A MODERATE DEVIATION PRINCIPLE FOR EMPIRICAL
BOOTSTRAP MEASURE

MIKHAIL ERMAKOV

ABSTRACT. We establish two moderate deviation principles (MDP) in the
bootstrap setting. We prove MDP for the joint distribution of the empirical
measure and the empirical bootstrap measure (empirical measure obtaining by
the bootstrap procedure). We derive MDP for the conditional distribution of
the empirical bootstrap measure given the empirical probability measure.For
most common statistical functionals (in particular differentiable and homo-
geneous functionals) we show that their asymptotics of moderate deviation
probabilities in the cases of empirical measure and bootstrap empirical boot-
strap measure coincides. However the moderate deviation zones are different.

1. Introduction.

Let

- S be a Hausdorff topological space;

- % the o-field of Borel sets in S

- A the space of all probability measures on (5, %#).

Let X1,...,X, be i.i.d. random variables, taking values in S and P(€ A) be
unknown distribution of X;.

Denote Pn the empirical measure (occupation measure) for Xy, ..., X, that is,
for any .#-measurable set A,

P4 = 13 1(x e )

In 1979, in a landmark paper Efron [12] proposed to analyze the distributions of
statistics V (X1, ..., X,,) with the help of the bootstrap procedure. In the bootstrap
procedure we consider the empirical measure P, as an estimator of the probability
measure (pm) P and simulate the distribution of statistics V(X1,...,X,,) on the
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base of pm P,. In other words, we simulate independent copies (XTis e X0 )iern
of i.i.d random variables such that X7y is distributed according to P,. After that
the empirical distribution of (V(X{;,..., X7))ic1x is postulated as an estimate
of the distribution of V(X1,..., X,).
It is of interest to estimate large and moderate deviation probabilities of V (X7, ..., X,,).

Such problems emerge constantly in confidence estimation and hypothesis testing.
The significant levels in the confidence estimation and the type I error probabilities
in hypothesis testing are (usually) of small values and thus are compatible with
LDP - MDP analysis. Hence it appears natural to compare V(Xy,...,X,) and
V(X7,..., X)) in terms of LDP - MDP approach.

In this paper we carry out such an MDP based comparison in the following setup.
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We represent V(X1,...,X,) and V(XF,...,X?) as functionals of P, and P,
where P is the empirical probability measure of X7,..., X i.e.

V(X1,...,X,) =T(B),
V(XE,..., X)) =T(PY)

n

Thus we reduce the problem to an MDP study for T'(P*)—T(P,) and T'(P,)—T(P).

The LDP - MDP analysis for empirical measures generated i.i.d. random ob-
jects is well known from Sanov [24], Groeneboom, Oosterhoff and Ruymgaart [17],
Borovkov and Mogulskii [5], Dembo and Zeitouni [I0], Eichelsbacher and Schmock
[13], Arcones [2], de Acosta [§], Ermakov [I5] (see also references therein). The
results there are obtained under rather general assumptions.

Our goal is twofold.

1. We develop MDP technique from the above mentioned papers for

(P: — P,) x (P, — P).
and implement the above result for the MDP comparison of
T(P,) — T(P) and T(P}) — T(P,).

2. We establish the MDP for a conditional distribution of the empirical bootstrap
measure P given empirical probability measure P,.
We notice that the MDP for the joint

“empirical bootstrap 4+ empirical probability”

measures is valid in a “smaller time zone” than the MDP for empirical measure
only. On the other hand, the time zone for the above-mentioned conditional MDP
is essentially larger with probability close to one. The first statement shows insta-
bility of a bootstrap procedure provided that the empirical measure belongs to the
MDP zone. The second statement confirms the wellknown fact that the bootstrap
statistics have more stable properties (see Hall [I8], Wood [28], DasGupta [9]).

The LDP for the empirical bootstrap measure has been studied in Chaganty [7]
and Chaganty, Karandikar [6] using weak convergence. In contrast to that, for the
MDP analysis we use Te-topology (see, Arcones [2]) enabling treatment of statistics
having unbounded influence functions.

Due to involved structure of the rate function, the LDP result for P* x P, is far
from being “applicable” even for simple statistical cases (as exceptions, see special
cases in Chaganty [7]). In contrast to that, the MDP provides readily derived
asymptotics which are compatible with a majority of widespread statistics and
thus the MDP effectively serves T'(P,) — T(P) and T(P*) — T'(P,). In particular
we show that the asymptotics of moderate deviation probabilities of T'(P,) — T'(P)
and T(P*) — T(P,) are calculated easily for the statistical functionals having the
Hadamard derivatives.

The assumption of differentiability is the standard tool for the proof of asymp-
totic normality of statistics T'(P,) (see Serfling [25], van der Vaart and Wellner [27]
) and, in implicit form, were also used for the study of moderate deviation proba-
bilities (see Aleskeviciene [I], Jureckova, Kallenberg and Veraverbeke [20]; Inglot,
Kallenberg and Ledwina [19], Arcones [3]). The moderate deviations of statistics
were studied in Ermakov [15] for the case of Freshet derivative and Gao and Zhao
[16] for the case of Hadamard derivatives. In [I6] the statistical functionals were
considered as functionals of empirical distribution functions and the technique of
large deviations of stochastic processes was implemented. We consider the statis-
tical functionals as the functionals of empirical probability measures or empirical
bootstrap measure.
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The remainder of the paper is organized as follows. In section 2 we present
MDP for empirical bootstrap measure, empirical measure and conditional MDP
for empirical bootstrap measure given empirical measure. The moderate deviation
probabilities of statistical functionals are studied in section 3. The proofs of MDP
and conditional MDP are given in sections 4 and 5 respectively.

2. MDP for empirical and empirical bootstrap measures

2.1. Notations. Throughout the paper, the following notations are implemented:
- Q2 X Q1 the Cartesian product of probability measures Q2, Q1 € A;
- A? = A x A denotes the set of all measures Q2 x Q1 with Q2, Q1 € A;
- C, c are generic positive constants;
- x(A4) is the indicator of event A;
- [t] is the integral part of real number ¢;
- | always denotes .

2.2. Tg-topology. We begin with the definition.
Let us fix a decreasing sequence of positive numbers (by,),>1 with properties:

b, — 0
nbl — 00 3 n — co. (2.1)

by
B — 1

Denote ® the set of measurable functions f : S — R with the following property:

lim # log(nP(|f(X)| > b)) = —cc. (2.2)

n—oo
Let
Ap = {P €A /|f(X)|dP < oo, forallf € @}.

The coarsest topology in Ag providing the continuous mapping

Qé/fd@, forall f€ ®, Q€ Asp

is known as the 7g-topology (henceforth, all topological concepts refer to the 74-
topology). Denote og the smallest o-field that makes all these mapping measurable.

For any set 2 C Ag the notations: clo(£2) and int(Q2) are used for the closure
and interior of () respectively.

The Tg-topology in A% is the corresponding product topology. For the set ®o(C
®) of all real bounded measurable functions, the 7¢-topology coincides with the
7-topology (see GOR [I7], Dembo and Zeitouni [I0], Eichelsbacher and Schmock
[13]). For P,@Q € A and P,Q € Ag we define the sets Ay and Agge respectively of of
all differences P — Q. The Tg-topologies in Agg and AZg are defined in a standard
way as well as clo(Q) and int(€) the closure and interior of Qo C AZ,.

2.3. Rate functions. For G € Ag, let

1 [ (dG\2
R(GIP) = s[(55)7dP, G P
0, otherwise

be the rate function (in statistical terms, 2p3(G|P) is the Fisher information) which

arises naturally in the MDP analysis of empirical measures P, (see Borovkov and
Mogulskii [5]; Gao and Zhao [16], Arcones [2] and Ermakov [15] ).

In the bootstrap setting, a rate function (we shall denote it by /)(2)1)) is constituted
from two ones:

Pon(GIP) = p5(Ga|P) + pi(G1|P),



4 MIKHAIL ERMAKOV

where G = Go x Gy € qu)

2.4. MDP for empirical bootstrap measure. For any set A € .% and any
signed measure G € Ay denote |G|(A) = sup{G(B) —G(D): BC A,D C A}. The
measure |G| is the variation of signed measure G.

Let the signed measures H, H,, € Agg satisfy the following assumptions.

