{£(Q), dist(Q, R)}*"

So altogether we have
(Tohob ) S (1+
and then

K @) S 5o (1 SUGRN )

|R| QCR+4(R)m
(Q)=2"*¢(R)

The number of the cubes Q with dist(Q, R) = nl(Q), (n = 0,1,...,2% — 1), is O(2%(@=1)), while
each of them has measure |Q| = 27%4|R|. Hence

2k 1
1,55k @
HKR{RJFE(R)mH%Q(RdXRd |R| Z Qk(d 1), (1+TL) 2 .9~ kd|R|

2k
— 9ok Z n—2a ,S 92— min{1,2a}k(1 + k)(sl,Qa. 0O

n=1

Lemma [5.3]is enough to estimate the part of the series with m # 0; indeed

DI TDIIJ%-;-E(R)mf’ D%g)|

m#0k=0 R

<y ZZZIIK”’ 21D % %y f 2 IDE g 12

m#£0k=0 R i,j

ey o b1,
< 22 S 1Dy A

m#0
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where
SISy 12D
R
/ /
< (DI 1) 2(2 ID%l3) "
R
- (S imys3)” (ZHD 2013)"” 5 17lelgle
Q
and

Z ||~ i 9ok <,

m#0 k=0
5.B. Nested cubes. We are left with the part with m = 0, that is,

ZZ Dbl f’ ]D)bz > _ Z< ]D)bl Dbzg + Z Z ]D)blf, Db2

k=0 R R R QCR

5.4. Lemma. We have
by ba \ _ by ¢ 1.2 <9>Q
> (IDG £ DRg) =D (TDGf,b a,2><b2 o

R QCR Q Qa2/Q
oo
+Z§

k=0

(5.5) 9d
Z<TDghkf’ 15“‘1#1227%5) <Db2]'g>RJ’
=0

(/)

CR
(R)/2

£(8)=

for some bounded functions 1/’12%,3‘;5-

Proof. For QQ C R, let Rg be the unique subcube of R which contains ). Then
D%2g = 1p,Dg+ 135]@’1’%9,

where further (we temporarily drop the superscript 2)

Bl = (1 1) omy g 5 e 1)

and
<f>RQ . <f>R
R, {bre,) Ro "R oo
_ brg B (fIr (bre)rg , (H)r
(5.6) ~ (brg )R (<f>RQ (bre) g <bRa>R) " (<bRaQ>RQ brg bRa) (bra)R
bre, b (bra) Rq <D11)z,of>R
<bR” >RQ Dif)rg + (<bR” ) Ra i = bre ) (bra) R

On the last line we observed that the function in the parentheses is zero unless Rg is a stopping
cube (i.e., R = Rq # R?), and thus we may replace f by ]D)ll’zyof inside the average on R.
Substituting back, it follows that

b _p o (f)Rq B (f)r
Pro = b (bre, ) Rq bre (bra)R
bra (bre) R (DR of)r
b b >
+ 1re, {DRQ — 7@126;%@ (DRI R — (7<bR?g>RZ bre, — bRa) ROSTS }
_ (fr (f)r
= (% oy~ o) * 2 e o)
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where (recalling the formula D%g = > or.; (D% ;) r;)

(<bRa>S/<bSa>S'bSa —bRa)/<bRa>R, lszo,
wR,j;S = ¢R,j — bS@/<bS“>Sa lfj > 1 and Rj = S,

0. else

are bounded functions.

Pairing with DY f , we obtain (changing the summation order, and observing that @ is the
smallest Rq, as Well as the telescoping cancellation)

S5 (o, bRa2< \9rg Ny bRa27<b§g>R )= %(D%f, b%,z)i@é‘% .