A. We have P, = P+b,H, € Ap, P+ b,H € Ay and H,, — H as n — oo in the
Tp-topology.
B1. For any f € ®

lim sup sup(nb?) ! log (nbn/x(|f(x)| > bt d|Hm|) = —o0.

n— o0 m

Define the signed measure O € Aggp such that O(A) = 0 for all measurable sets
A €. For each G € Age denote G = O x G.

Theorem 2.1. Assume A and Bl. Let Qy C qu) be o measurable set of A%q).
Then the Moderate Deviation Principle (MDP) holds

lim inf (nb7) " log P, ((P; — P % (P, —Py) € b,Q) > —p2, (int(Q — H), P) (2.3)
and

limsup(nb?) ™! log P, (P} — Py) x (P, — P) € b,Q0) < —p?,(cl(Qo — H), P). (2.4)

n—o0
Remark 2.1. In hypothesis testing, the type II error probabilities are often ana-
lyzed for the alternatives P, converging to the hypothesis P. Theorem 1] allows
to study moderate deviation probabilities in this setup. The analysis of importance
sampling efficiency is also based on MDP with a sequence pm’s P, converging to
pm P(see Ermakov [I5]). Naturally, if we suppose that H,,, H are absent, we get
the usual form of MDP. Bolthausen [4] has proved the Donsker-Varadhan LDP [1]
when the laws of random variables converge weakly and a uniform exponential inte-
gration condition is satisfied. Theorem 2.Iland further Theorems can be considered
as versions of these results.

The modern form of LDP-MDP (see de Acosta [§], Gao and Zhao [16], Leonard
and Najim [2I]) covers the case of unmeasurable sets () and is given in terms
of outer and inner probabilities. Let (T, S, P) be a probability space. The outer
probability of an arbitrary subset B C T is

(P)*(B) = inf{P(A); B C A, A € onpe, }

and (P)«(B) =1 — (P)*(Age, \ B) is the inner probability. All Theorems of the
paper hold also for this setup. In Theorem 2T]it suffices to replace pm’s P, in (2.3)
with (P,). and pm’s P, in (Z4) with (P,)..

The bootstrap procedures are often implemented with sample size k # n. In The-
orem given below the results are extended to this setting. Let X7,..., X} be
i.i.d.r.v.’s having pm P,. Denote P} the empirical measure of X7, ..., X;. Suppose
that k = k(n), k/n — v >0 as n — oo.

For any G = G x G € A3 define the rate function

(G P) = v p3(Ga : )+ p3(Gr : P).
For any Qo C A2 denote po,(Qo : P) = inf{ po, (G : P) : G € Qo }.
Theorem 2.2. Assume A and B1. Then the Moderate Deviation Principle (MDP)
holds
lim inf (nb2) ™' log P, (P} — Po) X (P — Py) € byQ0) > —p2, (int(Qo — H), P) (2.5)

n—r00
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and

lim sup(nb? )~ log P, ((Pf — By) x (P — P) € b,Q0) < —p2,, (cl(Q — H), P). (2.6)
n—oo
The proof of Theorem 2.2]is akin to that of Theorem 2] and is omitted. From now
on, we assume k = n.

2.5. MDP for empirical measure. In section a version of Arcones [2] MDP for
empirical processes is given in the setup for empirical pm. These results were es-
tablished in Ermakov [15] and are given here for the comparison with the bootstrap
setup.

The MDP for the empirical probability measures holds for wider zones of mod-
erate deviations. Define the set ¥ of measurable functions f : S — R! such that

nlLrI;O(ndi)71 log(nP(|f(X)| > nd,)) = —c0 (2.7)

where d,, — 0,nd2% — 00, dp11/dn — 1 as n — oco.

Assume the following.

B2. For any f € ¥

n—r oo

lim (nd?)"" suplog (ndn/x(|f(z)| > ndn)d|Hm|) = . (2.8)

Using the reasoning of Lemma 2.5 in Eichelsbacher and Lowe [14], we get that B1
or B2 implies

supm/f2d|Hm| < 00 (2.9)
and (Z2) or () implies
/deP < 00. (2.10)

In Lemma 2.5 in [I4] I0) has been proved, if d, is decreasing and n'/2d, is
increasing. Since d,/d,—1 — 1 as n — oo we can choose a subsequence d,,, such
that n,lc/2dnk_ is increasing and dy,, /dp,_, — 1 as k — oco. After that we can choose
a subsequence dp, such that d,, is decreasing and clnki/cln,CF1 — 1 as ¢ — oo.
Implementing to the subsequence d,,, ~the same reasoning as in the proof of Lemma

2.5 in [I4] we get ZI0).

Theorem 2.3. Assume A with ® = VU and B2. Let Qo be oy measurable set of
Aow. Then the MDP holds

lim inf (nd;) " log P, (P, € P+ d,) > —p2(int(Q — H), Py) (2.11)
and
limsup(nd2)~tog Py(P, € P+ d,Q0) < —p2(cl(Q — H), Py) (2.12)
n—oo

The Theorem 2.4] given below shows that the MDP for the empirical bootstrap
measure can not be valid if (Z2) is replaced by (7).

Theorem 2.4. Let the random variable Y = |f(X)| satisfy (23). Let the sequences
rn, and e, be such that b;l < rn,b,_llen — 00, Ney [Ty — 00 as N — 00 and

lim (ne?) tlog (nP (Y >r,)) =0, (2.13)
n—oo

lim (rpen) " log —2 = 0. (2.14)
T

n— o0 n
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Let Yi,...,Y, be independent copies of Y and let Y*,...,Y,” be obtained from
Yi,...,Y, using the bootstrap procedure. Then

: 2\—1 * o
nl;rrgo(nen) log P (ZlYZ > nen> = 0. (2.15)
The proof of Theorem is given in Appendix.
Example. Let P(Y > t) = exp{—t"},0 < v < 1. Then b, = o(n” 2#7). By
straightforward calculations we get that (Z13), (ZI4) hold for any sequence r,, =
1

17 [
nﬁfm en = nfﬁfﬁ ® where (logn)'*3° << f, << nTNIF and 0 <
0 < 3. Thus the moderate deviation zone in Theorem ZT] can not be improved
essentially for such an asymptotic of P(Y > t).

2.6. MDP for conditional bootstrap measure. Theorem[P2.hlgiven below shows
that the MDP holds almost sure (a.s.) for the conditional distribution of the empiri-
cal bootstrap measure given the empirical probability measure. We call this version
of MDP the conditional MDP. In this model we allow the sample size k = k,, of
bootstrap procedures to have values different from n.

Almost sure version of conditional LDP for the bootstraped sample mean has
been established Li, Rosalski and Al-Mutairi [22]. Chaganty and Karandikar [6]
have proved conditional LDP for empirical bootstrap measure in the case of weak
topology.

For a sequence of arbitrary random variables Z,, : S — R! (Z, may not be
Borel measurable) we say that liminf, ,. Z, > ¢ inner almost surely (a.s, if
there exist a sequence A, of measurable random variables A, < Z, such that
P(liminf,, 00 Ay >¢) = 1.

We say that limsup,, ,  Z, < C outer almost surely (a.s*.) if liminf,_,oc —Z,, >
—C @.Sx.

We say that limsup,,_, ., Z, = —oo outer almost surely (a.s*.) if liminf,, . —Z, >
—c a.s, for any C' > 0.

Let X7,..., X} be iidr.v.’s having pm P,. Denote Py the empirical proba-

bility measure of X7,..., X} . Suppose that %" < c<ooand k, — o0 as n — oo.
For each t > 2 define the set © = O, of real functions f : S — R' such that
E[|f(X)[] < oo.

For decreasing function h : R, — R} and ¢t > 2 define the set © = O, of real
functions f such that

P(f(X)|>s 1) <h(s), s>0 (2.16)

and
E[f*(X)] < oo. (2.17)

All results are given bellow in terms of 7g-topology.

Theorem 2.5. Let a sequence a, > 0,a, — 0,an41/a, — 1, knai — 00 asmn — 00
be given. Let

ih(can) < 00 (2.18)

for any ¢ > 0.
Let Qo C Aoe, - Then there hold
liminf (kya7) ! In(P,).(Py € Py +a,Q0) > —p3(int(Q), P)  a.s..  (2.19)
and

lim sup(k,a2) ™! 1n(ﬁn)*(P,:n €P,+ anQ0) < —pa(cl(Q), P) a.s*. (2.20)

n— o0
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where the closure and the interior of the set Qo in (219) and (220) are considered
with respect to Te,, -topology. The outer probability measure (P,)* and the inner

probability measure (Py). are considered with respect to ce, , -algebra.