Q R2Q Q Rq Re 2>R

For the other, we introduce the auxiliary summation variable S := Rg, regroup the summation
according to the relative size of () and S, and recall the notation

DgFf= Y Duf

Qcs
(Q)=27"¢(5)

to arrive at the asserted formula. O

The last summand in (&3] can be written as

b1,k
< D fﬂlscwR]S><]D)?%,jg>Rj = Z <D8,if>Qi<T¢1Q,i’1scw?€,j;s><Dl})§,jg>Rj

= //]D)gl’; (y )K;%Jé( ,y)ID)l;t?Jg(x) dz dy, where

i ik 1o, () Lg, (x)

KR?S (ZC,y) = Z T?Q | <T¢Q 7 15’“1/]1%], > . .
QCS;i=0,...,2¢
{(@)=2"%2(9)

Just as in Lemma [5.3] (case |m|o = 1) we check that
”KRS | L2reay S 27 ke a<i

and therefore

> UTDG " f, 1503 5.6) (D 9V R, |
J

S > 22 kD 112D g2
R

SCR J»i
£(S)=L(R)/2

2222 DR 2D gl S Fllzllglle:
R

which completes this part of the estimate.
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5.C. The paraproduct. The other part in (5], which still requires attention, is

<g>R *
> (TDR b%»,a,2>7<b2 >RI S D UDE)? + wiDR o f, T bje2)(9) &l
R Ra? R

<D DR (DF) T Ve )(9)rl + Y (DR o f, kT bha2)(9) ]

R R
(105 T t0)P) |
R

< (i),
R
(S mtar®) (2 bkt b ther) |
R R

(3 1@ T .) |

RCS

Lpsp2 12 1/2
Z |lwrT"bga |

RCS

Ls

Ls

Sz gl

Lo sup |57/
S

Ls

+ 11z llgllzs sup 5|71/

L’

where in the last step we used Proposition and the following L° version of the Carleson
embedding theorem from [I0, Theorem 8.2]:

5.7. Proposition.

(S o)), seaa

2 1/2 —1/s
(X 16rig)rl) | | < llgllze supls]
R o RCS

It remains to estimate the two Carleson norms above.

5.8. Lemma.

1/2
|(32 Iy 6312) | s IS0

RCS
Proof.
o0
(5.9) )IEED IR D DD VD DD DiE
RCS RCS PCS RCP k=0 Pe*(S) RCP
Ra2_ga2 paf_ppRaZ_p R%2_ pa;2

where 22°(S) := {S}, 21(9) consists of the maximal P C S with P = P%2, and recursively
PG = UGeg’k(S) 2Y(G). Since all P € 2%(S) are disjoint for a fixed k, we get

/ > 1/2)s \1/s
(S ri.r) ™| <2 |2 whrs.e)’)
RCS L k=0 Peﬂk‘(s) RCP L
R%:2_ pa2

(Y wreer) s (8 )
k=0 Pe®*(S) k=0 Pe2*(9)

<3 (- s s, .

k=0

5.10. Lemma.

12 2 1/2 < 1/s
> okt tha?) | <181

RCS
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Proof. This is proven by a similar splitting but, instead of the square function estimate for (Dl;% ),

using
[ ko) | = (3 k) e,

RCP RCP

1/2 1 1 1
< 1 2) H LT b2, L R
<[ (X whl) T e, =

RCP

Then, using a decomposition as in (59) but in terms of the stopping cubes on the b;-side rather
than by side,

1/2 1/2 1/u
[O3U=5 0 YO SRTY R S S5 IY'S)
RCP RCP k=0 GeZ*(P)
R=R
<Z( e g e
Since || 1pT*b2. .||t S |P|Y?, we get the asserted bound |P|Y/*|P|Y/t = |P|Y/s. O

5.D. The diagonal. It only remains to estimate

Zl Dblf,D%g|<ZZ| T(1rD% f), 17, DR g)l

R i,j=1
<Y D IaDEfl2l1r,DE gHz+ZZI (1,D7 1), 1r, DR 9)l,
R i,j:i#j

where the unequal subcubes were estimated by Hardy’s inequality, and this part is readily bounded
by ||fll2]lgll2. For the final part, we write, as in (5.6)),