Let Qo C Aoe,,t > 2 and let a, = o(n=t). Then (ZI3) and (Z20) are valid
with the closure and the interior of the set Qo with respect to 1o, -topology. The outer
probability measure (P,)* and the inner probability measure (P,), are considered
with respect to o, -algebra.

Ezample. Let Elexp{c|f(X1)]"}] < oo with v > 0 for all f € ©. Then we have the

following asymptotics
1 _ 1=y
bnzo(n 1+v), dnzo(n 2*7)

and
an =o(|logn|™7).
Thus the conditional MDP for empirical bootstrap measure holds for the wider

zone than the usual MDP for the empirical measure.
Theorem given below gives rates of convergence in the conditional MDP.

Theorem 2.6. Let a sequence a, > 0,a, — 0,an4+1/an, — 1, knai — 00 asmn — 00
be given. Let function h : R_1|r — R_lF be such that

lim nh (“—") =0 (2.21)

n— 0o c

for any ¢ > 0.
Let Qo C Age, ,,,t > 2. Then for any e >0 and n > no(e, {ki}2,, Q) there hold

(hna2) " Tog(Ba). (PL, € Pu+ an0) = —pi(into, , (Q0) P) ¢ (2:22)

and, if p(cle, , (), P) < oo additionally,
(kna2) ™ log(Bo)* (P, € Py + anf0) < —p3(cl(0), P) + ¢ (2.23)
on the sets of events having the inner probabilities more than k, = kn(€,) =

1 — C(€,Q)[B1n + Ban] where Prn = nh( 2 qsy) and Ban = Ca(e, Qo)nt—t.
If p(cl(Q0), P) = oo, for any L >0

(kna2) ™ log(Py)* (P, € Py +anf) < —L (2.24)

on the sets of events having the inner probabilities more than kin, = k1n(L,Qo) =
1—C(L,Q0)[B1n + Bon] where 1, = nh(ﬁ"%)) and Ban, = Ca(L, Qo).

Remark 2.2. The method of the proof of Theorem 2.0l is the following. Let f €
©y.5. Denote V; = |f(X;)],1 <i <nand let YD <y@ <. <Y® be the order
statistics of Y1,..., Yy, Using P(maxi<i<n f(X;)| < C1(Qo)eay, ') = 1-nh(z7850)
we, with probability 1 — 31, prove conditional if |f(X;)| < C1(Q)ea, ', 1 <i<n
holds. The rate function in the conditional MDP is defined by 3" | f2(X,).
Thus we need to estimate the rate of convergence of 13" | f?(X,) to Ef?(X).
These estimates causes the second term [a, in k.

3. MODERATE DEVIATION PROBABILITIES OF STATISTICAL FUNCTIONALS

In section we compare the asymptotics of moderate deviation probabilities of
statistics T(F,) — T(P,) and T(Py) — T(P,). We suppose that the functional
T : A — R! has the Hadamard derivative or homogeneous.
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3.1. Functionals having the Hadamard derivatives. For all » > 0 define the
set To = {G: p3(G : P) < r,G € Ao}

Let Y be a metric linear topological space with metric p. We say that the
functional T : Ags, — Y has the Hadamard derivative T : Agx, — Y if the following
assumption Cy, holds with ¥ =¥, ¥ =® or ¥ = O.

Cx. For any r > 0 for each G € 'y, and any sequence Gy, € I'g, converging to
G in Ts-topology there holds

lim sup p(uy, "(T(Po + ukGr) — T(Py)) — T'(G),0) = 0 (3.1)

n—roo

for all sequences uy — 0 as k — oo and ug # 0,1 < k < o00.

Theorem 3.1. Assume A, B2,Cy. Let the functional T(P) be continuous in Ty-
topology. Then, for any set Q CY, there holds
lim inf(nb?) ™' In P, (T(P,) — T(P,) € b,Q)

n—

(3.2)
> —inf{p3(G: Ry) : T'(G) € int(Q),G € Ag}

and
lim sup(nb?) = In P, (T'(P,) — T(P,) € b,Q)
< —inf{p3(G: Ry) : T'(G) € cl(Q),G € Ao}

If T'(G) is continuous in Tg-topology, then, for any § > 0
lim sup(nb;,) ™ n(P,)* (p(b}(T(Pn) = T(Py) = T'(Py — Py)),0) > 6) = =00 (3.4)

n—oo

The Hadamard differentiability of statistical functionals in the Kolmogorov met-
ric (supnorm of difference of distribution functions) are the standard tool for the
proofs of asymptotic normality (see van der Vaart and Wellner [27] Ch 3.9 and
references therein). Gao and Zhao [16] extended this approach on the moder-
ate deviation zone. The Kolmogorov metrics is continuous w.r.t. 7g-topology (see
Groeneboom, Oosterhoff and Ruymgaart [I7] Lemma 2.1 and Ermakov [15] Lemma
4.1). If S = [a,b] C R, by contraction principle (see Theorem 4.2.1 in Dembo and
Zeitouni [I0]) this implies that MDP holds for the set of empirical distribution
functions lying in the Banach space of all right continuous with left-hand limits
functions z : [a,b] — R! equipped with the uniform norm. T Thus Theorem 3.1
in [I6] can be replaced with Theorem BJ] of this paper for the study of moderate
deviations of estimators. At the same time Theorems and allow to get the
results for the bootstrap setup as well.

Theorem 3.2. Assume A, B1,Cs. Let the functional T(P) be continuous in Te-
topology. Then, for any set Q CY x Y, there holds

lint(u?) I B (17 TP TR - TP €0,8)
> —inf{p?, (G : Py) : (T'(G2), T'(G1)) € int(Q), G2 x G1 € A3} (35)

and
limsup(nd2) ™' In P,((T(P) — T(P,), T(P,) — T(P,) € b,)
< —inf{p%b(é : Po) : (T’(GQ),T/(Gl)) c C[(Q),Gg x G € Ag} ( )

If T'(G) is continuous in Te-topology, then, for any 6 >0
lim sup(nd2) ™ 1n(Pp)* (p(d; {(T(P) — T(Ba) — T (P} — Ba),0) > 6,

n

n—oo . . (37)
p(b;z(T(Pn) - T(Pn) - T/(Pn - PO))a 0) > 5) = =00
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Theorem 3.3. Let a sequence a, > 0,a, — 0,an41/an — 1, kna% — 00 asn — 00
be given. Let a decreasing function h : R} — R satisfy (Z18). Let the functional
T(P) be continuous in Te, , -topology and let Ce, , be valid.
Then, for any set Q C Y, there holds
liminf (k,a2) ™ In(P,).(T(P; ) — T(Py,) € b,Q) s)
n— 00 " 3.8
> —inf{pa(G: Py) : T'(G) € int(Q),G € Ao}  a. s..
and
limsup(kna2) " In(B,)*(T(P.) — T(Py) € by )
< —inf{pa(G: Ry) : T'(G) € cl(Q),G € Ao} a.s™
If T'(G) is continuous in Te,, -topology, then, for any § > 0,
lim sup(kna2) " In(P,)* (p(b; Y (T(P) — T(P,) — T'(P¥ — P,),0) > §) = —0 a.s*.

n—oo
(3.10)
Let the functional T(P) be continuous in Te,-topology, t > 2 and let Co, be valid.
Let Q CY and let a,, = o(n="). Then (33), and (39) hold. If T'(G) is continu-
ous in Te,-topology, then [3I0) is valid as well.

Theorem 3.4. Let a sequence a, > 0,a, — 0, an41/a, — 1, kna% — 00 asn — 00
be given. Let a decreasing function h: Ry — RY satisfy (Z21)). Let the functional
T(P) be continuous in Te, , -topology and let Ce, , be valid with t > 2.

Let Q CY . Then, for any € >0 and n > no(e, {k;}52,,Q,T), there hold

lim inf(kna2) ™  In(Py). (T(P ) — T(P,) € b,Q)
n—00 "

(3.11)

> —inf{p3(G: Ry) : T'(G) € int(Q),G € A} — ¢

and, if nf{p¢(G : Py) : T'(G) € ¢l(Q),G € Ao} < o< additionally,
limsup(kna?) —inf{p3(G : Py) : T'(G) € cl(Q),G € Ao} + ¢ (3.12)

n—roo

on the sets of events having the inner probabilities more than k, = kn(e,Q,T) =
1 —C(e,Q)[B1n + Pan] where 1, = nh(%) and Ban = Ca(e, 2, T)nt 1t
If T'(G) is continuous in To-topology, then, for any 6 > 0 and any L > 0 there
exists no = no(L, 0, {k;}2,,T) such that for all n > ng
lim sup(kna2) " In(P,)* (p(b; H(T(P}) =T (P,)—T'(P: —P,),0) > §) < —L (3.13)

n—oo

on the sets of events having the inner probabilities more than R, = Rkn(L,0) =

1- C(La 5)[317} + BQn] where Bln =nh (ﬁ%ﬂﬂ)) and BQn = CQ(La 5; T)nlit'

For the proof of Theorem B.1] it suffices to implement the contraction principle
of Theorem 4.2.23 in [10] to the sequence of functions fi(G) = b, (T'(P, + biG) —
T(P,)). In Theorem 4.2.23 in [10] it is assumed that

limsup sup p(fx(G),T'(G)) = 0. (3.14)
k—oo Gelg,
Since I',. is compact and sequentially compact set in the Tg-topology (see Elchels-
bacher and Schmock [I3] Lemma 2.1) then (3.I4) follows from (BI).

The proof of (B) is akin to the proof of similar statement (3.4) of Theorem
3.1 in Gao and Zhao [16] and Theorem 3.9.4 in van der Vaart and Wellner [27].
We consider the mapping ¢ : Apep — Y x Y with ¢x(G) = (fx(G),T'(G)) for all
G € Mo. By B2),B3), we get that ¢, (P, — Py) satisfies MDP with the rate

function

PX(y1,y2) = nf{p3(G: Po) : T'(G) =1 =92} (Y1, y2) €Y x Y.
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Hence, by the classical contraction principle (see Theorem 4.2.1 in Dembo and

Zeitouni [10]), we get (B.4I).

The reasoning in the proofs of Theorems 3.2] and [3.4] are similar.

3.2. Examples. In what follows, Y = R! and we shall suppose that the assump-
tions of Theorems B and are satisfied in the case of moderate deviations of
empirical measure and bootstrap measure respectively. In this case Cx can be
rewritten in the following form.

Cly There exists h : S — R, E[h(X1)] = 0 such that, for any » > 0 for each
G € Ty, and any sequence Gy, € 'y, converging to G in 7s-topology there holds

lim w; YT (Py + urGy) — T(Pp)) — /th =0 (3.15)

k—o0

for all sequences uy — 0 as k — 0 and ug # 0,1 < k < co.
By Theorem 3.2 we get

lim (nb2)~'log P,(T(P}) — T(P,) > by)

n—oo

= lim (nb?) 'log P, </hd(P; - P) > bn)
n—oo

1. s s (3.16)
:—§1nf (95+97)dP : | gohdP > 1, g1,92 € La(P)
—1
([
2
and, by Theorem [B.T],
1511 (nd?)~'log P, (T(P, ) T(P,) > dy)
1, 1 5\
:—§1nf g*dP: [ ghdP > 1, g€ Ly(P) =-3 h“dP .
By Theorem B3], we get
lim inf (k,a2) " log(P,) . (T(P} ) — T(Py) > ay)
n—oo "
—1
R R 1
= limsup(kna) ™ log(P,)*(T(Py,) — T(P) > a,) = -5 (/ h%lP) a.s.
n—o0
(3.18)

Thus, the asymptotics of moderate deviations probabilities of T'(P;) — T'(F,) and
T(P,) — T(P,) coincide. At the same time
lim (nb?)"'log P, (T(P}) — T(P,) > by)

n—00

= lim (nb2) *log P, (/ hd(P; — P,) > bn)

n—00

1, 2 o (3.19)
:§1nf (95+97)dP : | (92— g1)hdP > 1, g1,g92 € La2(P)

:_i(/thP)_l.
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3.3. Homogeneous functionals. Let N : Ags — R' be a seminorm continuous
in the 7g-topology. Define the set Qg = {G : N(G) > 1,G € Age} and let the
signed measure H € c[(Qg) be such that p3(H : P) = 5 [ h*dP = p§(Qp : P) with

h = %. Then we have

n— o0

. 1
lim (nd?)"'log P(N(P, — P) > d,) = —pa(Q0 : P) = -3 /thP, (3.20)

lim (nb2)"tlog P(N (P — P,) > b,) =

n—r oo

1 dG G
- §inf{/(g§+9f)dpi N(Go) > ;g1 = —=, g2 = —=;

ap 92 dP,G2,G1€A0<1>}

1
—pi(Q: P) = —§/h2dP.
(3.21)

and

1 1
lim (nb?)"'log P(N (P} — P) > b,) = —§p§(90 :P) = —Z/h%lP. (3.22)

n—oo

In particular, the statements [3.20) and [3.22]) are valid for the functionals
N(Q - P) = Ni(Q - P,P) = max{|F(z) — Fo(w)lq(Fo(x)) sz € S} (3.23)

and

1/2
N(Q -~ P)= Ny(Q — P.P) = ( JCE Fo<x>>2q<Fo<x>>dFo<x>) (3.24)

respectively. Here ¢ is a bounded weight function, S = R' and F, Fyy are the distri-
bution functions of @, P respectively. If ¢ = 1, Ny (Pn—P, P) and N2 (Pn—P, P) are
Kolmogorov and omega-squared test statistics respectively. The functionals Ny, N
depend on the probability measure P additionally. Thus (B21)) holds only in the
case of ¢ = 1. Let us show that, if ¢ is continuous in [0, 1] the presence of weight
function ¢ does not influence seriously on the asymptotic (3.21]), that is,

lim (nb?)~'log P(N;(P — P,, P,) > by,) =
n—oo

. 2\ —1 * » —
lim (nby,) ™" log P(Ni(Py; — Po, P) > bn) = (3.25)

1
—pa(Qo: P) = —i/thP
with ¢ = 1,2. Note that, if ¢ is continuous in [0,1], the following assumption holds.

C1. There exists function w(t),w(t)/t — 0 as t — 0 such that, for all P,Q, R € Ag
IN(Q — P,P) = N(Q — P, R)| < w(sup |F(z) — Fy(x)])

where F stands for the distribution function of R.
Let F), be the distribution function of P,. Then, by Theorem 2.3
P(w(sup |E,(x) — Fo(z)]) > cby) < exp{—CnC,b2}
where C,, — o0 as n — oo.
Hence, estimating similarly to the proof of (3.17) in [I5] we get (B:29).
Let us find the asymptotic

R 1
lim (nb2)"*log P(NY(P} — P) — NY(P, — P) > b,) = -5

n— o0

with v > 0.
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By Theorem R.T], we get

J= inf{/(r2+92)dP :N7(G+R)— N"(G) > 1;

iC iR (3.26)
9=p "= d—P;G,R € A0<1>} =inf V(G, R).
Since N(G + R) < N(G) + N(R), we get
J > inf {/(r2 +¢%)dP : (N(G) + N(R))” — N'(G) > 1;

dG dR .

gd—P,rd—P,G,RGA()(p}lnfU(G,R). (3.27)
It is easy to see that for the fixed G

argir}g{f UG,R)=XH, A=XG)>0 (3.28)

where the signed measure H € cl(£2y) is the same as in example 3.3.

Let r = Ah be fixed and let us consider the problem of minimization of U(G, \H)
with respect to G. We begin with the dual problem. Let N(R) = d =const and
one needs to find

dG
sup {(N(G) +d)Y = NY(G) : /g2 dP=1,9= E,G € A()(p}
Let v > 1. Since the function (z +d)” — 27 is increasing the supremum is attained
on the charge Go = ¢G where G = argsup{N(G) : [¢*dP =1,9= 95 G € Aos}
and § = 95 = h/py. Therefore inf{U(G,R) : G,R € Agg} is attained on the

signed measures G, R having the densities ¢ = ah, r = dh with a,d € R'. However
V(aH,dH) = U(aH,dH). Hence we get

J=inf{d* +a*:(d+a)” —a” > 1}/h2(s) dP. (3.29)
If v < 1, then argsup{(x + d)” — 27 : x > 0} = 0. Therefore inf{U(G,R) : G,R €
A()(p} = d" and

d
Jinf{/erP :N7'(R)>1,r = d—ﬁ} = 2p3(Q0, P) :/thP.