- b
L Dl f — e R‘>R,~. (D% f) R, +1RJ_(§I;2 i Lb s bRa) <HZ)££{11PL

J

and similarly for 1 RjDII)g g. Thus
|<T(1RJDII)21f)7 1R]DII)229>|
SO 100 1m b)) (D DR RIDE 908,

i,h€{0,5} i,h€{0,5}

and it remains to check that the first term is dominated by |R|, for then e.g.
RV f)r.] <

and it is easy to conclude by Proposition
Let us first handle the easy cases when ¢ = j and R?’l =Rj,or h=jand R?’Q = R;. Consider
for example the first case. Then b}%a,l = b}%j is supported on R;, and hence

J

|<T(1R]bRa1) Lg,bpe2)| = (TR, 1r,bha)| < 18, TR, (1[50 2llo0 S [R5] -1

The case when Rj’ = R; and h = j is similar by duality.
Hence it only remains to treat i = 0 or 4 = j and R?’l = R%! where in either case b}za,l = b}za,l,
i j

and similarly we may take bQRa,z =b2,.. So we need to estimate

h Rj

(T (L, by ). L D)

But the boundedness of this quantity by |R;| < |R| is precisely the assumed weak boundedness
property (ZI9). This completes the proof of the “baby Tb theorem”, Proposition [Z18
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6. SUFFICIENT CONDITIONS FOR WEAK BOUNDEDNESS; PROOF OF PROPOSITION [2.20]

6.A. The antisymmetric case. Recall that now b, = b7, = bg, and also Q*' = Q** = Q*.
But then

(T(1nga,1), 1Qb§?a,2> = (T(1gbga), 1gbga) = (T', )
for ¢ = 1gbga, and clearly

T6,0) = [ K(w.)o()oy) dedy = [ ~K(p,2)6()oly) dedy = (16,0 =0
when T is antisymmetric. Thus the weak boundedness property trivializes in this case.

6.B. The case of special off-diagonal estimates. Now we do not have any trivial cancellation,
but instead the special off-diagonal estimates. These can be used as follows:

|< (1Qan 1) 1Qb2 a,2 | = | an 1) 1Qb2 a 2> - <T(13Q\Qbé2a,1), 1Qb2Qa,2>
— < (1(3Q)Canvl)’1Qb2Qa'2>’
<N1QTbgan [11165a 2]l + T3\ l2[1QbHa 2 |2
+ 11T (13g)ebge.1) 1 [16%e.2 [l oo
where the second was estimated by Hardy’s inequality. Using the bounds

Tbh | <1, fwmmMMMSL
f, e T (tort

where the latter is an instance of the special off-diagonal estimates, and the boundedness of the
functions bZQa,i, it is easy to conclude.

(6.1)

6.C. The case of accretive systems on all dyadic cubes. We will reduce this case to the
previous one by showing that the existence of test functions by, for all dyadic cubes actually implies

the special off-diagonal estimates. More precisely, using the existence of a test function b2Q on @,
we write, for z € Q,

T(13@)ebger)(x) = ]{Q[T(l(scz)cbba,l)(z) = T(1(3q)<bge) ()10 () dy

|Q|< (1(3Q)cha 1), bQ>

:f/“[K@ameM%mw%@MMy
Q 3Q“‘

Tl (<Tan 1 b) = (T(Lag\@byas);b3) — (1Qblas, T*H3)).

The double integral is estimated by

E (e}
@ Jeoe 1z =2
and we also have the bounds

(TG, 09)| < 11Tbgen 11 1@,
|(13Q\Qan 1, T2 o)l S1Q| by Hardy’s inequality, and
[{1abger, T*05)| < 11T 0511 S 1QI-
Thus
(T (La@)ebgen)s 1obge2)| S IT(Lag)ebge)ll=lQ < 1QI-

Combined with the case of the off-diagonal bounds that we already treated, we have completed
the proof of Proposition 220
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7. CONCLUDING REMARK

We have completed the proofs of Theorems and ZI4] dealing with the boundedness of
singular integral operators on R? with the Lebesgue measure. Using the dyadic cubes of Christ [4]

in
me

place of the standard dyadic cubes, these results extend to a metric space with a doubling
asure without difficulty. In particular, a Hardy inequality is also valid for Christ’s dyadic

cubes, as observed by Auscher and Routin [2].
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