4. PROOF OF THEOREM [2.]]
For each r > 0 define the set ', = {G € A3 : p2,(G : P) <r}.

Lemma 4.1. Let (2.7) hold. Then
i. Tp C A2y,
. the set I, is Ty-compact and sequentially Ty-compact set in Ag‘l,,
114. the T and Ty - topologies coincide in T,

Proof. The reasoning are akin to the proof of Lemma 2.1 in Eichelsbacher and
Schmock [I3]. For any charge G = G; X G € T',., any measurable set A C S and
any ¢1,¢s € ¥ we have

/|¢1|d|01|+/ (o] |G| <
A A

a<[4¢§dp+[4¢§dp)+a1 </A (%)de+[4<%>2dp> |

for all & > 0. By (2.I0), this implies ¢ if A =S.

4.1)
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Fix € > 0. Let o = /e and let n = n(e) be such that

f(/ ¢§dp+/ ¢§dp><e
€ \Jlga|>n [p2|>n
2 2
a~ ! / d—Gl dPJr/ d—G2 dP | <e€
g1 |>n \ AP |gol>n \ AP

Hence, by 1)), we get

/|¢1|d|cl|+/|¢2|d|02|—/ |¢1|d|c:1|—/ (o] |G| < 2¢
[p1]<n [p2|<n

Therefore the map I',, 3 G = G1 x G2 — [ |¢1]d|G1| + [ |¢2| d|G2| is T-continuous
as the uniform limit of functions

/ 01 dGy + / P2 dGs.
[p1]<n [p2|<n

This implies that the 7 and 7y-topologies coincide in I',.. Since the sets I'g, and
I, C T3, are T-compact and sequentially 7-compact these sets are Ty-compact and
sequentially Tg-compact as well. This completes the proof of Lemma [£1]

Then

The same reasoning of the proof of Lemma [l can be repeated in the case of
Te-topology. Thus the sets 'y, are 7¢- compact as well.

In Lemmas 4.2-4.5 given bellow we suppose that the assumptions of Theorem
2 hold.

For any u,v € R denote w/v the inner product of v and v. For any f € ® and
any signed measure G € Age denote < f,G >= [ fdG.

Let f17 .. .,fkl,gl, ey Gko € ® and G € A0<I>. Let E[fZ(X)] = O,E[QJ(X)] =0

with1 <i <k;,1 <j < ky. Define the covariance matrices Ry = {E[f;(X) f;(X)] ffj:l

and Ry = {E[g:/(X)g;(X)]}i5_,. Denote f = {fi}it; , § = {g:}i2, and g; =
w21 9i(X1), 1 < i < ko

By a version of Dawson-Gartner Theorem (see [I0] Theorem 4.6.9 and [21]),
Theorem 2] follows from Lemma given below. Note that the de Acosta [2]
approach (see section 5) also allows to deduce Theorem 2] from Lemma

Lemma 4.2. For the random vectors U, (X) = (30 A, 2 e (X)),
% 2?21 g1( X)) — g1, % 2?21 9, (X)) — §k2) the MDP holds, that is, for any
Q C Rhth

liminf(nb?) "' log Pn([jn()z) €b,Q)>— inf 2'Ip,x (4.2)
n—00 zeIn(Q)
and
limsup(nb?) " log Py (U, (X) € b,Q) < — inf 'l (4.3)
n—00 zecl(©)

where for any v = (y,z) € RF17%2 y e RF and 2 € R

1 1
a'Ifge = sup (t’y +s'z— <t'f,H>—=-t'Rst — —s’Rgs> .
teRF1 s€ R*2 2 2

Note that, if there exist R;l and R;l, then

1 _ 1 _
Igr=5((y— < f.H >) Ry y— < f,H>)+ 57 R, L.

Lemma follows from Lemmas and [£4] given below.
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Lemma 4.3. We have

. 2y-1 . i) Je—
nh_{r;o(nbn) log Pn(lrgnizgzl Jnax [fi(X)] > b,7) 00 (4.4)
and
: 2\—1 (X e
nlgx;o(nbn) log Pn(lgégiz nax lg:(X[)| >b,") 00. (4.5)

Proof. We have

k1
P,( max max |f;(X;)] > b;') < nzpn(|fl(X1)| >b,') <

1<i<k; 1<I<n ‘
i=1

kl kl
nY  P(fi(X0)] > b0 +nbn2/x(|fi(X1)l > by, ") d|H,|
i=1 i=1

By (1) and B1, this implies (£.4).
Since ¢1,..., 9k, € P, the same statement hold for these functions as well and
we get

P,( max max |g;(X;)| > b,") = O(exp{—Cnb2})

1<i<ks 1<j<n

for each C' > 0. This implies (3.
For any h € ® denote h,(z) = h(z)x(|h(z)| < b;). Denote f,, = {fin}*, and
Gn = {gin}%_,. Define the random vector Un(f) = (% Yo fin(Xe), .-, % Yory fen(Xa),
% Z?:l gln(Xi*>7§1n; ceey % 2?21 gkgn(Xl*> - gkgn) where Gin = % Z’ln:1 gin(Xl)7 1 <
i < ko. Define the events W, = {Xl,...,Xn D max)<i<k, Maxi<j<n |fz(X])| <
b, L, maxy <<, maxi<j<n |gi(X;)| < b,1}. Denote W, the complement of the event
W,.
By Lemma 4.2, we get

Po(Un(X) € by Q) < P, (Un(X) € by QW) P(Wy,) + P(W,) (4.6)
<P, '

P (U (X) € by QW) exp{o(nb?)} + exp{—Cnb2 (1 + o(1))}
and

Po(Un(X) € byQ) > Po(Un(X) € by QW) P(Wy) > Po(Un(X) € b, Q|W,,) exp{o(nb?)}.
(4.7)
where the constant C' in (8] can be chosen arbitrary
Therefore Lemma 4.2 follows from Lemma 4.4 given below.

Lemma 4.4. For the random vectors U,(X) the MDP holds, that is, £.2) and
(4-3) are valid with U, (X) = U, (X).

By Gartner-Ellis Theorem (see Dembo and Zeitouni [10]) Lemma [£4] follows
from Lemma given below.

Lemma 4.5. Let f; € ®,g; € ® for all 1 <i < k1,1 <5 < ko Then

exp {bn Z t/f;l(Xl) + bn Z Sl(gn(Xl*) - gn)}‘| =
=1

=1

lim (nb?)'log E,
n—oo

(4.8)
= 1 1
< t/f,H > *515/th — §S/RgS

where gn = (Gins - -+ Gkan)-
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Proof. We begin with the proof of upper bound in ([£8]). We have

exp {bn Zt/ﬁz(Xl) + by Z Sl(gn(Xl*) - gn)}] =

=1

E, exp{ Zt fn X }ﬁEpn lexp{s’(Gn(X]") — )}]1 =
i - =1

I, =E,

1 !
E, t n(X1) — bns' (Gn (X <
eXp{ 2 (X, } (n;eXp{ §'(Gn(X1) — )}> ]
i n . b2 n )
E _n
n |exp tFn(X0) o (1 52 D (5@ (X0) — gn))*+ (4.9)
=1 =1
b3 d !
C(s k2)—"2| "(Gu(X) = 3a)l ) | <
[t
Ey {exp § bn Yt Fu(X0) 4+ 50 > (5" (G(X0) = gn))*+
=1 =1
(5, k)b Z 0 (X1) = gn)? H = Iy,
The first inequality in ([@3]) follows from the Taylor formula and
|5/ (g (@) — Gn)| < || 195 (x) — Gul < [s[2ky 05" (4.10)
Denote d)n(Xl) = S/(gn(Xl) - En[gn(Xl)]> with 1 < l <n.
By straightforward calculations, we get
D (' (Ga(X0) = §0))? = D O (X1) = n(s'Gn — Enls'Gu(X1)])%. (4.11)
=1 =1
We have

n i N n 3
;I (F2(X1) = 3n)] §8;|¢H(Xl)| * (4.12)

8n|s' (Gn — Enldn (X)) = 8V1 + 8nVs.

Since
|8 (Fa(X1) = Egn(X))P < 152/2|G0(X1) — Bnga(X1)[/?
3/2
k2 i (4.13)
=[5> | Y (gin(X1) = Bulgim(X1))? | < 8Jsky %0,
j=1
we get
B3IVAL = b3 > [on (X0)PX( b (X0)| < by [s])+
=1
b5 > 1on (XD Px (160 (X0)] > ebyt]s]) < (4.14)

=1

els[b2 3" ¢2(X1) + 8|5 |3k:3/22x<|¢n<xz>| > eby,ts]).
=1

=1
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By the Jensen’s inequality, we get

n 3
Z¢n(Xl)
=1

Vo=n""

<n Y lon(X)F =0tV (4.15)
=1
By @II)-@.I5), we get

I, < E, exp{ thnxl (172051{26,12& (X))
=1

b, S 3 S -1 .
~5 (; ¢n(Xz)> + C(s, k2)]s| ;X(|¢n(Xl>| > eb,"[s])) p | = En[Wh]
(4.16)
where € = ¢, - 0 as n — oo.
For each r > 0 define the events A,, = A, = {X1,..., X 1 8gn—FEn[s'gn(X1)] <
rby, }. Denote A,, the complement of A,,.
We can write
I, = Ey[Wax(An)] 4 En[Wox(Ap)] = Ui + Usy. (4.17)

Let A, hold. Then we get

2
2b4 n b2 2b4
T2n (; ¢n(Xz)> = %(s’gn — E,[8'G,(X)])? < 5 u
Therefore
n 2 n
log[Urn] < log By, |exp {bn D (X)) + %"Z G2 (X)) (1 +2C (s, ka)e)+
=1 =1
Cs, 2[5 Y x(6n(X0)| = b ) + 0<nr2b;t>H - (418)
=1

2
nlog B, [exp {bnt’fn(Xl) + b?”qfl(Xl)(l +2C (s, k2)e)+

Cs, k2)|sPx(|on (X1)| = €b, ") + O(r?by) }] -

Expanding in the Taylor series, we get
- b2
logUy, < nlogE, [1 + bt fo(X1) + g(t’fn(Xl))%
2 (4.19)
7"¢>$l(X1)(1 + 20 (s, ko)) + C(s,t, k1, ko)w, + O(r*b2)

where w,, = w1, + Wop + W3p + Wan + wWs, With

b3 . b3 -
Win = En|t/fn(X1)|3; Won = 33n|t/fn(X1)|¢3l(Xl>’
4 4

DX, win = D (X)),
i = ([0 (X0)| 2 1),

W3n =

We have
win < B3I Fu(X0) P fo(X1)] < eby M) +x(ebyt < [ fu(X1)] < byt) = wini+wine,
wan < B3It fu(X1) |07 (X0)x (' f(X1)| < eby )+
Cs,t, k1, ko) x (bt < |t/ fu(X1)| < b7Y) = wont + wana,
wan < b (X1)x(dn(X1) < eb, ')+ Cx(eb, ' < ¢n(X1) < by ') = wan1 + Wana,
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wan < b F(X1))? 65 (X0)X(1t fu(X1)| < eby )+
ex(eby ! < |t fu(X1)| < bp') = Wi + wana.
By (1)), we get
Bnfwin] < cetp En(t fu(X1))?,  Enlwan] < celt|b Engr (X1),
Eplwsn] < [0, Engn(X1),  Enlwan] < ce®[t|*b} En o (X1)

and
Eplwsn] < €207 By (X1)x (|60 (X0)| > by, )] = o(e2b}), (4.20)

Enlx(eby < [t fa(X0)] < ,1)] <
O B[ fu(X0)Px(eb, < 1t fu(X0)])] = o(e™?07)
where the last equalities in (£20), (£21)) hold by A and (Z3)), @I0).

Hence we get E,[w,] = o(b?).
Therefore we get

(4.21)

2
log(Uy, g—”—b" 2<t'f,H>—t'Rst —s'Rys) (1+ O(1)) = vy,. 4.22
2 f )

By the Hoelder’s inequality, we get
Uzn < (Ea[W,H)) 75 (P(A,)) 75, (4.23)
By (@IG), we get

E W, "] < B,

exp {(1 +6) (bn i t (X)) + b2 i G2 (X;)(1 +2C(s, ka)e)+

2C (s, kz) ZX(an(Xi) > ebn1)> H .

Hence, repeating the estimates of Uy, we get

5)nb?
E, [W#LS] < exp {%

Note that [21) implies (271) and 271 implies
li_>m (nr?b2) " log(nP(|f(X)| > rnby,)) = —o0

(2<t'f,H>—t'Rst — s'Rys)(1 + 0(1))} (4.24)

for each r > 1.
Hence, by Theorem 2.4 in Arcones [2], we get

log P, (A,) < —cr’nb? (4.25)
By (@23),24),[E25) we get that
U2n - O(Uln) (426)

if r sufficiently large. This completes the proof of upper bound for I,,.
The proof of lower bound is based on similar estimates. Define the events

By =A{z1,...,zn | fri(zs)] < eb;1,|gnj(zs)| <eby'1<s5<n,1<i<k;,1<j<ky}

By @1I),@.20), @.ZI), we get
Po(|fni(X1)] > eby ') < €200 B[ (X)X (| fri(X1)| > €by )] = o(e72D7).
Estimating Py (gni(X1)| > b, ') similarly, we get

P(B,) = [TA—P(fu(X0)] > b)) T (1 Pllgni(X0)] > eb))" = exp{—ont2)}.

i=1 i=1
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Hence

I, > E,

eXp{b thn i } <%i exp{bns’ (Gn( z)_gn)}> X(Bn)

E, (exp{ thn i } (%Z exp{bn s' (Gn( z)gn)}> B, | P(By)
E, exp{ant'ﬁ( i } (%Zexp{b s' (Gn( z)_gn)}> B, exp{—o(nbi)}

= Iy, exp{—o(nb?)}.

(4.27)
Expanding in the Taylor series, we get
I, > E, |expi b zn:t’f(X-) 1+@i(s’(§ (X:) — Gn))*—

2n = Lin n v n 7 m vt n [ n
(5. ko) 22 Z|s >|3> B.| >
En exp bn Zt/ﬁl(Xi) 1+ @(1 - 26) zn:(sl(gn(Xz) - gn))Q n Bn = I3n
i=1 2n i=1
(4.28)

where the last inequality follows from

D18 (Ga(Xi) = gu)l® < 26b D (5" (G (X0) = Gn)?
' i=1

Since In(1+ x) > 1 + 2 — 2% with z > 0 we get

exp{b Zt fn i }exp{nln <1+ %(1—26 Z Xi)_gn))2>}

IBn — Ln

exp {bn S0 + 2120 3 (X0 — )

i=1 =1

E, |exp {bn Zt’ _;L(Xl)—l—
i=1
b721 2 S (= — 2 .
?(1 —2e—4e )Z(s (gn(Xl) — Jn)) By | = Iy
i=1

(4.29)
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Arguing similarly to the proof of upper bound we get
b? -
(nb2) " In Iy, = —% (—2 <tfH>—t'Rpt—(1—2— 262)S/Rgs) (1+0(1)).
(4.30)
Since the choice of € > 0 is arbitrary, this completes the proof of lower bound and
the proof of Lemma

5. PROOFS OF THEOREMS AND

We begin with the proof of Theorem The reasoning is akin to the proof of
the Sanov Theorem in de Acosta [g].

Lemma 5.1. . Let [2:17)-(Z23) hold. Then
i. Lo C Age,
ii. the set Ty, is Tg-compact and sequentially Tg-compact set in Aoe,
1. the T and To- topologies coincide in Lg,..

The proof of Lemma [51] is akin to the proof of Lemma ET] and is omitted. It
suffices to note only that (2I7) holds.

We begin with the proof of upper bound in ([Z23). Denote n = pZ(cl(Qo), P) and
fix 0,0 < 26 < n. IT is clear that I'g,—s C Age \ Qo

For any fi1,...,f1 € ©, G € Aype and v > 0 denote

U(fl,...,fl,G,v):{R:‘/fid(R—G)‘ <7,R6A0@,1§i§l}.

Define the linear space
k
Ao ={G:G =D NGi,Gi € Ao, \i e R, 1 <i <k k=12, .}
i=1
Define 7g- topology in Apo. It is clear that Age C Ago.

Since Age is the Hausdorff linear topological space, the space Apo is regular
space (see Theorem B2 in [I0]). Thus for each G € T'g,_s there exists open set
U(fi,..., f1,G,y) C Ao \ cl(€). The set I'g,—s is compact. Therefore there
exists finite covering of I'g ,_s by the sets Uy = U(fu1,..., fi, Gi,¢1),...,Un =
U(fmi,---s fmin,s Gmycm). Denote U = U™, U;.

Thus for the proof of ([Z23) it suffices to estimate

P(P: ¢ P+a,U) > (P,)* (P € P+a,Q).

This is the finite dimensional problem.
For each 4,7,1 < j < [;,;1 < i < m define the signed measure F;; having the

density % = fij — E[fij(X)]. Define the linear spaces

k li
L={F:F=Y Y M\jFj,\j € R"1<j<l;,1<i<m}

i=1 j=1
and
~ dF
= cf=—,FcLy.
(172t per)

Define the sets [g. = {f f = Z—g,FEFOCﬁL}, c>0.
There exists a finite number of functions qi,...,q € fn,g(; such that E[g;(X)] =

0, Bgf(X)] = 2(n —20),1 <i<land
Ty asNLcn_V(g)NLCT, sNL (5.1)
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with
Vi=Vi(g) = {G: ‘/qidG‘ <2(n—20),G e AO(_)}.

Denote

V=n_,V.
Since I')_s N L C UN L we get V C U. Hence

Qo CW =Aoo \ V.
Therefore it suffices to estimate the right hand-side of
log(P,)* (P}, € Py + an) < log Po(P € Py + a,W).

We have

k
Pu(Py, € Pyt anW) <Y Po(Pf, ¢ Pot anli) =
i=1

N (5.2)
> B, (/ @ d(P;. — Pp) — 2a,(n — 26) > 0> :
i=1
Thus it suffices to show that, for each f € ©, E[f(X)] =0, E[f*(X)] = n — 2§ and
n > no(fa f)7

(knay) ™" log P, (/ FA(PE, = Po) > 2a,(n — 25)) < g (n—20)

(5.3)
with probability x, (¢, U(f,q)).
Denote s> = s3 = s7 = 31" | f2(X;) — f2 with f = £ 37" | f(X,). We put
v = 3/2545; where 02 = Var[f(X1)] = n — 26.
By Theorem 28 Ch.4 in Petrov 23] we get P(|s2 — 02| > €) < Ban(f) with

Bon(f) = C1(f,e)n'~t. Thus, to prove (E3)), we can suppose that
|s2 — % <e. (5.4)

Define the sets of events A,; = {Xi,..., X, : maxi<s<n |f(X;)| < oya,'}. We
have

P(Anp) <1—nP(|f(X1)] > oya;') =1 —nh <Z—’;> =1 - Bon. (5.5)
Note that, by 221)), nh (g—;) — 0 as n — oo. Therefore it suffices to prove ([&3)),
it A, hold.
The further reasoning is based on slightly simplified version of Theorem 3.2 in
[26]. This version of Theorem is given below.
Let Yin, ..., Yk, n beiid.rv'’s having pm P, E[Y1,] = 0, Var[Yi,] = 02, |Yi,| <
ovya,*. Denote

k
1 n
Suppose that
a, 2z %log Elexp{za,o Y1, }] < C if |z| < k. (5.6)

and

V25

Denote A = wank%p.
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Theorem 5.1. Assume [Z4[5.7). Then

1/2 1/2 1/2 1/2 k/’vlz/Qan +1
P(S’ﬂ > kn a‘n) = (1 - (I)(kn an))exp{L(kn an)} 1+9f1(kn an)i

A
(5.8)
with
£ (K ?a,) = 60(1 + 10A2 exp{—(1 — w;; ))VA})
o 1— w;l '
and ) ,
kna kna 1
— 2 Lk ay, nn___ .
3w<(”a)< 2 14w (5.9)
Note that, if w > 16 and anks/> > 100 then
ki %a, +1
1001 (kY 2a,)| 2 T2 . (5.10)

A
If |2] < k and |f(X;)] < oya,!,1 <i<mn, we have

log Bp, {exp{zan(f(X7) = f)/s}} =

tog | - " expzan(7(X) — J)/s}{ =
=1

2520/2 9323a38_3 n ) )
log (1 + B noy n Z(f(Xz) — )P exp{0zan(f(X;) — f)/s}) .

6n pt
(5.11)

with 0 < 0 < 1.
Since

exp{0za,(f(X1) — f)/s} < exp{2ykfos~'} = R,
using In(1 + z) < z,z > 0, we get

Z22

2
Tn < log (1 + ;" (14 ’}/FLO'RS_l)> <

2
zca;

(1+vykoRs™') =2%a2D  (5.12)

-1
with D = Laeltos

If 5
- 5.13
K= (513)
then R < 3 and D < 2. Therefore
9 k1/2a2 €
e L k1/2 n < n n .
w>ge Hlkan) < —5=tam

Hence, by (E8),EI0), we get

(kna2)~'log P, (/ fd(P; — P,) > 2a,(n — 26)) <

€
9/2+¢

l -2/ 2 _ € 2\—1
— 38 (n —26) (1 2)+C’(knan)

- 57— 207 (1 - > + (1057 — 3 log(2ms (1 + ) (hna?) " <
= L2020 - ) 4 Clhad) ™!

< —%S_Q(n — 26)? (1 - %) + C(kpa?)™t
(5.14)
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This implies (53)) if (54) and |f(X;)| < ova,;*,1 <i < n hold. This completes the
proof of ([2.23).

If p3(cl(Qp), P) = oo, we put 7 = L. After that we implement the same reasoning
for the proof of (Z24]).

The proof of lower bound (Z22]) is based on standard reasoning (see Sanov [24],
Dembo and Zeitouni [I0], de Acosta [§] and references therein) and estimates of
Theorem Bl For any ¢ > 0 there exists open set U = U(f1,..., f1,G,71,-- -, Y1)
such that U C int(Q) and p2(U, P) < n+ 4, p2(G, P) < n+ 4. Hence it suffices to
find the lower bound for the asymptotic

(kna2) ' log P, (P € P, + anU).

Similarly to the proof of upper bound we can suppose that the signed measure G

has the density g = 2§ = Zlizl Aifi, fi € ©. Thus the problem became the finite

apP
dimensional problem as well.
Let us fix A,0 < A < 1 such that A\G € U. Note that value of A can be chosen
arbitrary from some vicinity of 1. Define the set Uy = U NU(g, G, 2(1 — \)?||g]]?).

It is clear that we can choose A so that pZ(U; : P) < A\?||g||?

Lemma 5.2. There exist simplex U c Uy bounded the hyperplane 11 = {R :
JgdR = 2X?||g||*,R € Moo} and hyperplanes II; = {R : [ gidR = ¢;, R € Moo}
with g; € ©,1 < i <1 such that p3(I1; : P) > \?||g||> = p3(IL : P).

Let Lemma [5.2] be valid. Suppose Ay holds with f = ¢g and f = g;,1
Then, applying Theorem 5.1 we get

Pn(P,:n e P, +a,lh) > Pn(P,:n € P, +a,0) >

A ( [oate, ) > 2A2||g||2an) -

if’n (/gi(dP,;; P> anci> > (5.15)

=1

IN

1 <.

1
B ([ gatr, = ) > 0¥l ) = Y- expl BT s Pl 1+ ).
i=1
with ¢, —+ 0 as n — oco.
Thus it remains to implement Theorem .11 to the first addendum in the right-
hand side of (BI3).

By (E8) and (£9), we get

(@) log P ( [aare - 2> an||g||) >
(5.16)

1 2 1 2\—1 1 2 S 2\—1
- 1+ — S 14+ 2 .
sl (14 50 )+ clhna2) ™ = = JlolP (1+ ) + clhuad)

This completes the proof of lower bound.
Proof of Lemma [ The problem is reduced to the following. There is given a
parallelepiped U; in R**! and 0 ¢ Uy, p(0,U;) = inf,ep, |z|. The point u lies on the
face IT of parallelepiped Uy and p(0,u) = p(0,U;). One needs to point out simplex
V' C Uy such that II NV is the face of V, v € IINV and for any hyperplane II;
passing through another face of V it holds p(0,1I;) > p(0,u). Let the distance of
u from any face other than I exceeds rg. A simple trigonometric reasoning shows
that the simplex V' can be defined as follows. We take the vertex v = (1 4+ %7‘2)1;
of V where r << ro and all other vertices v;,1 < i <1 belong IT and |v; —u| = 7.
For the proof of this statement it suffices to consider the case [ = 1. Let us
draw through v the line L intersecting the line I at the point w and such that w
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is orthogonal to L. Then |u — v| = |w — u|?|u|7*(1 + o(1)). Therefore, if the line
Ly,v € Ly intersect IT at the point z = clw — u|?|u|~!,¢ < 1 then p(0, L1) > |ul.
This completes the proof of Lemma

Proof of Theorem The reasoning is based on estimates of Theorem We
begin with the proof of upper bound (Z20) in the case of 7g,,-topology. Suppose
that p3(cl(Qp), P) < oco. If p2(cl(Qp), P) = oo, the reasoning are similar. It suffices
to prove that for any € > 0

(kna2) ™' log(Py)* (P, € By + anf0) < —p3(cl(Q0), P) + ¢ a.s. (5.17)
By the Strong Law of Large Numbers and 217, for any [ € O, we get

s2(f) = o*(f) a.s. (5.18)

with o2 (f) < oo.
By 2I8) and ([216), for any ¢ > 0, we get

o0

Plmaxail f(X)] < 6) = [[(1 = P(F(X0)] > 6a;7)
. = (5.19)

> [ = hai/8)) = exp{>_ hlai/8)} = 1+ o(1).

~

1= 1=l

as | — oo.
For any k,
P(lréliagxk an|f(X3)] > 9) = o(1) (5.20)
as n — 0o.

Note that max;>k a;|f(X;)| < & implies maxg<;<n |f(X;)| < da,'. Therefore,

by (E19) and (&20), we get

-1
max |f(X5)| < da,” a.s. (5.21)

Using (B.I8),(E21]), we can implement the same technique for the proof of (53]
as in the proof of (Z22) in Theorem 26 This completes the proof of (220

For the proof of (Z20)) in the case of 7,-topology it suffices to show that, for
any 0 > 0

I, = P(I?fgaﬂf(Xiﬂ >6) =o(1) (5.22)

as k — oo.
We have

I 3 PO > 6 )
k

= Y (n—k)P(da;y < [f(X)] < da; ") = J.
1=k+1

(5.23)

Define the function u(z) = da; ', + d(a; ' —a; ') (x —i+ 1) if 2 € [a;'},a;").

i—1 @
Define the inverse function v(y) = inf{t : u(t) = y,t € R'}. Define the distribution
function F(z) = P(|f(X)| < z),z € RL.
Then

o0

Ji < Q/i v(x)d F(x) < 2/71 z'd F(z) = o(1) (5.24)

as k — oo. This implies (.22).
The proof of lower bound (ZI9) is based on similar reasoning and is omitted.
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6. APPENDIX

Proof of Theorem [24] One needs to show that

—log P <z": Y > nen> = o(ne?) (6.1)

i=1

Define the events A,; = Up; U Vi, 1 < i < n with Uy = {Y; 1 |Yi] < b, '} and
Vi = {Y; 1y < Yi}. Denote A, = N, Ay,

By 22), we get
P(A,) >1— P(max |Y;| >b.') >
lsisn (6.2)
1 —nP(|Y1] > b,') =1+ o0(1).
Denote P., the conditional probability measure Y7 given Y7 € A,1.
By ([G.2), we get
P (Z Y > nen> > P (Z Y > nen|An> P(A,) =
i=1 i=1 (6.3)

Py <i Y > nen> (14 o(1)).

Thus it suffices to prove (GI) with pm P replaced by pm P.,. Denote p, =
P.,(Y1 > r,). By 22), we get np, — 0 as n — oo. Define the events W, (k,,) =
{Y1,...,Y, : n — k, random variables Y1,...,Y, belong (0,b,!) and k, random

variables Y7, ...,Y,, belong (r,,c0) }. Suppose that k = k,, — 0o as n — oo and
. o . 1 nen
nlgn;o knnp, = 0, nlgn;o(rnen) log e 0. (6.4)

By the Stirling formula, we get

n! &

(277)_1/2 exp{(n+1/2)logn — (n — k+1/2)log(n — k) — (k + 1/2) log k+
klogp, + (n — k) log(1 — pn)}(1 +0o(1)) =

n—=k k
exp{—n(l —k/n)(=k/n+pn)(1 + o(1)) — kloglk/(npn)|(1 + o(1))} =
exp{(k — npn — klog(k/(nps))(1 +o(1))} =
k
exp {klog n—pn(l + 0(1))} .
It follows from (ZI3)),([6H) that we can choose k = k;,, such that
[log va| = O(kn|log(npy)|) = o(ney). (6.6)

Define the random variable [,, which equals the number of Y;*,1 <7 < n such that

vy = Pop, (W, (k) =

)nfk

2
nen ne,

Y € (rp,00). Denote u, = ¢ = ¢;-2= with ¢ > 1 and denote m, = [wn].

Suppose that 7% — oo as n — o0. Then estimating similarly to (G.5]) we get

P.(ly, > un|Wy(ky)) = exp {—un log Z—:(l + 0(1))} (6.7)

Denote ¢; = ¢ — 1. Denote Y* < ... < Y™ the order statistics of Y, ...

Y n-*
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The event {Y7*,..., Y : 3" | Y;* > ne,} contains the event

n—mmg

U,=Y",....Y Z YI* > —cinen, |[Y7*| < b,
J=1

1<ji<n—my, Y™ >r,,n—m, <t§n}
since, if U,, holds,
n

ne
tx _ n o
E Y™ >r,m, =cr,— = cne,.

r
t=n—m,—1 n

Hence it suffices to show that
log P.(Uy,) = o(ne?). (6.8)
We have

P.(Uy,) > P.(l, = my)P. ( >V > —canen, [V <b1<i<n— mn> >
1=1

P.(l,, = my |Wy (k) Pe(W,, (En) ) Pe < Z Y > —cinen, |V < b, 1<i<n-— mn> .
i=1
(6.9)

Denote g, = P.(]Y1] < b,;}). Define the conditional probability measure P, of the
random variable Y; given |Y;] < bt

We have
* -1y _ n i n—il _
Py <b,7) = Z mqn(l — qn) o=
" :)? (6.10)
n—1)! 1 »
=(n -_ g 1— " n—t _ n
q ;(nﬂ)!(hl)!qn (1 - qn) q
We have
P, ( Z Y > —cine,| |V < b, 1<i < n—mn> =
R (6.11)
1_Pc < Z Y;* < —Cln€n||Y;*| <b;1,1 Slgn—mn> .
i=1
By Chebyshev inequality, using (E10), we get
Fe < D YE < —eme| [V < b1 éignmn> <
i=1
n—mpy . iy
C%(n — mn)ge% EC[Va“rﬁn (Yl | |Y1 | < bn )] =
2
q2 n n—t n—t
———"—— > Crq (1 —q)" "By, |(n—1)"" Y, —(n—t)"1) Y, -
T ) 2 2 2.
2 n 9
4n t ot nett —1 an
w3 2 Cntn(l —an Var, [V] < -—"———Var, [Y].
c%(n —mn)e% ; nQn( q ) t arbn[ ] < C%(n—mn)e% arbn[ ]
(6.12)
and
lim ¢2Var,, [Y] = Var[Y]. (6.13)

n—oo
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By B3, we get
Pc(ln = mn|Wn(kn))PC(Wn(kn)) =

ne (6.14)

2 " k
exp {_cnen log o ckplog — (14 0(1))} = exp{—o(ne2)}

mn

where the last equality follows from (GAG.6). Now (G.8) follows from (GIING.IZ).

This completes the proof of Theorem 2.4
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